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A TOPOLOGICAL PROOF OF THE RIEMANN-ROCH THEOREM 
ON AN ALGEBRAIC CURVE. 


- By Oscar ZARISKI. | 


The purpose of this ‘paper is to develop a topological theory of linear 
series on an algebraic curve. Our chief tool is the symmetric topological 
product of the Riemann surface of the curve: its use was clearly indicated 
by the involutorjal character pf linear series and plays here the same rôle as 
the notion of the direct topological product plays in Lefschetz’s topological 
theory of algebraic correspondences (see S. Lefschetz (3); also Todd (5), 
Zariski (6), chapter VI and Appendix B). It will be seen from the following 
exposition that the use of symmetric products in the geometry on an algebraic 
curve leads very rapidly to the very heart of the theory, Rene the central 
theorem of Riemann-Roch. 


1. By the symmetric n-th product of a complex K is meant the topological 
space of the wnordered sets of n points of K. This space, which we shall denote 
by K”, is in (1,2!) correspondence with the direct topological product of n 
complexes homeomorphic to K. The involution of sets of n! points defined 
by this correspondence on the direct product is generated by a group G of 
automorphisms Ty, isomorphic with the symmetric group of substitutions on 
n letters. From this point of view symmetric products were studied recently 
by M. Richardson,‘ who gave a convenient simplicial subdivision of K”, out- 
lined a general procedure for the determination’ of fts Betti numbers and 
determined explicitly these numbers in the cases n — 2 and n = 3. 

In this paper we shall be concerned with the symmetric n-th product R” 
of a Riemann surface R of genus p. If p—0, R is a 2-sphere antl B” is the 
space of all.unordered sets of n (distinct or coincident) complex numbers 
21, %2,;' © *,2n, Including z == œ. With any such set we associate the coeffi- 
cients, determined to within a factor of proportionality, of the polynomial 
Qoz”? + ae + - sE Gn of which the numbers of the. set are the roots. If 
k of the numbers of the set coincide with z = 9, then aa = a, =" == G1 = 0. 
It follows that in the case p— Ó R” is homeomorphic with the ae pro- 
jective n-dimensional space. Since the manifold condition is of a local char- 
acter, it follows that R” is an absoluté manifold also if p > 0. 

We make a few preliminary remarks concerning the boundary and 
orientation of the symmetric product of a 1-cell and of a 2-cell. 

' r $ 1 
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Let the 1-cell F, be the segment (0 —1) of the real line x. It is seen 
immediately that F,” is homeomorphic with the following point set in the , 


Euclidean space (21, Ta, + :,@): 0 < aS, S---Sa,<1., This point 
set is a simplex o, whose n + 1 faces lie on the hyperplanes 2, = 0, t = 1, 
D = Lin, (i==1,2, - -,n—1). Of these faces only the first two arise from 


the boundary of F,, while the remaining faces arise from the n-tuples of points 
of E, in which two or more points coincide. In this circumstance lies the 
reason of the fact that the n-th symmetric product of a i-sphere is only a 
relative manifold (a manifold with a boundary). Thus, for n = 2, it is the 
Moebius ring. 

On the contrary, the n-th symmetric produgt Fa” of a 2-gell Fa is a 2n-cell 
whose boundary arises exclusively from the boundary of Æ», its points corre- 
sponding to those n-tuples of points of the closed W, which have at least one 
point on the boundary of F» To see this it is sufficient to introduce in Fa 
a complex parameter z and to apply the method of symmetric functions of the 
roots 21, %2,° * `, Zn used above. For this reason the symmetric product of an, 
absolute manifold M, is an absolute manifold. 

For a given orientation of W, a corresponding orientation of F,” may be 
defined as follows. Let (P:,P.,- © +, Pn) be a set of n distinct points of Ez 
and let (é) be an indicatrix of the oriented F, at P; Thé symbol 
(Éo 913 É 723 + «3 Én a) defines in an obvious manner an indicatrix at the 
point P= (P, Ps, + +,Pn) on Ho” and hence an orientation of F3”. This 
orientation is independent of the order of the points P, of the n-tuple, because 
any permutation of the points P; induces an even permutation of the elements 
of the indicatrix at P. As a corollary it follows that R” is an orientable 
manifold. ` Sh Sts | | 

An analogous consideration for. the orientation of Æ," leads to an in- 
dicatrix (é, &,° * `, én) which is altered by an odd permutation of the points 
P;. Since on a 1-sphere H, it is possible to deform into each other any two 
ordered n-tuples of distinct points of H, without crossing n-tuples having | 
coincident points, it follows that the relative manifold H,” is non orientable.: 

2. Cycles and minimal bases on R”. It has a sense to speak of the sym- : 
metric product also when the factors K,, Ka,’ + > are distinct subcomplexes . 
of a given complex K or chains en K. When these subcomplexes or chains have 
cells in common their symmetric product is in general different from the direct 
topological product. While keeping the usual notation K, X K, X - : : for the 
direct topological product, we shall denote the symnietric product by KiK3:--. 

Let Mon== RX RX-:+*XR be the direct topological product of n 
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factors R and let us consider the correspondence (1, n!) between R” and Mon- 
We denote by ¢(P’) the homologue P on R” of a point P’ on Mən and by 
ÿ(P) the set of n! points on Mən which correspond to a given point P on R”. 
. The operations ¢ and y transform chaiñs into chains and preserve boundary 
relations. In particular, they transform cycles into cycles and homologous 
cycles into homologous cycles (see M. Richardson (4)). If C is a chain on R”, 
then gy (C) = n!C. A | 
Let Ty, I%?,-- be a maximal set of independent k-cycles on Mon, and 
let Axt = ¢(Ty*) be the corresponding cycles on R”. Let Ay be an arbitrary 
k-cycle on R” and let Ty = y (Ax) be the corresponding cycle on Mon. We have 
Ty, ~ Ty? + El +--+. Operating by and observing that (Ty) n ! Az, 
re obtain: a !¢A;, ~ tAr + tA +--+. Hence every k-cycle on R” depends 
on the cycles Ari | 
Let 8,, 82," * +, 8ep be a minimal base of 1-cycles for homology ~ on R. 
It is well known that the following k-cycles on Mən form a minimal base for 
_ homology ~: 


Ty) = Définir is Mog X di X Sing KX * y -X ig X Pi X PX: d "X Py, 
2a + B =k, a+B+y—n, 


where M is the direct product of æ factors R and P;, P,,: > +, Py are arbitrary 
fixed points on R. Of what nature are the corresponding cycles (T4) on 
R”? Let us first consider the case in which the indices dy," © +, ig are all 
distinct. In this case the correspondence between (I?) and. Ty‘ is (1, «!) 
and the cycle Ty‘ is transformed into itself by the a! automorphisms Ty of 
Mon (see section 1) which correspond to the permutations of the æ factors R 
in Mza. These automorphisms preserve the orientation af Tx‘, since the per- 
muted factors are of even dimension. It follows that in #(T;“) each oriented 
cell is repeated a! times and that consequently, , 


(Triv t+ 48) — a! Apoi» ima! A, 
. where Ag is a cycle on R» which as a locus of points consists of all the 
unordered n-tuples of points of Ẹ having one point on ôi, one point on is't +, 


` one point on &;, and y points coincident with Pi, Pas’ - -, Py. In our notation 
for symmetric products we have 


(1) Ay? = Agir te ++ A ip-— R8 bi te big PaPa: ++ Py, 
where . 
(2) Qa B=k, .atB+y—n. 


1In M. Richardson (4) the above proof is developed along strictly combinatorial 
lines. g i 
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The orientation of A;‘ is determined by the orientation of TI,‘ and 
depends on the orientation of R and on the orientation and on the order of 
the cycles Sigs Sins alae dig. 

Let now Tx‘ be a cycle with répeated indices, for instance, let i, = iz. 
The involutorial automorphism T of M» which interchanges the factors 
S: and 8,, transforms 1%(% into —I%%. Hence assuming a simplicial sub- 
division s of Mz, such that (s) is a simplicial subdivision of R” (see M. 
Richardson (4) ), we will have for any simplex or of Ty”, ¢(o%) =— ẹ (Tor). 
It follows that (Tk?) vanishes identically as a chain on R”. 

We have thus proved that any k-cycle on R” depends on the cycles 
Axiv t+ ++ > 4B given by (1), the indices i, 2," © +, tg being all distinct. Here 
the order of the indices affects only the sign of the cycle, and therefore the.- 
distinct cycles correspond to the unordered sets of indices. 

From now on we shall assume that the cycles 8; form a canonical set of 
retrosections of Æ and that their orientations are such that the following 
intersection formulas hold: 


(3) (84° Sirp) os (Sisp * di) = + 1, (i=1, 8," ° P); 
(3) (3: °8;) —0, if | i— j | Ap. 


The. intersection numbers of the cycles A,“ and AY, of oem 
dimensions on’ R” evidently coincide with those of the cycles Ty? and TA, 
on the direct product Mon. Using the well-known formulas giving the ‘ater 
section numbers of cycles on direct products (see Lefschetz (2), p. 243), we 
find in the present case the following intersection formulas: 


(4) ' (Api ++) 48% Atodo IB) — 0, if BEB; 
(5) (Agi in s+ tg. A fiv sis) == (— 1) B8-2)/21 (84 - 8;,) (Bin 83e) *** (èig 338) 


From the fact that the intergection numbers are different from zero only 
for pairs of associated cycles Apte t»:::+i8 and Atp tom...» tftp (mod 2p), it 
follows that the cycles Ax are independent. Moreover these cycles Form ay 
minimal base for homology =~, since the above intersection numbers are all 0 
or ti. 

To calculate the Betti number R, of-R” we observe that the number 8 
of indices in any k-cycle A, #---+ 48 must.satisfy the inequalities 


(6) BE BE—E B<%. 


The first inequality follows from the relation 2 + 8 — k. The second is 
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the dual of the first and follows directly, by combining the relations 2a + £ = k 
and a+ B+ y = n, getting 2y +B—?n—%. The third inequality follows 
from the fact that the indicés ü,%,- - -,ig are distinct integers S2p- We 
also observe that the difference 4 — B is even. Hence if p denotes the smallest 
of the three integers k, mS k, 2p,,then 


Bi + (2) boot (Bo it bis even eae: 
Re = (3) + (2) +++ (2), if k is odd 


ou if Fe en 
Ry = (2?) + (?) +: ate oe DE if k is odd 


"i. e., if p = 2p, then Ry = 2°? whether k is even or odd. 


and 


3. Linear series gn” as cycles on R”. Theorem of Clifford Let K be 
the Riemann surface of an algebraic curve f, f(x, y) — 0, of genus p. We 
consider on f a linear series gn”, i. e., a series co” of sets of n points of the 
‘ curve which are either the sets of level of a linear system of rational func- 
tions on f, 


to + tgi (2, y) +: trgr(@,y), 


or differ from these sets by any number of fixed points. A set of the gn” is 
represented by a point of the symmetric product R” and the gn” is given on À? 
by a certain 2r-cycle Por. We express this cycle in terms of the cycles A 
of the base: 


(7) Pere Aor + 3 tints Ae tte... tap ASP Oy 


where Asr = R'P,P,- - + Py. and where p is the smallest of the three numbers 
P, 7, n—r (see the formulas (6), where 8 and k should be replaced by 2p 
and 2r respectively). It should be understood that the above sum contains 
one and only one term for each unordered®set of indices. We agree that the 
coefficients eu) change sign for odd permutations of the indices and are 
unaltered by even permutations. Then the order of the indices in any 
cycle Af is immaterial. For the determination of the coefficients eq) we use 
two properties of a gx” which: follow directly from the definition: a) There 
exists one and only one set in the gx” which contains r generic preassigned 
points of the curve f (involutovial property); b) the sets of the gn” are in 


2 Notice to the reader: AI homologies in this and in the following section are 
weak homologies (with allowed division). For printing purposes we shall use from 
now on, without fear of confusion, the symbol — instead of x.. 


Le 
à i "i, i fCONTR: N 

* : | ( ; ASTRAL æ 
b oS BLURARY, 





6 OSCAR ZARISKI. 


(1, 1) correspondence with the ratios of the parameters t, i. e., with the points 
of a linear complex space.S, (rationality of the gn"). From. the involutorial 
property it follows that if Qı, Q2,: © `, Qr are generic points of f; then Ter- 
. intersects in one point only theecycle Asm-r) = B""™QiQ0° ` ° Qr. Let 
Q= (Qa, Qo," © *, Qn) be the common point of the two cycles and let u; be a 
uniformizing parameter on F in the neighborhood of Qi. Then Us, Us, ' `, Un 


are local codrdinates of R at the point Q and the equations of the loci Ter and ` 


Aocn-r) in the neighborhood of Q will be respectively : ° 
Ury = fi (Ua; Ue," 7, Ur), 


[j=1,2,---,n—r, fy—a regular function at (Qu Qa" "7; Qr)]; 


ui = const. (i= 1,8," :,r). 


From these equations it is seen that we are dealing with two analytical 
varieties whose tangent spaces are independent, and therefore the intersection 
number of the two cycles is +1. Assuming for À and for Tər the intrinsic 
orientation determined by the analytical character of these varieties (Lef- 
schetz (3), Zariski (6), p. 102), we get the sign +. Hence (Tar: Agg-r)) =+1 
and since, by (4) and (5), (Tar: Azn-r)) = 6, it follows «= + 1. 

We now use the property b). Since the Betti numbers of odd dimensions 
of S, all vanish and since I, as a locus of points, and S, are homeomorphic, 
it follows that the intersection of Tor with any cycle of odd dimension on R" 
is ~ 0 on To and hence a fortiriori ~ 0 on R”. In particular we have the 
following homologies: ` ` 


(7) i „Tor: Mona ~ 0, (i=1,2,: +, 2p). 


To make use of these homologies we have only to express the intersection 
cycles Aaw. Ajen-1 in terms ‘of the basic cycles Aw ‘ 

We ‘consider the Intersection of Alani wile a given cycle Aju to +--+ tm 
and we examine separatély two cases , according as 7 does not or does coincide 
with one of the numbers i, + p, iz x à P` © ‘tam p (mod 2p). 


Ist case. j Ais tp (mod 2p), (o = 1,2, > -, 2m). We have 
Alanı ~ R*-8;, where 3; is a cycle homologous to 8; and is in generic position 
with respect to the cycles 8;. We may assume that the joints P;, Pa, © +, Py 
in (1) are distinct and are not on §). Since 8; does not meet the cycles 


By the involutorial property of the gr it follows that in the neighborhood of its 
generic set n— r points of the variable set are uniform functions of the remaining 
r points. i 
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din Sins: +, Stone the only points of As which are on Aîsn are those obtained 
by converting one of the « arbitrary "points relative to the factor Re into a 
‘ semifixed point constrained ‘to remain on 8;. If ¢=0, ive. . if m =r, the 
two cycles have no points in common and hence 


(8) + Afita "ber + Ans ~ 0. 


If m < r, then the intersection of the two cycles is necessarily a multiple 
of the cycle ‘ 


BBB” Den PaPa © Py A fei fom me ACO, 


2r-1 2r-1 
We now compare the indicatrices of the cycles A > Afon1 and A 10] at a 
common generic point P = (Pi, Pa © +, Post © t, Pa), where Pyn +, Pyra-i 
are arbitrary points, Pysa is on 8; and Pysaso is on Sig. Let (éi m) be an 
indicatrix of R at the point P;. We-assume that ysa, Éysaus  * °, Én coincide 
with the positive directions of Sj, a © y Bian respectively. We have then 


Indicatrix Asp: (Ey, Myvi” © > Syn Year Évrans °°» En) ; 

Indicatrix Avon: (é, N’ "> riat Ny+a-1) bysey Epai Nyraris © “9 En, mm) 5 
Indicatrix AWI : (fps gras’ © > Eyra- Drees years,” * © > Ém ysa) 5 
Indicatrix A” =: (fono + ‘s &ny mn), 


or also ( 


Indicatrix Af? : (Indicatrix A, sa) ; v. 
Tadicatrix Alan. : (— 1)” (Indicatrix AWI, Égo y Éy Mo Mysaris 50m) 3 
Indicatrix R” : (— 1)” (Indicatrix AM), Nyra Ér Mo Ey) Nys Nyrasis Un ); 


and consequently 


(9) Alu iae ee fam- Afan- ds a mor, 
Remark. If 7 equals one of the indices 1,,- * +, ism, then the intersection 
of AG and Afon is ~ 0. In fact, if for instance j = i, then the interchange 


of the factors ð, and Š; changes A an into sw ATOT On the other hand the 


new cycle must be homologous to Arh since we have only replaced 8;, and Š; 
by the homologous cycles 8; and 5. Hence AD ~ — Ati, and consequently 
AWI ~O4 š 

2r-1 


1 One can prove the homolog gy APh 0 a also directly by observing that if C, 
a 2-chain on R bounded by 5, — 4p ‘hed Rað; - + 8; 0, Aloe. 


tom 
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2nd case. Let j coincide with one of the numbers is + p (mod 2p), say, 
let ¿=ù -+ p. In addition to the common points which were present in the . 
ist case, the two cycles A {ÿ and Afs have now in common also the points 
obtained by letting the semifixed point on 8;, coincide with the common point 
Pry of 8;, and Sip Hence the complete intersection of the two cycles consists 
now, in addition to the cycle Ajri.» tm tt? (not présent if m =r), also of a 
multiple of the cycle ' 


Babi iti Biom aot PyPoysr rm Atr- tem, 


2r-1 


We have therefore 


e 
se ERNE gp À NN.” 


tye -> iam > Ait 
Ax A meh 2r-1 


2n-1 eke 
where, as in the 1st case, we find e= 1, if m < r, and e==0 if m =r. To 
find y we construct indicatrices at a generic point P of Aïix:--"tm. Let 
Ps (Pat + c, Py Pus: © Pa), where Pys, Pyss © *, Pysom are on 
Sigs din * ‘> Sig, respectively and where Pysems,° °°, Pn are arbitrary points, 
We fix an indicatrix (;,4;) of R at each point Pi, tA y-+1. As for Pyn, 
the common point of 8, and ip we take for £, and yy. the positive 
directions on 8, and 8%.» respectively, so that at P, the indicatrix is 


(di ` din) (Éy hy). We have 


Indicatrix Ai sere tam : (Eyer tt Exsomy yanima Nyami” `" > Ens Mn) 3 
Indicatrix awe : (ay É M` = 5 bays Ny Eys Nyro" y En Un) : 
Indicatrix Aie srian : (Eys ee Éysems Évyromst Yysamsty `” s Én Mn) ; 
Indicatrix 2" : (8), din) (& Mo" > €ny Mn) ; 
or ' 
Indicatrix Atv ces tom: —(Indicatrix Ais +: vidam, Exar) 5 
Indicatrix A jg : (—1)”(Indicatrfx Abe ti tem, Pya t y Nyemo $4) N'y Ey Ny) 5 
Indicatrix R” i (— 1)” (8; Su) 
(Indicatrix Afz + fem, Eysi Dyers. My+2 ` y Nyam Éo > Éy ay) 


| and this proves that n = (8:,: ip). We have thus the following homologies : 


(10) Agere tm: Afet m Aie yo ome ef (Ba Bu) ia té mr; 


2n-1 2r-f 


(11) Aix erriari At m (Èi: Siap) Ate ce dgr, 


2n-1 


Before we apply the homologies (8-11) towatd the computation of the 
coefficients ex, in (7), we show that already the form of these homologies 


ee t 
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permits us to derive a fundamental property of linear series on an algebraic 
curve. The coefficients ex, do not all vanish (e= +1). ` Let ‘us assume 
that there is at least one coefficient with 2o indices which is different from zero 
(0 So S p), say, let ejn... , jao >< 0, and, that all the coefficients eq) with more 
‘than 2c indices vanish.. We observe that if m'<r then in the expression 
of Aix ++. am. Asy there -otcurs the cycle Ae eer shaving one more index 
than Atu =» tam. Hence, if we assume that o < r, then we find in the homology 
(7) the term Ein... io d+ +> 425, and this term obviously does not cancel 
with any other term. If, in addition, we assume that o < p, we may choose 
for j a value distinct from ja, j2,- * ©, fee, so that Aly «+++ 4204, having distinct 
indices, is one of the cycles of {he minimal base. We thus arrive at a contra- 
diction, since such a cycle cannot occur in the homology (7) with a coeff- 
cient 4 0. It follows that our two assumptions: o <r and o < p, cannot 
be true simultaneously, i. e., of the two inequalities o È r, o = p, one at least 
must be true. Since o Sp and since p is the smallest of the numbers r, p, 
n— r, we conclude that necessarily. 


(12) o= p =f OT p, 


and, moreover, that the order n and the dimension r of a linear series gn’ on 
an algebraic curve of genus p satisfy necessarily at least one of the two in- 
equalities: n—r Ær, n—1r=p. The so-called special series are those for 
which the second inequality does not hold, i.e., those for which r > n— p- 
Consequently we may state the above result as follows: the order n and the 
dimension r of œ special series ga” always satisfy the inequality n = 2r. This 
is the theorem of Clifford in its usual formulation. Our recognition of the 
topological character of this classical theorem. is well in agreement with the 
fact that it is by no means an existence theorem, since it gives only an upper 
limit for the dimension r of a linear series ga”. One cannot expect topological 
proofs of existence theorems in algebraic geometry! 


4, Computation of the coefficients iire Using the intersection formulas 
(8-11) and taking into account- (12) and the remark after formula (9), we 
find for Tər: Aji? the following- expression : 


pa oes . 
Tor APP — pet. Ai: tame FD 
2 2n-1 CE SE, de, s tam 
Eu m=0* à 2r-1 


(13)° Bo ie a eee 
+ (85: 840) D Dict, te... p ind ~ 0. 
m=1 


The first summation is extended to all unordered sets of indices 4, * * * , tem 


L F L2 
. 
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different from j + p (mod 2p), while the second summation is extended to all 
unordered sets of indices %2,- ` -,%m different from j. Any cycle Aji ar- >- Jam-a 
in which the indices are all different from j + p' (mod 2p) occurs in (18) with 
the coefficient (8; - djip)€j inja... , dom Since this holds for j = 1, 2,---, 2, 
it follows that if the indices are arranged in order of magnitude then the 
coefficients €i, is... , im Which are not of the’type ef, ...., im, inv... imep are all 
zero. If we now consider a cycle Aji :-"fmx ftp... jn-atmi+P, we see that its 
coefficient in (13) equals | 


Ejn... dma jP ooo dear F (85 Sjap) Ej, day cos fm Jip, Seat, jap 
Hence 


Elyse, ts UP, 2 ÉmtD {— 1)” (è; d din) Es, eus Ems 2p, eos mtp 


Applying this recurrence relation m times and recalling that e= 1, 
we obtain 


Ein do, ..., m, ÉitP, ot, a.p bmp 


= (— 1) fmcmst) /2] (n: isp) (Bi, Sissy) eae (Sinn ; binan) 


OT, Ein ta,» ims imep = (— 1)", provided ù, * *, im are all less than p. We 
have therefore the following expression for thé cycle Tor associated with the gn": 


(14) Tor ~ Aor — ZA x itp SAËr itp ty ttp 
+ oe + (— 1)PSAm itp, «++ tps tot, 


where the summation indices t,,%2,° ` + are less than p and where p =r or p 
according as r Sp orr Èp. 


COROLLARY. The various linear series ga” of a given order n and of a 
given dimension r on a curve f are represented on R” by homologous cycles 
(in the sense of homologies with allowed division). 


5. The Riemann-Roch theorem. The following are existence theorems 
and therefore essentially algebraic in nature: 


(a) There exist infinitely many series ga", of increasing orders, such that 
r=n—p. x - 


(b) There exists a series pee 5 . 


These theorems follow in an elementary’ manner from the consideration 


It would be desirable to find out whether Æ» does or does not possess torsion, 
in order to conclude as to the validity of this corollary with respect to homologies 
without division. It is not true, however, that the linear series g,” on f of given order 
and dimension necessarily form an irreducible algebraic system. This is true only for 
series of a sufficiently general type, for instance of a sufficiently high order. 
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of the series cut out on a plane algebraic curve of order m by its adjoint curves 
of order 1 = m — 3. It is found that if 7 > m — 3, then the series is of order 
2p—2-+ m(l— m + 3) and of dimension = p—2 + ({— m + 8), and if 
l =— m — 3, then it is of order 2p — 2 and of dimension = p— 1. We regard 
theorems (a) and (b) as the algebro-geometric constituents of the Riemann-Roch 
theorem and we proceed to provè the rest of this theorem topologically. We 
naturally assume that the topological significance of the two-fold of the genus 
of an algebraic curve has been already established (for instance, by means of 
the consideration of the Euler-Poincaré characteristic of the m-sheeted Riemann 
surface of the curve f). We assume moreover the following two properties of 
complete linear series * which follow directly from the definition of linear series 
by means of linear systems of rational functions on the curve f: 1) two distinct 
complete series of the same order have no sets in common: 2) if a set Gof a 
given complete series g,,"? is contained in one or more sets of another complete 
series gn," (na > Me), then the residual sets form a complete linear series of 
order nı — ng and this series remains the same as G varies in gn,”? (the residue 
theorem in its invariantive form). 


(1) If gn” ts a special series, then necessarily n S 2p—2% This is a 
consequence of the theorem of Clifford. In fact, if the gn” is special, then 
n= r Z R2(n—p + 1), i e, n S 2p — 2. 

From (1) it follows that the series ga” of theorem (a) are complete and of 
dimension 7 == n — p, provided n > 2p — 2. From this and from the fact 
that these series have an arbitrarily high HRRRER it follows immediately, 
by the residue theorem, that ` 


(2) if ga" is any complete series, then r = Zn p. T n > p — 2, then 
r =n— p. 


For series of order 2p — 2 we now prove the following: 


(3) A series of as necessarily complete. There cannot exist two distinct 
series Le ` 

The first part of the theorem follows immediately from the theorem of 
Clifford. To prove the second part of the theorem let us assume that there 
exist two distinct series gri , and let Ty”, and ae be the corresponding 
cycles on the symmetric pr oduct R?r?. We have from (14):  ' l 


(15) Pi S Ta mamaaa 
+ . + (— 1)7 54% o Utp +++ s pus tpat, 


“I.e, series g,r which are not contained in linear series of the same order n and 
of a higher dimension. | 
Ed s Y 
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Using the intersection formulas (4), (5) we find: 
a6) (TH Te, I os (+E) t t ee ar! 


The intersection number of tht two cycles being different from zero, 
it follows that the two complete series Cpe have at least one set in common, 
and this contradicts the assumption that the two series are distinct, q. e. d. 

We have thus proved the uniqueness of the canonical series g?*, and hence 
also its invariance under birational transformations. We observe that by (16) 
the virtual degree of the canonical series (as a cycle on R??-?) equals (—1)?*. 


(4) Any special series gy" is partially contained in the canonical series.” 


Proof. By (1) we have necessarily n= 2p—2. The case n = 2p—2 
was already settled in (3), so that we may assume, if we wish, n < 2p — 2, 
although the proof below does not require this assumption. It is sufficient 
to prove the theorem ‘for a series g,"7* contained in the given gn’. We con- 
sider of the curve f the series of all sets of 2p — 2 points which are made up 
of a variable set of the g,"?# and of a variable set of 2p— 2 — n arbitrary 
points. This series, which we shall denote by ss is of dimension p — 1 and 
is the locus of the linear. series g Trie Gu? + Pa He + ++ Pop on as the 
2p — 2 — n fixed points P; of this series vary arbitrarily. We wish to find 
the cycle I'zp.2 which corresponds to this series on the symmetric product *?-, 
i. e, the expression of this cycle in terms of the basic cycles A, . In order 
not to complicate the notations, we replace the series gn”-?*! by an arbitrary 
series gn”, we add to the sets of this series k fixed points P,,- > >, Px, and we 
look for the cycle Teroy which ag ae on R*** to the algebraic series sri 
locus of the series g'a ="gn" + Pi +: < -+ Pa as the fixed points P; of this 
series vary arbitrarily. Let Tzr be the cycle which corresponds on *** to the 
series g'n and let V, be the subvariety A"P,P,- - - Pa of R***, As the points 
P, vary, the variety V» varies in an algebraic a {Vn} of dimension k. 
For any preassigned V,'in. this system we may assume that the basic cycles 
AG of Re** lie on it, since in the expression of these cycles as symmetric 
products there occur at least & fixed points. To find the locus of any cycle A{® 
as the carrying Te V,» varies in {Va}, it is only necessary to convert the 
fixed points P:,: - +, Ph into arbitrary points, the effect being that of con- 
verting the cycle Af into the cycle ab, , having the same indices. However, 


TI.e, any set of the g,7 is contained.in one or more sets of the canonical series. 
By the residue theorem there exists then the residual series Gon >, Of the canonical 
series with respect to the g,r, where p + 1 is the number of linearly independent 
canonical sets containing a given set of the g,r. 
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the actual locus of Ajr ->+ tem jg (He) ates ‘rm, since in the expression of 
the cycle Ar: LE CE symmetric product there occur 7 + k— m arbitrary 
points (i. e. pie factor F0 , and any & of these points can be identified with 
the variable points P,,- > -, Px, so that each cell of Aty- tm must be counted 
Cee times. Consequently, denoting by T*or the ht “hand member of 
(14) and by Ty the locus of the cycle T*,,, we have: 


(17) T* ar42% m CE) Arok — ( re) SA tv txt 


2r+2k 
me Ale ou ee SL 
where p =r or p, according asrSporr=p. 
Now in the present case jt is not difficult to show that the loci Torsox, 
Tes Of the homologous cycles Tor, T*. are also homologous cycles. In fact, 
between any two varieties of the system {Vn}, say 


Va == RIP, -o PL, Van? = RP, - - Py, 
there is the following uniquely determined homeomorphism: 
(0,,° . *, On, P1®,: ‘ +, Pr™) <= (0:,: . s On, Pi, . >, Pe”), 


and this homeomorphism reduces to the identity if Vx“ coincides with Va”. 
Since the elements V» of the system {Vn} are in (1,1) correspondence with 
the points of RE, it follows that Torsox and Toro ‘are singular images on Rak 
of the direct products Tn, X R* and P*s, X R* On the other hand, if Oers 
is a chain on Vn bounded by T'zr—~-TI*2r, then the locus of Cor. is a singular 
image of the direct product Corn X R*. Hence locus Cars: > Farso — D” orsox, 
and consequently Toria Tori, 80 that the desired expression of the cycle 
Tr+2% is given by the right-hand member of the homology (17). 

In the particular case of the algebraic series spi, considered above 
(=n—p+l, k—=?2p—?2—n—p—1—7r), we find for the corre- 
sponding cycle Fe the following homology: f - 


Top ~ ( Pt aa se m a nas 
-+ (— D” (ya: dtp: -o s tee irp, 


where now p =r, since 1S ?p.—® and hence r= p— 1 by the theorem of 
Clifford. 
Let T2 be the cycle on pera which corresponds to the canonical series: 


rY 2p-2 Asp-2— SA fn har 
PEARS pa 1 ip itp -s bp- tpatp 
+ wok ( 1)? ZAR i par 414, 

We have ‘ 


(Tea Pee) = FE) — O + GRO) $F ED | ED 
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Proof. Let @(p,7) denote the left-hand member of the above identity. 
We have $(p,p—1) =1— (?) + (3) 4 de (—1)#4 (,2) = (—1)?4, 


Moreover, we have for any r < p— 1, 
$(p r) +err +1) | 


Gr) — GE) G) Ge) E)E DC) 
a ame Oe Ras Os ae y] =0, qed. 


The intersection number (Tep-2-I’sp2) being different from zero, it 
follows that the series aps and the canonical series have at least one set in 
common, i.e., there exists a set G, in the ga” and there exists a set of 
2p—2—n points P; such that Gn + Pi -> > +--+ Popen is a canonical 
set, q. e. d. 


(5) The above result is essentially equivalent with the Riemann-Roch 
theorem. For the convenience of the reader we complete the proof. Let 
a” be a complete special series, r = n— p +1, à > 0.` Adding to the sets 
of this series à — 1 arbitrary fixed points, we obtain a series g”n+i-1 which is 
still special, and hence, by (4), there exists at least one canonical set which 
contains a set of the gx” and i—1 arbitrary preassigned points. As a con- 
sequence, if j denotes the. number of linearly independent canonical sets con- 
taining a given set of the gn”, then j =. On the other hand, the residual 
series of the canonical series with respect to the ga” is a Gorin? à à Series 
Gn," Ph, where n, = 2p — 2 — n and i; = (r +1) + (i—i) > 0. Denoting 
by j, the number of linearly independent canonical sets containing a given set 
of this residual series, we find as above jı Z 4. Since jı =r + 1, it follows 
r+12r+1+ (j—i), ie, j&i, and consequently j = i, q.e.d. 
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` COLLINEATION GROUPS.IN A FINITE SPACE WITH A LINEAR 
AND A QUADRATIC INVARIANT. 


By ARTHUR B. COBLE. 


Introduction. In the theory of types of regular Cremona transformations 
in S; determined by n points it appears [cf. *, pp. 39-41] that these types are 
determined by the elements of a linear group with integer coefficients, which 


is generated by the permutations of æ:,: : : , n and the additional element, 
(1) As. da? Oey + (i=0,1,---+,#+1), 
T'i = tj (j =k +2: n) 
M = (k — 1) to — tı —: a E 


This group has a quadratic, and a linear, invariant, 


Q = (k —1) 2? — 2,?- . ‘— Tr’, 


(2) = (k + 1)%—2,- l — Tn, 


It is ordinarily of infinite order. 

Às a of this group we may ‘take the (n— 1) transpositions, 
(tite), (LoT), * *, (nan), and Ai... zm. All of these n generators are 
of period two, and they lie in a conjugate set which ordinarily contains an 
infinite number of elements. These generating involutions are of the simplest 
type, harmonic perspectivities with a center q and an S,_, of fixed points, 
the polar Sn- of g as to Q. Furthermore the-centérs g'of these involutions 
are points on L. 

If the elements of this group are reduced mod. p a finite group, '(p), 
is obtained, which for prime p can be regarded as a group in a finite space with 
a quadratic and a linear invariant. The elentents which reduce to the identity 
mod. p constitute an invariant subgroup of the original group whose factor 
group is T'(p). Thus the structure of the original group is dependent upon 
that of r (p). 

The groups of linear transformations in a finite field, G. F. (s =p"), 
with a quadratic invariant have.been studied by Dickson (+, Chaps. VII, VIII) 
who, in the determination of their structure, has been led to important series 
of simple groups. The nature of T'(p) "above is dependent however upon its 
involutorial generators which play no part in Dickson’s treatment. We are 
thus led to consider the nature of the collineation groups with a quadratic 
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invariant which are generated by these involutions Ig, and the subgroups which 
arise when the additional linear invariant is introduced. For the most difficult , 
phase of the argument, namely, the simplicity of certain subgroups, we 
naturally depend upon Dickson, but the general course of the argument is 
quite distinct from that employed in the Linear Groups. 

In § 1 certain normal forms of Q appropriate to the geometric treatment 
are derived which facilitate useful enumerations. In §2 the collineation 
groups of Q in the finite On» are discussed, and théir constitution is determined 
[ef. (10), (18), (16)]. In § 8 the corresponding groups for a quadratic and 
a linear form, generated by involutions I, for ae q on L, are obtained 
[cf. (16), (17), (18)]. 

We make no attempt here to apply these conclusions to the group r( p) 
obtained from the Cremona types. Since the groups T (2) have already been 
discussed by the author,’ we consider only the case of an odd prime. 


1. Types of proper quadrics in S». We are concerned with the 
geometry of the proper quadric in a finite linear projective space S, of 
dimension n which is defined in the Galois field, G. F. [s = p™], p an odd 
prime. The number of points in such a space is ; 


(1) | Pym (mt —1)/(5—1). 


For our.purposes we shall usually need to distinguish only two classes of such 
fields: namely, those for which — 1 is a square g, or.a not-square v. These 
we denote by 


9 F.G. (I): E ms21(mod.2) or ps3 (mod. 4); 
(2) F. G. (II):, —1 =v; m==1 (mod. 2) and p=3 (mod. 4). 


In such a space, and with p > 2, the usual theory of harmonic pairs is 
valid. Thus the customary. rational reduction of the proper quadratic form 
whose discriminant is not zero to a sum of n + 1 squares is also valid. We 
may therefore [cf. also 7, 8 168]* write the quadric in the form 


(3) Q (n) = MT? + Arta? +: + dtr? (M 0). 


Obviously Q(1) contains two, or no, real parts according aS —A A; is a a, 
or av. Also Q(2) contains s+ 1 real points [cf. *, §64]. Indeed Q(2) is 
the usual locus generated by two projective lime pencils. Any Q(n) [n > 2] 
has Q(2) sections obtained by setting all but three of the z’s in (3) equal 
to zero, whence 


(4) Every Q(n), nS 2, contains real points and proper bisecants. 


. 
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Let y, z be two points of Q(n) whose join yz is a proper bisecant. If 
Y, z are chosen as the last two’ reference points, and if their respective 
polar spaces are chosen’ as «2, —0, £n- —0, then Q(n) takes the form 
Q(n—2) + Ranrntnatn. The coefficient 2c¢n1,n may be removed, or changed 
at will, by a multiplication. This process can be applied to Q(n— 2), and 
continued until a Q(0) is reached if n is even, or until a Q(1) is reached if 
n is odd. Hence 


(5) Every proper quadratic form in Sn can be reduced by linear trans- 
formation with coefficients in the G. F. (s) to one of the following forms: 


n even: Q(n) = = Tè + Gite + a Ln-rln, 
vQ (n) = = v (T? + Te -+ Tn-1%n) 5 
n odd: Q,(n) = aot, + Tot +: + + natn 
Q-(m) = — 720 + Gi? + Dita + + © + Tran. 


Thus in even spaces there is but one geometric type of quadratic, whereas in 
odd spaces there are two types. We shall see that the notation is so chosen 
that Q,(m) is on more points than Q_(n). | | 

We shall divide the points æ of Sa with respect to Q(n) into outside 
points, inside points, and quadric points according as Q(n) (x) — 0, v, 0. 

We shall find that, when n is even, the number of outside points of Q (n) 
is greater than the number of inside points. It is for this reason that we have 
preferred the form Q(n) over »Q(n). For this reason also the form Q(n) 
cannot be linearly transformed into the form ren On we other hand, 


(6) When n is odd, there exist linear tr no which convert Q.(n) 
into vQ.(n) and thus interchange the inside and outside points of Q.(n). 

Indeed, for the type Q, (n) an obvious linear transformation is ro; = #4», 
Bain = Zein, (t= 0,° ++, (m—1)/2). For the type Q-(m), a similarly 
formed transformation takes care of the product terms. If —1—0, the 
additional equations, to = W/o Ta @ = {or} To, take care of the 
square terms. However, if — 1 = y”, we have to transform vyz? + 2,” into 
vyv + vx. Dickson [:,-8 169] shows that v(x? + xs?) can be trans- 
formed into x? -+ gs? whence wyr? + s, ‘can be transformed into 
v (v Yt +2). When Q.(n) (x) =v’Q.(7) (#’), due to the linear trans- 
formation, then, if Q.(n) (x) = or v; Q.(n) {zy a or v/v’; i. e., outside 
and inside points of Q are interchanged. 

Thus, when n is odd, the inside and outside points of Q. (n) play the 
same geometric rôle with respect to Q.(n). When n is even, they do not 
[ef. (11)]. 
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In obtaining the canonical form (2),-the polar space z'o of any point p’ 
not on Q gives rise to a term Asr’. This point p’ is conjugate to the first 
reference point under a collineation which leaves Q unaltered if Ao; A'o are both 
squares or both not-squares. Thus all the outside points are conjugate, and 
all the inside points are conjugate, under the collineation group of Q. On 
applying a similar argument to the term 1% of, the canonical forms (5), 
we obtain the theorem: 


(7) Under ‘the collineation group of Q, the outside points of Q, the inside 
points of Q, the pairs of points (in either order) on Q and on a proper bisecant, 
and the proper bisecants.of Q, each form a conjugate set. 


We compare the canonical forms (5) of Q with the types employed. by 
Dickson. These are 


(8) A: yo tt bes tant 
B: n odd: wy? + yr” +: Mu + 


the type A occurring for all values of n. An obvious transformation converts 
the product mimi into 2% —42;,,, and this in G. F. (I) into 2°; + gu 
Thus each product yields two ‘squares with unit coefficients in G.F. (I), 
whereas in G. F. (IT) it yields two squares with one coefficient v. As noted 
above, two squares with coefficients v, y can be converted into two squares 
with unit coefficients. Hence, in G.F. (I), Q(n) yields the type A. In 
G. F. (IT), Q(m) yields n/2 coefficients v and vQ(n) yields 1 -+ »/2 coeffi- 
cients v. Thus Q(n) is of type A if n/2 is even and vQ(n) is of type A if 
n/2 is odd. In G.F. (I), Q.(n) is of type A and Q_(n) is of type B. In 
G. F. (II), Q.(n) is of type A or B according as (n + 1)/2 is even or odd, 
while Q_(n) is of type A or B according as (n — 1)/2 is even or odd. Hence 


(9) When n is even, type A is Q (n) except in Q. F. (IT) for n=? (mod. 4) 
when it isvQ(n). When n is odd, types A, B are Q.(n), Q.(n) respectively 
except in G.F. (II) for n==1 gree: 4) when they are Q_(n), Q.(n) 
respectively. 

Let q(n), o(n), i(n) denote the number of points in Sa. which are 
respectively on, outside, inside the quadric FAO this NS being one of the 
three types in (5). 

We divide the points of Sẹ into the following four ds 


(a) Yoo Yir’ ` one Yy 0, 0; ` i 
(b) Yoo Y15° * * 3 Yn-z b 0 >, | 
Yoo Yrs ` + Yn-2 0,1; 
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(e) Yo Yrs" "y Uno 15 
(d) 0, De >> :,0, 1,0; 
0, 0, > --;,0, 0,1; 
0, 0, és 0, 1 (y 0). 


The number of points of type (a) on Q(n) is g(n—®2); of each type (b) is 
(s— 1). g(n—2), since a factor À=£0 must be allowed for in yi; of 
type (c) is {Pro — q (n — 2) } (s — 1), since, for each point not on Q (n—2) 
with any non-zero multiplier A, y is anipe; and of type (d) is two. Thus 
we have the recursion formula | 


g(n) = (s; 1)Pa- + sq(n—2) +2, 


with the initial conditions, g(0) = 0, g,(1) —2, g-(1) —0. This recursion 
formula is satisfied by the values given in (10). 

According to (6), 0.(n) = i(n). Since also 0.() + i(n) + g.(n) = Pr, 
and g.(n) has just been determined, the values o.(n), i.(n) must be those 
given in (10). 

There remains the case Q(n), n even. We ask for o(n), the number of 
points x for which Q (n) (x) is a square o 40. The four classes of points above 
contribute to this number as follows: (a) o(n— 2); (b) 2(s—1)o(n—2), 
allowing for a factor À £ 0 in y; yo | 


(e) (s—1) -#(m—2) + (s—1)/2 + (s— 1) -o(h— 2): (s—8)/2 
+ (8—1) -g(n— 2): (s—1)/2 


and (d) (s—1)/2. The case (c) needs some explanation. Any %o,° * +, Bn-z 
set in Qu, after multiplication by A= 0, yields a v, o’, 0 in respectively 
(s—1)-t(n—2), (s—I1)o(n—2), (s—1)¢q(n—2) cases. When y 
occurs we have to pick a y=£ 0 for which Y + y =o. Thus for each of the 
(s—1)/2 squares o there is a y=£0., When. o” occurs, in’o’ + y =v the 
square e =o’ must be avoided to secure y=£0. On simplifying the total 
number of points by using o(n— 2) +i(n — 2y + q(n—2) = Pre, we 
obtain the recursion formula, 


o(n) =s: 0(n—2J'4+ Pao: (s —1)?/2 + (s —1)/2, 


with the initial value o(0) À .This.yields e(n) in (10), and i(n) in (10) 
is obtained from o(n) +i(n) + q(n) —Pn. Hence the complete enumera- 
tion is i 


n even: g(n), 20(n), i(n) = Pas i s” + 9/2, gv — gn/2, 


10 ; 
(10) n odd: q(n), 20.(n), i(n) = Pag + s-Y/, 9% gD, gn p sD, 
e 
. 
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_ In order to enumerate the various types of lines in S, with respect to 
Q(n) we need the theorem: 


(11) When n is even, the section of Q(n) by the polar space of an outside 
[inside] point of Q(n) is a Cas 1)[Q-(n—1)]. When n is odd, the 
section of Q.(n) by the polar space of an ‘outside [inside] point of Q,(n) is a 
Q(n-——-1) pQ(n—1)] mG. F. (1), but avQ(n—1)[Q(n—1)] mG. FP. (D); $ 
for Q-(n), the sections Q(n— 1) and vQ(n—1).are reversed. 


In view of (7) it is sufficient to verify (11) for particular outside and 
inside points such as 0,---,0,1,1 and 0,---,0,1,». We observe again 
the geometric difference between outside and inside points of Q(n), a dif- 
ference lacking for Q.(n). 

A line will be called a skew line, a tangent, a secant (proper bisecant), 
or a generator, of a quadric Q(n) if it meets Q(n) in 0, 1, 2 or more, distinct 
and real points. Let po, pı, p2 ps be the number of these respective lines on a 
point r of Sn. 

Since P, is the total number of lines on a point of Sn, we have the 
relations : 

(a) r oy Q(n) : p + pe + ps = Pas; 
r not on Q(n) : po + pa + pe = Pas 


For any type of quadric, and a quadric point, the number of tangents and 
generators on the point is P,+, the number of lines on the point and in its 
polar space; and the number of generators is qg (n — 2). Thus pı + ps == Pre, 
ps = q(n— 2) together with (a), yields the first enumeration in (12). 

If n is odd, outside and inside points are conjugate under linear trans- 
formation. For p a point of either type, pı is the number, g(n—1), of 
points in the section of Q.(n) by the polar space of p. The remaining 
g.(n) —q(n—1) points of.Q.(n).are paired on pz secants. These facts, 
with (a),'yield the second enumeration in (12). 

If n is even, on an outside point pı = qa(n — 1), and 


2p = g (n) — que 1); 
on an inside point pı = PE ERT and 2p: = = 9(n) — q-(n— 1) fef. (11)]. 
Thus, with («), we have the third enumeration in (12). Hence 


(12) On a point of the quadric 


Q (n) 2 Pu Po ps => n s, -Pn-s3 
Q+(n) = prs pas ps = SP? — SP, s01, Pug + SO; 
(RL: pk 2 2, = gh? gin-8)/2 st Pis — gin-8)/2, 
Pi Pas P > > ‘ 
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For a quadric Q.(n), and either an outside or inside point, 


po; 2pry Voz = I | S02, OP, st gM-D/2, 


For a quadric Q(n), and.for an 
outside point: 2po, 2p1, Re = SE — s212, 2(Py_p + 8072/2), grt — s022; 
inside point: po, 2p1, 2p2 = 802 + s022, D ( Py_g — g\m-2)/2) , gn-t 4. gin-2)/2, 


We note some further facts employed in the sequel, using the notation 
Po and p; for outside and inside points respectively. 


(13) <A secant of Q cuts Qein two points and contains (s—1)/2 points 
po and (s—1)/2 points pi A tangent of Q contains one point of Q and 
` either s points po or s points py. A skew line of Q contains (s + 1)/2 points 
Po and (s + 1)/2 points pi. 


For, if y, z are two points on Q = (ax), and yz is a secant, the point 
Mg + àz substituted in Q yields 2AA:(ay) (az). If y, z are not on Q and yz 
is a skew line of Q, the similar result is A2(ay)? + àrda (ay) (az) + Ao” (az)?, 
an imaginary pair in A:A2 In these two cases, for variable A: As the 
theorem follows from -(10) for n—1. If y is on Q and z is on a tangent 
at y we get à? (az)? which has the squarity of (az)*. 


(14) À harmonic pair of Q.,(1) is, in G.F. (I), a pair of points po, or a 
pair of points pi; in G. F. (IT), a point po and a point pi. A harmonic pair 
of Q-(1) is, in G.F. (I), a point po and a point pi; in G.F. (II) a pair of 
points Po or a pair of points pi. 


For, with @Q,(1) =«2,, the harmonic pair %):%, —@,:% yields 
Lois — Los, which have the same squarity in G. F. (I) but not in G. F. (IT). 
With Q.(1) = — va? + 2,7, the harmonic pair oi, iv yields 
— vt? + #7, —va,? + v’a, which differxby the factor — vy, a not-square in 
G. F. (I), a square in G. F. (II). 


2. The collineation groups of the quadrics Q(n) in Sy. We wish to 
determine first the order of the group of collineations which leaves the quadric 
Q(n) in S, unaltered, i.e., the collineations whose linear transformations 
leave the form Q(n) invariant to within a factor. We denote this order 
generically by N (n), or, more specifically, by N(n) [n even]; N.(n), N_(n) 
[n odd]. aes 

According to 1 (10), (12) the number of secants of Q(n) is q(n) - s"1/2. 


T 
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The number of ordered pairs of points of Q(n) on a secant is g(r) s>. 
Two such points being taken as the last two reference points, and their polar * 
Spaces aS Zn, En respectively, Q (n) takes the form, 


Q (n ae 2) + ROy-1,nEn-1Tne 


Any collineation which leaves the last two reference points unaltered, and 
which leaves Q(n) unaltered to within a factor, is made up of one of the 
N(n—2) collineations which converts Q(n— 2) into AQ(n—2), and of 
na = Ann Ln = Ann, Where AnzAn =A. This furnishes s—1 choices 
for An-1An, Whence i 


(1) N (n) = (s— 1) -s : g(n) : N(n—2). 


To obtain initial conditions we observe that Q (2), a conic, contains s + 1 
; real points, and that a collineation of Q(2) is obtained from three corre- 
j sponding pairs, whence N (2) = (s + 1)s(s—-1) = (s?—1)s. A collinea- 
tion which leaves Q,(1), two real points on a line, unaltered must leave each 
point unaltered or must interchange them (two choices), and must send a third . 
! point into any one of s— 1 places, whence N,(1) = 2(s—-1). Similarly, 
in the extended field determined by the imaginary pair Q_(1),N_(1)=2(s+1). 
í Thus we have the conditions, 


(2) N(2) = ($ —1)s, N.(1) =2(s $1). 
For n even, q(n): (s— 1) = Pa: (s— 1) [cf. 1 (10)] = s” — 1, whence 
N (n) = (9* — 1) (s3 — 1) > + (8 —1)s. 
For n odd, i 
qa (n) + (s — 1) = {Pn = 80/2} (s — 1) = (sA + 1) (sm? = 1). 


This leads to | . 


N. (n) = (sim/2 = 1) (st-1/2 + 1) A N. (n— 2) : : 
= (80/2 — 1) (s02 1) 0-1 - (gD = 1) (s02 + 1) 50-8 -N.(n—4) 
== (s002 = 1)set (svt SRR 1)” `: (s092 + 1) N. (n— 4). 


Recalling the values (2) for N.{1), we'find that, 
(3) The order of the collineation group of the quadric is 


n even: N(n) =, (sn 1) sr (gt-2— 1) 92 - ++ (s?—I1)s; 
i n odd: N.(m) = 2(500/2 = 1) 9% (smt — 1)s (s3 1). - + 5?(s?— 1). 


COLLINEATION GROUPS IN A FINITE SPACE. 23 


If p is any point not on the- quadric Q = (ax), we denote by Ip the 
* perspective involution with center p, and linear space of fixed points x, m being 
the polar space of p as to Q. The equations of this involution are 


(4) z —=a— p` ? (ap) (at)/(ap)*. 


A set of n linearly independent points in m = («p) (a«s) = 0 are each fixed 
under (4) with respective-multipliers + 1, and p is fixed with multiplier — 1, 
whence J, is an involution with determinant — 1. For it Q is an absolute 
invariant, i. e., : 

(5) (ax)? = (aa)? 


We seek now to determine the collineation groups generated by these in- 
volutions Ip. For this some lemmas are necessary. 


(6) The points of Q are conjugate under-sequences of involutions Ip. 


Let a, & be any two distinct points of Q.- If aa’ is a secant‘and p is a 
further point on this secant, then J, sends a into a’. If aa’ is a generator, 
let b be a point of Q not on the polar space ma of a. The points of Q not 
on ma do not themselves lie in a linear space since Q is not a pair of such 
spaces. Hence the polar space ra’ will not exhaust the points b, i. e., points b 
exist such that ab, a’b are secants. If p, g.are points not on Q but on these 
respective secants, then I,J, sends a into a’. i 


(7) The ordered pairs of points on Q on secant lines are conjugate under 
sequences of involutions Ip. 


Let a, b and a’, b’ be two such ordered pairs. We first send æ into a’ by 
a sequence of Ip’s, b then going into b”. The plane-a’b’b’ meets Q in a conic K 
since a'b” and a'b’ are secants and a’b’b’ is a proper triangle. If bb” is a 
secant of K which meets the tangent a’ inp, then Tp leaves a’ unaltered and 
sends b” into b’. If bb” is a generator, K is made up of bb” and a line on 
a’ which meets b’b” in f. If 6 is a third’point on wf, and q a third point on 
bb’, such that qa’ meets bb at’ p, then Ipla sends a’ into itself and sends 
b” into V. de 
Let now JT, be any collineation’ which leaves Q(n) unaltered. Let 
an-ı An be the poles. of an, Ln-ı respectively, and let Ta send @n+, a, into 
Ont, Wn. According to (7) there is a product, In, of involutions Ip which 
` sends a’n-1, A'n int Gn-1, dm and leaves Q(n) unaltered. Then Tn- = Tru 
is a collineation which leaves Q(n), dn, a each unaltered, Hence Tu is a 
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collineation on the variables £o, `- -,@n-2 alone which leaves Q(n — 2) un- 
altered combined with the multiplication Eni = AnsP nay En = MEn. 

If n is even, this process can be continued until a transformation of 
the form, j 


Tall (Ip) 1% = oo; Ti = MT TRS 2 ty = An® ny 


is obtained, where 
Ao? Aygo = ain: 


Dividing through by A», the conditions on the new multipliers are 
==" 0 = An-n. 


But a, = MP1, To == Ag’, (MA = 1) is the product of z, = Ayes, De == MIT 
and my = a2", x2’ = a’, the other variables being unaltered. These two 
factors are involutions Ip, whence TaI (Ip) = W (Ip), or Tn = I (Ip). 

In the case n odd for Q,(n) we can find IT(Z,) such that TaIX(Ip) is 
vi = MT, (i= 0, - +, n), where 


Aoi = Ads =: t — dde = p 


Case (a). If w=! (e a primitive root in G. F.) and the multipliers 
be divided by «’ we have as before that T, (Ip) = D’ (Ip) and Ta = IW (Ip). 

Case (b). If p= ê, and the multipliers be divided by e! we get 
TaI (Ip) =r (Ip), where | 


Ti Ti ei, ris = Pain [i= 0,; +--+, (n—1)/2]. 


Then Ty, = TIX” (Ip). Since I, leaves Q,(n) absolutely unaltered, and r repro- 
duces it multiplied by «, Ip does not interchange outside and inside points, 
whereas r does. . i 

In the case of Q_(n) we can find I(Z,) such that T, (Ip) is 


Ly = n'y + Bar's, Ti = yto + Slo, Ti = AT’: (i= 2,---,n), 
where : - 
As = AgAs =" = jan = p, 
and ; | de : 
(— rt? # t?) = p(— ve + 2,2). 


The involutorial elements which carry — vto + T° into a multiple of itself 
are the reflections in the members of thé pencil (variable p) of quadratic forms, 
vio” + 217 + pot, apolar to — vst? + 2,2. The discriminant, A = p? — 4v, 
of a member is not zero in G. F. The s + 1 values zo: x, divide into (s + 1) /2 


. 
. æ 


” Hence 
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real apolar pairs (A==c), and the remaining (s+ 1)/2 members have 
imaginary roots (A= v). The polarized quadratic yields the reflection, 
do = pro + 2T, Da == — Rvto— pti, for which — vg’? + v? = A[— vay? + 247]. 
The reflections in the real pairs generhte a dihedral collineation ga, for 
which factors of proportionality may be so chosen that — vt? + 2," is 
absolutely unaltered; the reflections in the imaginary pairs change 
— rt? + 2,2 into y (— rw’? + 2x"). Hence 


Case (a). If p is a square, TaD (Ip) = I (Ip), or Tn = D” (Ip). 
Case (b). If » is a not-square, T,II(Ip) = rI (Ip), where 7’ is the 
collineation in 2: 4. above augmented by 


Dai = plai, Cater == Vater [t= 1, < +, (n — 1)/2]. 


(8) The collineation group generated by involutions Ip are, for n even, the 
entire collineation group of Q(n) of order N(n); and, for n odd, those 
invariant subgroups of the collineation groups of Q.(n) of index 2 and orders 
N.(n)/2, which do not interchange the inside and outside points of Q.(n). 


We shall denote these groups generated by involutions Ip by @ (n) (Ip), 
G,.(”) (Ip), G(m) (Ip) respectively. We seek now to determine their structure. 

An involution J, effects an even or an odd permutation of the points of Q 
according as pz for the point p is even or odd. We examine then the parity 
of p2 as given in 1 (12) and find that: 


(9) The parity of pẹ for a point Do or a point pi with respect to Q is given 
in the table: 


Q(n) os © Qn) Q-(n) 
(mod. 4) Po pa : (mod. 4) Po; Pi Po, Pi 
n= 0 even odd . n=l odd even : 
n=}? | . n=8 , 
G. F. (I) even odd °” & F. (Ú odd even 
G. F. (IT) odd ewen. G.F. (IID) even odd. 


We have seen in (8) that for n even the collineation group of Q(n) is 
generated by involutions Ip. ` According to (9) ‘some of these effect odd 
permutations of the points of Q(n), whence G(n) (Ip) has an invariant sub- 
group of index 2. The points p for which the Ip are even are points po except 
when n==? (mod 4) in G. F. (II). But-this exceptional case is precisely that 
in which vQ (n) = A, or Q(n) = vA [cf. 1 (9)]. If this factor y’ is removed 
the points p; become points po. Hence 
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(10) The collineation group of the quadric, 


A=y + yr? +: + H yn? (n even), 


of order N (n) is generated by involutions Ip [ef. (8)]. It contains a simple 
invariant subgroup of index two and ordér N(n) /2,= FO (n + 1, p”), which 
is generated by involutions Ipo. 


In connection with the proof of this theorem we observe that the notation’ 
FO(n+1,p™) is that of Dickson (*, p. 191). The simplicity of the in- 
variant subgroup of this order (except in the case n = 2, p” —3, when it is 
the even Gi», on the four points of the coniceyo? + y1? + y?) is proved by 
Dickson. Dickson’s groups of linear transformations of determinant unity 
which leave Q absolutely unaltered must have series of composition whose 
indices coincide with those of our collineation groups, except for an index 2 
when n is odd due to the factor of proportionality + 1, or except for indices 
(factors of s— 1) which arise from the fact that our collineations do not 
leave Q absolutely unaltered. Since none of these exceptional indices could’ 
have the value FO(n + 1, p”), the simplicity of the collineation group here 
obtained must follow. That the group is generated by involutions Ipo is due 
to the fact that these involutions must generate a subgroup invariant under 
the group of order N(n). These considerations apply also in the demonstra- 
tion of (13) and (16). : 

For odd n the quadrics Q.(n) contain systems of linear spaces S(n-1)2 
which in the case of Q,(n) are real; of Q_(n), are conjugate imaginary. We 
recall the theorem of C. Segre ? [cf. also Bertini *]: 


(11) If n is odd, a proper quadric in Sn contains two systems of linear 
spaces Sony» If n==1 mod.4 {n==3 mod. 4}, two Sinsyj’s belong to 
the same or different systems according as they have an Sea {Soar} or an 
Sora {Soa} in common [2d,2d—1< (n—1)/2]. 

In the case of Q,(n) one such Stn-1)/2 on Q, (n) 18 Go = Ts =` + == Ey, = O. 
This is transformed by the I, which interchanges 2», £, into 


By = De = Uy Zn = 0. 


These two S¢n-1)/2’s meet in the Sense e 





To = Tı = Ta Uy Ey = 0. 


If n= 1 mod. 4, (n—3)/2 =2d—1. If n=3 mod. 4, (n—3)/2 = 2d. 
In either case, the two Sin-13728 belong to different systems. By continuous 
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variation this interchange takes place throughout the systems. Since all 
*points p are conjugate under the group of 2,0); each ‘of the involutions I, 
interchanges the two systems. 

In the case of Q_(7), the Sexe given by 


Vv xo bay = ay = By =! ‘== nu = 0 


is transformed by the J, which changes the sign of a into its conjugate 
imaginary. These two S(n-1)/2’s meet in the-same S(n-s)/2 as before, and again 
belong to different systems. Hence 


(12) The groups G.(n) (Ip) of the quadrics Q.(n) each contain an invariant 
subgroup of index two, generated by an even number of Ips, which leaves each 
of the two systems of Scn-s)/2’8 (real or imaginary) on Q.(n) unaltered. 


This enables us to give the complete constitution of the group of the 
quadric of Dickson’s type B: 


(13) The quadric, 
B= vy? + ys? +: + ++ yn? (n odd), 


[a Q.(n) when n= 1 mod. 4 in G. F. (II), otherwise a Q_(n) ] has a collinea- 
tion group of order N,(n) or N_(n), as the case may be [cf. (8)]. This has 
an invariant subgroup G(I,) of index two, generated by elements Ip, whose 
elements transform points po, pi into points po, Pi respectively. This subgroup 
has an invariant subgroup of index two, generated by an even number of 
elements Ip whose elements transform each of the two systems of Scn-1/2’8 
on the quadric into itself. Thus the group of B has factors of composition, 


2, 2, N.(n)/4 = SO(n + 1, p”) [ef. +, p. 191]. 


There remains only Dickson’s type 4, nodd, which is a Q_(n) when 

= 1 mod. 4 in G. F. (IT) but which otherwise is a Q,(n). For these cases 
we see in (9) that ps is-odd in GF. (I) and even in G. F. (II). 

Though the table (9) indicates invariant subgroups of the groups G.(1,) 

in certain cases, it does not completely describe either the type A or the type B. 

For this purpose we seek the number of conjugate o-pairs and i-pairs under 

Ip, and under Ip. Consider ‘then Ip, for the quadric Q. On # there are 

pı tangents, pz secants, and po skew-lines of Q. On a tangent through po the 

point po is fixed and the contact on Q is fixed. The s—1 other points are 

all o-points [cf. 1 (13) ] and yield (s—1)/2 o-pairs. On a secant through po 


. 
e . 
. 
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ae 


the fourth harmonic of po as to the two points on Q is a point po in G. F. (I) 

and a point p, in G.F. (II) cf. [1(14)]. Hence [cf. 1 (13)] the secant. 
contains (s — 5)/4 o-pairs and (s—1)/4 i-pairs in G. F. (I), and (s —3)/4 

o-pairs and (S — 3) /4 i-pairs in Ge F. (II). On a skew line through po the 

fourth harmonic of p, as to the two imaginary points on Q is a point pi in 

G. F. (I), and a point po in Q.F. (I). Hence the skew line contains 

(s—1)/4 o-pairs and (s—1)/4 i-pairs in G. F. (I), and (s—3)/4 o-pairs 
” and (s + 1)/4 «pairs in G. F. (II). Using a similar argument for Ip,, we 

have the following result: | 


(14) The number of pairs of conjugate o-points, and of conjugate i-points 
of the involution Ip, and the PDO Tow ‘for a quadric Q is given by the 
table: 


Ip : G. F. (I) : pi(s—1)/2 + p2(s — 5)/4 + po(s—1)/4 o-pairs, : 
p2(s — 1)/4 + po(s—1)/4 i-pairs, 
G. F. (II) : p(s —1)/2 + p(s — 3)/4 + po(s —3)/4 o-pairs, 
pa(s—3)/4 + po(s +1)/4 ipairs, 


In: G.F. (I) : pz(s — 1)/4 + po(s—1)/4 o-pairs, 
pa(s—1)/8 + pa(s — 5)/4 + po(s—1)/4 ‘pairs, 
` G.F. (IT) : pe(s —3)/4 + po(s +1)/4 o-pairs, 


pa(s—1)/2 + pa(s—3)/4 + po(s—3)/4 ‘pairs, 


where the numbers po, pr, p2 refer to the point po or p; in Ip, and for given Q 
are obtained from 1 (12). 


We are interested only in the parity of the numbers of the table (14). 
For Q.(n), pı = Pn- =? +: -+8 +1. Since s and n are odd, p, is 
even. Since (s — 1)/2 is integral, pı(s — 1)/2 is even and may be dropped 
in (14) without affecting parity. By adding and subtracting p» in the first, 
fourth, sixth, and seventh of the above eight numbers the factor pə + po = s"> 
appears in all. This being odd,it may be replaced by unity. The pz still 
remaining may be replaced by +1 in G.F. (I), and may be dropped in 
G. F. (II). Thus the parity of the-eight numbers in (14) is that of 


(15) Ip: GE.(I) : (s—1)/4+1 Daae : (s—1)/4 


C 7 (s—1)/4+1 
G. F. (II) : (s—3)/4 ` u G.F. (IL) : (s—3)/4 1 
(s—3)/4+1 ° | (88) /4., 


We observe first that if the number of. o-pairs is odd, the number of 1-pairs 
is even and vice-versa. We observe also that the parity of any one of the 
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four numbers for Ip, is opposite to that of the corresponding number for Ip, 
. Hence 


(16) The quadric, 
A= yo? + yi? +: + + yn? (n odd), 


[a Q-(n) when n=1 mod. 4in G: F. (IT), otherwise a Q,(n)] has a.collinea- 
tion group of order N,(n) or N_(n) as the case may be [cf. (8)]. This has 
an invariant subgroup G(Ip) of index two, generated by elements Ip, whose 
elements transform points Po, pi into points po, p respectively. This subgroup 
has an invariant subgroup of index two, generated by an even number of 
elements Ip, whose elements transform each of the two systems of S n-1y/2’8 
on the quadric into itself. This second invariant subgroup has an invariant 
subgroup of index two, generated by pairs of involutions Ip, or by pairs Ip, 
whose elements permute both the outside points and the inside points of the 
quadric evenly. Thus the group of A has factors of composition, 2, 2, 2, 


N.(n)/8 = FO(n + 1, p”) [ef. +, p. 191]. 


3. The groups defined by a quadric Q and a linear space L. The 
space L being the polar of a point p, we shall have. to distinguish the three 
cases in which p is a g_, an o., or an i-point, and correspondingly L is an 
Loa Lo, or L; space. The order of the.collineation group of Q, L is the order 
of the group of Q divided by the number of points of the kind in question, 
these values being obtained from 2 (8) and 1 C9 ns Thus we 
find that 
(1) Ii: [Q(n),lq] = (e—1)e"*-W(n—2), 

I2: [Q(n),Lo] =WN,(n—1),- 
13: [Q(n), Li] =N_(n—1), 
2 IT 1: [Q:(n), Lal F (s— 1)s"- N.(n—2), 
IL2: [Q.(m), Los] = 40 (n—1), 
TII1: [Q-(n), La] = (s—.1)s"*- N_(n—2), 
EH: [Q- (n), Los] saan): 





In the case of the quadrics we shall be concerned primarily with the groups 
G@(Ip) generated by the Is. For these the cases IT, III above become 


(2) [@.(n) (Ip), La} = (8—1) G.(n— 2) (Ip), 
[G-(m) (Zp), Lng] = 2N (n—1). 


We first examine the section of Q, a quadrie of any one of the three types, 
by one of its tangent spaces Lg, tangent at g. If q is the next to the last 
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reference point, dn, the space Lq is tx = 0. This space cuts Q in a quadric 
in the Sn1, Zn = 0, with a node at a... This quadric is a point section by Ont, 
of a proper quadric Q(n—2) in an Sy. in‘the Sn-ı but not on an-ı We 

may take this to be the Sno, 21 = £y = 0. Then Q (n — 2) = Q (@n-1 = Ga = 0) 

is in the standard form and is of the same type as Q. Let Q = (ow)? and 
Q(n— 2) = (Br)? (ax) [tni = m=O]. `. 

The lines A on g and in Lg give rise to the points in 8 These lines À 
are the tangents and generators of Q on q. The generators give rise to the 
points of Q(n — 2), the tangents to the o- or 1-points of Q(n— 2) according 
as to whether outside q they contain only o-points or only i-points of Q 
[cf. 1(13)]. The collineation group of [Q, La] permutes these lines A. 
Those collineations of the group which leave each line À unaltered [the identity 
in the group of Q (n — 2) ] must form an invariant subgroup of [Q, Lg]. The 
existence of the factor N(7—2) in the order [Q, Lq] suggests that this 
invariant subgroup has the order (s — 1). We consider the form of the 
elements, | 
(3) T'i = 2jyit; (j =0,: > +; n), 


of this invariant subgroup. i + i 
' Let the coefficients ‘in the last column of (3) be Yo; 413: * >, Yn. Since 
== (ax)? is to be unaltered, the term in £n? in (az)? must not appear, 
: e, (ay)?==0. Since the lines A on an-ı are to be invariant, only the 
(& + 1)-th and n-th codrdinates of the (k -+ 1)-th reference point can be 
affected whence in the (k-}1)-th column only the coefficients yru yn-1,% 
appear (k==0,---,n—2). Since also the point an-ı is to be invariant, 
Yn-1,n-1 is the only non-zero coefficient in the n-th column. ' Since the point 


1,1,:--+,1,0,0 is to go into LES RS -, 1, p, 0, Yoo = Yu ==" * = Yn no. 
The determinant of (3) is the product of these y’s' and yn-1-1 Yn, whence 
Yn 54 0, and we may take "yo =‘. = Yyn-2n-2—=1. Since (aa)? == p(ax)?, 


we find from the leading term, 2», Sot, or — va’, that p = 1, and then, from 
the term in @p10n, that yn-ı,n-1 = 1/Yn. Again from the absolute invariance 
of Q we find that 


(4) Yn-1,0%0 + hee + Yran- = — (98/02) Q(m— 2)/Yn. 


The point y, on Q but not on 2, = 0, is joined to an-ı by one of the s"> secants 
of Q on an-ı [cf. 1 (12)]. Hence 


(5) For any of thes" choices of y on Q but not on La (4 = Gn-1, La= tn = 0), 
and for any non-zero factor of proportionality yn [(s—1) choices], the ele- 
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ment (3) is a collineation of determinant si which transforms Q into 
itself and leaves every line À on q in La unaltered if the coefficients satisfy 
‘the requirements: the matrix of ‘the first n—1 rows and columns is the unit 
` matria, all the other y:ÿs are zero except that ynm = 1/Yn, the last column 
48 Yo’ * `, Yn, and the coefficients Ya, ' "> Yn-an-2 ATE as in (4). These 
(s — 1)s™ elements form an invar iant subgroup gcs-1ys" of the group [Q, Lal. 


The multiplication tabļe of this group is easily obtained. The element 
described in (5) is uniquely defined by y on Q (Yn Æ 0). Let us call it Ty. 
Tf T, is another element defined by z on Q (%*0), the product TT: = T: 
is defined by ¢ on Q (tn £ 0). To obtain this product we need to get only 
the last column of coefficients. *This yields 


(6) Pom Te 
to = Yo + Yn?o> i = y + Yn2 °° 5 tn-2 = Yn-2 + Ynên-2, tn-1 =K, tn = Ynêns 


where the explicit form of « is not material, it being uniquely determined 
by the fact that ¢ is on Q. | 

We see from (6) that if yn and Zn are 1, tn is 1, and TT = T:Ty = Ti. 
Also, if Ty, Tz are inverse, Yn2n = 1, OT Zn = 1/yn. Hence, if yn = 1, TaT T? 
has a coefficient ynn = 1/2n° 1- Zn = 1. Thus ` 


(7) The elements of eus: in (5) for which yn —1 form an abelian 
subgroup gs of order s" [for s"* choices of Yos’ ` `, Yn-2] invariant under 
Juss". This abelian subgroup is of type (1,1,: * `, 1), contains only trans- 
formations of period p, and is a regular group on the s" secants of Q on q. 


For, any line on 4, not in £n = 0, i. e., any secant, can be represented 
by the point where it cuts 21 = 0, i. e., by 80° * ‘Sn 0,1. This point is 
transformed by the element (5) into another point whose join with a: is 
represented by d | 


(8) (80 + Yo) /Yn, (S1 + 91) /Yns* °° ; (Sn-2 + Yn-2)/Yn; 0, 1. 
Thus, when 4 Yn = 1, we have 
(9) TERE + ty S'n-2 = Sn-2 F Yn-2 


Hence, given s and s’, there is one ahd only one set of values yo, * `, Yn-2 Yn = 1 
for which (9) holds. 


According to (6), if Yn =ç à primitive root in G. F., Ty is an element 
whose (s— 1)-th power is in the above abelian group, whence 
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(10) The factor group of ge with respect to gcss)s" is a cyclic gs. 
From this there follows that l 


(11) The factors of composition of the collineation group of order 
(s—1)s"?* N(n—2) = [Q, La] in (1) I1, IL1, ITI 1 are first the factors 
of composition of Qn» [cf. 2 (10), (13), (16) ], sècond the factors of a cyclic 
gs, and third the factors of the abelian gs" of type (1,1,---,1). 


It is clear from the form of (5) that 


(12) Hach of the s"1— 1 elements of gs" other than the identity has an Sn-s 
of fixed points, 2 = 0 and (y9/dx) Q (n — 2) (x) = 0 [cf. (4)]. Hach of these 
Sn-2’s in the Snr, Bn = 0, ON dra [Pre = (s**—1)/(s—1) in number] 
arises from s —1 transformations due to the factor in Yo,’ ` *  Yn-2- 


If in (8) we set s'i = (si + y:)/yn (i =0,: > +, —2), then there is a 
fixed secant when y, 541, namely: si = yi/(yn—1). Hence | 


(13) Any element in gis-1)s"+ not in ger has one and only one fixed secant 
on q= ün The subgroup of order s— 1 which leaves one secant fixed is 
generated by pairs of involutions Ip for points p on the secant but not on Q. 


For, if we take aa, as a typical secant, this subgroup has the form 
Dit (i = 0,: < <, n— 2), nd = Tn-1/Yn, L'n = Yntn. This is the product 
of the pair of involutions, na = n, L'n = C0 na 3 Una = Ynn, Vn = En-a/Yny 
the other variables being unaltered. For yn =— 1, this product is an in- 
volution of rank (1, n — 2), i. e., with a line and an Sy» of fixed points. On 
the secant this effects the identity so that the gs. in (13) is, on the secant, 
the g¢s-1)/2 formed by products of an even number of reflections in real pairs 
apolar to a real pair. . 3 

The elements of 9¢s-1)s"* in gs" may be obtained by taking a product of 
two products of pairs of involutiéns for one of which we have Yn, and for the 
other 2, = 1/yn [cf. (6)].. Hence 


(14) The group gcs-s)s"* is generated by products Iply» where p, » are any 
‘two points not on Q but on a secant through.q. 


With respect to the problem outlined in. the introduction however, we 
want the group which leaves Q, L absolutely unaltered, and which is generated 
by involutions I, for points p on the linear space L. Thus, our linear space 
being æ, = 0, this requirement restricts the transformations (5) for which 
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L'n = Yntn to those for which y» = 1, i.e., to the subgroup gs" of gis-iys" 
On g = an-ı the tangents r'and generators y of Q are cut by any Sn, not on 
@n-1 in the points respectively, not ‘on, and on, the quadric Q(n— 2). The 
points p on L but not on Q are points pon these tangents. The involutions, 
Tory Ip, (p, # on the same tangent r), effect the same permutation on. tangents 
t and generators y, when ‘IpI p, leaves each unaltered, and also leaves Q, L 
unaltered, and thus is in gs. Conversely gs is generated by such pairs. 
To prove this let z= 2,:--,%n2,0,0. If then (@z)?=40, the point 
` Pr—2—+ pans (2540) is a point on the tangent 7. The involution Ip, is 
[ef. 2 (4)] | 

a = 2 — (2 + Mina) [2 (82) (Bt) + utn]/(82)°. 


If Ip, is another point on the same tangent determined by p’ s£ p, then 


Lorlor a vY == + 2° (nm — e )Zn/ (Bz)? 
ana (W — y) [2 (Bz) (Be) + (u —#')an]/ (82) 


If we compare this with (5) we find that 


— (u—#")*/(82)?,1, 
Yoo’ sfn = (u— 2’) 2o/(Bz)?, - "sy (p — p’)4n-2/ (82)?, 


and thus 19,1%, is in ge" since yn = 1. We do not however find in this way 
all the elements of gẹ due to the restriction, (@z)?40. If then we choose 
2,2 not on Q(n— 2) such that z +7 =t is on Q(n—2), the element of 
gs" corresponding to y = t is Zorlorlarlar where +’ is the tangent determined 
by z’. ` Hence 


(15) The group gs is. Pr by products of pairs of involutions I, for 
pairs of points p on tangents + of Q in ae 


The involution Ip, effects the same Delon on lines À on dm. in L 
as the involution I, for Q (n — 2) effects on the points of 8h Hence. these 
involutions generate the G (n — 2) (Ip) on the lines À and in 8, the G(1p,) 
has the. invariant gs" with factor group G(n—2) (Ip). Hence 


(16) The collineation group; [G(Lp), Lal, generated by involutions Ip for 
points p on La, and thus leaving Q, Lg unaltered, has factors of composition 
which are the factors of G(n-—~2) 2 Ce 2 (10), (13), (16) ], and the 
factors of g=. 


We now consider the cases (1) 1(2)I(3). Given Q(n) and an outside 
3 
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point o, the polar space Lo cuts Q(n) in a Q,(m—1). The order of the 
entire collineation group of Q(n), Lo is N,(m—1). This we write as, 
2- N,(n—1)/2, since we are interested only in. collineations which leave 
Q(n), Lo, and therefore the section Q.(n—1), absolutely unaltered. The 
‘latter group is generated by involutions, J, for points p on Lo. But the in- 
volutions attached to n linearly independent points in Lo generate the involu- 
tion I, which necessarily is invariant under the entire group. Similar remarks 
apply to an inside point à and the section Q.(n—-1). Hence 


(17) The collineation group, [G(n) (Ip), Lo] {1G (n) (Ip), Li]} generated by 
involutions Ip for points p on Lo{Li} has for factors of composition those of 
the group G,(n—1) (Ip) {G_(n—1) (Ip) }, and a factor corresponding to the 
invariant g, generated by I,{I;}. | 


There remain finally the cases II 2, III2. We pass immediately to the 
G(Ip) and, in connection with (2), state that: 


(18) The collineation group [G.(n) (Ip), Loa] generated by involutions Ip 
for points p on Lo or Li, has for factors of composition those of the group 
G(n—1) (Ip) and a factor 2 corresponding to the invariant g, generated by 
Io or Ii. É 
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ON THE DISTRIBUTION OF THE VALUES OF THE RIEMANN 
: ZETA FUNCTION. 


By H. Bone and B. JESSEN. 





Introduction. The object of this note is to fill in a gap in the description 
of the distribution of the values of the Riemann zeta function £(s)=—£(o + it), 
or rather the function log £(s), in the half-plane o > 1.4 From the. Euler 
‘ product we have for this function the expression 


Lak ae nn... 
— log £(s) — È log (1— part) = Slog (1— px” ett toem), 


where p, denotes the prime numbers 2, 8,5,: + - 4 

For a fixed o.> 1 ve consider in the complex w-plane the closure 
M(c) of the set of values — log £(¢ + it), — co <t < -+ œ. It is known 
that, on account of the linear independence. of the numbers log pn, this set 
M(c) is identical with the range of values of the function 


co | . 
F (0, 02, + +) = Slog (1 — pn etha), 
` : n=l i 


where ‘the real variables 6,,62,-- - are independent of each other and 6, 
describes the interval 0 6, < Èr. ahs, if for an Fort rindO<r<cil 
we denote by S(r) the curve 


(1) w— lg (1+2), Jel =r, 
we have | 
(2) M(o) =È S(p"), 


where the sum of sets is to be taken in the vectorial sense, that-is, the sum 


denctes the set-of all points w= 3 Wns whee wz belongs to S(pr°). 


n=l 


1The results concerning the distribution of the values of the function log ¢(s) 
in the half-plane s > 1 which we shall use and which are restated in the text are given 
in H. Bohr [2]. For a more detailed study of the distribution of the values involving 
also problems of probability and dealing with the half-plane o > 4, we refer to H. Bohr 
and B. Jessen [5-6], and, particularly, to the comprehensive treatment in B. Jessen 
and A. Wintner [9]. The results concerning the function {’(s)/{(s) which we mention 
are given in H. Bohr [1] and C. Burrau [7]. 

2 We consider — log f(s) instead of as usual log f(s) itself in order to avoid the 
minus sign in several other places. We notice that all occurring infinite series are 
absolutely convergent. : 
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_ From this representation of M(c) and'the simple fact, to which we return 
below, that each curve S(r) is convex, has been obtained the following simple A 
result concerning the shape of the set M(c): that M(c) is for each o > 1 
either a closed domain bounded by a single convex curve A(s) or a closed 
ring-shaped domain, bounded by two convex curves A(o) and B(o), where 
B(c) lies inside A(c). Furthermore, it was’ shown: by rough estimations that 
for all o sufficiently near to 1 the first case occurs, ae the second case occurs 
for all sufficiently large o.° 

So far the situation is quite similar to that obtained for the derivative 
é’(s)/£(s) of the function log £(s), only in this latter case the situation is 
simplified by the fact that the convex curves to,be added turn out to be circles. 
Their sum is therefore either the closed surface of a circle or a closed con- 
centric circular ring. In this case it was possible by simple computations to 
decide for which o each of the two cases occurred, the result being the existence 
of a constant D > 1, such that for oD the case of the circle, for o > D 
the case of the circular ring takes place. A numerical calculation gave 
the approximate value D = 2.576076. 

The object of the present note is to prove that a quite analogous situation 
holds for the function log £(s) itself. 


THEOREM. Denoting by M(o) for o > 1 the closure of the set of values 
— log ¿(o + it), —w'<t<-+ 00, there exists a constant C > 1, so that 
for each o SC the set M(o) is a closed domain bounded by a single conver 
curve A(c), while for each o > C the set M (o) is a closed ring-shaped domain 
bounded by two convex curves A(o) and B(o), where B(o) lies inside A(c). 


C is characterized as-the only root in o > 1 of the equation 
© 
are sin 27 == > arc sin pn. 
naz i 


We have the approximate value C= 1.764, correct to two decimal places. 
Some details regarding the shape of the curve B(o) for o > C are con- 
tained in a theorem at the end of this note. ` 


A geometrical criterion that the set be. ring-shaped. In our investi- 
gations of the set M(c) as given by the formula (2) we shall make no use 
of any special properties of the prime numbers pa except that 1 < pı < pr <` 


3 For the problem of the addition of convex curves see H. Bohr [3], H. Bohr and 
B. Jessen [4] and E. K. Haviland [8]. A short account is to be found in B. Jessen 
and A. Wintner [9], 
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foe) £ | i 
and, that the series X pa converges for o > 1 and diverges for o= 1. It 
n=l 


will therefore be more natural to consider the general case, where the sets 
M(o) for o > 1 are defined by R 


(3) Ulo =È S(r), 


í $ o0 
where 0 < M < às <- + is any sequence such that the series >| e»" con- 
n=1 


verges for o > 1 and diverges for o = 1.4 





Freure 1. 


We begin with some simple remarks concerning the curve S(r), 0 < r <1, 
given by the representation (1). When x describes .the circle | z| = r, the 
point z = 1 + v describes the circle P(r) in the z-plane with mid-point 1 and 
radius r (see Figure 1). The curve S(r) is the image of this circle P(r) 
by the conformal representation w == log z. Writing z = pe”, —x/2 < 0 < 2/2, 
and w =u + w, we have | 


u—logp and v—06. 
The ranges of p and 6, when z describes P(r), are 
l—rSpHSi+r and —arcsnr<06%<arcsinr. 


4 Evidently the constant O oceurring in the theorem will depend on the sequence 
Ay Ager es We notice that in the spécial case, where the ^, are linearly independent, 
the set M (e) given by (3) is the closure of the set of values f(a + it}, — oo < t < +4, 
where f(s) is the analytic function F 


CO g : : 
f(s) = Slog (1—e-Me). 
n=i 
Thus our theorem holds for any function of this kind. 
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The extreme values of p are taken at the points of P(r) lying on the real 
axis and correspond to the value 8 = 0; the extreme values of 6 are taken 
at the touching points of the tangents from the origin to P(r) and correspond 
to the value p = (1—71*)à, To any ‘Value of p except the extreme ones corre- 
spond two values of 6, which are numerically equal but with opposite signs, 
while to each value of 6 except the extreme ones correspond two values of p, 
whose product is 1—-1*, Consequently, the curve S(r) is symmetrical with 
respect to the lines v0 and u= 4 log (1— 1°) and is cut by each line 
u = U, log (1 — r) < uw < log (1 + r), and by each line v = vo 
— arc sinr < vp < arcsinr, in exactly two points. Furthermore, the curve 
S(r) is convex; in fact, the angle between tle tangent of S(r) at the point 
(tt, vo) and the line v = v, is, in the virtue of the conformity, equal to the 
angle betweën the tangent of P(r) at the corresponding point (po; 6) and the 
line ô = ĝe, and this latter angle varies monotonously when the point de- 
scribes P(r). | 2: 

By S,(r) we shall denote the curve obtained from “S(r) by the trans- 
lation — 4 log (1 — 17°), having the symmetry axes v —0 and u=0. It is 
obvious that, if 0 < 7” <7 <1, the image S(1”) of the circle P(r”) lies 
inside the image S(1”) of the circle P(1”). In virtue of the symmetry and 
convexity of the two curves this implies that S(r”) must lie inside 8o(1’). 

The symmetry of the single curve S(r) immediately involves a similar 
symmetry of the set M (o) defined by (3), the axes of symmetry being v = 0 


e CO 
and u= £ $ log (1— em), By Mo(o) we shall denote the set obtained 
n=l 


a di i 
from M(o) by the translation — > 4 log (1 — eMe), having the symmetry 
. n=l | 


axes v = 0 and u = 0. Obvioüsly 
Co 
-Mo(o) = £ So(erm). 
n=l 


We shall now deduce a simple criterion enabling us to decide whether for 
a given o the set M, (o) and hence also the set M (o) is ring-shaped or convex. 
For this purpose we write M, (0) in-the forni 


Mo (o) == So (ee) + No (c), where, : No(o) == $ Do (ee) i 


“The two half axes of S(r) lying on. the two axes of symmetry v—0 and 
u = log (l—r?) are ` , 
a(r) = 4% [log (1+ r) —log (1—r)] and b(r) —arcsinr 
respectively. For the orientation of the reader, we notice without proof that the 
ratio a(r)/b(r) is an increasing function of r in 0 <r < 1, so that the curve S(r), 


which for small values of + is approximately a circle, becomes more and more oblong 
as r increases." s : 
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As the set M,(o) has the origin as center of symmetry, it is clear that it is 
convex or ring-shaped according as it contains or does not contain the origin, 
that is, according as there exist.or do not exist points w, and ws of So (e9) 
and No(o) respectively, such that w, + w = 0, which by the symmetry of 
either set with respect to the origin is the case according as ee ) and 
Mi(o) have or have not points in common. 

Now as a sum of convex curves the set No(o) is itself ditties a closed 
domain bounded by a simple convex curve Cy(c) or a closed ring-shaped 
domain bounded by two convex curves Co(o). and Di(o), where Di(o) lies 
inside Ci(o). From the general considerations regarding the addition of 
convex curves and the fact that all the curves Sy(e*»*), n = 8, surround the 
origin and are contained in S,(e~**), it follows immediately that the interior 
boundary Di(o) of No(c), if it exists, must lie inside So(emry and hence 
still more inside So(e™"). Thus in the determination, whether S.(e™*) and 
No(o) have or have not points in common, it will make no difference if, in the 
case where D)(o) exists, we add to No(c) the interior of Do(c), so that in 
all cases the problem is only to decide whether 8)(e™*) and the closed convex 
domain bounded by the curve Co(c) have or have not points in common. 
Hence we have the following criterion: ` - 


The set Mi(o) is ring-shaped or convex according as the convex curve 
Co(o) lies or does not lie inside S(e™*). 


An analytical formulation of the criterion. That a convex curve lies 
inside another convex curve may be expressed analytically in various ways. 
For the present purpose, where one of the two curves to be considered is given 
as the exterior boundary for a sum of convex curves, the obvious procedure 
is to use the supporting functions (Stiitzfunktion) of the two curves, since 
the supporting function of the exterior boundary ‘of a sum of convex curves 
is immediately expressed as the sum of the supporting functions for the single 
curves to be added. . ` 

For each r in 0 <r < 1 we denote by Ho(r; a), where œ is an angular 
variable, the supporting function of the convex curve §o(7), defined as the 
maximum of ucosa-+vsing when (u,v) describes So(r). The explicit 
expression for Hi(r;a«) is somewhat complicated, but will not be needed; 
we shall use ohly the special value Ao(r;a/2) —arcsinr. Denoting by 
K,(o;%) the supporting function of the curve Cy(c), we have ae 


Ko(o; a) =Š H(e x; a). 
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Now if 8’ and 8” are two convex curves and H’(a«) and H” (a) their sup- 
porting functions, the necessary and sufficient condition that S” lie inside - 
S is that H’(a) > H”’(a) for all « We may therefore state the above 
criterion in the following form: , | 


The set M(o) is ring-shaped or conveæ according as the inequality 
co 
(4) H(ew;a) > D Hole; a) 
n=2 


holds or does not hold for all-a. For reasons of symmetry it is evidently 
sufficient to consider values OS a S 7/2. 


Proof of the theorem, By virtue of the last criterion our theorem will 
follow from the following two propositions: 


(i) For any fixed o > 1 the inequality (4) will hold for all a, if it 
holds for a = 2/2. ` 


(ii) There exists a constant C > 1 such that the inequality 
wo 
Hye 50/2) > Z'Ho(e n°; 2/2) 
n=2 


| is or is not satisfied, according as o >O or o SC. 

Proof of proposition (i). For a fixed e > 1 we put e** = r, so that 
Tı > >:+- +. The proposition to be proved is then that the inequality 

` co 
Ho(11; %)' > 2 Ho(tn; à) 

t . nae ‘ 
holds for 0S æ < w/2, if it holds for « = m/2. Obviously this will be proved 
if we prove that for 0 < 7” < 17 < 1 the inequality 


Ay(”’;%)  Ha(r;a) 
(Hy (1730/2) © Ho(17 32/2)? 
that is, the inequality | : 
-Hy(1”"; &) H(r; a) 
; are sin 1” arcsin?” ? 
holds for 0 æ < 7/2. J : 
Denoting for an arbitrary r in 0 <r'<1 by S*)(7) the convex curve 
similar to S(r) with respect to the origin in the ratio 1/(arcsinr), the 
supporting function H*,(r; a) of S*{r) is 


Hi(r; a) 
Eo , a A ERA 
ete) arcsin r ? 


. 
T , 


2 
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so that the assertion to be proved is that for 0 < 1” -<.7 < 1 the inequality 
H*o(1; a) < H*.(17; a) 


holds for 0Æa<x/?. This inequality simply expresses that the curve 
8*, (17) lies inside 8*,(17) except for the two points (0,1) and (0, — 1), 
which lie on all the curves S*,(7).° | 

For an arbitrary r in 0 <r < 1 we represent the part of the curve 
S*,(r) lying in u = 0, v & 0 by an equation u =f(r;v), OS v1. De- 
noting for a fixed t in 0<t<1 by a(r;t) the angle between the line 
v = and the normal of the curve S*,(r) at the point (f(r; t), t), we have 
tan a(r; t) =—f’»(r; t), so that 


f(r;v) = fia a(r; t)dt 





Ficure 2. 


for 0&v <1. Our assertion being that for 0 < 1” <r < 1 we have 
f0”) <f(r';v) in 0Sv < 1, it is therefore ‘sufficient to prove that for 
any fixed ¢ in 0<¢< 1 the angle «(r; t), is an increasing function of r in 
0<r< 1. $ i 

‘In order to calculate the aigle a(r; t) we notice that a(r; t) is also the 
angle between the line v = # arc sin and the normal of the curve S(r) or 
S(r) at one of the points lying on this line, and hence by the conformal 
representation equal to the angle between the line 0 = tarcsinr and the 
normal of the circle P(r) at one of the points lying on this latter line 
(see Figure 2). Hence we have the relation 


€ This contains the statement in the preceding footnote, that the curve S(r) 
becomes more and more oblong as r increases, and shows that this even happens in a 
very regular way. | 
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sina(r;¢) _ sin G arc sin r) 
1 r j 
Introducing arc sin r = y as new variable instead of r, we find 


sin ty 
siny te 





sin a(r; t) = 


Thus in order to prove that for any fixed ¢in 0 < ¢<1 the angle a(r; t) | 
is an increasing function of r in 0 <r < 1, we have to prove only that 


sin {y j 


gg) == 


sin y, 


is an increasing function of y in 0 < y < «8, which is clear since 


the function tan s/v being increasing in 0 < x < 7/2. 


Proof of proposition (ii). Proposition (ii) states the existence of a 
constant C > 1, such that the function 


S Ay (es 37/2) $ are sin eA? 
fle) = n=2 S n=2 


Hy (e™? ;x/2) arc sin e727 


is 21 for oSC and <1 foro>C. Since f(a) — œ as o->1 and 
f(e) — 0 as c> on account of the assumptions concerning the An, it is 
sufficient to prove that the function f(e) is decreasing in 1<o < ®. We 
shall even prove that each: term 


(0) = 


has a negative derivative g’(o) and hence is decreasing in 1 < o < œ. The 
logarithmic derivative g“(o)/g (cY of the function g(o), being the difference 
between the logarithmic derivatives of the numerator and the denominator, 
the inequality g’(c) <0 will be proved. if we prove that the logarithmic 
derivative h’(o)/h(o) of the function 


are sin eet 
arc sin emo 


h{o) = arc sin es 
is for each fixed o in 1 <ø < œ a decreasing function of À in 0 < À < œ. 
Now nn | 
h’ Rio) _ — ree 
Ro) (o) V1— e are sin e™ ` 
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For a fixed o we introduce are sin er =y as new variable instead of A, and 
- have then to prove that the function i 


1 sinylogsiny letanylogsiny 1 #(y) ` 
o CSyy ..o Y. © y 





p(y) = 


is increasing in the interval 0 < y < m/2. Since y(0) = 0, this will certainly 
be the case if ¥(y) is convex in 0 <y < «/2, so that it is sufficient to prove 
that 
log sin y 

cos? 7. 


y Hy) Sty ag 
is increasing in 0 < y < 72/2. . Once more changing the variable, putting 
sin y = t, we have thus only to show that 


ee A 





xl) = 
is increasing in 0<t<1. But this is clear since 


re 1 4 26 logt. é(t) 
OT TGA” 


URSS as (D Agé < 0 in 0 <t<1 and £(1) — 0. 


Another theorem. It is easily seen that the exterior boundary A(c) of 
the set M(o) for an arbitrary o > 1 contains neither corners nor straight 
segments. By arguments similar to those applied above, we are able to prove 
the following theorem regarding the shape of the interior boundary B(o) 
of the set Mo) foro >C: 


THEOREM. There exists a constant E > C such that for each o < E the 
curve B(o) has exactly two corners lying'on the real avis, while for each 
o È E the curve B(o) has no corners. For no value of o does B(o) contain 
straight segments. i ` 


E is characterized as the only root in o > 1 of the equation 
ae 
RO = Spy. 
n=2 


We have the approximate value # — 1.778, correct to two decimal places. 
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We are indebted to Mr. J. P. Møller for the numerical calculation of 
the constants C and E. . f le 


FyYNSHAV, ALS, DENMARK. 
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ON A CLASS OF FOURIER TRANSFORMS. - 


By AUREL WINTNER. 


The present paper deals with the Fourier analysis of certain analytic 
functions. $ 1 collects the tools to be used. Theorems I and JI of § 2 concern 
the Fourier analysis of a class of meromorphic functions which are reciprocal 
values of even transcendental entire functions f(z) of genus 0 in z*. This 
theorem is suggested by Hausdorff’s remarks on the function 1/Cosh? (cf. 
Hausdorff [8]). Theorem VI.furnishes the general analytical background 
to the well known Fourier representation of | T(b + it)|?, where b > 0, in 
the same manner as Theorem I yields the general background of the standard 
‘Fourier representation of 1/Cosh¢. Theorem VII is another analogue of 
Theorem I and concerns the case of an “ erhöht ” genus 0 in the sense of Pólya 
(cf. [19], where further references are given). While Theorem I leads, as 
shown by Theorem III, to a strange consequence of Riemann’s hypothesis, 
Theorem IV is independent of this hypothesis. Theorem V deals with an 
interesting transcendant defined by a Bernoulli convolution. The elementary 
Theorem X and the remarks which follow it treat distributions derived by 
projection from equidistributions which belong to the interior or to the 
boundary of an n-dimensional sphere. Theorems VIII and IX contain new 
information about a class of transcendants introduced by Cauchy [4] which 
play an important réle in the investigations of Lévy and Pélya on the founda- 
tions of the analytic theory of probability; the same transcendants also oceur 
in the Hardy-Littlewood treatment of Waring’s preblem (for references cf. 
Pólya [18]). It is shown by Theorems XX and XXI that Theorems VIII 
and IX may be extended from the case of trigonometrical integrals to the 
case of integrals containing Bessel functions. As an application of Theorem’ 
VIII, it is shown in § 3 that the three standard postulates in the theory of 
error distribution, which go back to Gauss [6], are not independent of each 
other, one of them being implied by the two others. As shown by Theorem 
XIX, a corresponding result holds in the multidimensional case also. The 
other results proven at the end of $ 4 are known in the case n — 1, where n is 
the dimension number (cf. Lévy: [14]; Pélya [17], Wintner [23]). The 
difference between the cases n —1 and n> 1 is about the same as that 
between an ordinary and a partial differential equation. It turns out, however, 
that the arbitrary function contained in the solution of the problem in the 
case n > 1 must be a constant due to the “boundary condition” of a finite 
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dispersion. This result might have sonie physical interest in view of the 
Maxwell assumption on velocity distribution at random (n = 3). 


INDEX. Sian 
§ 1. The Fourier-Stieltjes transform................... 46 
§2. Fourier transforms of convex analytié distributions.. 51 
§ 3. On a postulate of Gauss..... EEE TE ins 70 
$4. The multidimensional case. o... o... RS 75 
$5. Cauchy's transcendents and their generalizations..... . 83 


1. The Fourier-Stieltjes transform. Let a —o(x), — co <r < +o, 
be a distribution function, i. e., a monotone function for which e(— œ). = 0 
- and e(+ co) = 1. It may be assumed that 


a(z) = H{o(z + 0) +o(e—0)} 


holds also when « belongs to the sequence of discontinuity points (if any). 
If c is a positive constant, o(cx) also is a distribution function; it will be 
termed similar to o(s)» The function 1—o(—x) also is a distribution 
function and may be called the conjugate of o(s). The conjugate of the con- 
jugate of o is o itself. © will be said to. be symmetric if it is identical with 
its conjugate, i.e., if 


oz) +o(—2) =1. 


If o is symmetric and if the curve e = o (v) is concave (from below) in the 
open interval 0 < x < + œ, hence convex in the open interval — œ <a < 0, 
then o will be termed a convex distribution function. It is well known that 
if a function is convex and bounded in an open interval, it is absolutely con- 
tinuous in this interval. Thus a convex distribution function o(x) is ab- 
solutely continuous in every interval not containing æ—0. That a convex 
distribution function may be discontinuous at = 0, is shown by the example 
x(t) =4(1-+sg2), where sg s =— 1, 0 or 1 according as æ < 0, = 0 or 
> 0. This distribution function x plays the rôle of the unit in what may be 
called the algebra of distribution functions. 
| A sequence {on} of distribution functions i is said to be convergent if fides 
exists a distribution function.o such that on(z) — o(x) at every continuity 
point v of o. This is what will be meant by writing on — o. Thus on — © 
and on — p imply o = p. It is clear that if every on is symmetric, then so is ø 
and that if every on is convex in the sense defined above, then so is ø. 

The spectrum of a distribution function o is defined as the set of those 
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points & = g, for which o{2’) < e(z”) pias L L T L a. This termi- 

, nology is in accordance with the usual physical terminology concerning the 
frequency distribution determined by o, i.e. with the Wirtinger-Hilbert 
terminology in the theory of linear differential and integral equations and is, 
therefore, at variance with a terminology recently proposed by Wiener [21], 
p. 163. The discontinuity -points*of o, if any, clearly belong to the spectrum. 
If ¢ is analytic, then the spectrum is the whole z-axis. If there exists a finite 
or infinite sequence {x,} of distinct points such that 


+00 
I [o (2 +0) —o{a —0)] = f do(2), kadai 

then o will be termed purely discontinuous. The spectrum may be the whole 
z-axis in this case also. | 

If two independent random variables é, é have the distribution functions 
01, 02, then the distribution function of é + & is denoted by o, * oz and is 
termed the convolution (“ Faltung ”) of o, and oz; it is represented at its 
continuity points æ by the integral 


f aeni) 


(cf, e g, Hausdorff [8]). It is easy to see ‘that 01 * o, =o, #01 and 
(o1 * 02) * o3 = 01 * (o2 * 03). Also, o* y—o for any o, where again 
x(t) =4(1+sge@). The conjugate of o1*o2 is the convolution of the 
conjugates of 9, and of oz. It follows that if c, and o, are symmetric, then 
80 is c1*o2 Furthermore, if o, and s, are convex, then so is o1 * oz The 
truth of the last statement is implied by the treatment of a problem on 
rearrangements (cf. Hardy-Littlewood-Pélya [7], pp. 273-274); a direct 
proof may be found in § 4, where the theorem is extended to the multi- 
dimensional case (Theorem XIII). The truth of the statement is almost 
trivial in view of the statistical interpretation of the convolution process, 
mentioned above (cf. $ 3). Examples show that if c, * o, and o are convex, 
then o, need not be convex; cf., e: 8» the convex distribution uctor occurring 
in Theorem V. 

The Fourier transform of a GAROU cnn o(x) is defined as the 
Stieltjes integral 


+00 ` 
(1) L(t) =L(t;o) =f eltedg (x), where — œ < t< + o. 
- —00 . $. 
It is easy to see that the function L(t;o) is uniformly continuous in the 
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infinite interval — œ < t < + œ; it may be nowhere absolutely continuous, 
since the Weierstrass example 


(1— a) $ ak exp (ib*t) 
%=0 


is, for suitable values of a and b, an L(4; e) which is nowhere differentiable. 
There belongs to every L(t; e) but one o(s), sincé 
+00 k +00 T 
-o(%) = 0(0) + (ri) À É1(1— et) L(t30)dt, where | = lim 

‘ ~00 -œ T= J -T 
This is Lévy’s inversion formula (cf, e.g, Wiener [21], Theorem 36 
or Haviland [10]). It implies that if the integral of | L(¢;0)| over 
— œ << + œ is finite, then o(s) has for — œ < v < + co a uniformly 
continuous and bounded derivative which may be obtained by formal dif- 
ferentiation, 


+00 ? 

(2) o (x) == (w) ge isiL(t;o)dt. 
00 

If there exist two positive constants, a and A, such that 

(3) : L(t;0) = O(exp{—a|#|}) as t> + o, 


then all derivatives of o (x) exist for every v and may be obtained by successive 
formal differentiation of (2). If in particular À = 1, then there exists in a 
strip — à < y < & of the z-plane, where z = x + ty, a regular and bounded 
function which becomes the distribution function o(s) if y= 0, the least 
upper bound of the admissible values of the width 2a being not less than 2a; 
cf. Wintner [25]. Hence if A > 1, then one may choose 2a arbitrarily large, 
and so o is an entire function which is bounded in every strip parallel to the 
real axis. It may be mentioned that o cannot be a rational entire function, 
since &(— œ) = 0 and o {+ œ) =1. 

It is obvious from (1) that L (+t; 0) = L(t;), wheres(x)=1—o(—z). 
Furthermore, L(t;o) and L(— t;o) are conjugated complex values. Since 
o(x) is monotone non-decreasing and has the total variation 1, it is also clear 
from (1) that L(0;o) =1 and that | L(t;c)|=1 for every t. Suppose 
that o is such that | L(t;o)| = 1 holds not only for ¿= 0 but for at least 
one ¢==t)5<0 also. Then Z(0;o) —eL (to) == 0 for some real ® = (ty) ; 
hence, or taking the real part, 


fto) do(x) = 0, where f(x) — 1 — cos (8 + tor). 
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Consequently, ‘since f(v) 0 is continuous, f(s) = 0-at-every point: x of the 
+ spectrum of o. Now every root of the equation f(s) — 0 satisfies the con- 
gruence tor ==— #0 (mod 2a), where -to ~0 and = %(t)). Hence in order 
that | Z(¢;c)|—1 holds for at least ‘one 44 0, it is necessary that the 
spectrum ofo be a sequence: contained. in an arithmetical progression. ‘This 
condition (cf. Cannon and Wintner [2]) is sufficient also, since if it is satisfied, 
L(t; )’is'a periodic function and must, therefore, attain the value attained 
at t= 0 not only at-t==0. I£] E(t;e)| = 1- for: every t; ie, if ty is 
arbitrary, then the spectrum must be contained in an arithmetical progression 
of arbitrary difference, hence it must consist of a single point z =b. The 
distribution function is then x(x —b) which has Fourier transform eit?. 
In particular, L(t; 0) ==1 belongs to o = x. 
The, Fourier transform of the distribution fanction aoe is niles o). 
If o(2) = (at), where a > 0, then a — 1 unless o(x) —x(x).. This neces- 
sary condition is sufficient. also, Ae, the distribution, functions which are 
similar to x(a) are identical, with ylä). i 
For a given distribution function ¢, put [ol = = lim sup | A t;o)|, where 
t—>-+ % or f—>;— 00, It is clear, from, | L(t; c) | 1 that 0S [o] S1 
If o is absolutely continuous, then [g]. = 0.in view, of the Riemann-Lebesgue 
lemma. If [o] = 0, then o need not be absolutely continuous. If [e] == 0, 
then o(a) is.everywhere continuous. For if o has at least one discontinuity 
-point, then L(t;o) has a component which is almost periodic in the sense 
of Bohr, is not identically zero and is not destroyed by the complementary 
component of L(t;«); in this connection cf. Haviland and Wintner [11]. 
If o is purely discontinuous, then L(t;o) is almost periodic in the sense of 
Bohr, and so [o] 1 in view of L(0;6) —1. It would be interesting to 
know whether [o] = 1 may or may not ‘hold if is not purely discontinuous. 
It may be mentioned that there exists for e > 0-a distribution function o 
which is nowhere discontinuous but sucli that [c] > 1—<. First, there exists 
for every positive a < 4 a distribution function © es is ie but not 
For conn agus and is” sara by the Rae a 


va > . Pa) 


aa LE oy = TL es (an; 


ret 


cf. Jessen- and Wininer Dej $6 and ne and Wintrer [13]: Now 
choose a= m=, ae m he ‘2 isa fixed: aia ma Te ie Le 
Pet E2 eee FEES 


Pen = The cos ee Agami), =o cos s (2m/m) 
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for every j. Hence, on letting |j |—> œ and keeping a = m7 fixed, 


Le] = Í] | oos (@x/m*)|, 


where o depends on m. The last product clearly tends to 1 as m — œ, 
showing that [o] > 1— e for a suitable continuous o. 

One of the reasons for the importance of the Fourier transformation in 
the theory of distribution functions is the fact that L(t;0,*o2) is more 
easily obtained than o; *o2. In fact, 


(4) L(t301 * 02) = L(t; oi) L(t; 02) ; 


ef. Haviland [9], [10]. | 

A sequence {cn} of distribution functions is convergent if and only if the 
sequence {L(t;on)} of the Fourier transforms is uniformly convergent in 
every fixed finite interval | # | < const., and lim L(t; øn) is then L(t; lim on). 
This is Lévy’s “continuity theorem ” for the Fourier transforms of distribu- 
tion functions. The theorem implies an existence statement, namely the 
assertion that the distribution function limo» exists. A simple proof has 
recently been given by the present author; cf. Haviland [10], where further 
references are given. 


The infinite convolution o, * oo *--: is said to converge to the distribution 
function o if o, *: : "#on—>0 as n> w. Since . 
L(t3o.** + + *on) =L(t30,)- : : L(t; on) 
in view of (4), the continuity theorem implies that o,*o.*- ++ is a con- 


vergent infinite convolution if and only if the infinite product 


if es 
(5) TI L(t; ox) = 
; tg ket 
is uniformly convergent in every fixed finite interval | ¢| < const., and that 
this product is then D(¢;0,*o2*---). For a detailed theory of infinite 
convolutions cf. Jessen and Wintner [12]. The references given there must 
be completed by one to the paper [8] of Hausdorff who was apparently the 
first to consider an infinite convolution in a particular case (cf. § 2 below). 
Since two similar distribution functions differ from each other but in 
the choice of the unit of x, it is clear from the statistical meaning of the 
convolution process that if o is a possible universal law of random distribution, 
then the convolytion of any pair of distribution functions which are similar 
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to o must be again similar to o; cf. Bessel [1], Cauchy [4], Pólya [17]. 

+ If this condition is satisfied, « is termed a stable distribution function. Thus 
the condition of stability is that there exists for every a > 0 and every b > 0 
a c = c(a, b) >0 such that 


o(t/a) vo(x/b) = o(x/c), 


i. e., 
(6) L(at;o)L(bt; o) = L(ct; o). 


This does not imply that there exists for every a > 0 and every c>0 a 
b= b(a,c) > 0. Itis clear from a remark made above with regard to similar 
distribution functions that if ois stable, c is uniquely determined by a and b 
unless o = x. 


2. Fourier transforms of convex analytic distributions. The kernel 
of the representation of the function 


(7) © 1/Cosht 


as a Fourier cosine transform is (i) positive and (ii) monotone decreasing. 
This is implied by the fact that (7) is, up to constant factors, self-reciprocal 
with respect to the Fourier cosine transform. Theorem I will deal with a large 
class of Fourier transforms satisfying conditions (i) and (ii). The class in 
question contains each of the functions 


(8) (it)"/Jy (it), where v > — 1. 


The example (8) implies (7), since v = — 4 is not.excluded; for v = 4 one 
obtains ¢/Sinh ¢. The treatment of the general function class in question will 
be based on an infinite convolution, considered by Hausdorff [8] in the 
explicitly available case (7). For the treatment of the general case, which 
is not self-reciprocal, an existence theorem is needed. Although a theorem 
to this effect might easily be proven directlÿ, this will not be done, since the 
existence statement in Gers is apse by the continuity theorem men- 
tioned in § 1. 

Let f(z) be an even transcendental entire function which has but real 
zeros and is positive at z—0. Suppose further that the entire function 
f( V2) is of genus 0. Thus : DRE | | 


(9) ‘ A= a < + 00, tee (a, = dg @- + +35 a> 0), 
aye c=1 . à 5 

where : ‘ 

(10). , $ 1/0, + 1/0, > © 
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denote the zeros of as aT ), and. ou ea 


ne torof ee), 
where f(0) > 0. In particular, | | 
(2) | | a Di = Li Go, | 


lesit] 
where — 0 < t< + œ. Examples of functions’ f(z) which pa the con- 
ditions just mentioned are infinite products like, , e n 


sy oye 


FE = T cos, (bar) ead ja) =H Jala. 4 š ha 005 a 0), 


(occurring in connection with the simplest ‘types of infinite convolutions), ‘the 
trigonometrical integrals’ ` l 


f(z) = f v(x) cos as | f 


stoe ‘oa 


investigated by Pólya [16] and, ir in particular, the functions _ 


TU) ma where v ÈZ — ĝe > ' 


. An thèse cie f (2) nt of a rE ét on of the forn 


(18) f(z) = fe Fe ON 


hers p(x) is monotone, bounded and not everywhere constant, On the other 
hand, not every f (2) under consideration i is representable jn the form (13). 
In fact, (18) implies ( 12), hence it also ‘implies’ 
(14)- os yet pur Ags Fe >: res 
where G and.c are positive consfants. Ne suppose that the Zeros ;.(10) of 
f(z):are so scarce as te make Hs a, + az +: : convergent. Then > 


Ro. xO) - (iea) 


is a PR T of sde 0. Since f(z) L (0) A 2) in view of 
(11), the function f(z) also is of order 0, hence cannot satisfy the condition 
(14). which is a necessary condition for (13). . In the following existence 
theorem it is not assumed that f(z) is representable in the form (18). 


THEOREM I. Let f(z), where f(0) > 0, be an even transcendental entire 


. 
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function which is of genus 0 in-2-and has but real zeros.’ ‘Then there exists 
a distribution function -o(x) which is convex in-the sensé definéd in $1, has 
for = 00 `< v <o bounded ‘derivatives (of arbitrarily y high order ang 48 
connected with f by the'formula >> À 


(15) f(0)/f(#t) = L(t; 0); where — o <t $ k o; 


L being the Fourier, di Le and so es c) =f cos "AAR in 
view of the symmetry of ©... +... : 
If f(z) satisfies the additional ondi (14) 3 “is. the distribution 


function o(x) implicitly defined by (15).is regular- and bounded in-a strip 
—a<y <a of the z-plane, where z =s + iy. 


Remark. The example f(z) = — cos z shows that o need not be an entire 
function. In fact, (7) is, up to constant factors, self-reciprocal and has there- 
fore poles on the, boundary of a strip of finite width, Also, the function 
f(0)/f(iz) represented for real z by (15) always has on the imaginary axis 
a pole in a finite distance from z = 0. 


Proof, Let y = (2), denote distribution trade, 


v(t) = 3 f erlay. 


Since the derivative y’ (£) = y (— 7) is a decreasing function of | x |, the 
distribution function y is convex in the sense of §1, Furthermore, 


L(t;y) -7 ettz Le-lel a= fs cos ta. oe dx, 


ie, L(t;y) = (1+). Hence on Lou: b a the distribntion 
function y(«/ax), : 
rie DL; ve) we L(œi;y}= = (} TA 


and s0 ‘the product (5) : is, in yiew of (9), uniformly conversant in. every. fixed 
finite interval | t l <. const. Consequently, there exists a. distribution function 
o represented, by 1 the infinite convolution Gut gato, and... «4 i 


Re eee | 


which proves (15) in view pi (11). Since a; > 0, 


apo 


2 D(ts0) =L G bated (fé ste @, 


e . 
. 
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holds for every. fixed N. Hence o(x) has for — œ < g < + bounded 
derivatives of .arbitrarily high order. This follows from the last estimate, , 
where N may be arbitrarily large, by successive differentiation of (2). Since 


y(æ) is convex, so is y(æ/ax) = ox(x) for every k; hence ort.: * om and 
therefore | 

lim o, t + -E om = 01 Foie == 

m=00 | 


also is convex. Finally, if f(z) satisfies the additional condition (14), then 
it is clear from (12) and (15) that (3) is satisfied for À = 1 and a =c a 0. 
This completes the proof of Theorem I. 

Since o is convex, hence symmetric, 


OO — 2 (Ce) do (a) or — 0 


according as f(a) is even or odd, provided that the latter integral is convergent. 
Information about the behavior of o at æ == + œ, hence at == — 00, is 
given by | 


Tærorem II. Let f(z) satisfy the general requirements of Theorem I 
but not necessarily the additional condition (14), and let o be the distribution 
function defined by'(15). Then all integrals 


i 
(16) f edola) CEER RS, 
, do(a 


are convergent and belong to a determined Stieltjes moment problem. 
Furthermore, 


(17) fy) — 0 (expt-cxi}) as a> + à, 
where c > 0. ns 


Remark. The estimate.leading to (17) is so crude that it does not attach 
any particular significance to tht numerical value % of the exponent of 2. 
On the other hand, (17) describes the true situation up to the numerical 
value of this exponent. For if f(z) — cos z,.it is clear from the example (Y) 
that (17) becomes false if one replaces by 1 +e Thus the best value of the 
exponent is somewhere between # and 1, and it is not proven that it is less 
than 1. That it cannot be greater than 1, agrees with the fact that 1/f(z) 
is not an entire function. 

Proof. Put 


pr (#) = f vay(2), oo f - (r=1,2,---), 


ON A CLASS OF FOURIER TRANSFORMS. 55 


and let y and ox denote the distribution functions defined in the Proof of 
Theorem I. Thus pm: (y) = 0, while | 
f +00 
pan (y) = f a°" deride = (2m) |; 
00 + 
hence, since o,(z) = y (2/0), . | 


Hom(ox) = Q” pom (y) = (2m) l'air, 


Since, by Stirling’s formula, N! < (aN yy for every positive integer M and 
for some constant @ > 0, it follows that 


Pom{on) < (Ram ar) ™. 


Now ; 
Bom (or -e on) S MS Ci... wen(or) 25 (02) t 


where C3;... denotes the multinomial coefficient 
Oy.. = (hj/t) 


and the summation 3 runs through all collections of n non-negative integers 
h, j + + for which kh+4 +: > °= m; for proof cf. Wintner [28], where 
reference is given to a similar inequality of Paley and Zygmund. Thus 


Pam(or ** + # on) < M” Z Orj... (Ra ha) (Ra jas) --, 
or, since h -+j ++: -=™m, 
om (91 ** P $on) < m™(407)™ X Orj... arazi + + (hji + +)? 
On combining this inequality with the crude estimate 
Mii + E mbm + — nit 
and wath the multinomial theorem, i. e., with the identity 


3S Chg... a1? ”a os (a? Heo Ha)”, 
it is seen that 


Pam(o1** + + # on) < me (4a? jm (ay? ee eb an?) ™(m™)2, 
Consequently, from (9), 
Pomo: kecek on) < ‘Cm, 
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where. C' == 4a? Ais independent both of n ahdm. On placing pn == 01 * +++ * oq 
and letting n — for a fixed m, Helly’s ee on term-by-term es ; 
shows that 


PR ja R N 
f "don ls) > f | a™do(t) 
-R -R 


for every fixed R > 0; for pn =o *" - ** on tend, as n—> œ, to the infinite 
convolution o, * #2 ** * + which defined e in the Proof: of Theorem I. On 
letting R — + œ for a fixed m, it follows that 


(18) | Ham (0) = Cm" 


for every m. Now if M, deriotes the integral’ (16) and if every Mom is con- 
vergent, then so is every Moms: in view of the Schwarz inequality; and every 
Mom is convergent in virtue of (18), since pom — Mom. It also follows from 
(18) that (Mom)-/“™ = const./m?/*, which implies the res of the 
series He en AG 


~ 


3 (Mim) -1/(2m) | 
m=1 


Hence the criterion of Carleman-[3], p. 81, for the Stieltjes case: ” shows that 
(16) belongs to'a determined Stieltjes moment problem. 

The transition from (18) to (17) requires but a Neue argument (cf. 
Zygmund [80], p. 124). In fact, since Ta 


+00 +00 
Í 2°™de(2) = Fuam(o) and f AERA 
9° 0 
Hölder’s inequality shows that | 
+00 FOO TN ot last" F oe oe e i 
J, eia) SL [em ) do fe) PAL f 1do(a)] < [Ham oP. 
0 i 0 © .« 0 j 
Thus it is seen from (18) that + 
f amhdo(a) < Bm), 
0 
where B = C%/5 and m—1,2,: : +. Hence it is clear from Stirling’s formula, 
m!4(mB)™ ~ (Be)™/(2uni)¥2, m —> 0, 
that the power series eo CE : i 
[es] +00 
p(z) = Èm! f. rda (x) > 2 
m=0 0 


ON A CLASS:.OF ‘FOURIER TRANSFORMS. 57 


has a non-vanishing radius of convergence. Sińce:the coefficients of this power 
, series are positive, it follows by writing y mead of g that for every sufficiently 
“hall Z=C dE 0 

a J aplod) =A E | 


Consequently, if z > 0, 
exp (ca?/*) Sv dé(y) S sf See = Pte) == const, 
This completes the proof ‘of Theorem IT. 


Let # be defined by &(z) == £(4 + iz), where é(2) denotes the Riemann 
é-function; cf. Pólya [19], Titchmarsh [20], p. 43. 


Tasorem III. On Riemann’s hypothesis, 
H(0)/H(it) = Eltra); — o < t< + o, 


where o(x)'is'a conves distribution function which is ie aac and bounded 
in a strip — a < y <a, 


Proof, According to the Hadamard theory, the ‘entire function (V2) 
is of genus 0 in z. Furthermore, the Riemann integral. representation of Z (2) 
is of the form (18), where coe (2) > 0, , Finally, Riemann’ s hypothesis is that 
all zeros of (2) are real. Hence ‘Theorem TII is implied by Theorem I. 


” Titon IV. dnaeponaentiy ‘of the ome hypothe, 
it o E(t) /8(0) = Lh; ee <i<+o, 


where a(x) is a conver distribution function which is regular and bounded in 
æ strip =A L YL os. … ; Ars. at! 

For the proof of the convexity of o cf. Wintner [27]. The Riemann 
integral representation of = shows that the least upper bound of « is r/8 and 
that the lines y= + 7/8 form a natural boundary of o. The point in 
Theorem IV is that o is convex. This iplies the following result which is 
less deep and is of an older date, | since it has been: is out in 1916 in an 
equivalent form by Wilton [22]. 1 


COROLLARY. On denoting by Z (s) the meromorphic function €(s)T ($s) x8”, 
> Z(t + tt) /2(2) == L(t3p), —o <i < +m, : 


where p is a convex distribution function. 
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This is a consequence of Theorem IV, but not conversely. First, 
E(t) ——3(2-+ PZG + tt) 
by the Riemann definition of E(t) = é(4-+ it); cf. Titchmarsh [20], p. 48. 
Put 8(z) = y(4x), where y(x) is the convex distribution function occurring 
in the proof of Theorem I, so that L(t; y) = (1°+ #7)". Thus 8 is a convex 


distribution function. Hence, if o denotes the distribution function occurring 
in Theorem IV, then p = 8 * o also is convex. Now, on using (4), 


L(t; p) = L(t; 8) D(t; 0) = L(2t; y)B(t)/2 (0), 
where L(2t; y) = (1 + (2¢)?)+; hence 
L(t; p) = (1+ 40) Ti RAA +59 1/#(0) = — $2 (} + it)/E(0). 


Consequently, 
Z( + it) =2(})L(t; p), 


where p is convex; q.e. d. “It may be mentioned that the Fourier transform 
L(t;p) is precisely the one which occurs in Hardy’s proof for the existence 
of infinitely many real zeros of £(4 + it). 

The absolutely convergent product (19) ‘considered ‘in the next Theorem 
is often mentioned in the elementary theory of canonical products; cf., e. g., 
Francis and Littlewood [5], p. 5. Although the zeros of the entire function 
(19), which is of genus 0 in 22, are all real and equidistant, the rapid increase 
of the multiplicity of thése zeros clearly puts the function beyond Pringsheim’s 
“normal type of order 1.” Apparently it is not known whether or not the 
function is related to solutions of standard linear differential equations of 
the second order. | 


THEOREM V. There exists a convex distribution function + such that 


(19) ~..  Ilcos(t/#) =L(t37), ; 
| k=l °° . $ 
and r(x) is regular and bounded in a strip —& < y < œ. Furthermore, there 
exists & c œ> 0 such that ‘ 
(x) =1—7(—2) = O(exp {— c#?}) as t—— 0 


and Carleman’s series 


= . Š +00 
> (um) V2", where pom = f “amdr(z) < + 0, 
-00 


m=i 


is divergent. + ” 


ON A CLASS OF FOURIER TRANSFORMS. 59 


For proof cf. Wintner [28], and [29], p. 838. The least upper bound 
of the admissible values of the width 2a is not less than 1; cf. Jessen’ and 
Wintner [12], p. 62. It is not'known if the boundary of the widest strip is a 
natural boundary of r. Nor is it known that the widest strip has a. boundary; 
it is not even proven that r is not an entire function. A simple proof for the 
existence of an «> 0 proceeds as ‘follows. Let 


a, > 0,2 > 05° - - and a? + Qi + + € + co 


and let & be so large that a, | ¢ | < 1, where | t |< 0 is fixed. Since there 
exist a positive constant C < 1 and a positive constant B such that 


0 < cos D < 1— CH? and log (1—Ÿ) < — Bd, where 0< Ÿ < 1, 
it is clear that l 


0< i cos (axt) < it (1 — Cat?) < exp 2 — BCa?t? ; 
1 t 1 1 


altl < aniti < arit] < 
hence : i 
és 
(20) | TI cos (axt)| S IT cos (azt) —expO(— A8 X a), 
k=1 axlti<1 ve arlél <1 


where A — BC > 0 and t—> + œ. On choosing a, = k, it follows from 
(20) that (19) satisfies (3) with A= 1. As far as the convexity ef T is 
concerned, cf. (35) below. 


Remark. It is instructive to contrast the distribution functions e and r 
occurring in Theorems IV and V. The relation (19) means that r(x) is 
the convolution of the infinite sequence B(x), B(2x), B(8x),- - : of Bernoulli 
distribution functions, where B(x) = 0, 4 or 1 according as v lies on the left, 
in the interior or on the right of the interval — 1.< x < 1. This statistical 
factorization of r yields for the entire function L(tj7) the factorization (19) 
which, being not the canonical factorization of Weierstrass-Hadamard, puts 
the reality of all zeros of L(t;7) into-evidenee. In ‘Theorem IV, the reality 
of all zeros of Z(t;o) is Riemann’s hypothesis. Thus .one should like to 
obtain instead of the’ Weierstrass-Hadamard factorization of L(t;o) a fac- 
torization (5) of L(t;c) into a product’ of Fourier transforms L(t; ox) or, 
what is the same thing, a statistical decomposition of « into an infinite, con- 
volution o; * oz * , based on particular statistical and not on general 
function-theoretical popia, A quantitative illustration of the possible 
analogy between D(t; o) and L(t; T) ‘may be obtained as-follows: Let V,(7') 
be the number of zeros of L(#;0) = (4) /(0) in the interval O<t<T 
and let N’(t) denote the corresponding function belonging to L(¢;7), each 
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zero “being counted according to its ‘multiplicity. The Riemann-Mangoldt 
asymptotic. formula ‘implies: that No(T) ~ (x) T log T on-Riemann’s: by- 
pothesis. This-relation, although so: far-unproven, means very much less thai 
Riemann’s hypothesis and is possibly the estimate which Riemann had'in mind 
‘in his famous statement: “Man findet:. ..-etwa . ..: so viel-reelle Wurzeln 

. ”’ (the italics are mine). On the'cther hand, N’(T): is the number 
of zeros of 


sa cos (ik) 
between t= 0 and t=T; “for if k > 2T /r; then T/k < $r; and sd the factor 
cos (4/4) in (19) does not contribute to W’(T). Since cost has between 
t= 0 and t = T about rT Zeros, it follows that 


(2) + maT /k ~T log T. 
Hence No(T) ~ 4N (T) on Riemann’s hypothesis. The distance between 
two subsequent discontinuity points of N°(T) tends, according to Littlewood, 
on Riemann’s hypothesis to zero (cf, Titchmarsh’ [20], p. 60), while the dis- 
tance between two subsequent discontinuity points of N’(T) has the constant 
value r. Thus N o(T) ~ 4N (T) agrees with the rapid i increase of the multi- 
plicities of the zeros of L(t;7). 
If px denotes the k-th prime aaa 


eD l A flew (yp) | mas Es 


aan is the House andlor L of a distribution Soi ich hax des 
of arbitrarily high order along the real axis; cf. Wintner [26]. The latter 
statement is .clear from 420). also. „In fact,..a, == px, so that. (20) implies 
that (3) .is satisfied for. every A < 1. .It.is not known whether or not the 
distribution function belonging.to. (21) is. analytic, and the question.of con- 
oe also is unanswered. 


… 7 On the other hand, it is easy | to prove that the infinite convolution in 1 question, is 
a distribution function o(a@) which is, for —© < # < + co, quasi or in the sense 
of'Denjoy and Carleman: First, ` Los 


SE GE ay =0 exp Ate DA ie), t> o, A > % 

ES -Pn> lt: "+ | Ba gets 
in ‘view of. (20).. Hence it is.clear from. the prime-number Prue ‘oe nlogn) or 
even from the déni inequalities of Tchebycheff that _ 


‘ 


(D) FL) 0 (ep 0|tl/ég| é|] > io, 


° 
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The simplest.example.of. Theorem I was.the.standard formula expressing 
the fact that (7) is, up to constant factors, a self-reciprocal function. of.-the 
Fourier cosine transform. . He secs the nl By 0j i 


A cy S Sp eat ee gai 


(22) [Tb+ HPO ( (Cosh Dre b>. 0, Con 207 (28). 


which generalizes the ne one from b = 4 to an arbitrary b > 0 and also 
is standard (cf., e. g., Mathias [15], p. 118), is but the simplest illustration 
of a general theorem: 


Tarorem VI. If the ‘entire function g(2) is real along the real asis, 
has infinitely. many zeros which: are all zero or negative and.is.of genus 0.or 1, 
then there exists for every y b.> 0.a-conver distribution function o= op = aul) 
such that ea ee a - He 


(23) | 9(8 + it) |? = | gb) PELto); où KE < + 0. 


Furthermore, this distribution function, has derivatives, of arbitrarily high 
order for ~~ 0 < x < + co and its behavior. at g=. æ. is the same as in 
Theorem IT. If in addition the zeros of g(z) are so abundant and so regu- 
larly situated as to imply a certain inequality analogous to the additional 
condition (14) of Theorem I, then a as regular and bounded in a strip 


—a<y< a 
Remark. It’ | 
un ao) = HEN =a% fi a ies ae 
the | genus ‘of a is 1 aud the zeros 2 = — m < 0 are ont ada 


and “ regularly distributed.” Thus (22); where g(z) = 1/T (32), is an explicit 
example of Theorem VI. In fact, (Gosh g)? is for every b > 0 a positive 
decreasing function of |x|. Since (Cosh Z)? has on the boundary of a strip 
—a <y < & of width 2a = 7 polés (2b = = 1, 2,- -,*) or logarithmical singu- 
larities (20 s£ 1,2, > +), the Samie (22) also shows that the last suatemene 


tts at ” no ese sie AEk 


where o is a postée consin, Now it is easy to see that 
+00 z 
(If) | f | tn exp(— 0t/log t) dë k ‘(const. n log n) a. + 
€ = . . 


This follows from Stirling’s formula. According to'a'remark ‘of ‘Mr, R. B. Kershner, 

one obtains a short proof of (IT) ) by introducing instead of ¢ the integration variable 

t/logt. Now it is obvious from. (I) and (II}'by- successive differentiation of (2) that 
| om (2) | < (Am log n)n, 

where M is independent both of n and æ. Since Z(nlogn)-1 is a divergent series, ‘the 

quasi-analyticity of o (æ) follows by the’ Denjoy-Carleman criterion; * cf. Carleman [3]. 
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of Theorem VI cannot be SADE TEE to the statement that op is an entire 
function. . 

Proof. If Theorem VI is true on the assumption g(0) £0, it is true 
also when g(0) —0. For if g(z) vanishes at z = 0 in the order d = 1, there 
exists, by assumption, a convex distribution pouce ep such that 


| 2-¢g(z)| == const. L(t; tu: here z =b + it. 
Thus, since L(0; o) =1, | 
| 9(B + i) |? =| g) [PL (t; ov) (1 + 707) 4, 


where g(b) 4 0, since b > 0. Now if y(x denotes the convex distribution 
function occurring in the Proof of Theorem I and if yo(z) is the similar 
distribution function y(bx), then L(t; y) = (1+ #)-+, hence 


(1 + e/t == (L(t/b; y))?= Gin) Lbs yo), 


| whère : yoa denotes the distribution function y,*---*y) (d times). Thus 
yua is a convex distribution function and 


| g (b # it) | = | g(b) PL (t; ov) L(t; yoa). 


Now L(t; ov) L(t; yoa) = L(t; 00 * yoa), and oy * yog also is a convex distribu- 
tion function. Consequently, the case g(0) —0 is reducible to the case 
g(0) 0. 

Now let g(0) 40. Consider first the case where the genus of the 
canonical product belonging to g(z) is 1. Then, since all zeros are negative 
and g(x) is real, . 

g(z) = eff iL (+ tmz) orne 


where 


=> fee) 
A= 0, rm > 0 and Sn? < + co. 


m=i 


Hence, on placing z = b + it, where b > 0 is fixed and — œ < t< +o, 


| 9( + it) = 040 TE LL H rnb)? + metre, 
This may pe written in the form | | 
(24) | gb +i | 900)" Tl (lpm), 
where , 
Fire Tm/ a Tab) > 0, 
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hence 


"Stan? < + o, since dre < + 0. 


mal 


Thus it is clear that the arguments used’ in the Proof of Theorems I and IT 
are applicable without change to the product (24). This proves Theorem VI 
for the case where the gentis of the canonical product occurring in g(z) is 1. 
If this genus is 0, then 


| [se] 
g(a) = 848 TI (1 + n3), 
‘where 
> 0 
AZO, rm > 0 and Drm< + co. 
m=1 
Thus 
a, “00 | 
| g(b + at) |? = > TT [(1 + rd)? + rte]. 
> m=i 
Hence, on defining sm by the same formula as in the ‘previous case, it is easy 
to see that (24) is again valid. This completes the proof of Theorem VI. 


The next Theorem will be an extension of Theorem I to the case of an 
£ gaput ” genus, the latter being meant in the sense of Pólya [19]. 


THEOREM VII. ee F(z) -be an entire function of the form 


F (2) — exp(—b2") (2), 


where b is a real non-negative constant and f(z) satisfies the general require- 
ments of Theorem I but not necessarily the additional condition (14). Then 
if b > 0, there exists a convex distribution function-p(x) such that | 


(25) F(0)/F(it) = L(t;p), — 0 <t < +, 
and p is a transcendental entire function which is bounded in every strip 


—¢SySa 7 


Proof. Theorem I belongs to b = 0.. If b > 0, on replacing t by b-1/24 
it may be assumed that b == 1. Thus: | 


(26)  F(0)/F(it) = exp(— #) (0) /f(it) = exp(— #) L(t; 0), 


where o is by Theorem I à convex distribution function. Since the even 
function exp(— b?) is, up to constant factors, self-reciprocal under the Fourier 
cosine transform and decréases as |æ | increases, there exists a convex dis- 
tribution function w(z) such that exp(—#) = L(t; o), this distribution 
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being a symmetric Gaussian or normal distribution function. On placing 
p = 0 * o, the distribution function p.also is convex. Furthermore, p satisfies. 
(25) in view of and bi EN since | L( t; ;o)|S1 for ae o 
and. for ue TRE a nE gy E ER aos a a) 


Go) =| L(t; a) | | E(t; o)|* Sexp(—#), 


and so L(t;p) satisfies (3) for a A>1. This completes the proof of 
Theorem VII. 

The proof depended o on ‘fe fact that ifA= 2, there exists a symmetric 
distribution function w = ),(#) such that 


(27) exp (— | ¢ |>) he < i < +o, 


and that this o == oz, being a symmetric Gaussian distribution function, is 
convex. According to Lévy [14], there exists a distribution function w 
satisfying (27) also when 0. < À < 2... If 1, then one obtains the arcus- 
tangent distribution function, while if 0'K À < 1 or 1.< À <2, then ox is 
not an elementary function. ‘All these distribution functions are. symmetric, 
since L(t; wœ) is areal function. . Now. it will be shown that the distribution 
function w) is convex not only in the trivial cases À == 1 and A = 2 but in the 
cases 0 < À < Tand 1< X <2 also: The: proof will require a inodification 
of Lévy’s generating distribution functions and will yield both the existence 
and the convexity of en. 

one VII. The condition (20 defines for every uns AS2Qa 
convex distribution function ow.’ 


Remark. Sine there exists for every À > 0 a function w(x) the deriva- 
tive of which is : s 


(28) wals) =a f exp(— ®@) cos atdt, 
"Jo 


it is clear from (1) and (2) that (27) mày be satisfied by a real even function 
wn also when A> 2. If, however, À > 2, then (28) attains (cf. Pólya [171, 
[18]) negative values for some.real g; hence w1(z) is not monotone non- 
decreasing and therefore not‘a distribution function. This fact will follow 
also from a more.general result; to-be proven later (Theorem XIV). ‘Thus 
the point: in Theorem. VIII is that :the distribution function -a, is. convex 
whenever it exists. - This fact will be the basis of $8: + ‘ut... ' 
Information with régard: to the analytic character- of the -distribution 


* 
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functions o is given by the next Theorem. Theorems VIII and IX will be 
. proven in § 5, where both appear as particular cases of more general results. 


THEOREM IX. The even function yy (x) defined by (28) for À > 0 has 
for — o < r < + œ derivatives of arbitrarily high order and is regular at 
every real @==0. If 0 <aA< 1,-there is a singularity at v = 0, which must 
be a transcendental singularity, since all derivatives exist at x —0 also, if 
x is restricted to the real avis. Furthermore, x—0 is a logarithmical branch 
point, if À is sufficiently small. Thus if 0 Ai< 1, the behavior of the func- 
tion at «=O is about the same as that of Cauchys standard example, 
exp{(+æ)\}. Correspondingly, it is not stated that the function elements 
ox (£) and wox (— x), which are regular for 0 < x < + co, are analytic con- 
tinuations of each other, although w(x) is an even function. If, however, 
À = 1, then wy’ is a rational function with two purely imaginary simple poles, 
while if À > 1, then wy’ is a transcendental entire function of order (1 —— =)>. 


Remark. It is not known whether or not (3) implies, if A < 1, the 
analyticity of o(z) at every inner point of the spectrum of o(s) at least in 
the simplest cases of infinite conventions; cf. Wintner [24], [25], Kershner 
and Wintner [18], and, in a multidimensional case, Jessen and Wintner [12], 
Theorems 14 and 19. - Thus the analyticity of , for æ > 0 is not obvious if 
O<cA<I. | 

The relation (27), when interpreted as an estimate of L(t;,) for 
large ¢, does not indicate what is the spectrum of oa. For if (8) is satisfied, 
then the spectrum of o need not be the whole line — œ < x < + œ bit 
may also be a bounded set. This holds for every fixed À < 1, as shown by 
examples; cf. Wintner [25], [29]. Theorem IX implies, however, 


Coronnary I. The spectrum of every distribution function œ is the 
whole line —co < x < + co. 


For suppose the contrary. Then, since ‘the spectrum always is a closed 
set, there exists an interval (a,b) such that w(x) = const., if a< <b. 
Since ox (x) is regular both for — œ < s < 0 and 0 < x < + œ and since 
wy’ (x) = o (— x), it follows that o,(#) is constant both for — œ < æ < 0 
and 0< g< + œ. Hence the spectrum either is empty or consists of the 
single point «== 0. The first case is impossible, since the total variation of 
every distribution function is 1. The second case is possible only for the unit 
distribution function x, hence not for œn. This contradiction proves Corollary I. 

If0<AS2, then o(s) is a distribution function, hence ox (s) = 0, 

5 


. . 
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and so (28) cannot have a real zero of odd multiplicity. It has been pointed 
out by Pólya ([181, p. 187, statement (a), where “ finite ” means “at most. 
finite”) that if LAS 2, then (28) cannot have infinitely many real zeros. 
This result may be improved in twd directions, as shown by 


COROLLARY II. If 0 <1< 2, the function (28) has no real zeros. 


This fact, which is completed by the Remark which follows Theorem VIII, 
may be proven as follows. Suppose that there does exist a real z = £, such 
that wx (zo) —0. Since w(x) is a distribution function, wx (z) 20 for 
every z. Furthermore, if | 2 | < | g” |, then ox (x) 2 ox (x”) in virtue of 
Theorem VIII. Consequently, ox (£) — 0 for every œ which is not in the 
finite interval — | zo | < æ < | zo|. This consequence of the assumption 
oy (Zp) = 0 contradicts Corollary I and proves therefore Corollary II. 

Theorems VIII and [X will be proven in § 5, where the proofs are given 
for the case of more general integrals which depend on Bessel functions. The 
following remarks also concern Bessel functions but lie in another direction 
and are more elementary in character. 


THEOREM IX. There exist for every v = 4 two distribution functions, 
ı =w = w(t) and k = xv = k(t), such that 


(29) const. t?Jy (t) = L(t; w) 
and ; 
: 1 
(30) Const. 4” f PAT, (tr) dr = L(t; x), 
0 


where the factors of proportionality are positive and- are determined by the 
condition L(0;:) =1. The spectrum is always the interval —1 Sel. 


1 ` . R | 
Eemark. f may be replaced by f , where 0 < R < + œ. In fact, 
0 ú 0 


this change replaces «xv by a distribution function which is similar to xv in the 
sense of $ 1.’ $ 


Proof. Suppose first only v>—4 and put w(x) proportional to 
(1—2), if —1 < x <1, and.w (z) —0, if |z] =1. Then (29) is, 
in view of the integral definition of the Bessel functions, satisfied by the 
symmetric distribution function w. Furthermore, w is a convex distribution 
function if and only if w’(| æ |) is monotone non-increasing, i.e., if and only 
ify =4. It also follows that the left-hand side of (80) is 
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; : 
f * f 12r (1 — 87)" cos (trs) drds 
o Jo 


up to a constant factor which is positive by the definition of (s). On 
placing rs == x, where s is fixed, the last integral may be written in the form 


1 .- = 8 
f g27-2 (1 — 5?) »4/2f f z1 cos (tx) dz}ds. 
0 o 


On partial integration this becomes 


1 
f F, (x) 2?" cos (tx) da, 
0 


ie,- 
S BFC 2 1) [2 [> ottede, 
where | ž | 
(31) Fy (x) -f s2-2(1 —)2ds; 0< 2< 1, 


the infinity of F,(x) at ¢== 0 being compensated by the factor +”, Hence 
a distribution -function «»(x) satisfying (30) may be obtained by choosing 
ky’ (£) proportional to the positive function F,(| æ |) | x |?** or equal to zero 
according as |s| <1 or |w| 21. Thus «(x).is a convex distribution 
function if and only if F,(x)æ°** is monotone non-increasing in the interval 
021. Hence it is sufficient to prove that _ 


(32) {Fy (x) a" )V < 0, where 0 < x <1 and ’= d/da. 
Now let v = 4. Then, from (81), 
1 
Fy(2) S (1—a?)3? f sds 0< 2< 1, 


since y— 4 Z 0; and 7 


ne | o 
* (2v +1) f sds = oA — 1 < v4, 

so that i | 7 

(38) Fy (a) < (2v + 1) ta (1 — r), OC a < 1. 


On calculating the derivative of the product F,(z)+?#* by using the definition 
(31) of F,(æ), it is easily found-that (33) may be written in the form (82). 
This completes the proof of Theorem X. 

Since from (29) 


(34) L(t; up) =T} +) AT: a(t) = t sin t, 


. 68 AUREL WINTNER. 


hence, by Vieta’s product for t sin ¢, 


co ; 

L(t; uy2) = I cos (¢/2/), 
a 

it is easy to see that "4 ` 


1.00 ° a 
i cos (t/k) == L(2t; ue) L(2t/3; ue) L(RÉ/D; uy2) eee: 


Hence it is clear from the product rules (4) and (5) that the distribution 
function r defined by (19) is 


(35) uz (8/2) * t172 (88/2) # uy2(5t/2) He, 


and is therefore convex in view of the convexity of u/2 This suggests more 
general 


Remarks on the convexity of the projections of spherical equidistributions. 
Let | 
bs > 0, bg > 0,- + + and By? + bo? +... <+ 00, 


Then it is clear from (29) and (30) that both infinite products 
© œ 
TLL (buts), IIE (bnt; xv) 
m=i A m= 


are uniformly convergent in every fixed finite interval | t | < Const. It there- 
fore follows from the rule (5) that 


(36) I» (æ) = w(2/b;) $ w(z/ba) He 
and 
(37) Ky(2) = ky(x/b:) * xy (@/b2) he es 


are convergent infinite convolutions. Since the convexity is preserved by a 
similarly transformation, by the convolution process and by a limit process 
(cf. $ 1), Theorem X implies that I, and Ky are convex distribution functions 
for any {bn}. This holds for every y= 4.” 

If v = 4n — 1, where n is an integer, the convexity of the distribution 
function (36) may be interpreted as a result'on a random walk problem in an 
n-dimensional space, where n= 3 ih view of y= 4. In fact, the convexity of 
a distribution function means that the density of probability is a non-increasing 
function of the distance | «| from the “ median” s = 0 (cf. § 3 below). Now 
w({v/b) is the distribution function obtained by projection from the equi- 
distribution on the sphere é+- -+ é =b, where n—2y+2; cf. 
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Jessen and Wintner [12], §3 and $ 5, where further references are given. 
-It is interesting that the infinite convolution (36) in the case of the dimension 
number n == 2, which belongs to y==0 < 4 and occurs in connection with 
almost periodie functions with linearly independent frequencies, is from the 
point of view of convexity just as exceptional as in the degenerate case n = 1; 
the latter belongs to v — —4, hence, in view of 


(38) L(t; vay.) = IE (— + 1)PT a(t) = cost, 


to symmetric Bernoulli convolutions. 

The convex distribution function Ky defined by (37), where v= — 4, 
admits in the case yv == $n — 1 of an interpretation similar to that of (36). 
In fact, «(æ/b) is the distribution function obtained by projection from the 
equidistribution within the spherical volume &,?-+-- --++ é? Sb, where 
n==2y+2. For the Fourier transform L of the distribution function of 
the projection is easily found to be 


b 
Const. f ra (tr) T] nz (tr) dr, 
r 0 


an integral which is identical with L(bt; x-ısny2) in view of (30). While 
it is clear from (38) and from the proof of Theorem, X that if n — 1 and 
n = 2, then w is not convex, hence (36) need not be convex, the distribution `° 
function (37) is always convex in these cases also. In other words, x.1/2 and 
ko are convex distribution functions. As far as v = — +, i. e, n = 1 is con- 
cerned, the truth of the statement is easily verified from (38), ( 34) and (30) 
and also is geometrically clear. If n —%?, then y= 0 >—4, and so the 
representation of xv == xo in terms of (31) is valid. Hence it is sufficient to 
show that (32) holds for v= 0. Now from (31) 

{el (2) = f lse (1— 98) ds — s (1— 2) 7, 
Hence | g | 

{sF (a)! = — (1 — r) <0; 0 <x<1. 


Thus {2F')(x)}’ is steadily decreasing and will, therefore, satisfy the condition 
(32), where y = 0, if it is negative in the neighborhood of &— +0. Now 
if &— + 0, then, by l’Hospital’s tule, ` 


{aF,(x) Y ~ e{aFy (£) }” = — 2(1— 2°) < 0. 


Thus the lowest dimension numbers, n — 1 and n= 2, are or are nob 
exceptional with regard to convexity according as one considers the projection 
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of the equidistribution belonging to the boundary or to the interior of an 
n-dimensional sphere. ae ‘ 


3. Ona postulate of Gauss. bet Q’ and Q” be two places, Q a collinear 
place between them, dy’, do”, do the “ true ” values and d’, d”, d some measured 
values of the distances Q’Q, QQ”, Q’Q” respectively. Instead of distances, 
one may think of masses or of arbitrary additive observables which are char- 
acterized by a real number. Suppose that the three “distances” have been 
measured very often. The result of a measurement will be, of course, almost 
never precisely the same as the result of a previous measurement, so that one 
has practically continuous series d’—d,’, d”’—d)”, d— do of errors of 
observation. If these series belong to reliable observations and have been 
obtained for practically every position of the intermediary point Q, the dis- 
tribution of errors which are introduced by the limited accuracy of any 
measurement will satisfy three postulates of Gauss. The first of these con- 
ditions is satisfied for the normal law of Gauss (cf. Bessel [1]); Gauss [6] 
states the two others as general postulates. The three conditions in question 
will be conceded to be necessary for the case of “reliable” measurements, 
measurements where nothing is wrong with the instruments or with the 
observers. 

(i) The three distribution curves plotted for the errors d’—d,’, 
d” — d” and (d + d”) — (dé + do”) must be similar to the distribution 
curve plotted for the error d — d, of the direct measurement of the distance 
Q’Q”, no matter what is the position of Q between Q’ and Q”. The similarity 
of two distribution curves means, as in $1, that they become identical by a 
suitable change of the unit of one of the two errors. As to this condition (i), 
cf. Bessel [1], Pólya [17]. 

(ii) . The error d— do must be just as probable and/or frequent as the 
error — (d — do). In other words, the probability of an error must not depend 
on its sign but only on its magnitude. 

(iii) If d, and ds are measured values of do and | dı — do | < | ds — do |, 

the probability of the error dı — d, must not be less than that of the error 
d,—d,. In other words, small errors must be at least as probable as large 
errors. . 
Conditions (ii) and (iit) together may be expressed by saying that the 
density of probability must be a non-increasing function of the absolute 
deviation from the “true” value, The latter was so far undefined but may 
now be defined as the median. 

Postulates (i) and (ii) are independent of each. other, since the asym- 
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metric are tan-distributions of Cauchy [4] satisfy (i) without satisfying (ii). 

.The question of whether all three postulates are independent of each other 
has apparently not been treated in the literature. In what follows, it will be 
shown that (iii) is a consequence of (i) ‘and (ii). Conditions (i), (ii) and 
(iii) are, in the terminology of $ 1, the conditions of stability, symmetry and 
convexity. Hence what one has to prove is 


THEOREM XI. Every symmetric stable distribution function is a convex 
distribution function. 


Remark. Since the symmetric distribution functions œ defined by (27) 
satisfy the stability criterion (6), Theorem XI implies that every w) is convex, 
as stated by Theorem VIII. On the other hand, the statement of Theorem XI, 
viz. that the postulates (i) and (ii) imply (iii), does not sound like an 
analytical statement but rather like one which, when true, must be provable 
without any analytical tools; hence the convexity of every œ does not seem 
to be an analytical fact. While an approach to Theorem VIII from this 
abstract direction is perhaps not impossible, the way to be followed will be 
that of deducing Theorem XI from Theorem VITI. To this end it will be 
necessary to know that every symmetric stable distribution function is, in 
the main, an on. Cauchy [4], p. 101 and Lévy [14], p. 254, derived by 
summary considerations an exponential representation of the Fourier transform 
of an arbitrary stable distribution function, and this exponential representation 
shows that Theorem XI is implied by Theorem VIII. However, for a complete 
proof of Theorem XI a detailed proof of the exponential representation in 
question will be needed. This proof will also save a similar consideration in 
§ 4. The proof of Theorem XI will occupy this whole § 3. 

In order not to interrupt the proof in what follows, let it here be observed 
that if 7(s), where 0 < s < + œ, is a non-vanishing real or complex function 
such that for every s > 0, for every v > 0 and for some real constant A > 0 


(39) (sv) = [1(v) }*, then 1(s) — exp(— Os»), 


where C is a constant which need not be real. This statement is easily verified 
by choosing v = 1 and denoting by C one of the logarithms of [/(1) 1. 

Now let e be an arbitrary stable distribution function which is distinct 
from the unit distribution function x, so that the positive number c = c(a, b) 
defined at the end of $ 1 is unique. Put ¢mi==c(1,¢m), where cı = 1 and 
m==1,2,--+. Then noi 


(40) [L(;0)1"= Lent; o), (m= 1, 8,7: J 


. 
s) . 
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in view of (6). The positive sequence {en} will be considered as undefined if 
o == x, in which case (40) is satisfied by any Cm, since L(¢; x) = 1 for every t.. 
It is easy to prove that 


(41) Co > ¢, = 1 and aE om = + o. 
First, on choosing in (40) the exponent m = 2 i iterating the resulting ` 
relation & times, it is seen that the 2*-th power of E(t; o) is L(c#t;o). Since 
there exists for every m but one Gm, it follows from (40) that Cm = cŸ where 
m = 2% and k=1,2,---+. Hence if the first of the statements (41), viz. 
c> > 1, is true, thén so is the second. Suppose, if possible, that cz > 1 is false. 
If ca = 1, then L(t;o) is, in view of (40), its own square for every t, since 
¢,==1. Hence L(t; oc) is either 0 or 1 for a given t. Since L(t; 0) is a con- 
tinuous function, it follows that either L(t; a) = 0 for every ¢ or L(t; o) —1 
for every ¢. The first case is impossible, since L(0; o) == 1 for every o, and 
the second case is impossible, since os4x by supposition. Now let c < 1. 
Then L(c#i;o) tends, as k—> + œ, to 1 for every t, since L(0;c) =1. 
Hence the 2*-th power of L(t;o) is 1 for every t, which again implies the 
contradiction e =x. This completes the proof i (41). 
It follows that 


(42) L(t;c) 0, — © <t< + , 


for every stable o. This is clear if e =x. Let oA y and suppose, if possible, 
that L(to; o) —0 for some t= to Then it is clear from (40) that L(t; 0) 
vanishes at t — t)/¢m also. Hence it is seen from the second of the relations 
(41) that ¢ = 0 is either a zero or a cluster point of zeros of L(¢;c). Both 
cases are impossible, since L(t; ø) is a continuous function and L(0;0) — 1. 
This proves (42). 

Thus there exists for — co <,t < + œ a unique continuous log L(t; o) 
which vanishes at t= 0. In what follows, [L (t; o) ]* will mean exp{s log L(t; c)} 
with the previous definition of thé logarithm. Thus [Z(t; o) ]* is a continuous 
function of ¢ and s together. 

Let m and n be FAR positive integers. Repeated application of (40) 
shows that 


helen o)]" = L (tem; o) = [L(t; e) ]”. 
Hence, on using the above definition of the power [L(t; 0) ]®, 
(43) L(ben/en3 0) "= [L(t; 0) J”, 


This implies that the Fourier transform of the distribution function o(az), 
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where 4 = Cm/Cn, only depends on m/n. Since, as pointed out in $ 1, the 
relation o(a,¢) = o(ax) is impossible for a, <a: unless o =x, and since 
o 5£ x by assumption, it follows that Cn/Cm depends only on m/n. 

Let s be an arbitrary positive number, Sı = 11/mi,° * +, 8; =n;/m;, °° 
a sequence of rational positive numbers which tend to s as j—> œ, and let 
oj (x) denote the distribution function defined by 


o; (%) = o(&0m,/Cny) 5 
so that 
L(t; 05) = [L(t;0)]° 


. in view of (48). Thus, since [L(t;o)]* is a continuous function of t and s 
together, it follows from the continuity theorem ($ 1) and from the assump- 
tion s;—>s, where j— œ, that there exists a distribution function r= rs 
such that oj — rs and 

(44) L(t; re) = [L(t; 0)]°. 


The last relation shows that rs (s) is uniquely determined by s, i. e. that ts (s) 
is independent of the sequence {s;} of rational numbers by which s has been 
approximated. Since oj — Ts, 


a(80m/em,) >72), j= ©, 


by the definition of oj. Hence it is clear from oy that ¢n,/cm, tends to a 
finite positive limit f = f (s) for which 


o(a/f(s)) =rs(2) ; 


since r(x) depends only on s, the same holds for the limit f(s) of cn,/Cm, in 
view of os4y. Now the last representation of rs is equivalent to ` 


L(f(s)t:0) = L(t; rs). 
Consequently, à 
(45) L(f(s)t50) = LL(t50)} 


in view of (44). On using the continuity theorem (§ 1) and the assumption 
o =x once more, it is seen from (45). that the function f(s), which is positive 
by its definition, is a continuous function. of s, where 0 < s < + œ. Suppose 
that f(s’) = f(s”) for some pair of positive numbers s’, s”. Then it is clear 
from (45) and (42) that either s’ — s” == 0 or L(t; e) == 1 for every ¢. Since 
the second possibility is excluded by the assumption ox, it follows that 
f(s’) = f(s”) only when s = s”. Consequently, f(s) is a strictly monotone 


4 
0 
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function in view of its continuity. Since cm = f(m) in virtue of (40) and 
(45), itis clear from (41) that f(s) is monotone increasing and f (+ co )}— + œ.. 

The number €, has so far been defined only for m = 1,2,- -. Ifs>0 
is not an integer, put cs = Cm, Where*m is the least integer exceeding s. Since 
f(m/n) = Cn/en in view of (43) and (45); and since f(s), where 0 < s < +o, 
is a positive monotone continuous function, it is ‘clear that if s > 0 is fixed 
and k is an integer which tends to + co, then csx/cx —> f(s), where sk is the 
product of s and k. Similarly, Csrx/Cre > f(s), if s > 0 and r > 0 are fixed. 
Since Cerx/Cx is the product of Csrx/¢rx and Cre/ Cr, it follows by letting k — + œ 
that f(s) satisfies the functional equation f(sr) =f(s)f(r). Hence, since 
f(s) is positive and continuous, f(s) —s", where x is a real constant and 
0<s< +o. Furthermore, k >0 in virtue of f(+ ©) — + œ. On 
placing A = 1/x, it follows from (45) that 


(46) L(si3e)—=[L(t30)}, (8 > 0, #0), 


where o is an arbitrary stable distribution function and A a positive constant 
depending on o. If o= x, then the relation (46) is but 1 = 1, so that o = x 
need not be excluded. On choosing t > 0 and placing t = v, it is seen from 
(46) and (39) that there exists a constant C for which 


(46a) L(t;o) =exp(—C@), if 0 Lt < + co. 


This holds for t = 0 also, since L(0;c) =1. Now L(t;o) and L(— t;o) 
are conjugated complex in view of (1). Hence 


(46b) L(t;0) =exp(—6|t]}), if 00 <t<0. 


Now suppose that the stable distribution function o is symmetric, i. e., 
that oft) = 1 — o (— 25 Then L(t;o) is a real function in virtue of (1); 
hence C = Ü, and so- . 


L(t;o) —exp (0 |t), — o <t< +0, 


where à> 0, Furthermore, C <0 is impossible, since | L(t;o)| S1 for 
every o and for every t. Thus either C =0 or C>0. If C=0, then 
L(t;0) =1 for every ¢, hence. o =x. If C>0, on replacing o(x) by 
o(C-/Az) it may be assumed that C—1. Hence if o is symmetric and stable, 
then either o = x or ø is similar to a distribution function w which satisfies 
(27). Now if o(2) is a convex distribution function, then so is o(ax) for 
every & > 0. Furthermore, y is a convex distribution function; cf.§ 1. Hence 
Theorem XI is implied by Theorem VIII in view of the Remark which follows 
Theorem VIII. 
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4. The multidimensional case. Let y = (4° ` `, Yn) be a point of the 
-real n-dimensional Cartesian space Ry. By a distribution function in R, is 
meant an absolutely additive monotone set-function ¢ — $ (F) which is defined 
for every Borel set # of Ry and is such*that (Ry) = 1. If the dimension 
number n of Ry is 1 and FP, denotes the Borel set — œ < y < x, then 

o(s) = p(Fa) is a distribution function in the sense of § 1. Correspondingly, 
the Borel set Æ is termed in the case of an arbitrary n a continuity set of 
o if p(Ec) = (Ei), where Fe denotes the closure of # and F, the set of the 
interior points of H;, hence possibly the empty set, in which case ¢(H;) = 0. 
If ¢ is fixed, a set Ẹ is a continuity set of $ “in general”; namely in the 
same sense as a monotone function of a single variable is continuous “in 
general,” that is to say up.to a set of points which is at most enumerable. 
Correspondingly, a sequence {mm} of distribution functions in Ry is said to be 
convergent if there exists a distribution function ¢ such that om(#) —> (E) 
holds for every continuity set F of +. The distribution function ¢ * y in Ry 
which represents the convolution of ¢ and y is defined in accordance with the 
case n == 1 of a single dimension (§ 1) and has the same properties as in the 
case n= 1, In a parwieular, on placing 


(47) Pere J, sein (dB); 


where the integral is a Radon integral, u == (u1,- ` +, Un) is a point in a real 
space Ry and uy is the scalar product wy: +: ` ©- UnYn, one has 


(48) A(u;p*y) = A(u;p)A(u;Y) 


for every vector u in Eu. Furthermore, {dm} is a convergent sequence of 
distribution function if and only if the sequence {A(u;¢m)} of the Fourier 
transforms is uniformly convergent within-every fixed sphere of the space Ry; 
and lim A(u; em) is then A(w;lim¢m) for every u. This again will be 
referred to as the continuity theorem. A detailed treatment of the theory of 
the distribution functions in Ry is given by Haviland [9], [10], where 
further references may be found., The continuity theorem, when applied to 
the sequence ¢, y, p, Y, p’ ta implies that there belongs to every Fourier 
transform Au; p) but one à. For an explicit inversion formula cf. Havi- 
land [10]. 

The distribution function ¢ is called absolutely continuous if there exists 
in Ry a measurable function 8(y) = 8 (1, °°". , Ya) such that 


(49) $C) = f 3e (4R,) 
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for every Borel set Æ, where »(#) is the set-function rı 
Lebesgue measure in Ry, so that (49) is an ordinary . 
function 8(y), if it exists, is termed the density of $(. 
. on a set of measure zero, a remark ‘which will not be 
is monotone, 5(y) = 0. The inversion formula menti 
if | A(w;¢)| has a finite integral over Ru, then ¢ is ab 
a uniformly continuous and bounded density 8(y) whic 
(47) for every y by the ordinary Fourier inversion, 


(50) (y) = (2) f emaus $) aa 


Let O denote the origin of Ry when this single : 
Borel set. Thus if W is an arbitrary Borel set, « 
(EO) = 0 according as the point O is or is not in I 
only ‘if the point O is a continuity set of ¢. | 

Let ¢9 = ¢9(#) denote the distribution ‘functio 
fixed, orthogonal matrix representing a rotation of Ey : 
the Borel set into which # is turned by this transforr 
Since the scalar product.uy is invariant under rotation 
that A(u; po) — A(Qu; +). In particular, A(u; ¢ 
if and only if A (u; $) is a function of the length | u | 
is a function of | u | alone if and only if ġo = ¢ for e 
condition is satisfied, ¢ is said to be of radial symmetr 
that an absolutely continuous ¢ is of radial symmetry : 
8(y) is a function of |y | alone. If in addition | Ai 
has a finite integral over Ru, then 


+00 AT . 
3(y)— Ba f {f exp.(— i] y |] u} cos Ÿ)sinr? à 
0 0 . 
XA ul; p)n 
as seen from (50) by introducing polar codrdinates, ə 


the vectors y and u. This tacitly assumes that n > 1. 
the inner integral in terms of Bessel functions and plac 


(51) 8(y) =8(|y |) Ba a i 
= An | y e G ET aa] y 8) A(S5 


a formula which holds, in view of (38) and (2), for n 
then radial symmetry means symmetry in the sense c 
version of (51) is the Cauchy-Poisson formula for sp 


Noe 
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Let | y | denote the length of the vector y. If there exists in the interval 
.0<7< -+'o a monotone non-increasing function y(r) such that 


(52) #(H) = 9(BO) + fe 10 y a(R) 


i . i | 
for every Borel set F, then. (FEY will be said to be convex. This definition 
is justified by the fact that if n = 1, then ¢(#) is convex if and only if 
a(x) = (F+) is a convex distribution function in the sense of § 1, the Borel 
set Fs being the interval — co < y'< x. It is clear that every convex b(Æ) 
is of radial symmetry. Also 


(58) (Bs) = (0) + am f“n(s)s"*ds, 


where E, denotes the sphere | y | < r and ar a positive constant which depends 
only on the dimension number n. It will always be supposed that r > 0. On 
comparing (52), (53) with (49) it is seen that a convex ¢ is absolutely 
continuous if and only if ¢(0) —0, in which case its density 8(y) is the 
non-increasing function y(|y|) 20. Hence it is clear that if œ is convex, 
there exist convex #1, $a, > - such that on the one hand px — $ and on the 
other hand every gx has a density 8» (y) == 8m(7) which possesses a continuous 
derivative in the interval 0 < r < + œ. 


Tarorem XII. If pupa: © are convex and pm— D, then p also is 
conven. 


Proof. Since dm is convex, hénce of radial symmetry, ¢ = lim dm clearly 
is of radial symmetry. Consequently, (52) is implied by (53), and so it is 
sufficient to prove that condition (53) is. satisfied by a non-negative non- 
increasing y. Since m is convex, 


(54) A pm(Er) = Pm(O) + On f, nm(s)s"1ds, 

where ym is non-negative and non-increasing. Thus, since 0S¢mS 1, 
1= cn f m (s)s®-1ds > Gn fam(s) sds, 

9 € 


where «> 0 is arbitrarily fixed and e=rT<+o. The integrand is the 
product of two monotone functions which increase, if n > 1, in opposite 
directions. It is, however, seen from the last inequality that 


2e 
On * = ym (2e) f sds. 
€ 
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Hence the sequence {ym(2e)} is bounded, implying that {ym(r)} is uniformly 
bounded for 2e Æ r < + œ, where e > 0 is arbitrarily small. Thus it follows 
from Helly’s compactness theorem that the’ sequence {ym(r)} contains a 
subsequence which is convergent-ip the whole range O<r<-+-o. The 
corresponding subsequence of {ym({7)7"*} is uniformly bounded in every finite 
interval 0 <aZ=rÆ<b and may, therefore, be- integrated term by term. 
Consequently, since ¢m— ¢, it is seen from (54) that 


(55) P(B) — (Bs) — on f n(s)s" ds, 


where y denotes the limit of the selected subsequence of {ym} and is, therefore, 
a non-negative and non-increasing function of r > 0. Since a > 0 and b > 0 
are arbitrary, (55) clearly implies (53). This completes the proof of Theorem 
XII, Incidentally, a standard argument shows that the selection is, in reality, 
superfluous, since ym (7) —> n (r) at every continuity point r of y(r). Of course, 
‘dm—> does not imply ¢n(C) > ¢(O), since E — O need not be a continuity 
set of (EF). si 


Turorem XIII If (E) and (E) are convex, then so is 
pı (FE) * (F). ` 


Proof. It is clear from (48) and from the continuity theorem of the 
Fourier transform (47) that Dim —> $1 and gem — pa imply dim * Gam —> 1 * hr. 
Hence, by the remark which precedes Theorem XII, it is sufficient to prove 
Theorem XIII under the restriction that ¢:(H#), where i= 1 and i= 2, is 
absolutely continuous and has a density 8:(y) =8i(|y|) —&(r) which 
admits of a continuous ‘derivative for 0 < r < + œ. Since & (7) is non- 
increasing, ô; (r) = 0, while, of course, &;(r) 20. Since ¢i(#) is of radial 
symmetry, A (u; b;) depends only on | u |. Hence A(u; ¢1 * $2), as product of 
A(u; 1) and A(u; ¢2), isa function of | u | alone. Thus ¢; * ¢2 is of radial 
symmetry. Since ¢; is absolutely continuous, so is $i *  (cf., e. g., Kershner 
and Wintner [13], p. 543, footnote, where n = 1 but the proof holds for 
any n). Let 8(y) = è(|y |) = 8r) denote the density of ¢,*¢2. Then, 
by the definition of a convolution (cf. Haviland [9]), 


(yl) =e) = f° &(y—v)(o)a(dB), 


where y—v is the difference of the, vectors y and v. Since the functions 
8:(r), & (r) are of constant sign, it is clear that (r) exists and may be 
obtained by formal differentiation, 
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Dr) = dy D = f 8 — 08 (2) (4Re), 


the differentiation of è, (y — vy = è (| y—v |) being one with respect to the 
radius vector. Let H, and R,— Hy be the two halves of E», into which 
R, is cut by a plane through the origin of Ry, and let Hy be chosen such that 
it contains the arbitrarily fixed point y5£(0,---,0). On writing y—v 
instead of v as integration variable, it is seen from è; (y) = 9: (| y |) =ê: (— y) 
and from the directional character of the differentiation that 


Y =y D = f 821) Ball y—v |) — Bel y o 1) 0a). 


For if v is in H,, then — v is in Ry—H,. Now y is in Hy. Hence y lies 
nearer to every point v of H, than to the corresponding point — v of By — Hv. 
Thus |y—v|<|y+v| for every v in Hy Since 8,’(r) S0, it follows 
that 8.(|y—v|) = &(| y +v |) for every v in Hy, i.e., that the difference 
{ } in the last integral is non-negative in the whole domain of integration. 
The factor 8,’(| v |) of the integrand is nowhere positive. Hence (r) 0, 
where r is arbitrary. Consequently, 8(r) is monotone non-increasing. Since 
¢1*¢2 is absolutely continuous, hence vanishes for E — 0, the proof of 
Theorem XIII is herewith completed in view of (52), (53) and (49). 

Tf use (0,:--,0), put eu = u/| u |, so that ey is the unit vector which 
has the same direction as u. The next Theorem contains an extension of a 
fact mentioned in the Remark which follows Theorem VIII. 


THEOREM XIV. If a distribution function $ is such that, for some con- 
stant À > 0 and for some function C = C (e4) of the direction, 


(56) A(u; $) = exp{— 0 (eu) | u P}, 


then either AIS 2 or O (eu) = 0 for everj u; in the latter case is the unit 
distribution function y. 


Proof. It is seen from (47) that | a(u;$)|S1 for every u and 
A(u; p) =1 for u= (0,---,0). Since 


| exp{— C (eu) }| = | A (eu; $)| S1, 


the real part of C (ex) is bounded from below. Hence, on taking the real 
part of | 


J, de) 6 (dB) =1— Alu; $), 
y 


` itis clear from (56) that 
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Í, (1 — cos uy) p (dRy) sole as |u| — 0. 
y 


Thus, since g? (1— cos «) has in the interval — 1 S£ a1 a positive mini- 
mum, it follows from $ 
os f sf —odem 
y 

lul lyl&1 
that 
(57) f ly PSE) =0(| uP) as |u| +0, 

[ellai 

the integration being extended over the sphere |y |& |u|" of R,. This 
sphere tends to Ry as |w|—>0. Now if A>2, then O(|u|**) 0 as 
| w|—>0; hence, in view of (57), 


fly lo(m)= 
Ry 


which is possible only when the spectrum of ¢ consists of the origin of Ry, 
i.e when =x. This completes the proof of Theorem XIV. 

The limiting case A == 2 may be characterized by means of the “ standard 
deviation ” (dispersion) 


(58) MH) =f) 1y Pears) =f Sin run) & + 


as follows: 


Turorem XV. A given distribution funtion satisfies (56) for À == 2 
and for some function C{e,) of the direction if and only if 0 = M(¢) < t o, 
«where M(p) = 0 only when $= x. 


Proof. If à=2, then O(| u|**) remains bounded as | u|— 0, hence 
M(¢) < + co in view of (57).- Conversely, let M(p) < + œ. Then it is 
clear from (58) that the integrals 


(59) Hj =f yi (dEy), ng -=Í YoYap (dEy), where % Pg= 1,2, t;n, 
Ry Ry ; 


are absolutely convergent in virtue of the Schwarz inequality. It follows there- 
fore from (47) that A(u;¢) has ‘at every point w= (t,' ` `, Un) of By 
continuous partial derivatives of the first and second order, and that these 
derivatives may be obtained from, (47%) by differentiation beneath the integral 
sign, Hence, on applying to A(u;¢) Taylors toriais in the neighborhood. 
of u = (0, - -,0), 
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-A(u; $) =1 +i pu 2) È petit + 0 ( X u”) 


as |u| +0: On the other hand; ©: > -> les % 


Ate 9 —1— Ca) (Suey 0 (Eu), |u| 0 


in view of (56). Kok suppose that E Then, since ne $) =1 for 
every u only when $ = x, the factor Œ(e-) occurring in the second approximate 
representation of A(w;¢) does not vanish identically. Furthermore, it is 
clear from (58) and (59) that ¢ 4 x. mplies M(¢) > 0, hence pyp(¢) > 0 
for at least one p, so that the quadratic f-rm occurring in the first approximate 
representation of A(u;¢) does not van-sh identically. Consequently, 


2 nity = 0 and -FS Ste = (a) (À ust) M4, 


for every u. Since the last relation implies A = 2, Theorem XV follows. 

It also follows that the matrix | — zapa I is C (eu) times the unit matrix. 
Consequently, since the integrals. (59) exe independent of u, hence.of en, the 
function O (eu) also is independent of e This leads to 


Tasorem XVI. Ifa distribution fanction A satisfies (56) for X= 2 and 
` for some function O == C(e,) of the dirzction, then O is a real non-negative 
constant. 


Proof. As just shown, C (eu) is independent of eu. Hence 
A(u; ¢) — exp 20 |u I"), 
where C is a constant. Since | A(u; ¢) <1 in view of (47), it follows by 
letting | u |—> œ that the real part of C is non-negative. This implies 
Theorem XVI, since A(u; p) ‘and A(—'u;¢) are conjugated complex in 
view of (47). 


Remark. Since (56) implies 
Alu; p) ~1—C(ex)| x |, where | u | > 0, 


it is obvious that A(u;¢) has at the sngle point u = (0,-- +, 0) partial 
derivatives of order [A], where [A] denotes the least integer not Neen À 
This fact may be extended in the usual waz to the case of fractional differentia- 
tion, only that thé order must then be replated by A — è` On the-other hand, 
it is not obvious that the derivatives at 4 = (0,- - -,0) may be obtained by 
formal differentiation of the integral (47). In fact, it is not clear that 

6 . 
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f 1y P$R) <+% 
Ry 


for v = À or for every positive v < À. Otherwise Theorem XV would hardly 
need a proof. As far as this difficulty is concerned, there is no real difference 
between Lévy’s case n — 1 and the case of an arbitrary dimension number n. 

_ Theorem XVI has been stated for n=1 by Lévy [14], p. 261, foot- 
note (°). 

If c is a positive number, let $(Æ) denote the distribution function ọ (cE), 
it being understood that cẸ is the set of all points cy = (cy:,- ` -, Cÿn), Where 
y is an arbitrary point of E. It is-clear from (47) that A(u; pe) —A(u/c; +). 
As in the case n = 1 of § 1, and for the same reason, (Æ) will be said to be 
a stable distribution function if there exists for every a > 0 and every b > 0 
a c = c(a, b) >0 such that pa * oy = pc, 1. e., 


(60). A(u/a; p)A(u/b; p) = A(u/c; +). 


TuroreM XVII. A distribution function p is stable if and only if 
A(u; p) may be represented in the form (56), where the positive constant À 
and the function C (eu) of the direction depend on à. 


Remark. It is not stated, and it is not true, that if À and C (eu) are given, 
(56) may be satisfied by a distribution function ¢; Theorem XVII only 
decides when is a given ¢ a stable p. For n = 1 cf. Lévy [14]. 


Proof. If (56) is satisfied, on placing 
c = c(a, b) = (aò + BA) 50, where a > 0 and b > 0, 


(60) is clearly satisfied, and so > is stable. Conversely, suppose that $ is 
stable. Then there exists a constant À > 0 such that 


“A (Su; p) = [A (u; $) ] (0) 
for every s > 0 and for every veetor u. This is the extension of (46) for the 
case of an arbitrary dimension number n and is proven exactly in the same 
way as in the case n = 1 of § 3. Now, since u = | u |eu, 
5 . A(SA | u| euz $) =[A(| 4] Cus $) Je. 
Hence on placing k a 
v= |u| and Iv) = A (ves; 4), 
where e, is arbitrarily fixed; (56) follows from (39). -This completes the 


proof of Theorem XVII. 
The next Theorem might be of some physical interest in the case n == 3. 
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THEOREM XVIII. If the dispersion (58) of a stable distribution func- 
tion œ is neither zero nor infinite, then p must be the Gauss-Maxwell law of 
radial symmetry. ' 


Proof. By Theorem XVII, A(u;$) is of the form (56). Since 
M(p) < + © by assumption,» =2'and O (ex) is a real non-negative constant 
by Theorems XV and XVI. This constant cannot be zero, since otherwise 
Au; p) =1 for every u, i.e, =x, which is excluded by the assumption 
M($) >0. Thus A(u; p) —exp (—C |u |2), where C is a positive constant. 
This implies Theorem XVIII, since exp(— 1?) is, up to constant factors, 
self-reciprocal under the Fourier cosine transformation. 

The problem discussed at the beginning of $ 3 may be extended to the 
multidiniensional case. The postulate which corresponds to (iii) is again 
implied by the two other postulates, as shown by 


THEOREM XIX.. Every stable distribution function of radial symmetry 
is conven. US | | 


Proof. Let p be stable.’ Then A(u; b) is of the form (56) in view of 
Theorem XVII. Thus if ¢ is of radial symmetry, and so A (u; db) a function 
of |u| alone, then C(ex) is a constant. It is shown as in the Proof of 
Theorem XVI that this constant. C is positive or zero. If C1, then 
A(u; p) =exp(— | u |>), where 0 < AX 2 in view of Theorem XIV, and it 
will be shown by Theorem XX that this ¢ exists and is convex for n = 1, 2,:-- 
and 0<AS2. The case C >'0 may be reducéd to the case C—1 by a 
change of the length of the unit in Ry. This completes the proof of Theorem 
XIX, since if C = 0, then ¢ = x, and x is a convex distribution function. 


5. Cauchy’s transcendents and their generalizations. Theorems VIII 
and IX have not been proven in §2. Theorems XX and XXI, to be proven 
in what follows, generalize Theorems VIII and IX to the case of an arbitrary 
dimension number. — | š 


1 


THEOREM XX. There exists for every dimension number n and for every 
positive AS 2 a conver distribution function ọ = px = p\(E) such that 
(61) Au; pa) = exp(—| u |>). 

Remark. If À > 2, the distribution function 1 does not exist in virtue 
of Theorem XIV. 


Proof. If À = 2, the existence and the convexity of à is obvious; cf. the 
end of the Proof of Theorem XVIII. Let therefore 0 < À < 2. Since À > 0, 
the integral of the positive function Min (1, | y |->) over the whole space Ry 
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is finite; and so there exists a distribution function yy = ya (E) the. eee 
of which is ` 
(62) Ana Min (1, ly Ima), where Any > 0, 


. 


the factor An of proportionality being determined by the condition ÿa(R,)—1. 
Let # denote the angle between the vectors u and y, so that 


. uy = sr cos Ÿ, where s=|jul,r—|yl|, 0OStSr. 
Since a 
Alu; ya) = Aunt f° eteta(dRy) + fo | y a(R} 

Iwi - 1=|y i 


in view of (47), (49) and (62), on introducing into Ry polar coördinates and 
denotirig by Ba a positive constant which depends only on the dimension 
number n, it is seen that | 


` : 1 T 
Au; ypa) = Aa { Ba f f exp (i | u | r cos à) sin*9d0 | nr dr 
0 o É 
+00 T 
+ Ban Í. [ f ‘exp(i | u | r'cos #) sin™*9d0 | art gr } ; 
1 .0 ++ 


It will be convenient te use the abbreviation 
(63) CL (G)}= TE + Le, (4), ve—th, 


so that {J,(æ)} is an even entire function. Since both inner integrals repre- 
sent On{J-14n/2(| U | r)}, where On is a en constant, it follows by placing 
On) kaaa AnBrn ln that 


(68) Amen foal wD a+ S Tamall wl year 
where ax is a positive constant. So far it has been tacitly assumed that 
n > 1, since if n — 1, there is no polar angle ® varying from Ÿ = 0 to Ù = r. 


It is, however, clear from (38) and (63) that (64) holds for n= 1 also. 
Since by (63) and by the ‘integral definition of the Bessel ARGUS, 


(65) (Jo(z)} =A (To £1) +4) L ei (1 — sya, 
if y > — 4, it is clear that 


(65a) | {(Jo(w)}] S Jr(0)} > 0; — o “ere 
and (65a) holds, in view of (88), for v =— 4 also. | 
Put 


(66) frm (q) = f aina (0)) — {Jmj (0) }]dv, where q > 0. 
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Since {Jv(z)} is an even entire function, the integrand in (66) is, as v—> + 0, 
i AO (02) = O(P) = 0 (0), 

where e> 0 in virtue of A< 2. Thus there exists a finite limit final 0). 
Furthermore, this limit is positive, In fact, the integrand in. (66) is almost 
everywhere positive in view ‘of. (65a), which means that frn(q) is a steadily 


decreasing positive function of g > 0, so that the limit fin(+ 0) also is 
positive. Thus, on placing Bur = fran(+ 0), 


(7) |uPha(l ul) Bala Polu) as Jujo, 
where Bn, > 0. Similarly, if 


P . 
(68) Aala) =g" [lasse (0)) — (T-aenva(v)}]d0, where g > 0, 
then, as g—> +0, i . 
a 
in(q) =g" for Ow = 0ce), 
o . 


and so, since A'< 2, = 
(69) ha(| u|) =0(| u |^) as [u|— 0. 


On choosing in (64) the point u as the origin of R, and combining the 
resulting relation with (64) itself, it is seen that 


(70) i 1/ann — A (u; Yr) /anx 

is the sum of Gr t : 
1 1 

(71) So Fann) ar fr (sm 4] 1) 

and 


Ge) Cf Jaan (0) }r dr — ie (I-ai Cl u | r) }r or. 


On placing v = : u | r, where | u | 0 is fixed, (71) and (72) appear in the 
respective forms 


| u rf re {Jasn/2(0) }]dv = ha (| u |) 
and eo oe es ‘ 
Lu P PTE ae (0)) — -ina (0) J — | u al f) 
in view of (68) and (66). Hence the différence (70) is. | 
= Ton(| |) + |u Pallu 1); 
and so, according to. (69) and. (67); | 
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—o([u fr) + 8m] wl) +ou j> as [u|—0. 
Consequently, on denoting by. y = yma- the product of the positive constants 
Gm, and Bn and placing a = y > 0, 


(73) Alu; yr) =1—a@ ul + o(| ur) as |u| —>0; ot 


It follows that y) may be applied, in the manner of Lie, as an infinitesimal 
generator of the distribution function ġ the existence and convexity of which 
are to be proven. For let Ym, denote the distribution function defined by 


(74) dam (BB) “= Ya (am PE) * yy (am2B) #2: «yy (amA), 
where the “ factor ” ¥ occurs m times. Then from (48) 
A(t; ym) = [A (amu; dr)”, 
since the Fourier transform of (cE) is A (u/c; p). Consequently, from (73), 
AQU; Ymx) = [1— mt |u pp o(m |u], Ju] 0. 
Hence it is clear from a standard property of the exponential function that 
A (Us Ymx) => exp (— | u |>), m—> + 00, 


holds uniformly in every fixed sphere |u| < Const. of Ru. It therefore 
follows from the continuity theorem mentioned at the beginning of § 4 thas 
there exists a distribution function y = lim Yma for which Au; da) is the 
limit of Au; ym) as m— + œ. Thus ¢) satisfies (61). Furthermore, 
pa = lim ym is, according to Theorem XII, certainly convex if every ymy 
is convex, while (74) is, according to Theorem XIII, certainly convex if 
Yr(cH), where c = am}, is convex, i.e., if y(#) is convex. Now (FP) 
has been defined as the absolutely continuous distribution function the density 
of which is (62), and ‘(62) clearly is a non-increasing function of |y |; 
hence y) (E) is convex (cf. § 4). This completes the proof of Theorem XX. 
Since the integral of (61) over the whole space Ry is finite, (51) is 
applicable. Hence the density of pa(E) is AnFar({y |), where 4, > 0 and 


(75) Pay(#) = at? in 8/7 exp (— 8\)J_1inj2 (as) ds = Fy (— 2), 
0 : 


since {J,(2)} is an even function. “If n = 1, this density goes over into (28) 
in virtue of (38). Hence Theorem IX is implied by 

Turorem XXI. The even function (75), where n—1,2,- > -, has for 
— © <a < + derivatives of arbitrarily high order and is regular at every 


real 40. If O<A<1, there is at c=0 a singularity which has the 
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character of the one described in Theorem IX. If A=1, the function 

* Fm (2) = Fm (£ + ty) is regular in a strip | y | < const. but not in the whole 
plane, while if À > 1, it is a transcendental entire function of order (1—A*)-. 
Finally, the function, has no real zero at all or has real zeros of odd multiplicity 
according as 0 << AS2 or À > 2. 


Remark. : The proof of the last statement is, In view of Theorems XX 
and XIV, exactly the same as that given in the case n = 1 in §2. Except 
for the last statement of Theorem XXI, it will be needless to assume that 


n is an integer. On placing y—— 1 + 4n and using the abbreviation (63), 
the function (75) is ` 

+00 
(76) - Gal) = f° {o(2s) Jet exp (— 9) ds 

0 
up to a constant positive factor. In what follows, instead of v =— 4, 0, 
4, 1,- +--+, merely y = — 4 will be asssumed, while, as before, À > 0. 


Proof. It is clear from (65a) that the integral 


(77) Hy (2) — J (als) 35" exp(— s\/a) ds 


is, for every fixed real or complex z 40, majorized by the integral 


+00 
(78) {Jv(0) } f ‘st | exp (-— sè/2^) | ds. 
«/ 0 P 
Let W denote the infinite open wedge 
(79) | Wy: —4n/rA < arcz < $r/X, where 2540. 


Thus WA is simply connected'but not necessarily schlicht; in fact, the number 
of its sheets becomes infinite as À— 0. If À < 1; the half-plane consisting 
of all numbers z +£ 0 which have a non-negative real part lies within Wy. Let 
2 be defined in Wy as the univalued and continuous function of the position 
which is positive along the half-line arcz—0. Then the integral (78) is 
uniformly convergent in every ‘fixed closed and bounded sub-set of (79). 
Hence, since (77) is majorized by (78) and 2* is regular on WA, the integral 
(77) represents a regular function H va(z) on Wy. As far as the integral (76) 
is concerned, one cannot say more than that it is uniformly convergent along 
the real axis, a property which does not indicate the analyticity of the function 
Gy(z). If0.< A < 1, it is clear from ' 


5 OG) EAG Pets a 
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_that the integral (76) is divergent at all points z-£ 0 of the imaginary axis 
„arc z = + $r, points which are: contained in Wy if À < 1. However, . 


(80) Gn (a) = Hn (2) 


for every z > 0, as seen from (76) and (77) by a change of the integration 
variable. Since Hn (z) is a regular function on Wy, the relation (80) gives 
a regular analytic continuation of Gix(z), where 0 <z < + œ, into Wa. 
This holds for every À > 0. Since {Jv(z)} = {Jv(—z)}, the function (76) 
also is even, and so it is not necessary to consider its analytic continuation 
which belongs to — œ < z < 0. 

It is clear from (65) and (38) that the m-th derivative of {J,(æ)} is 
bounded for — œ < z < + œ, where m is arbitrarily fixed. Hence the 
integral resulting from (76) by differentiating the integrand m times with 
respect to z is uniformly convergent for all real z. Thus if z is real, all 
derivatives of the function (76) exist and may be obtained by formal dif- 
ferentiation; in particular, : 


(81) Gn (0) = {J (0) }™ = exp(— s*) ds 
0 


for every m, it being understood that these derivatives are obtained by 
restricting z to the-real axis. On combining this with the analytic continuation 
obtained before, it follows that Theorem XXI will be proven if one shows that 
the radius of convergence of the power series 


` 


(82) S miaa (0) 2m 
m=0 
is zero, finite and positive or infinite according as 0 A < 1,ÀA—10rA > 1, 
and that the order is (1 — A+) in the latter case. In fact, if A= 1, then 
the integral (76) clearly is uniformly convergent at least in a small circle 
|z| < const., so that the series (82) necessarily represents the function 
Gn (z) within the circle of convergence. 
Now if v > — 4, then from (65) 


(OE =P + D/L + S a — e)a; 
hence k . | j 
(83) {Tv(0) } om) = 0, 
while : , i , 

{Jv (0) }O™ == (—1) a0 (i + 1)T (m + $)/P(m + v +1), 


1 at ` 
as seen by introducing into f =2 f the integration variable 6°. It is 
. -ł (a3 
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clear from (38)-and (68) that (88) holds for» ——4-<also. On the-other 
hand, the factor of {J,(0)} in (81) is as 

f ommon NEE PE ET E E | 
Hence PS 
(84) Gi (0) =. = 1)” gaT (RAT (m + v+ 1))T(m + HE +v+1), 


where | 
Quy = WPT (y + 1) 


is positive and independent of m; furthermore, Gyn?) (0) = 0. Now it is 
clear from (84) and from Stirling’s formula that 


| Gem (0) [Vem ~ [E(2m/a) VO" as m— o. 
Consequently, the reciprocal value of the radius of convergence of (82) is 
lim sup | Gr (0) /m ! |m = lim [T (2m/d) /T. (2m) 1/6: 
m=O m= 
and this is, by Stirling’s formula, 0, 1, or + according as À >1,A=1 or 


à< 1. Finally, it is known that the order of an entire function f(z) may be 
obtained merely from the sequence of its Taylor coefficients by calculating 


lim sup (me log m) /log | m1/F (0) | 
This completes the proof of Theorem XXI, since Gy?" (0) = 0, while 
log | (2m) 1/Gyx%™ (0) | ~ log [T (2m) /T(2m/A)] ~. (1 — A) [2m log (2m)], 


as seen from (84) and from Stirling’s formula. 


. 
. , 
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ON THE ASYMPTOTIC DISTRIBUTION OF ALMOST PERIODIC 
* FUNCTIONS WITH LINEARLY INDEPENDENT FREQUENCIES. 


By RICHARD KERSHNER and AUREL WINTNER. 


Let 


5 ‘ 
a(t) ~ Sam COS Am(t—8n), Where am = 0 and 0 = Anôm < 2, 
m=0 ` $ i 


be almost periodic in the sense of Bohr and let A S x = B denote the least 
closed interval containing all values v attained by a(t) for—a < t < + œ. 
It has been proven? that s(t) always posseses an asymptotic distribution 
function o(æ), — œ < x < + œ, and that this monotone function o(s) is 
nowhere constant in the interval A =a B, while, of course, o(x) =0 if 
s < À and o(x)=1 if >B. The present note deals with the important 


particular case where dm 0 for every m and the frequencies Xo, M,° © ' are 
linearly independent, so that 
7 o 
—A=B=§ an< Ho ` "(am > 0) 
DR m=0 E . 


by a well-known theorem of Bohr. 

On denoting by p(t), — co <%< + «, the monotone continuous 
function which is 0, 1 or 1—7arccos# according as v is on the left, 
on the right or in the interior of the interval — 1 < x < 1 and placing, for 


(1) ona (2) = f on(2— £) don (É), 
where pn(%) = p(x/an) and oo(z) = po (£), 


the asymptotic distribution function o(x) of #(¢)*may be obtained from ? 
(2) o(a) =limon(t) 
s 2 n=+00 g 


and has, for — œ% < g < + oo, derivatives of arbitrarily high order.? Hence 
there arises the question of whether o(s) is analytic.® There is a general 
method * by which the analyticity of a distribution function o(x) can be proven 
in some cases but this method breaks down in the present case. For the 


+A. Wintner, Spektraltheorie, der unendlichen Matrizen, Leipzig, 1929, pp. 254-255 - 
and p. 269. ` <- f 

2 A, Wintner, American Journal of Mathematics, vol. 55 (1933), pp. 312-316. 

8 Cf. ibid., p. 310. 

tA. Wintner, American Journal of Mathematics, vol. 56 (1934), p. 659. 
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method in question, yields the analyticity of a(x) either for every v or for no x. 
Now the present g(z) cannot be analytic at the end points of the interval | $ 


7 


(3) San eS Som. 


m=0 m=0 
In fact, (x) is nowhere constant in this interval but is constant both on the 
left and on the right of it, so that all derivatives of o(x) vanish at both end 
points of (3). The object of the present note is to delimit in the range (3) 
of x(t) intervals within which the asymptotic distribution function o(s) is 
reguiar analytic. 


First, o(x) is na in the interval Fe 33 


(4) ey a ee ae et Sin 


m=1 m=1 


whenever ay — > am > 0. 
Mo 


In order to prove this, set 


(5) | Quai = Qn + ans Where q) = 0, 
so that . 
S z 
(6) 0 < Gn < qua > q, Where g = X din. 
m= 


Thus ao — q > 0 by assumption. Let e be an arbitrarily small fixed positive 
number less than ao — g. On removing from a complex z-plane the half-lines 
— o <z% — 1 and 1S 2 < + œ, there results a simply connected schlicht 
‘domain in which the function F(z) = (1—2)+, where F(0) =+ 1, is 
univalued and regular. .If z is in the circle | z | < ao — e, the function oo(z) 
defined by ` 


ao(2) — (nt)? f F(C/a0) ae 


is regular and | o,(z)| has in this circle a finite least upper bound M, since 
e> 0 is fixed. It is clear from, (6) and from the assumpticn e < Go — q 
that do — qn — € > 0, ie, that |z| < Go — Qn—e is a circle for every n. 
Suppose that, for a given n—#, there has been defined in the circle 
|2| < @—qn—-e a function on(z) in such a way that on(z) is regular and 
| on(z)| = M.in this circle., This condition has been satisfied for n = 0, 
since qo = 0 by (5). Ifn—“is arbitrarily given and if | z | < do — qm — € 
and — an < Ê< Gnu, then | z— E| < di— Qn—e in view of (5). Hence 
one may define in the circle | 2 | < @— qnn — € a function on,,(z) by placing 


wali = (rana) S” onle — OF (t/n) | 
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Then, since on(z) is regular and | on(z)| S M in the circle | z | <<a—gqn—e, 
it is clear that oni (z) is regular and 


OT Si Be |P Cjan} are of on 


in the circle | z |'< do — qmi — €: 

Thus there has been defined'a sequence A sah that On (2). is regular 
aad |on(2)| SM in the circle |z|.< do— qn— e, where n= 0, 1, 
Hence.it is seen from. (6) that the functions.o,(z) are regular and uniformly 
bounded in the circle |z| < ao —gq— e which is independent of n. Now 
it is clear from the successive definition of the complex functions on(z) that, 
when z is real, they are identical with the functions defined by (1), so that 
{on(z)} is convergent for real g in view of (2). . It follows, therefore, from 
the elements of the theory of normal families (Vitali) that, {on(z)} is uni- 
formly convergent in every closed subset of the circle | z | < ao — q — e. Since 
e is arbitrarily small, the limit function.is regular in the circle | z| < ao —.g. 
In particular, (2) is regular in the interval — @o + q < £ < a—gq or, by 
the definition (6) of q, in.the interval (4); q.e.d. 

The assumption of the result thus proven was that the amplitudes a, of 
a(t) satisfy the condition ‘ 

f o 
(7) an > D Om 
we : menti , 

for n= 0. If (7) holds not only for n = 0 but for n = 1 also, an iteration ë 
of the above argument shows that o(«) is regular analytic not only in the 
interval (4) but also in each of the two additional subintervals 


— m + Som < e< ty + an — Ÿ am 


m=2 


£ (8) which have no point in common With each other or with (4). It 
suffices to notice that the singular points of o: (x) are the four points + ao + m, 
the signs keng this time independent of each other. Similarly, if (7) holds 
for n=0,1,: ++, M, one obtains 2N# — I disjoint open subintervals of (3) 
such that (2) is aie analytic within each of these 24+! — 1 intervals. 

” In order to describe the situation in the case N = + œ where (7) holds 
for every n, let the interval (3). be decomposed into two complementary 
sets ©, T by placing a point x of (8) into $ or into T according as @ can 
or cannot be represented in at least. one way in the form 


5C£. R. Kershner and A. Wintner, American Journal , of Mathematics, vol. 57 
(1935), pp. 544-545. 


ta? 
, 
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œ 
C= > E Gm, 
m=0 


where the signs are independent of each other. Then S is® perfect and 
nowhere dense, and so T is open and everywhere dense in the interval (3). 
Now it is easily seen that the intervals within which the indefinite iteration 
of the above argument yields the analyticity of the function (2) are exactly 
the intervals which constitute the open set T. Thus if the amplitudes am of 
x(t) satisfy the condition (7) for every n, then the asymptotic distribution 
o(x) ts regular analytic in infinitely many disjoint open intervals which lie 
dense in the range (8) of x(t). It remains undecided whether or not the 
complementary set 8, consisting of the cluster points of the end points of these 
open intervals of regularity, actually contains but singular points of o(x). 
All that is certain is that all derivatives of o(æ) exist at every point of S also 
and that the set of the 2%! singular points g = + dp +: + ` + Gy Of où (%) 
tends to the set S as n—> -+ co, finally that the clustering of these singular 
points is strongest at the two end points of the interval (3), at which points 
a(x) certainly is not regular analytic (cf. the introduction). It may be men- 
tioned 7 that the measure of the nowhere dense perfect set S is zero or positive 
according as 2"d» does or does not tend to zero as n—> œ. If, for instance, 
an = a", where 0 < a< 4, then (7) holds for every n and S is of measure 
zero. This example is of interest in view of the non-differentiable function of 
' Weierstrass.® If a, = 2" + 3-", then (7) is satisfied for every n and S has 
a positive measure. 
So far it has been assumed that s(t) is real-valued. The case 


a(t) + iy (t) ~ San exp ida (t — ba), — o <tc too, 
n=0 


of a complex-valued function offers no new problem, since it may be reduced 
to the case y(t) ==0 treated above by means of an integral equation of the 
Abel type,’ the frequencies À, being linearly independent. It is expected that 
the unsolved problems of analyticity in the general case of linearly independent 
moduli +° may also be treated along the lines of the present note,.the com- 
plications involved being but technical in nature. 
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5 Cf., e. g., loc. cit, 5 

7 Gf. loe. cit. 5 

8 Cf. A. Wintner, American Journal of Mathematics, vol. 55 (1933), pp. 603-605. 
a positive measure. 

9 Cf. loc. oit. 2; pp. 316-319. 

10° Cf. loc. cit.*, pp. 328-329 and, for a complete theory, B. Jessen and A. Wintner, 
Transactions of the American Mathematical Society, vol. 38 (1935), pp. 48-88. 


NECESSARY AND SUFFICIENT CONDITIONS FOR POTENTIALS 
OF SINGLE AND DOUBLE LAYERS. 


By GEORGE À. GARRETT. 


1. Introduction. We éonsider the problem of obtaining necessary and 
sufficient conditions that a harmonic function defined in a three-dimensional 
region T be such that it can be represented in the region as a potential func- 
tion. Denoting the harmonic function by v(M) or U (M), we find conditions 
necessary and sufficient in order that the function be representable as the 
potential of a single-layer distribution, 


vM) -f grp Der) 


and as the potential of a double-layer distribution, 


" ua = f 008 f (MP, nr) g, (ep); 
So MP? | 
where 8, is the boundary of T; v(e) is the mass function, a completely addi- 
tive function of point sets defined on Sj; P is a point of So; and np is the 
interior normal to Se at P. 
These conditions are given in terms of “normal families” of surfaces. 


‘ 


. 2. Potentials and normal families of surfaces. 

Definition. We shalt call a family {S} of simple closed. surfaces having 

a tangent plane at every point a normal family provided that they lie interior 

or exterior to the surface So, which we shall consider as a member of the 
family, and 

(a) for each née of the family and for any two points A, B of the 


surface LL 
| £ (nane)? < y AB: 


where y is a constant, n4 is the normal at A, and ng is the normal 

at B; | 
4 This paper is an extension of the corresponding treatment for the two-dimensional 
case as presented by Professor G. C. Evans in a seminar conducted at The Rice In- 
stitute during the spring of 1933. Theorems 4.1 and 4.2 overlap somewhat a theorem 
` published by Ch. J. De la Vallée Poussin in November of the same year. Cf. De la Vallée: 
Poussin, “ Propriétés des Fonctions Harmoniques dans un Domaine Ouvert Limité par 
des Surfaces à Courbure Bornée,” Annali della Rendiconti Scuola Normale Superiore 
de Pisa, serie 2, vol. 2 (1933-XI), pp. 167-199. A more complete „reference to this 

theorem of De la Vallée Poussin’s is given in the footnote to Theorem 4, 2. 
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(by for every two: surfaces’ S, atid Sy of the family : - - 

TE (may ints) | < y Arde 
where na, is the normal to Sy at ‘A; on 8,, and na, is the normal to 
S, at A, on 82; 

(c) in any infinite subset of the family there is a subsequence {Si} which 
approaches a surface 8 of the family, approach being in the sense 
that the maximum normal distance from 8 approaches zero. 

` We take the positive directions of the normals to the surfaces to be toward 
the interiors of the surfaces. We denote by T+ and T- the regions interior 
and exterior respectively to So. 

Consider a surface S, having the property (a). Let P be a point of 8, 
and M a point not on Se and such that the normal to 8, at the point Q on So 
passes through M. Let M’ be the image of M in the tangent plane to Sp at Q. 
Consider a normal family {S} of surfaces inside or outside S, and let + be the 
maximum normal distance of a member of the family from So. We suppose 
that + is small enough so that there is a unique 1: 1 correspondence ? of points 
Ay of Sp along the normals na, with points A of an arbitrary surface of {9}. 
If Mis on S, then ‘we denote by mar the normal to 8 at M. We suppose also 
that + is so small that dSe/dSx is bounded away from zero and infinity, where 
dSQ and du are the elements of area of So at Q and 8 at M, TECH else 


We write 
$ = (MP, np) 3 ¢’ = q (MP, np) 
. dx (MP, na); | "u = À (WP, nr) 
00 = À (MË, no); g = q (WP, no) 
r= MPR; = M'P. 


By the st 8 without ous we shall mean both fw and 8; and by 6’, 
both # and Fg. We consider the functions ` : 











(I). ve UQ) = Je OE en), 
(I). . wan = f° co dr(es), 
D. Ua) = Je sing dv(er), | 
av). | TAN = -( = sind arte). 


2 That this'is true for 7 small enough is shown by G. C. Evans and E. R. C. Miles 
in “Potentials of general masses in single and double layers. The relative boundary 
value problems,” . American Joürnal of Mathematics, vol. 53 (1931), pp. 493-516. Cf. 
p. 497. Hereafter we refer to this article as (A). 
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Let ngo be the z-axis and the tangent plane to S, at Q be the æy-plane 
for a system of rectangular coôrdinates. Let s be the curve of intersection 
of So and the plane determined by-P and ng. We shall also denote by s the 
length of the arc QP measured along this curve. Take as the z-axis the 
tangent to s at Q. Tet P have cylindrical coürdinates (p, p, z). Let A be any 
point of So. Then we denoté by So(8, A) the portion of S, containing A which 
is contained in.the sphere of center À and radius 8; and by 8(8, A) the portion 
of S nearest to So (ò, A) which is cut out by this sphere. We suppose that P 
is in S6(8, Q) and that § is so small that yo à 


s < Rp, pp Sr. 


In the inequalities which follow we may suppose without loss of generality 
that r=. For P in §,(8, Q) we have 


QM = QM = 2r; 
|p— a| = + (mp, no); |8 — e| 5 q (nr no); 
| dr — bo | = € (na, no); | 0u — a| = K (maw, ng); 





























l'eos p — cos de | S2 sin? am | < yp; 

| cos ¢’ — cos Fg | < 2 snt | Bice: 

| sing —sin 6g | <2 sin ? ya | < Ryp; 

| sin ¢’ —sin fa |S2 sin 2e | < ?yp; 

| sin 09 — sin 6’9 |S2 cos a tHe | <2 | sin q aay 
(2. 1) | < HS. i sds < 4yp; 

| cos de + cos do | = 2 coste t So < 4yp; 





























1 1 „ | sin be — sin 9 [1,1 2\ _8y 

2 (rP p ror r) r 
| sin 04 — sin 4 | 52 sinë 

` | Oa — Oe. 
| cos 6 — cos fe | € 2 ne | < 2yr; 
' ; —# y 
| sin Fau — sin fg | S2 sin | <y QW S 2yr; 
. Fy — 6 ; 

| cos f'ar — cos d'a | < 2 Seg < 2yr 
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. Since P is in So(3,Q) if Q is in S,(8, P) the relations (2.1) subsist for 

Q in S,(8, P). e 

Now we wish to consider P as fixed and Q as a variable point in S, (8, P). 
Let np be the z-axis and the tangert plane to Sy at P be the 2’y’-plane. Take 
the «’-axis along the tangent to the curve s* at P, where s* is the curve of 
intersection of S, and the plane determined by’ np and Q. We also denote 
by s* the length of the are QP measured along this curve. Let Q have 
cylindrical coërdinates (p, p, 2). Let O(8, P) be the circle p’ — 8 in the 
vy’-plane. Let 3 be small enough so that the relations (2.1) hold and also 
small enough so that 

S*< 2p"  |ds*| <2] dp’ |. 
Hence we have 
| dSq| <2p’dp’dp’ $< p/p’ <2. 

Lemma 1. The integrals ` 

sing sin &” 


cos6 cos 6” sing sind’ 





















































f FE + GA? dS; f 72 Tr) dIo; f EE CAL dSo; 
RATHS) : S8, P) SP 
cos ¢ — cos 0 : cos ¢’ — cos 0” cos 63, — cos 6, 
f 84 eostas f ae Co e f — NE dSo; 
SOP) i Boô, P) "808, P) 5 
cos 6x4, — cos à sin 64, — sin 8 sin Fa — sin 6” 
f SN Es dSo; f —— aSQ ; f amt, ca do; 
So(5,P) Sol, P) Sol P) 


all approach zero with 8, independently of r. This statement is true if dSa 
and S,(5, P) are replaced by dSx and S(5, P) respectively. 


Since dSe/dSy is bounded away from zero and infinity, the second state- 
ment is a consequence of the first. Using 69 and 6’9 for @ and 6’ we have 
for the first integral  ' x l 


cos 6 cos 6” cos 69 + cos # 5 1 1 
f ay 2| dy — f] Sots 2 — e080 (Sz — aya) | 250 




















q? (2°) 2 72 
So(3,P) So(5,P) cee i i 
cos Hg cos Gq 
< sted ed Ace Boy 
=f { 72 42 (7”)? \ dS 
So(5,P) age 
-< 12y} 2487 ( dp’dp’ — 967y8. 
: BOP CaP) 


This inequality proves the lemma for the first integral. ` The four succeeding 
integrals are treated similarly, using 6g and 6’o for @ and #. For the sixth 
integral we have 
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COS Oar — cos Bg 


f = | dSq X 2y f HBa < 6m. 
. P 


Sotô,P) Sol, P) 





The three remaining integrals are treated similarly. For the first integral 
using Oy and #’x for 6 and 6,’ we we 
cos Ox , COS O'ar 


f = ae ise f 


So P) So(ô,P) 


$ f cos dar — cos 69 


ay 
So ðP) 


cos Oar — cos 6g 
72 




















dSo 


cos Ba cos 0” cos O'g 


dSo +f re NE ry 
So(ô,P) 


The lemma has been proved for these last three integrals. We treat similarly 
the four succeeding integrals, using 63 and 6’x for 6 and 6. 
As a corollary to Lemma 1, we have 


dSq. 











LEMMA 2. The integrals 









































| cos 0 sing sing’ sing sing 
ile: + AF S ai f ye | S 
| o So 
cos $ — cos 8 cos ¢’ — cos #” e | cos Oar — cos 8 
% : 


sin #1 — sin o 


0 

J 
cos O'ar — cos da do; sin ĝar — sin 6g 
ce ge QE 


So 
nc: atas | 
S S 


0 0 0 











| ase; 





are bounded independently of +r. This statement is true if dSo and Sy are 
replaced by dSy and S respectively. 


We denote by Fs a finite number of non-overlapping regions on © and 
let the corresponding regions on So be Eso We denote the measures of these 
sets by m(Es) and m(Es). 


Tasorem 2.1. The absolute continuity of the integrals 


So, | Us) — T: (W) | de; Jan 70D — U, (M) | d8o; 
J, 0D TAN d8y53 RL AC — O: (M) | ASi; 
Eg ES . 
is uniform independently of +. | 


It suffices to prove the theorem for the first two integrals, since dSo/dSx 
_ is bounded away from zero and infinity. We write 
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I= f | Us (M) — Us (M) | d8o < J | dv(ee)| f 
ESo Eg 


=Í iale] {fl sind sing mtf 


Kau 
Kap 


We denote by 7(S,) the total variation of v(e) ‘over 
pletely additive, 7(5.) is bounded. By Lemma 1, giv 
ô so small that the first of the inner integrals is less th 
constant K exists such that for Q in Es, — Es, * Sol 


sir 














sing sin’ 


CRE (r)? <K. 








We now have | 
I < 6/2 + Km(Es)v(8o). 


Hence, for all Es, such that m(Es,) S «/2Kv(8o), 1 
what was to be shown. The second integral may be 


THEOREM 2.2. The integrals 


[man >As f 1000 
J, Us) Tas f 1000) 
remain bounded as r approaches zero and approach zer 


Again it suffices to prove the theorem for the first 
the same method of proof is used for both. That the i 
as + approaches zero follows immediately from the 1 
the first integral we have 


al Us (M) — U: (M°) | dSq 


= f iweni { [I sing sind’ an f 


(7)? (r) 2 
By Lemma 1 we may fix ô so small that, given any e > 

















Sotô,P) 
independently of r. Now for Q not in S,(8, P) the que 
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is bounded for each r. Let Kı(7) be the least upper bound of this quantity. 
We have then 


S| Dalat) — U(E] d8e < Eal) mSS) +672 


for each r. But K;(r) obviously approaches zero uniformly wath Tt. Hence 
the theorem is proved. 


THEOREM 2.3. The integrals 


J, ivantas f, 100D] d8u; f, ITA des f, 10:00] de 


remain bounded as + approaches zero. The same holds if U (W), Ua ar), are 
substituted for U (M), U (M), respectively.. 


It is sufficient to prove the theorem for the first two integrals. In fact, 
we need only to prove the theorem for the second integral, for 


J, 11 9G |—[ 0.0] 148x 5 f | U) 07,001 484 


= Lente)! f 


which is bounded by Lemma 2. ` Consider then: 


f (man asus f dS Sie 


Supposing for the moment that 6 = Or, we have 
f cos c25 fn D | dSu -=f cos < cu, Nar) y iSu. 
8 8 . 


But § is a surface of “ class T.” ° Hence a positive constant T exists so that 
| cos X (ALP, nu) 


integration above, obtaining 


f | U.(M) | d8u = f | dv(ep) | f Lo Oar] asa < 19(S%). / 
S . So S ' 


"cos Pr 0 Su 





= 9 








dv(ep). 














dSw <I. Hence we may interchange the order of 


Therefore Í | Ua (M) | d8u is bounded “for 6 =.6x. Moreover, for the pur- 
JS | 


a (A), p. 494. | 
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poses of this theorem it is immaterial whether we use Oar or 9 for 6, since 


Si 


cos Oar — COS Og 
g? 


du is bounded, by Lemma 2. 


For the second part of the theorem, we may write 


| 7) | S | U) + 0) + | U); 
[TANS | 7) | + | T(P) — U a)| 


We have only to show, that 





Í, | TG) + U(M)| d8u and J | U, (W) —U(M’)| dx 


are bounded. We have 


f | T: (1) + U (M)| dus f” | d(er)| f LRE LLARA 

5 So S 1? TG }* 

The inner integral on the right is bounded by Lemma ?. Hence the iterated 
integral is bounded. Similarly it may be shown that 


J, | U,(M’) —U(M’)| d8u 
is bounded. 
Let M, N on the surface S correspand to Q, P respectively on Sp. 


Lemma 3. The integrals 
J. cos ¢ (MN, ny) aac ued cos À (MN, nar) Su 
Eg MN? Eg MN? 
converge uniformly to the integrals 


f cos { (QP, np) ae and cos g% (QP, ne) dS 
Ego QP: Ego QP? 


respectively as + approaches zero. ` 


We may write 


cos À (QP, np) cos ¢ (MN, ny) 
Src QP oe ee Fe MN? aoar | ene 





where 


n=| f cos {< oe cos & (QP, ne) Ares sf cos & (MN, ny) Su |: 








MN? 
Ego-E So - se A i Eg-Eg . S(6,P) 
= f cos {< oe eos € (QP, np) do f cos { (MN, ny) iSu | 
MN? 


Egy - Sod, n? Eg. S(&,P) 
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Since these dre surfaces of class T, the two integrals composing J, exist and 
approach zero uniformly with 8 on account of the absolute continuity of the 
integral as a function of the set over which the integration is taken. Given 
e > 0 we may fix à so that J, is less, than e/8. Now let 7 be less than 8 
so that N is in 8(8,P). The integrand of the second integral of J, converges 
uniformly to that of the first as + approaches zero. Also dSo/dSxr approaches 
one uniformly as + approaches zero. Hence for 7, sufficiently small we have 
Jı < e/8 for all M, N, Q, P and all 7 & rı, which proves the theorem. The 
other two integrals are treated similarly. 

3. On the solution of integral equations.. Let Sy be a. surface of the kind 
described in the preceding ‘section and let {S} be a normal family of surfaces 
inside or outside S, and including So. Let w be a regular closed curve* on So 
and let « be one part of S, enclosed by w. Denote by g (P, w) the symmetric 
surface density of o at the point P; i.e. 


q(P, w) = L for P inside w, 
=0 for P outside w, 
= 1/2 for P on w, where y is the angle 


between the forward and backward tangents to w at P. Define the function 
of regular curves with regular discontinuities 


(3.1) v() -Í HP Wales 


Let S(r) be a member of the family the least) upper bound of whose normal 
distances from So is r, and let w(r), o(r) be the sets of points on S(r) 
corresponding to w, o respectively on Sp. Write 


(3.2) VU) — f° arp doen) 


(3.3) vu) f U(M)dSx; i 





(3. 4) V(x) = f a Auf UN) a, fda. % 


cr) ana 


Denoting approach to 8, from T+ and T- by lim and es respectively, 
T0t 
we have * 


© (8.5) lim U(r, w) = nt + fe av (op j [EE ON ag 
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(3.6) lim V(r, w) = = 2av(w) + f dv(er) | 
T0* So 

If F(w) is a given completely additive functio 

with regular discontinuities, then in order to obtaï 

determining F(w) by means of the relation F(1 

where U (M) is given by (I) for M in T+, we have 


P(w) —=—2av(w) + f° dv(we) a 
Putting 
as cos q LE np) 


we obtain the a 
(8.7) ve) = 6(w) + Í. dy (we) f. K 


THEOREM 3.1. The equation (3.7) has the s 


(3. 8) Hu) O f° dë (wp) Í, 


where k(Q, P) is the resolvent kernel for the Fredh 


(3.9) WQ) =F) + f ECO, Pyh 


and where f(Q) is given by (3.12) below. The fun 
additive function of regular curves on S, with regi 
uniquely determined. 


The function ¥(Q, P) is seen by its explicit ex] 
below, to be continuous except when Q =—= P. More 
respect to Q and P over So, as solowa a 
below. 

We show first that if y(w) is a completely ad 
curves on So with regular discontinuities and is a sol 
satisfies (3.8). Put ; : 


(3. 10) v(w) = &(w) +H (w). 


It follows immediately from (3.7) that H(w) : 
Hence the derivative of H(w) exists almost everyw 
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(3. 11) | H(w) a h(BR)dSr, 


where A(R) is the derivative almost everywhere of H(w). Substituting 
(3.10) in (8.7) we have 


H(w) = f, a0(we) f EO Pjast fe an(ws) fl K(0,P) a8 
Hence 
ACQ) = f. K(Q,P)d0(we) + f° K(Q, P)h(P) a8. 
. Putting | Í 


(3.12) F(Q) = f K(Q, P) a (wr) 


we obtain the equation (3.9). But (3.9) has the unique ° summable solution 
h(Q) given by 


(3.13) no =i- f k (Q, R) F(R) d8e. 

where” E f s 

(8.14) , ` E(Q, P) +E(Q, P) = f (Q, R)E (B, P)åSr 
| =f KG, R)K(R, Pas 


Substituting (3.18) in (3.11) we have 
H(u) — f 480 f K(Q, P)dv(wr) 
— ff ás SHO mass f, E(B, P)a0 (wr. 


By the first part of the lemma proved below we may change the order of 
integration to reduce this last equation to the form 


H(w) — Í, d&(wp) f dSo{Æ(Q, P) — ie K(R, P)k(Q, BE) dSp}. 
Applying (3.14) we ny have 
Hu) =— f ‘db (ws) f b(Q, P)aSo. 
Substituting in (3.10), we obtain the equation (3.8). Similarly it may be 


L (A), P- 507. 
7 See Appendix 155 
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shown that »(w) given by (3.8) is a completely additive function of curves 
and satisfies (3.7), which completes the proof of the theorem. . 


Lemma 4 The integrals 


Í, |X(Q, P)| dS and f, 120, P)1 48e 


are bounded for all. Q, P on So. If M,N on S(r) correspond respectively to 
Q, P on So, then - 


f; [1 BGG M) d8u and Í, | ECM, N)| 8x 


are bounded uniformly as + approaches zero. 


We define the iterated kernels Ki(Q,P) by the relation 


Kin(Q,P) = f K (Q, R)K:(R, P)dSr 


where Ko(R, P) =K (R, P). The kernel K (Q, P) is not bounded. However 
Kı(Q, P) is bounded and continuous except when Q == P and K,(Q,P) is 
continuous ê in Q and P. It may readily be shown that K,(M, N) is bounded 
uniformly as r approaches zero.” Making use of this fact in conjunction with 
Lemma 3, we see that -K,(M,N), (i= 2), changes continuously as r ap- 
proaches zero, the continuity being uniform in M,N. A proof of this last 
statement follows. 

First, we prove the statement for i==2. Let R on So and G on S(r) 
be corresponding points. Then for any M, N, Q, P 








| fi K(Q, R)K,(E, P)4Sr — J, K(M, @)Ky(G,N)dSe | SJ, +J 
0 è (r) 
where 
di = | K(Q, E)K (R, P)dSr — f K(M, G)K: (G, N)dSa | ; 
So-Sol Q) -Sol P) i S(7)-S(6,Q)~S(8,P) 
Ja = | K(Q,R)K1(R, P)dSr— | K(M,G)K:(G, N)dSc 
Sol Q) 489 (6,P) $(6,Q)+86,P) 





Due to the uniform boundedness of Ki (M, N ) we may fix 8 so that Jz is as ` 
small as we like. Then we let + be less than 8 so that M and N are in §(8, Q) 


t 


8 (A), p. 507. See also Kellogg, Potential Theory, p. 301. 

° From the nature of the proof that K,(Q, P) is bounded, using the proof suggested 
in the footnote given on p. 507 of (A), the uniform boundedness of K,(M,N) is seen 
immediately. See Appendix 2. 
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and §(8,P) respectively. Now the integrand of the second integral in J, 
gonverges uniformly to that of the first as r approaches zero and dSr/dSa 
approaches one uniformly, which proves the statement. The proof for i> 2 
is an obvious application of the method ef mathematical induction. 

Replacing K (Q, P) by AK (Q, P) and substituting (3. 9) into itself twice 
we obtain the equivalent +° Ca 


(3. 15) ACQ) = f(Q) pa K:(Q, P)h(P) dSp 


where 


f(Q) =F) +A Í K(Q,P)fA(P) de 


and 


f(O) =F) +A f. K(Q,P)F(P) dS. 
The solution of (3.15) may be written : 


(3. 16) h(Q) = f(Q) —a° J. k:(Q,R; \)f2(R)dSr 


where k:(Q,R;À°) is continuous in Q and R, providing ° is not a char- 
acteristic value for k2(Q,8;A*). Denoting by &(Q, P; A) the resolvent kernel 
for (3.9) where K(Q, P) has been replaced by AK (Q, P) we have, from (3.13), 


(8.17) &(Q,B3A) —— K (Q, R) —AK: (Q, R) + r%he(Q, R; 1°) 
+x f ka(Q,P3¥°)K(P,B)dSp + (| ka(Q, P; 8) K, (P, R) dSp. 


Since À == 1 is not a characteristic value for K (Q, P) and the characteristic 
values of K (Q, P) are real, A? — 1 is not a characteristic value for K.(Q, P), 
and #:(Q,R;1) is a continuous function of Q and R. From the known 
expressions for ka(Q, P;A°) in terms of the iterated kernels of index at least 
as great as two it is evident that ka (M, N ; 1) converges uniformly to k.(Q, P31) 
as r approaches zero. That &(Q,P) and k (i, N) have the properties stated 
in the lemma follows from (3.17) and the fact that K(Q, P) and K(M, N) 
have these properties. , | 

From the solution (3.8) of the equation (3.7) we may obtain an explicit 
formula for the potential given by (I) in terms of F(w). Substituting (3.8) 
in (I), we have i i 


(3.18) U(M) > „ a CU, P) aF (wr) -iÍ gn(M, P) dF (ep) 


19 That (3. 9) and (3.15) are equivalent if À is not a characteristic value is shown 
in Goursat, Cours d'Analyse Mathématique, vol. 3, pp. 355-356. 
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where 


(3.19). ga (M, P) = af k(R, P) 








cos { (MR, npg) cos { (MP, np). 
Sp — 2 "+ 
MR? MP? 


The function of point sets se). and the function of regular curves »(w) 
are connected by the relations Şo cs 


v(w) = f. q(P, w) dy(ep) = J, _4(P, w) dr (we) 


(3. 20) 
v(e) = S, $ (P, e)dv(we) = S, $(P, e)dr(er) 


where (P,e) is the characteristic function of the set e. Similar relations 
exist 2 between P(e) and F(w), and also between the positive and negative 
variation functions F.(e), F.(w) and v.(e), v.(w). Since the function of 
point sets is completely additive, the corresponding function of regular curves 
is completely additive and conversely. 


THEOREM 8.2. If U(M) is given by (I) for M in T*, a necessary and 
sufficient condition that v(e) be absolutely continuous is that F(e) be abso- 
lutely continuous. Further, if in this situation v’ (P) is continuous, then 
F’ (P) is continuous and conversely, where y’ (P) and F i (P) are the derwatives 
respectively of v(e) and F(e). 


From the equations corresponding to (3. 20) for the positive and negative 
variation functions for v(e) and F(e) and v(w) and F(w) we have, denoting 
by'o the set of points composing w, 


vo) = v.(w) Srle +5) 
F.(o) S F,(w) S F.(o +7). 


Suppose v(e) is absolutely continuous. Then v.(e) are absolutely continuous. 
Since v.(e) are also additive, we have 


v.(o +7) =v. (0) 


since & is of zero superficial measures. Hence v.(w) =v(o). From (3.7) 
we may write 


P(o) E F.(w)S av, (0) + 2m (o)+ Í. M de(er)| f. Looe CP ell 48 


11 See Bray and Evans, “A class of functions harmonic within the sphere,” American 
Journal of Mathematics, vol. 49 (1927), pp. 158-159. The proofs given for functions 
of segments on the sphere apply equally well to bounded additive functions of regular 
curves on So. 
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where each term on the right is absolutely continuous. Therefore F.(e), and 
hence F(e), are absolutely continuous. For the sufficiency of the condition 
stated in the theorem we use the same method of proof, but use equation (3. 8) 
instead of (8. R . 
We note that if U(M) is given by (I) where v(e) = J ¥(P)aS8p and 
8 


if y (P) is continuous on So, then U(M) takes on continuously its boundary 
values F’(P). In fact 


van — f SEE) y ras, 


and the statement follows as in the case of regular surfaces.!? 


| THEOREM 3. 3. If U(M) is given by (I), it may be written in T* in the 
form (8.18) where ga (M, P) is continuous in P and harmonic in M, for M in 
T+, and is not negative; and 


F(w) =lim U (r, w) =m f U (M)dSu 
T0+ 730+ J GT) 


where M is on the surface S(r) of the normal family inside So. 


That g, (M, P) is harmonie in M and continuous in P for M in T* follows 
immediately + from the equation (3.19). We have only to show that g,(M,P) 
is not negative for M in T* and P on So. Suppose the contrary. Then for 
some point M, in T* and some point P, of So, gn(M,P) is negative. From 
the continuity of gn(M, P) in P there is a neighborhood ws on Sp containing Pi 


such that gn (M, P) <0 for P in os, Suppose P(w) — Í F (P)dSp where 


W(P) is continuous on So, positive for P in ws and zero otherwise. Then 
U (M) = x J gn (MM, PF (P)ASp < 0. 
wg 


But U(M) cannot be negative anywhere in T* since it is the solution of the 
interior Dirichlet problem for continuous not-negative boundary values. This 
contradiction establishes the theorem. 


THEOREM 8. à The function U(M) given by (I) for M in T+ is the 
difference of two not-negative functions harmonic in T*. 


This theorem follows immediately from the equation (8.18) and the 


12 Kellogg, Potential Theory, pp. 167- 168. 
18 See Appendix 3. 
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preceding theorem, together with the fact that the completely additive function 
F(w) may be expressed as the difference of two not-negative functions. P 


THEOREM 8.5. If U(M) is given by (I) for M in T*, a necessary and 
sufficient condition that v(e) be absolutely continuous is that the absolute con- 


tinutty of the integrals f U(M)dSx be ‘uniform as t approaches zero. 
or) 


We prove first the nacessity of the condition, supposing v(e) to be 
absolutely continuous. F(e) is absolutely continuous by the preceding 
theorem. It is sufficient to consider the case where F'(e), and therefore 
U(M), is not negative. Bat 


Fo) = lim UN) d8u. 


T0+ e/ of 


Since F(o) is an absolutel- continuous function of point sets, it has a deriva- 
tive F” (P) almost everywhare, and 


ae [ Pe = f P(Q)aso 
| | P(Q) =i U (M) 


almost everywhere.** Suppose the absolute continuity of the integrals ` 


U(M)dSx is not uniform. Then there exists a denumerable sequence 
o(r) 
{Si} of surfaces of the family for which the absolute continuity of the integrals 


Í. U (if) dSy is not uniform, where o; denotes the region on 8; corresponding 


to o on So. By the property (c) of normal families the sequence {Si} con- 
verges to some surface S* >f the family. We denote by U: (H*) the function 
U(M)dSx/dSu+ where .M* on S* corresponds to M on Si. Hence 


T U (M1) d8ar -Í U;(M*) dSire, where o* on S* corresponds to o; on S4. 

s; a 

By De la Vallée Poussin’s converse to Vitali’s Theorem, either { lim Ui (M*)} 
` 4-00 


14 Due to the absolute centinuity of F and », we may compute the derivatives of 
both members of (3.7), obtaining 


r (Q) =— (1/27) PQ) + Ti K(Q,P)»' (P)d8, 


where v» (Q) and F'(Q) are the derivatives almost everywhere of »(w) and F(w). 
Transposing, we obtain 


F(Q) =— 27" (Q) +e f Æ(Q,P)»' (P)dS = lim U (at), 
. : So ras 
as is shown.in (A), p. 511. Loi 
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isnot summableor lim { U; (M*) dS is not equal to f { lim U: (M*) }dS ae. 
s y k 4-00 a g* . o* 4-00 

If S* is So, neither of these conditions is possible as is shown by (3.21). But 
if 8* is not So, then U(M) is continuous, and again neither condition can 
subsist. 


To prove the sufficiency, we hote that if the absolute continuity of the 
integrals f ~ U(M)dS8y is uniform, then F(Q) is summable by Vitali’s 
olr) 


Theorem, and lim ( U (M) d8u = f F’(Q)d8q. Hence F (e) is absolutely 
g 


T0+ / o( 7) 
continuous and therefore »(e) is absolutely continuous by Theorem 3. 2. 


4, Necessary and sufficient conditions for representation as potentials. 
THEOREM 4.1. A necessary and sufficient condition that U (M) harmonic 


in T* be representable in the form (I) is that f | U(M)| dSu remain 
SCT) 


bounded over a normal family {S(r)} within So as t approaches zero. 


The necessity of the condition is given by Theorem 2.3. To prove the 
sufficiency we note that by hypothesis the functions of point sets F(o(r)), 
given by | 


F(o(r)) = f U (i) dS 


and therefore the corresponding functions ‘of regular curves F(w(r)) defined 
on the surfaces S(r), are of uniformly bounded total variation. Moreover 
U(M) is uniformly continuous inside and on S(r). From the equations 
corresponding to (3.8) formed for the surfaces of the family it follows that 
the functions v(w(r)) are of uniformly bounded total variation, and by 


Theorem 3.2 we may write v(w(r)) =f. W(M)dSx where y (M) is con- 
oin) 


tinuous on S(r). Consequently we may pick out a subsequence {8x} of 
surfaces of the family for which the functions »,(w’) converge in the weak 
sense ** to a completely additive function »(w) defined on So, where the v (w) 
represent the solutions of the equations corresponding to (3.7) for the surfaces 
Sre Denoting by Py a variable point on S, we have, for & sufficiently large, 


cos { (MPi, ne) , >, 
U(M) — J dn(wr,). 


36 J, Radon, “ Über die Randwertaufgaben beim Logarithmischen Potential,” ‘Wiener 
Akademie Sitzungsberichte, vol. 128 (1919), Ila, p. 1153. The methods employed by 
Radon for a certain class of curves may be extended readily to*apply to normal 
families of surfaces. See Appendix 4. 
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In fact, the w(e) is the integral of a continuous v (Px) and the right-hand 
member is harmonie within S; and takes on continuously the boundaïy values 
U (iy) as M tends to Mp on‘ Sr. But there can be only one such function. 
Consequently that function is U (M). From the weak convergence of the 
functions eee to v(w) defined on So, we now have 


_ g cost (MP, np) cos (MP, np) 
eo Se MP ne = Ss MP? drier) 


which is what was to be shown. 
LEMMA 5. The function ga(M, P) given by (8.18) is positive for M 
in T* and P on Ko. 


By Theorem 3.3, gn(M, P) is not-negative. Suppose there exists a point 
M, of T* and a point Pi of So such that gx (M, P;) is zero. Then ga(M, P) 
is identically zero, since gn(M,P) is harmonic in M and not-negative. For 
any given completely additive function of regular curves with regular dis- 
continuities, F(w), we may solve the panne (3.7) for v(w) so that U (M) 
is given by (3.18) and’ 
` F(w) =lim Í U (M) dS. 
T>0t «/ o(T) 
Define F(e) so that 
F(e) =1 if @ contains P.. 
F(e) = 0 otherwise. 


From (3.17) we now have U (M) =0. Hence 
P(w) =lim f U (M) dS — 0 
70+ J alr) 
for all w, and therefore #(e) — 0 for all e, which contradicts the assumption 


. that F(e) = 1 for all e containing P.. 


THEOREM 4.2. A necessary and sufficient condition +° that U(M) har- 
monic in T* be given by (I) is that U(M) be the difference 5 two not-negative 
functions harmonic in T*. 


The necessity of the condition is given by Theorem 3.4. For the suff- 


19 De la Vallée Poussin (loc. cit., p. 199) proves that a necessary and sufficient con- 
dition that the harmonic function U defined in T+ he the difference of two positive 
© harmonic functions is: that | U | d8 be bounded over a normal family of surfaces 


in T+ and arbitrarily near S, This theorem follows directly from Theorems 4, 1 and 4. 2. 
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ciency we need only prove the theorem for U (M) not-negative and harmonic 
in T+. If U(M) vanishes anywhere in T*, then it vanishes identically, and 
the theorem is trivial. Hence, we shall suppose that U (MY is positive. Con- 
sider a fixed point Æ of T* and a normal family S(r) of surfaces inside So, 
where 7, = 7 = 0 and 7, is small enough so that M is inside all the surfaces. 
We form the functions ga(#,N) corresponding to ga( i, P) where N is a 
point of S(r). From the form of ga(MZ,P) given by (3.19) and from 
Lemma 4 it is easily seen that gn( Æ, N) converges uniformly * to ga(#,P) 
as N on S(r) approaches P on S, along np and that the convergence is uniform 
in r and P. There exists a number e > 0 such that 


gn( B,N) Ze 


for all N of S (7) and all 7; for, supposing the contrary, we can find a sequence 
of points N; on surfaces of the family, having a limit point Ñ on one of the 
surfaces such that gn(,N) equals zero. This is impossible by Lemma 5. 
Defining the functions F (w(r)) on S(r) by the relation 


F(w(r)) = JU) a8 


we have for every r int, =r 20 


‘ 


= 1 ET 

U (i) =i f, OE, NAP (wla). 
In fact F(o(r)) is the integral of a continuous function F(N), ‘and 
P(N) = lim U(M). That U(M) may be written in this form follows from 

` MN ' : 
Theorem 8.3 and the fact that inside S(r), U (Æ) is’ given by 
MN, ny) 
U(M) = Í. cos f (MN, nx) g 

Gi SCT) MN? . v(u(r)x) 
as was noted in the proof of Theorem 4.1. Now F(w(r)) is positive since 
U(M) is positive. Hence 

U(#) = ÉP (S(r)). | 

Therefore the functions F(S(r)) remain bounded uniformly over the normal 
family inside Sə. The theorem now follows immediately from Theorem 4. 1. 


THEOREM 4.3. A necessary and sufficient condition that v(M) harmonic 
in T-, except at infinity, be representable in T- by (8.2) is that 
47 Appendix 5. 
8 | L 
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(a) v(M) approach zero continuously at infinity and 


œ) f |030) d8u = f ua 


—— | dSx remain bounded over a normat 
SCT) SMe 








Anar 
family S(r) outside So as + approaches zero. 


The necessity of (a) is immediate. The necessity of (b) is given by 
Theorem 2.3. Before proving the sufficiency we consider (3.6) in the form 


G(w) = 2m (w) +f. dv(en) | cos & (OP, ne) ge. 


QP? 
or . 
(4.1) (w) = 9(w) + f dren) f K(P,Q)dBe 
where ; 
1 | 1 dv 
Ê h or), 


We may solve this equation in a manner similar to the one followed in solving 
(3.7). We may write the solution in the form 


(4. 2) (w) = 4 (w) — f, dv (wp) f k(P, E) dSp. 
O o 
Given v(Jf), in order to prove the sufficiency of the conditions (a) and 


(b), we form the functions Y(w(r)) = f U,(M)dSy. By hypothesis, 
y alr) 


these functions are of uniformly bounded total variation. From the equations 
corresponding to (4. 2y formed for the surfaces S(r) it is seen that the func- 
tions v(w(r)) have the same property. Hence, as in the proof of Theorem 
4.1, we may pick out subsequences %,(w’) defined on surfaces Sy of the family 
outside So converging in the weak’sense to a completely additive function y(w) 
defined on So. From (a) it follows that v(M) is regular ** at infinity. Since 
U,(M) is continuous outside S; and takes on continuous boundary values on 
Sz, it follows from (4.2) that v(e) is the. integral of a continuous function. 
Hence for k sufficiently large, we may write as for regular surfaces 1° 


38 It follows immediately from a theorem given by Poincaré in his Théorie du 
Potentiel Newtonien, p. 210, that we may write 
DC) =v(x,y,e) =K+H /R+H,/R+..-+H,/R +... 
valid outside a sphere of sufficiently large radius; where K is a constant; H, is a 
spherical harmonic of degree i in +, y, z; and R=Va?+ y?+ 2% We note at once 
that K = 0, and‘hence v(M) approaches zero canonically at infinity. 
1° Kellogg, Potential Theory, p. 311. 


o) 


4 
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o(M) = fr TP, m'n) 


Sx 
for the right-hand member is-harmonic outside S+ and is regular at infinity 
and its normal derivative takes on continuously * the boundary values U, (Mx) 
as M tends to My on Ss But there can be only one such function. Con- 
sequently that function.is v(W). From the- weak convergence, we now have 


v(M) = f zp dur) = dv(ep), 


Sa MP 
: + So So 
which was to be shown. 


THEOREM 4.4. A necessary and sufficient condition that v(M) harmonic 
in T* be representable in T* in the form (8.2) is that In U:(M)| dSar 
remain bounded over a normal family S(r) inside So as 7 approaches zero. 

The necessity of the condition is given by Theorem 2.3. Incidentally, 


for v(W) harmonie in T+ we have G(S(r) = 2 du = 0. Before 


. Í Sin 
proving the sufficiency we first consider the equation corresponding to (3.6). 


This equation is. 


(4.3) »(w) = (w) -Í dv (wp) f K(P, Q)dSo 
O s 
where DE . 
sn Nee dv 
(w) =— z; lim, f Tg OS 
a(r) 
The value À—-—1 is a characteristic value for the kernels AK (Q, P) and 


AK (P,Q) and the equation (4.3) can be satisfied if and only if (8) is 

zero. The mass function v(w) is then determined except for an arbitrary 

additive term of the form C f $2(P)dSp, where C is a constant and ¢2(P) 
o 


is a solution of the homogeneous equation ?? 
$P) =— f SEQ Pydse O 
From the resolvent kernel (P, Q) we can find a particular solution of (4.3). 


20 Ibid., p. 164. 

21 Ibid., p. 213. 

22 (A), p. 505. (An error in printing occurs here. The À should be replaced 
by —A). 
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We first reduce (4. 3) to the Fredholm form. We put »(w) = ¥(w) — H (w). 
From (4.3) it is seen oe H(w) is absolutely continuous, an hence we 
may write 


H(w) =f h(B)å8r 


where h(E) is the derivative almost averywhere of H(w). Proceeding as in 
the proof of Theorem 4.1 we obtain the Fredholm equation 


(4.4) n(Q) =F) — f, E(P, Q)h(P) dSp 


where 


#(Q) = f, K(P,Q)d¥ (wp). 


We write 
k(P,Q;2) = oe Q) + B(P, 9: À) 


where A(P,Q) is the residue at the pole ÀA=—1 and is continuous. 5 
A particular solution of (4.4) is now given by 


MQ) =F) + J, BOP, Q3—1)i(P) ase 


or 


(4.5) MO = 10) + fe BP Qs — DIP) de — f, ACP, O)F(P)aBe 


since 
J, AP, DFP) dB» — 07 
From (4.5) we have . 


H(w) -f 480 f, £P Odeur) 
+f So f, BCE, Q;—1)dSe f, K(P, Ryde (we) 
-f Se f ACR, Q)dSn f; K(P, R) dv (wp). 


The first part of the lemma proved below permits us to change the order of 
integration in this equation. so that we may write 


H(w) — f. de(we) f dSo{K (P,Q) + J K(P,R)B(R, 0; —1)d8 
— f, E(P, E)A(B, Q)aSe). 


23 Kellogg, Potential Theory, p. 308. 
*4 Kellogg, loc. cit., p. 298. à 
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From (3.14) we obtain the relation’ 5 
*  K(P,Q) + B(P, QA) 
= f K(P,R)A(R, Q)dSz=— f. E(P, R)B(R, Q5A)dSn. 
Substituting in the previous, equation, we now have 


H(w) =— f dt(ur) f B(P,Q;—1)a8q 


or 
(46) vw) = ¥(w) + f dt(ur) f BEP, Q;— 148o 
as a particular solution of (4. 3) 


Lemma 6. The integrals 


f. | B(P,Q;—1)| d8p and Í, | B(P, Q; —1)|,4Se 
So o . 
are bounded for all Q, P. The integrals 
| f. | B(N,M;—1)|d8y and Í. | B(W;M;—1)| d8u 
Sm ; SCT) 
are bounded uniformly as + approaches zero. ni 


We may write 


ka(Q, P; a°) = DE) à BQ, P32) 


M+1 
where 4.(Q,P) is continuous in Q, P and B.(Q, P;X) is a power series in 
(A+ 1) uniformly convergent in the neighborhood of A——J1 and with 


coefficients which are continuous * in Q and P. Moreover, B(M, N; — 1) 
and A (M, N) are bounded as r approaches zero since ka(M, N ; X) changes 
continuously with r. Substituting in (3.17) and equating like powers of 
(A-+ 1), we obtain for à =—1 | ; 


(4.7) B(Q, R;—1)=—K (Q, R) + K: (Q, BR) 440(Q, B) + BalQ,B5—1) 
` +4 f, 40(Q,P)K(P, 2) ae — f; 4:(Q; P)E:(P, R)dSp 


af B,(Q,P;—1)K(P,B)dSe-+ f B:(Q, P;—1)K,(P, R)dSp. 


5 Kellogg, loc. cit., p. 294. 
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Since 


An(Q,B) =— f EPA R)dSp a A 


=- f E (Q, P)4a(P; B) aSr — + Se K, (Q, P) Aa(P, jag 


. we reduce (4.7) to the form 


$ 


(4.8) B(Q,R;—1) > 
LECO, + KO R) + Ba(0, R;— 1) —244(Q, R) 


-Í B,(Q;P;—1)K (P, B)dSe + f B:(Q,P ;—1)K, (P, R) d8p. 
So | why So Ly 


The lemma is proved by treating (4.8) in precisely the same manner as we 
treated (3.17) in proving Lemma 4. 

We continue now with the ses of Theorem 4.4. By hypothesis the 
1 
Pr s- 

: alr) 

variation. po Y(S(r)) = 0, the squstions corresponding to (4.3) formed 
for the surfaces S(r) may be solved for the mass functions y(w(r)) defining 
on S(r) the functions ? Y{w(r)). The functions v(w(r)), particular solu- 
tions of thé equations corresponding to (4.3), given by the equations of the 
form (4.6) are of uniformly bounded total variation. Hence we may select 
a subsequence v%(w’) defined on the surfaces S» and converging in the weak 
sense to v(w) defined on So. These functions (w) satisfy the equations 
of the form (4.3), but so also do the functions 


functions see) = — —— dSu are of uniformly bounded total 


p(w’) = (w’) + af p2 (Pr) dSp, 
ew’) + ew’) 


where w’, o’, Pe on Sy correspond respectively to w, o, P on So; Cy is an 
arbitrary constant; and (Pr is a solutión of the homogeneous equation 


$( Py) = — -f p(M)K(M, Px) d8y. The | potential. of the form (3.2) due 


to the mass function y” ag ) reduces inside Sx to a constant?’ Ky, where 
Ky = fx WP, TROA 2 Of an MP, 2 (Px) aS py 
Sy Sy, 


By properly choosing the constants Kz, we have 


z (A), p. 505. 
°T (A), p- 509 (footnote). 
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v(M) —Ke= f TF antw 

, Sr 

for M inside S+; for, as in the previous theorem, w.(w’) is the integral of a 
continuous function and the normal derivative of the right-hand member takes 
on the same boundary values as. does the normal derivative of v(Mf) and 
therefore the right-hand member differs from v(M) by a constant. Since 
u(Mf) is given and the functions (w) converge in the weak sense to 7(w) 
defined on So, we have for M in T+ 


o(if) — f ir d (wr) +K 
So 





where K = lim Ky. But inside T+ we may write 
k>00 


1 
K=B f ap bu(P) ar, 
; So 
where B is a constant, due to the fact that | 
1 
vo(M) =f gyp +: (P)d8r 0 
So 


(for otherwise, v (A1) being a conductor potential, we have ¢.(P) = 0, which 
is impossible since ¢2(P) is a non-zero solution of the homogeneous equation). 
Defining y(w) by the relation 


poy ety ce BY $2(P)d8p 


we now have | | 
ener EEEN E el 
v(i ) -f MP v(wp) = f UP (er 
So a té 
which establishes the theorem. 


THEOREM 4.5. À necessary and sufficient condition that U (ML) harmonic 
in T-, except at infinity, be representable in T- in the form (I) is that 


(a) U(M) approach zero continuously at infinity and f it aS = 0, 
; “g 
where Q is a sphere of radius r >t, sufficiently large, and 
(b) that Í, | U(M)| dSx remain bounded uniformly over a normal 
Cr) 


family S(r) outside So as + approaches zero. 


38 Kellogg, Potential Theory, p. 213. 
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The necessity of (a) is well know. The necessity of (b) is given by 
Theorem 2.3. To prove the sufficiency we must be able to solve the integral 
equations corresponding to (3.5) for the surfaces S(r). These equations 
take the form , 


(4.9) eoe f, FAT K(M, N)dSu 


where 
©(w(r)) => = f UU) ass. 


A sufficient condition that these equations have solutions is that 


crate 
fee a8 (an) 7 ff HONUM ax — 0 


where (M) is a solution of the homogeneous equation 
$(N)=— f $(M)K (M, N) d8u. 
S(r) 


But the potential of the form (3.2) for v(w(r)) = f, pe(M)dSy may be 
Cr) 


expressed as a conductor potential, and hence we may take ¢2(J/) as the 
density of the distribution producing the conductor potential, which we denote 
by V(M). Now let T be a sphere of sufficiently large radius, a, and fixed 
center. We have 


uv 48 — f v Zas =o. 
S(r4+]T Sun+T 


Since U(M) vanishes at infinity likè 1⁄2 and dU/dn vanishes like 1/r°,?° 
we may let a become infinite, obtaining 


2 As we noted in the footnote to Theorem 4.3, we may write 
U(M) =U (a,y,2) =E /R +4 E/R +. -4 E/R” +... 
uniformly convergent outside a sphère of radius sufficiently large, where 
R= Va? Fy +2. 
Let Q be a sphere of radius r large enough so that the above series converges uniformly 
outside and on Q. On © we have 


O(N) =H r +H +... + Afr... 
and . 
au OÙ _ Ue QU yy Uz 
an or do r fy r ge r’ 


a ( =) gens (H,,"/r) — (2n + 1) H,7" _ —H", (a, y, 2) 


But © 


Dr pet J — panes ec pene 
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f y Lise =f vo as =o: 


e ` Sir) Sír) 


But on (7), dV/dn- vanishes identically. Moreover- 


dV / dnar, — dV /dnar* = dire (M). 








Hence we have, since V = 1 on S(r) and fà Io du = 
“ai 
ay da (MYU (M) dSy — 0. 
S(r) S(r) \ 


Therefore the equations (4.9) may be solved. Consequently we may write 
U(M) outside S(r) in the form 


A cs cos { (MN, ny) R 
UM) Le MN? are) 





where v(w(r)) is the solution of (4.9); for the right-hand member is 
harmonic outside S(r), vanishes at infinity, and takes on the sdme values on 
Sr) as U(M), and is “therefore identically equal to, U (M). The solutions 
of (4.9) contain arbitrary additive constants, but we may take these constants 
to be zero, since they add nothing to the potentials given in the form (7) for 
M in T-. To complete the proof we apply the weak convergence analysis as 
in the preceding theorems. 


APPENDIX. 


j 1. 


We derive the equation (3.14) by making use of the formula for (Q, P) 
in terms of K, K,, and kz; namely, the equation (3.17). For A==1 the 
equation (3.17) becomes Lt 


where H” and H’ are spherical harmonies of order #. Hence 
OU fon = H/F + fn + + A re + 


Therefore lim JS AU GS = 47H. But from our assumption concerning the behavior 
r00 


of U(M) at a it follows that lim = dS = 0. Hence H, = 0, and therefore 


r-900 


U (al), and dU/dn vanish at infinity like 1/7? and 1/73 respectively. 
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(LI) ECO, R) =—K (Q, R)— É: (Q, B) + ta(Q, B) 
x + f, ta(Q, 2) (KR) + Ei (z, B) }dSe. ' 


‘Since K:(Q,P) is continuous in Q and P, K2(Q,P) satisfies the Volterra 
relations 


ates f. ba (Q, R)Ka(B, P)d8r = I ko(R, P)K:(Q, R)dSn 
== Ito(Q, P) + K,(Q,P). 


From (1.1’) we have 
[ECO B)K(B, P)d8r=— f E(Q, R)E (B, PJasr 
So | So 
-f K, (Q, R)K (R, P)dSz + f. k:(Q, R)K (R, P)dS» 
So So 
+f ks (Q, t) dSe f {K (z, R)K (R, P) + K, (x, R)K (R, P)}dSr 
So «7 So 
=— K,(Q,P) — K2(Q, P) +f k- (Q, &)dS2{K (x, P) + Kı (x, P)} 
+f. Qe) Kala PS. 
Replacing the last integral by its value given by (1. 2’), we have 
(1. 3’) Í. k(Q, R)K (R, P)dSz =— K (Q, P) + k (Q, P) 


+ Í. ka(Q, £) {K (a, P) + K: (2, P)}d8» 


=k (Q, P) + K (Q, P) 
by (1.1). 
Since 


— ke(Q, E) = K2(Q, B) + K:(Q, R) + K,(Q, B) +: T'a 


this series being uniformly convergent for Q, R on So; and since 
J, F(Q 2) Es(@ R)d8e — f, EQ, 0) E2, R)d8e = Kiin (Q, B) 
it follows that o 


(1.4) f ba(Q, 2) Ki(a, B)dSe— f K:(Q, tyko(a, R)dS, (i =0,1,-°-). 
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By (1.1’) ; 
k(R, P) = — K (R,P) — Ki (R, P) + ka(R, P) 


+ f, ER 2) (Ee P) + ie P)}d8., 
So 


Making use of (1. 4’) we write this equation in the equivalent form 
(1.5) &(R, P) =— K (R, P) — K, (B, P) + ha(B, P) 
+ [kb PE (R, 2) + E (E, 2) }dSo. 

So 


Hence we have 
J. k(E, P)K(Q, R) dS 
——#:(0,P)—R:(0,P) + fire P)E Q, 2) a8. 
+ [rte mass f. ta(2, P) ECR, «) + K,(R, £) }d8e 
——KA(Q,P) —Ka(Q,P) + f, bal P)UC(Q,2) + K:(Q,2)}à8 
+A, ba( 2, P)Ea(Q, 2) dB 
Hy (sb this lan ae Weapon 
(1. 6’) f k(R, P)K(Q,R)dS» 


=—K,(Q,P)-+he(Q,P)+ f ba a, PE (Q2) HE: (Q,2) }dBe 
=h(Q,P) + K(Q,P) 


from (1.5  Combining (1. 3”) and (1. 6’) we obtain the Volterra relations 
(3. 14), ay was to be shown, 


Lemma la. K,(Q,P) is bounded. 
We suppose à to be a positive constant, and consider two cases. 


Case 1. QP = 28 > 0. We may write 


4n?K,(Q,P) = 4n? | K(Q,R)K(R, P)dSz + tat f Ane J, GP) 


So-So(8,Q)-S0(ô,P) (8,Q) 


t 
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We denote the three terms on the right by Z, Ia, and 
have 


II = À | cos £ (QE, nz) 
| t2 | = g ne 
eO QR 


LIRE (es (EP, me) 
Jaan BPP 


It is obvious that | Z, | is bounded. |Z] and | Js | 
are surfaces of class T. 


Case 2. QP < 28. We let ÿ — 48 and write 


4r°K,(Q; P) = 4r? K(Q, R)K (F, P): 
i So-So’ P) 


‘We denote the terms on the right by Jı and Ja respe 








1 
AIS gage (50) 
EAE- f cos € (QR, nr) cos & (EE 
Cu QR RP 
So’ P) 


Since | J, | is obviously bounded, we have only to pre 


Let arc PR measured along the curve of interse: 
determined by mp and R be s. Let np be the z-axis 
So at P be the xy-plane. Let R have cylindrical coi 
similar manner set up a system of cylindrical coérdine 
be the coürdinates of Æ ‘in this system. Denote by 
in the tangent plane at P. Let 5 be the arc QR mes 
intersection of S, and the plane determined by ne 
enough so that 


| X (QR, nr)| Sz; | 4 (QR, ne)| = 
p/p <2 | 
s< 2p 
` ds < 2dp 
S< 2p 
ds < 2dp’s. 


(2.1) 


~ 
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Now we have 


' | cos X (RP, np) | = z/EP < 4yp (see the 9th of iie His (2.1)) 
| cos € (QR, no)| = 27 /RQ < typi - 
|< (QR, nr) — { (QR, no)| = (ne, re) | = 
| cos { (QR, nr) — cos & (QR; ne)| 5 | € (no, nr)| < yOR. 


Hence 


~ | cos & (QR, nx)| < | cos £ (QR, no) | + yQ 
< 4yp', + QR. 





Therefore 


wg (RP 2) | ipe a 














RP? 3 
GE re < Ayp’:/QR? + y/QR = 5y/p's S 10y/p°. 
We have now | 
22) - [F< 40 f Se. 
&(5’,P) 


Let o (3, P) be the circle with center P and radius & and lying in the tangent 
plane to So at P. We have | dSx | < 248" where d9’ is the projection of d&r 
on the tangent plane at P. We have finally 

[|< 807 f =. 





Cô’, P) 


This last integral is known to be bounded.*° 
LEMMA 2a. K,(M,N) is bounded uniformly as + approaches zero. 


“We suppose M, N, G on S(r) correspond respectively to Q, P, R on 8p. 
For simplicity of notation we denote’ S (7) by S. Since MN converges uni- 
formly to QP as r approaches zero, given a positive number ê, then 7, exists 
so that for all r = rı, either MN = 28 uniformly or MN = 25 uniformly. 
Hence, we consider two cases as before. 


Case 1. MN =28>0. In this case we write 


tK (M,N) =4 | K, G)K(G,N)d8a-+ 4 f° tet f° j 
S-S(G,M)-S{6,N) 86,42) St8,N) 


50 Kellogg, Potential Theory, pp. 302-808. 
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Denoting the terms on the right by 7, r. 2, and I’; respectively, we have 


I7, | <5 (8) 
|r, Es land (MG, ñne)l do. 
som) MG. 
I’.|< xf, Les < Mere) ase, 
& J scan) 


Obviously | 7’, | is uniformly bounded as r approaches zero. From Lemma 3 
it follows that | F’; |- and | I’; | are uniformly bounded. 


Case 2. MN < 28. Let 8’ — 48. Now we have 
4K, (M, N) = tat f K(M, G)K(G,N)dSq + 4r? f | 
S-88, N) S0’, N) 


Denoting the terms on the right by J’, and J’, respectively, we have at once 
that 

|74] gage (8), 
and hence | J”’,| is uniformly bounded. Let C(8’,N) be the circle with 
center N and radius & and lying in the tangent plane to S at N. Let pr, p'r 
be the projections of NG and MG respectively in the tangent plane at N, and 
let dS” be the projection of dIe on the tangent plane at N. Without affecting 
the validity of the proof we may suppose à small enough so that the inequalities 
corresponding to (2.1’) hold uniformly as + approaches zero. From the 
inequality (2. 2’) we have evidently 





But since dS”/d8’, pr/p, p’1/p’ all approach 1 uniformly as r approaches zero, 








as” ds’ ; 
f 7 approaches f z- uniformly as r approaches zero. We have seen 





CN F cahp 
that ae is bounded, which completes the proof of the lemma. 
cop | 
E 


LEMMA 3a. ga(M, P) is continuous in P for P on 8, and M in T*. 


` Let M be a fixed point of T+ with minimum distance D from points of Sp. 
It is evident that the second term on the right in equation (3. 19) is continuous 
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in P. For the first term we have 


if. i (R, P) OS t ME, ma) cos { (MR, nz) Sp 


MR 
-f (R,P) ) 8 (ER, na) 22) gg | SIHI; 
where | 
1 
Ima f LECR, P) —E(R, Pi) | Sp 
Ima Í. | k(R, P) —k(R, P:)| dSn. 
D? J s,-89(5,P) 


We may fix è so that J is as small as we like. Suppose PP, < 8/2. To com- 
plete the proof we have only to show that k(R, P;) approaches k(R, P) as 
P, approaches P, with RP > 8/2 and RP, > 8/2. But with this restriction 
on R, it is seen that each term in &(R, P,) as given by (3.17) approaches the 
corresponding term in & (F, P) as P, approaches P. ` Hence the lemma is true. 


4, 
We shall make use of the following theorem due to J. Radon: ** 


Turorsm. Let fa fot + * be a sequence of completely additive functions 
of point sets whose total variation over J is uniformly bounded and let Ho be 
a closed set in J. Then we can pick out a subsequence {fn+} of the functions 
fn and a completely additive function of point sets, fe), so’ that for each 
function ¢(P) continuous on Fo 


(LY) lim f 9(P)dfue(er) — f° (Pdf (er). 


It is readily seen that the function f(e)*and the sequence fne so chosen 
will also satisfy the relation 


(4. 2’) Lim fo beP) afele) = fi 6(P) af (er) 


where the functions Pa(P) are continuous and converge ely to $(P). 
This relation is derived from the inequality 


* J, Radon, “ Theorie und Andwendungen der absolut additiven Mengenfunktionen,” 
Wiener Akademie Sitzungsberichte, 122. 2, II (a), (1913), p. 1337. , 
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| J, érdhe— f, oat | Ea - E 
S, orite f° edf fai — oat |: 


The first term on the right approaches zero as n* becomes infinite, by the 
theorem above. The second term approaches zero as n* becomes infinite on 
account of the uniform convergence of ns to +. Hence we have the relation 
(4.2’). The subsequence fu(e) satisfying (4. 1’) is said to converge to the 
function f(e) in the weak sense. 














Extension for normal families of surfaces. If {fa(e)} is a sequence of 
completely additive functions of point sets defined on the subsequence {Sp} 
of a normal family of surfaces and whose total variations are uniformly 
bounded, and if the sequence {8,} converges to the surface Sp of the normal 
family as n becomes infinite, then we may pick out a subsequence fne of the 
f.’s and a completely additive function of point sets f(e) defined on So such 
that for each (Pa), defined for Pa on Sna and continuous in Pa and con- 
verging uniformly to (P) defined on So 
lim f° (Pr) dfa (eem) = f $(P)af (er). 


n*-300 


This extension is immediate on account of the 1:1 correspondence between 
points of 8, and points of Sn» for n* sufficiently large. We define fr+(e) on 
So equal to fn«(e’), where e” on Sas is the set of points corresponding to e on 
So, and then apply (4. 2’). We say that the functions fs. on Sn» converge in 
the weak sense to f(e) on Spo. 


5. 
Lemma 4a. The functions g,(M,N) converge uniformly to gn(M, P) 


as T approaches zero, M being a fixed point in T* [where N on S(T) corresponds 
to P on So]. . s 


For convenience, we denote S(r) by S. Let r be small enough so that M 
is interior to § as well as So. In the formula for gn(M, N) corresponding to 
(3.19) it is obvious that the second term converges uniformly to the corre- 
sponding term in the formula (3.19) as 7 approaches zero. For the first term 
we have, letting G on S correspond to R on So, 


(5.1’) | f, re, p) SEE) as, 


-Í L(G, N je CG tg) na) de. <I1+J, 
MG? 
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where 
1 k(R, P) ons (ME, Oe) ag, E(GN) cos 4 (HG, na) dSe 
. Sols P) MR? SGP) Ge 
dg | hR P) SS ne) a, HG nye Ae 2e. 
san MER . : S-S(8,P) MG? 


Given e > 0 we may fix 5 so that 
| : I< €/2 


since both integrals of (5. 1%) converge. Now we let r, be less than 8 so that 
N is in 8(8,P). The integrand of the second integral of J converges uni- 
formly to that of the first integral as + approaches zero. Also dS2/dSa 
approaches 1 uniformly as r approaches zero. Hence r, exists so that 

J < 6/2 


$ ` 


for all r S7,. Hence the lemma is proved. 
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FORMAL SOLUTIONS OF IRREGULAR LINEAR DIFFERENTIAL 
EQUATIONS. PART II. s 


By Frances THORNDIKE COPE. 


In the first part of this paper* we proved the fundamental formal 
existence theorem for the linear differential equation 


dy (w)y™ (x) + ay (a) y™ (£) +--+ an(e)y(@) = 0, — ao(2) 0, 


in which the coefficients a; (x) are rational functions of s. We shall now prove 
the converse theorem. In § 6 we shall show the equivalence of the equation (1) 
to the linear differential system 


yaa) = È au (2) 94 (2) GARR yn) 


` in which the a; (x) are rational functions of x, and hence to the most general 
linear system with rational coefficients. Sections 7 and 8 are devoted to general 
theorems on formal reducibility and formal equivalence at œ respectively. 
The definitions and general notation of the first part will be retained. 


5. Converse of fundamental theorem. The converse of Theorem I 
may be stated as follows: 


Turorem VI. Any set of n linearly independent formal series 
Yr, Yes” * +> Yn Of the general type (2) which has the properties, 


i) that if one member of the set is of anormal form then all possible 
determinations of this expression are linearly dependent on Yı, Yz * * Yns 


ii) that the complete set consists of one or more subsets of the form (4), 
determines an essentially unique equation of the form (1), of the n-th order, 
for which these series are a complete set of formal solutions. It is, in fact, 
the equation ` 
(40) | Ya Ya e Yn, y | = 0. 


This equation is obviously satisfied by each of the given series, since on 
replacing y by y: we have two columns of the determinant identical. It is 
actually of n-th order, for the coefficient of y is the Wronskian of the given 


+ This appeared in American Journal of Mathematics, vol. 56 (1934), pp. 411-437. 
13Q 
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set of solutions, which is not zero since the set is linearly independent. More- 
over the equation is unique, for the equations 


dog ays? $+ ++ + any; = 0 (i =1,2,---,”) 
constitute a system of n linear equations in the n ratios 


Q1/ Qo, 2/03 * * * , An/Ao, 


in which the determinant of the coefficients is not zero, since it is precisely 
the Wronskian, A(y1,° * *, Yn), of the set of solutions, which are assumed 
linearly independent. It remains to show that the equation is actually of the 
type (1), that is, that the coefficients are simple formal series. 

To prove this we observe first that any exponential factor which occurs 
in any solution will also occur in all of its derivatives, and’ hence in all the 
elements of one column of the determinant, so that it can be factored out from 
the equation. Thus the equation can be freed of exponential factors. 

We have next to consider the possibility that it may involve log æ. Let 
Yı’ ` ‘> Ym be a set of solutions of the form (4). Then by successive dif- 
ferentiations we find that | | 

, k! 
y} (2) = Ao (2) log" +: + ei Aji(@) le +: + Axi (a) 
: (k =0,1,-++,m—1), 
where the coefficients 


Ajo(t) =s; (£),  Aya(t) = Aiia (2) + at Ajain(e) (0 <4), 
are independent of k. The first m columns of the detérminant then are 
Aoo Aoo log x + A:6,° © +, Aoo log™* a +. | i 


—j): pi 
cy pe ie! (ai 





D log” j-l ay La + A m-t,09 


Aon, Aon log & + Ain, © +, Aon log ” EN naa 

LA (m— 1) Fi -(m— i) logri x +e Aone 
and by subtracting log**a times the first column from the k-th column 
(2 S k = m) the leading term of each element is eliminated from all columns 
2 to m, i.e. the highest power of log x is reduced by one. Then by subtracting 
(4 — 1) log"? x times the second column from the k-th column (3 =k S m) 
` the highest power of log v which appears is again reduced, and by continuing 
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the process we can eliminate step by step all the terms involving loge in 
these columns of the determinant. Since this set of solutions is typical of 
those in which log x occurs, the expansion of the determinant is evidently free 
from logs. Thus the equation (40), since it does not involve loga or any 
exponential factor, is of the required form, that is, has coefficients which are 
formal series in descending powers of a*/™#, 

Since any determination of a series y:(æ) of anormal form is linearly 
dependent on Yı, yo," ` `, Yn, it must also be a solution of the equation (40). 
Consequently the equation obtained is essentially independent of the choice 
of arga/™?, args"? being assumed fixed. Its coefficients therefore do not 
involve fractional powers of x/? but are expressible as formal series in s, 


6. Reduction of general linear system to a single equation. It is well 
known that any system of linear differential equations can be reduced to a 
system of linear equations of the first order, homogeneous if the original 
system is homogeneous. For example, the homogeneous equation of the n-th 
order in one variable, equation (1), can always be reduced to a system of 
n linear homogeneous equations of the first order in n variables, in-particular 
by taking 

yi(t) =y(2), ¥i(@) = y'i- (2) (t= 2,8, -,n), 
in which case the linear system is 


¥(&) = Yin (2) 


Qo(2) yn ("@) =— a (#2) yn (£) —* * > — (£) (2) (i=1,2, m1) 


and has rational coefficients if the coefficients of the equation (1) are rational. 
It is also true, though less familiar, that any linear system 


(41) yaa) = Sau (2)95(2) Coen ee 


with rational coefficients can be reduced to a single equation (1) of the n-th 
order with rational coefficients. ° 


To prove this we let 


ylz) =M (2)y (2) + Aa(w)ye(z) +: + An(2) yn (T) 


where the functions À;(æ) are for the present arbitrary rational functions. 
Then on differentiating repeatedly and substituting each time the values of 
y':(x) from the equations (41) we have n + 1 equations 
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(42) yD (©) = Zdu (2)y (2) (i=1,2,---,n+1), 
4 j=l 
in which the right-hand terms are linear combinations of y;(x),- © `, ÿn(æ). 


Consequently there must be at least one linear homogeneous equation between 
the left-hand terms, that is, an equation of the form 


do(x)y™ (x) +++ ++ da(x)y(z) =0 


in which at least one of the coefficients is different from zero. 

In fact we can choose the A(x) so that & (x) s£0, since they can be so 
chosen that the determinant of the coefficients of Y1, ÿ2,° * * , Yn in the first n 
of the above n + 1 equations is not identically zero. The elements of the i-th 
row of this determinant are 


Yy HAG + Pi (G=12:::,n), 
where + is a polynomial in Ay,---,An, their first î— 2 derivatives, ars 
(r,s =1,- : -, n), and their derivatives. Hence at any point « = which is 


not a pole of one of the coefficients ars (x), the elements of the determinant can 
be given arbitrary values by assigning suitable values first to M (to), ** , An(to), 


then to W:(%0),° © -,A’n(%), and to the derivatives of higher orders succes- 
sively, up to Ay“ (a),° © +, Ant" (a). It is always possible to determine a 
rational function À; (a) such that Aj“ (ao) = cij, where the cs; (i=0,1,:-:,n) 


are arbitrary constants. In fact, the polynomial 


Aj (©) coj + G (8 — Lo) + °° +4 “| (@ — to) § apera E T (2 — To)” 
is such a function. Thus it is possible to determine Ai(@),° ©, Àn(T) so 
that | yis (zo)| 40, and hence a (x) #£0, and we have an equation of the 
n-th order in y(x). Moreover the coefficients in this equation are rational 
combinations of the coefficients of the linear system and CRÉÉ are rational 
functions of a. 

The solution of the linear system in terms of y(x) is then obtained by 
solving simultaneously the first n ‘equations of the set (42) for yı: `, Yn 
Since | ya; |, the determinant of the coefficients, has been madè different from 
zero, Cramer’s rule may be applied, and the solution will be of the form 


(43) yi(%) = Buy® (£) +: > > + Biny (x) (i=1, 2- n) 


where the B51,- - +, Bin are rational functions of x. Thus each solution of the 
n-th order equation in y(x) will lead to a solution of the aar system, and 
we have - 
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Tasorem VII. Any system of homogeneous lir 
of the-first order with rational coefficients can be re 
homogeneous differential equation in one variable wi 


We may therefore regard either the single homo 
order in one variable or the system'of n homôgenec 
order in n variables as essentially equivalent to the n 
linear system. Since, however, the system of n equa 
often the more convenient to use, we shall derive t 
Theorem I for such a system. 

From the equations (43) which give the soluti 
(41) in terms of the solutions of a single equation | 
each subset, ` 

m! ; 
yim] (gs) = sa (s)log” s +: > -+ EE s; (#). 


of solutions of -the single equation there corresponds 


yl) (x) = ao (%) log” s +: + mt jy! a5 (2) 


j!(m— 
(i—=1,2,- 


of solutions of the corresponding system. 
If yl) (x) is of the form (2) we find that its i 


yD (2) = Án (x) log” x F 


"+= a 7 Ai (æ) log”? 2 


where A;;(z) is defined, for ee 0,1,---+,m), by: 
Ajo(@) = s;(x), Aji (2) = A’j,i-1(#) + 274,51 (a 


Consequently, ‘after substituting these values in the 
collect coefficients of powers of logs and: have, for 
(m == 0,1, - ` ",k), 


ysl (s) = > 


2 itm 


5 1 [Bis (E) Aj ni(@) + °° 


which we may write in the form 


M 


+ m! m, ; 
yim] (z) =A) ass (x)log™F a (i= 1,2,- 


5 
e 
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where the coefficients «s; (£) do not depend on m, that is, in a form 
similar to that of ym (g). Hence each such set of. solutions, y" (g) 
(m=0,1,---,%), leads to a corresponding set of solutions of similar form, 
yom (8), ©, yl) (2) (m—0;1,: +", bk). 

From the equation by which y(x) is‘introduced it is clear that if a set 
of solutions of the linear system (41) is linearly dependent then so is the 
corresponding set of solutions of the equation (1), for if there exist constants 
C1," © *, Cn, not all zero, such that : 


Gill + cy Flt ++ tenyi =O | (i=1,2,: ::,n), 
then 


ay fee + Cry ™ = Žuan" +e er cny ™] = 0 
$= . ` -a 


also. Therefore as a corollary of Theorem I we have 


Tuxorem VIL. Any linear system (41) in which the coefficients are 
formal series in descending powers of x'/?, p being a positive integer, has 
always a complete set of n distinct formal solutions of the general type. 


yi lT) = Sio (T) logt x + sa (a) loge a +--+ ++ sult) (i= 1,2, °°, 0), 


and the complete set consists of subsets of the form 


i 
Yi [+1] (x) = 
I= 


i! Tas ie amin pais Poke 
STG tt 8 (@) oe? be (t= 1,2,°-°,0; 7 = 0,1,-°-, k). 
From the complete set of solutions for the homogeneous equation (1) 
a particular solution of the corresponding non-homogeneous equation 


(44) do (z)y™ (2) +: > -+ an()y (x) —r(&), 


where r(x) is a formal series in descending powers of «/?, can be found by 
the method of variation of parameters. This solution is 


¥ (2) = a (2)y (2) +- -+ en(2)yn(2), 
where Le 
di(s) =7r(z)Ani/A? 


and An; denotes the cofactor of the.element in the n-th row and 2-th column 
of A (Y1, Ya"; Yn) ° ` | 
Let the exponential factors of Y1, Y2,“ “ * , Yw bé denoted by 


* By the process used to show that equation (40) involves neither logæ nor 
exponential factors, A can be shown to be of the form (7). S . 
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ea, e222) , eee 3 ASTEA] 


respectively. Then the quotient An;/A has the exponential factor eae 
From the proof of the lemma on page 26 it is clear that the solution of the 
non-homogeneous equation of first order has the same exponential factor as the . 
right-hand term of the equation. Hence’c;(%) has the exponential factor 
eUa, and the products c(æ)y:(x) (i= 1,2,::+,n) have no exponential 
factors. The particular solution F(s) of the non-homogeneous equation of 
the n-th order is therefore an elementary formal solution and in fact one in 
which no exponential factor occurs, and we have the 


THEOREM IX. Any non-homogeneous linear differential equation (44) 
in which both the coefficients and the right-hand terms are formal series in 
descending powers of z'/?, has at least one particular formal solution which 
is of the elementary type (2) and in fact does not involve an exponential factor. 


The same general method may be employed to determine a particular 
solution of the non-homogeneous linear system 


y(t) = Š ay (z)y; (2) + ri(2) (i =1,2,: + -,n) 


in which the 1; (a) as well as the coefficients a;;(æ) are formal series, and an 
elementary solution containing no exponential factor is obtained in this 
case also. 


7. Reducibility.- In the course of the proof of Theorem I we have seen 
that an equation of the type (1’) and of order greater than one is always 
reducible if the basic integer p is suitably chosen. For an arbitrarily chosen 
admissible basic integer, however, the equation is not necessarily reducible. 
The reducibility of the equation is intimately related to the character of its 
complete set of formal solutions. In order to show the relationship we intro- 
duce the concept of a natural family of solutions. 

Let yı (£), ` : *,ya(æ) be a set of n linearly independent solutions of the 
equation (1’). Then any linear combination of them with constant coefficients 
is also a solution of this equation. „The aggregate of such combinations which 
are of the form (2) constitutes a family of solutions, which has the property 
that if one determination of multiple-valued solution belongs to it then so do 
the other determinations. Any set of elementary solutions of the equation 
which has these two properties, namely, 
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i) that any member of the set can be expressed as a linear combination 
of m linearly independent members of the set, 


ii) that if one determination of a multiple-valued solution belongs to the 
set then so do its other determinations 


is called a natural family of solutions, and the number m of linearly inde- 
pendent members is called the order of the family. For example, a single 
non-logarithmic solution of normal form constitutes a natural family. This 
definition of natural family clearly, like those of reducibility and of normal and 
anormal series, is relative to a particular basic integer p. 

It is not difficult to show that among the various sets of m je 
independent members, by which a given natural family can be generated, there 
is at least one of the type described in Theorem I and required by the hy- 
potheses of Theorem VI. Hence we have the 


THEOREM VI’. Any natural family of solutions determines an equation 
of type (1’), of order equal to the order of this family, which has the members 
of this natural family, and only these, as its formal solutions. 


If we add to any given natural family, say F,, of order n,, one or more 
new members such that the set thus formed is also a natural family, say Po, 
of order ne (> nı), the new family F, will determine an equation of order ne. 
If the two corresponding equations are denoted by Li(y) ==@ and M(y) —0 
respectively, then it is clear, since any solution of the first is also a solution 
of the second, that the second may be expressed as L:(L:(y)) = 0, that is, 
that L, is a symbolic factor of M. Similarly, to any expanding sequence of 
natural families F, F.,: --, Fm, there corresponds a sequence of equations, 


Li(y) =0, Le(Li(y)) = 0," > +, Lm (Lima + (Li(y))) = 


such that the formal solutions of the i-th equation are precisely the members 
of F; (i—1,2,: cm). 

On the other hand, if the differential expression L(y) can be factored 
symbolically, that is, if L(y) = M(N(: (y)), where M and N are differential 
operators of the same type as L, then the solutions of the equation N(y) = 0 
are solutions of the equation L(y) —0 also, and hence form a sub-family 
of the natural family of solutions of the latter equation. Consequently any 
factorization L= Lmlma* ` ‘Li of the differential operator L(y) determines: 
an expanding sequence of natural families F,,F,,- © >, Fm such that F; con- 
sists of the formal solutions of the equation f 


Li (Dia: > + (Da(y))) =0 (i= 1,2,--+,m). 
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Furthermore, if the factors [,,--‘, Lm are irreducible, then the corre- 
sponding sequence of natural families is such that there is no intermediate 
natural family distinct from those of the sequence, and conversely. 

This result is precisely analogous, in statement and proof, to the theorem 
on reducibility stated by Birkhoff for the linear difference equations.’ It may 
be stated as follows: 


THEOREM X. To any decomposition of L(y), of order n, into irreducible 
symbolic factors La, La, > <, Lm such that „L == LDmlma1" * * In, there corre- 
sponds a sequence of natural families Fy, Fa, © `, Fm, each containing the 
preceding as a sub-family, such that there exist no intermediate natural : 
families, and such that the general solution of Li(y) = 0 is furnished by Fa; 
of L,Le(y) = 0 by Pe, ete. \ 

Conversely, to any set of natural families Fi, F2, ++, Fm (of. formal 
solutions of L(y) — 0), each containing the preceding as a sub-family, but 
such that there exist no intermediate natural families, there corresponds an 
irreducible factorization of L(y), which is essentially unique. 


8. Equivalence. For certain purposes it is convenient to focus attention 
on the set of distinct natural families into which a given natural family can 
be divided, rather than on an expanding sequence of natural families con- 
tained in it. It is clear that each set of solutions (4), with their various 
determinations if they are multiple-valued, determines a distinct natural 
family of solutions of the equation (1). ‘Similarly the complete set of 
solutions of the linear system 


. n 2 
(45) y'i(z) = X ai (2)y; (2) (t==1, 8," n) 
iz 
consists of distinct sets of the form 
(46) Ge), yA (UML (@) (=D mine. an), 
where gU (æ), ++, yE denote the m distinct determinations of the solution 


a a E oa do) 

This decomposition of the fundamental set of solutions into distinct sets 
which correspond to distinct natural families is useful in studying the equiva- 
lence of linear systems. In matrix notation the system (45) is written as 
Y’ (x) = A(x)Y (x) where A(x) ‘denotes the matrix || a: (æ) ||, and the matrix 
solution S(x) is the n-rowed square matrix formed. by the fundamental set 


5 Loc. cit., pp. 288-241. 
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of solutions. (Hence | S(z)| 40. A linear transformation (x) = B(s) F (x) 
{| B(z)| +40), in which the elements of B(x) are series of the form 
b(a) = bo + bya? + bag ?2/m? 4- - - then takes the original equation (45) 
into another s 


P(e) =A(a)¥(e) (4x) = B+ (2) [A (1)B(2) —B'(2)]), 


oz the same type, and the two equations are said to be formally equivalent 
at oo. If all the elements of B(x) are of normal form the ‘equations are 
called properly equivalent; otherwise they are called improperly equivalent. 
Tz S(x) = B(«) H(z) (| B(x)| £0), so that H(z) is a solution of the new 
equation, then we have A (s) == P’ (s) E~ (s). 

From the form of the sets (46) we find that such a factorization of S(x) 
is always possible. Let the first m(k + 1) columns of S(s) consist of a set 
of solutions (46), with the common exponential factor e2% ; let the highest 
positive power of x which occurs in any of the coefficients s:; (x) be the r-th; § 
let ex denote the A-th determination of ae? ; and let sD (æ) be the A-th 
determination of sı; (£)/ea. Then s(x) is a simple formal series with no 
terms in positive powers of 2/™?, and these columns of S(x) can evidently be 
obtained in a product B(x)H#(a) if the first m(% + 1) columns of B(x) are 


sH, Pare st; .. 3 sil, . 5 sim 
[1] se Rene 4.4 {ml . . . olm} 

Sno? TE > Sno? sS ak 
— —— 


ye 
k + 1 columns 


m sets of k + 1 columns each 


and the first m(k + 1) rows of E (s) are 


11, Eu logg, * *, @xylogte ; 0,. . .*. . a cu i «0 
0, ex, FRS Ré TOR A Oa M ess re Les oO 
Qype cer ee Si S058 

Ohi 46. cx) Be a ORE Ge Ce 15 O; Cam" ~ =, Gu logt 5 0,+ «+, 0 
Oe i Oe GA We Gnu SOR eee. Olea 


Similarly each set of solutions (46), i. e., each distinct natural family of 


4 Cf. Birkhoff, loc: cit., p. 242. 
5 If no positive powers oceur let r ==0. 
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solutions, determines a set of columns of B(x) and of rows of E (s), and we 
have f . : 


THEOREM XI. An arbitrary linear system 
(45) Y’ (z) = A(2)¥ (2), 


in which the elements of the matrix A(x) are formal series in descending. 
powers of x/?, is equivalent (improperly) to a normal system 


(2) = F' (2) B+(2) P (2), 


in which the matriz E(x) consists of zeros except for blocks, along the prin- 
cipal diagonal, of the form 


evr, en logg,- enlog x 
0, er, +++, kven log x 
0, EAE a ee ae ; lvis 


where ev, denotes the À-th determination of the factor z'e%v(® in the v-th set 
of solutions (46) of the system (45°). 


To illustrate the application of this result consider the special case in 
which the formal solutions are all non-logarithmic and of normal type. Then ` 
there are n distinct natural families, the matrix Æ(x) consists entirely of 


zeros except for the elements greha,- ate%=@) on the principal diagonal, 
and the normal form is ` 
y'ale) = [O%(2) + re ]y: (x) (t= 1,2,---,7). 


RADCLIFFE COLLEGE. 


“ON THE ALGEBRAIC PROBLEM CONCERNING THE NORMAL 
FORMS OF LINEAR DYNAMICAL SYSTEMS. 


By, Joux WILLIAMSON. 


Introduction. Let m be the number of degrees of freedom of a linear con- 
servative dynamical system and let the point (q:,Q2,° * *, Qm, Pis Pas * `> Pm) 
of the phase space be denoted by @ == (£, a," ``, m). A system of 2m 
ordinary differential equations of the first order, which are homogeneous, 
linear and do not contain ¢ explicitly, is a canonical system if, and only if, 
there exists a symmetric matrix A, such that the differential equations may be 
written in the form 
(i) Bdz/dt = Ag, 


—E 


where B is the skew symmetric matrix 0 '}, and # the unit matrix of 


0 
E 
order m. In fact, apart from a factor 2, A is simply the matrix of the 
2m-ary quadratic form, which represents the Hamiltonian function. A non- 
singular matrix P is said to be a Hamiltonian matrix, if the transformation 
x = Py sends every differential system of the form (i) into a differential 
system of the same form. 

It has been pointed out by Wintner ' that, if the system (i) is transformed 
into the system 
(ii) Bdy/dt = Oy 


by the transformation x = Py, then P is a Hamiltonian matrix if and only if 
(iii) | P'BP—5sB and PAP =sC. 


In the following pages we use this result to determine a normal form for 
the system of equations (i). Equations (iii) imply, 


P’(A-—2B)P =s(C—AB), 
or 
P’,(A—AB)P, = + (C—AB), 


where P, = a/v: |)P. Since ( 9) 8 G: x) = — B, we have either 


1 A. Wintner, “On the linear conservative dynamical systems,” Annali di mate- 
matica pura ed applicata, ser. 4, tomo 13 (1934-1935). 
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P’,(A —dB)P, =C—AB or P',(A—2 

ppl? BV can (9 B\nf0. 2B 
where P. =P, E 0 ) ana C2 =(, 0. C ( o) 
a matrix of matrices of order m, so that C A Crs 
. 7 Cx Ce 
It is therefore apparent that a normal form for the s 
from a suitable canonical form of the matrix pencil 
Accordingly we first consider the purely algebra: 
a canonical form for a pencil 4 —AB where A is | 
symmetric and non-singular. For the sake of gene: 
elements of the matrices A and B lie in a commute 
transformation matrices are restricted to have ele 
Later we particularize B to be the matrix (ù re 
applicable to the original dynamical problem. In th 
fications, which arise when K is the field of all real 
and a list of the possible normal forms of the matrix 
case of two degrees of freedom (m—2). These nox 
elementary divisors of A — AB which may be real, co 
It is interesting to note that, if any of the elementar 
pure imaginary, the elementary divisors alone are n 

the normal form. | 


- I. Let A and B be two square matrices of on 
commutative field K of characteristic zero. Further 
B be skew-symmetric, and non-singular, so that 
| B| 40. If M is any matrix with elements in K, 
there .exists a non-singular matrix P, with ele 
P“*AB*P ==M. Hence, if À is any indeterminate, P- (. 
Accordingly, 


P’(B+)’(A —AB) BAP = P'(B4)'P(M —Al 


where R = P’(B*)’P. If C= BP, we may wri 
the form 

(1) C'(A—ÀB)C = R(M —aB 
As a consequence of (1), | 


R—=C'BC and ÆFM—C'A 


2 Cf. C. Lanezos, “ Eine neue Transformationstheorie li 
| gen,” Annalen der Physik, 5 Folge; ser. 658, Band 20 (193: 
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so that R is skew symmetric and RM is symmetric. Therefore 
@) RM = (RMY = WR —— WR. 


The pencil A —AB is equivalent under a non-singular congruent trans- 
formation with elements in K, to the pencil RM — AEF and-we may, without 
any risk of confusion, simply ‘say that the two pencils are equivalent. We shall 
proceed to determine a canonical form for the pencil A—'AB by choosing a 
suitable form for the matrix M and by reducing the matrix R. “We first notice 
that, if W is a non-singular matrix with elements in K and if | 





(3) W'R(M—XE)W = S(M—AB), 
then ` ` i 

(4) ARS S=WRW 

and 


WRMW = SM = WRWM by (4), 
so that, since W’R is non-singular, 


(5) MW = WM.. 


Hence, in the reduction of the matrix R, we are only at liberty to use trans- 
formations, whose matrices are commutative with M. 
Further, if Q is a non-singular matrix satisfying the equation 


(6) Qu = — WQ, 
it follows easily from (2) that 

(7) , E=QG, 
where ; 

(8) GM = MG. 


If M is a diagonal block matrix, 
-(9) vo M = [M Mise, Mi], i i 


where M: is a square matrix of order e; we may write G as a matrix of 
matrices, i 


G= (Gu) (LiSB: t). 


where Gij is a matrix of e; rows and e; columns. LS 
If Q; is a non-singular matrix of order e;, such that 


OM; = —M'iQ: ; (i =1,2,°°°, t), 
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then the diagonal block matrix 
(10) Q= [Q1, Q2° -, Q@r] 


is non-singular and satisfies (6). 
We now prove, 


LEMMA 1. If Qi = piQ: (i= dresse, t), a 
non-singular, there exists a non-singular matriz W 
that W’QGW = QH, where H = (Hi) (i,j ~1,5 
H; = Hy, = 0 (7 1). 


Proof. Let : 
E, —GiutGy, — Giur” Gus 
0 E, 0 
W = 0 0 Es 
0 0 0 


where F; is the unit matrix of order ez. 

Since the matrix G@ satisfies (8), GM; = 
— Gu” G yM; = — Gy G = — MG Gaj. ] 
mutative with M. 

Since R is skew symmetric, it follows from (7) 


(11) Qi; = — iQ"; = — pi’ 
The element in the j-th row, j Æ 1, of the first ec 


— Gri (Guy Qu 
But . . 
= (CE (Gi) Q Sa Pr iQ Gt = — pi? Qj 


by (11) and the definition of pı. Therefore W’Q = 
obtained from W’ by substituting — G;,G:,:1 for — 
in the j-th place of the first column, j s41. Sin 
row and the first column of the product LGW is G 
in the first row or column are zero,.the lemma is pr 

If the diagonal block matrix M in (9) is such 
mutative with M is also a diagonal block matrix G = 
G, is a square matrix of order e;, then 


(12) j GiM; = MG; 
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Further, as a consequence of (7), R is a diagonal block matrix [Ri, Re,---, Re], 
where 

(13) Bi = QiG : (i=1, Re st), 
and since W is commutative with M, W = [ Wu, W2,: © -, Wi] and the matrix 
S defined by (4) is a diagonat block matrix [8:, S2" - :, S:], where 


(14) Si = Wri Ri Wi (i= 1,2, :-,t). 


«But, apart from the suffixes i, equations (12), (13) and (14) are the 
same as (8). (7) and (4) respectively. Therefore, in reducing R to S, we 
need only consider the reduction, of each block R; separately by matrices com- 
mutative with Mi. ‘ 


2. Form of the matrix M. Since the elements of the matrices A and B 
lie in the. field K, the invariant factors of the pencil À —AB are polynomials 
in A with coecficients in K. We shall call the powers of the distinct irreducible 
factors of the invariant factors, the elementary factors (with respect to K) 
of the pencil. Since A is symmetric and B is skew symmetric, the invariant 
factors are unaltered, except perhaps in sign, by the interchange of À and — À. 
Hence each invariant factor is the product of an even polynomial in A by a 
power of A. Accordingly the elementary FRERES of the pencil A —AB are 
of three types: 

Type a. [p(A)]* together with [p(—A)]*, where p(d) is:an irreducible 
polynomial but is not an even polynomial in A and p(A) 2 À. 

` Type b. [h(A)]* where h(A) = p(A?) is an even irreducible polynomial 
in À. ` 

Type c. A. 

‘We now proceed to determine matrices with elementary Pacs of types 
(a), (b) and (c) respectively.’ à 

Type (a). Let p(A) be of degree m and let p be any matrix of order m 
with elements in K, whose characteristic equation is p(A) *= 0, and let e be 
the unit matrix of order m. Then, if 


cn a (2) (5). 


3 TED is a D is a matrix with elements in K we shall mean by the elementary factors 
of D, the elementary factors of the pencil D — AH, where E is the unit matrix. 

t We may take as the matrix p the companion matrix of p{A). Cf. J. Williamson, 
“The equivalence of non-singular pencils of hermitian matrices in an arbitrary field,” 
American Journal of Mathematics, vol. 57 (1935), p. 475. . 
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the matrix 
x ¢ 0 + 0 Š | ° 
r @ + 0 | 
(16) N= |° ss 
0 0 0 : 4 
0 0 0 -°+ 


of order k, considered as a matrix of matrices of order 2m, has the elementary 
factors [p(A)]*, [p(—A)]*. For [p(N)]*[p(—N)]* =0 and N satisfies 
no equation of lower degree. We now write (16) in the more convenient form 


(17) N =E +40, 
where ` 
0 e 0 0 
0 
ee 00 e- 0 
€ 
E= | | and U= : é 
| 60 0 € 
0 . 
Deh 000.0 


and proceed to determine a non-singular matrix V satisfying 


(18) VN =— N'Y. 
If 
00- 0 e 
00. € 0 
(19) Pes en es ee 
0 e 0 0 
e 0 ô 0 


we see immediately that T? = Æ and that | 
(20) i - TU = UT. 
Further, we can determine a non-singular symmetric matrix g such that * 


(21) | qp = pq. 
Since the matrix r, defined by | 


(22) (5); 


satisfies the equation 


(23) t = — or = — #7, 
it follows that the matrix 


(24) Ve gl 


sT; Williamson, loc. cit., p. 490. 
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is a non-singular skew symmetric matrix satisfying (18). In fact, 


VN =qrT (xE +40) by (17) 
= qr(rE + $U’)T by (20). 
=— (WE + PU) qT by (28) 
= — N'T: 


Type b. The characteristic equation of the matrix 


es (9 


is p(A?) = 0, so that x has the single elementary divisor p(A?) and the matrix 
(26) N=TE +U 


has the single elementary factor [p(A?)]*. If 


0 0 © 0 —e 
0 0 © € 
(27) a F Loa 8 we ots À } 
0 (—e)*1.- 0 0 
(—«)* 0 0 0 
it is easily shown that 
XU =— UX 
and that, if a 
(28) 2 = V = qrX, 


Y is non-singular and satisfies (18). It should be noted that, since r is skew 

symmetric, V is symmetric, if & is even, and skew symmetric if i is odd. 
Type c. If, in (26), r= 0 and e= 1, so that U is the auxiliary unit 

matrix of order k, | 

(29) N=UJU, 


is a matrix with the single elementary factor A. Moreover the matrix V 
defined by (28) where q, 7 and e all have the value unity, satisfies (18). 

If Ni, N2,- © +, N; are r matrices, where N; is the matrix N with k = ki, 
the diagonal block matrix . 


(30) M = [Np No: + -, Nr] 


has the elementary factors [p(A)]*, [p(— A) ]*, if each N; is defined by (17) ; 
the elementary factors [p(A?) ]*+, if each N; is defined by (26) ;.and the ele- 


. 
. 
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mentary factors A*t, if each N; is defined by (29) (¢=1, 
(24) or (28) with k= k; determines a non-singular 
ViN; = — N'Y; and accordingly the matrix 


(31) OEE Vac 


‘is non-singular and satisfies (6), when M has the value 
Let the elementary factors of 4—AB be [pi 
(t==1,2,:--,8), of type a, [pi(r?) ]s (is + 1,- 
Aku of type c, 
j=1,2,--°,%3 hu Z ke2 S 


where pi(A) s£ pj(A), pi(r?) £ pi (à°), fi The 
(32) M = [ M, Ma: +, Mi], 


where M; is the matrix corresponding to the matrix on 
p is replaced by p; and r by rı, has the same elementar: 
the same invariant factors as A —AB. Hence the mati 
matrix AB. Moreover, if Q: is obtained from (31) in 
obtained from (30), the diagonal block matrix, 


(33) Q — [Qi Qa: "Qil, 


satisfies the equation QM = — M'Q. We may accordi) 
M and Q defined by (32) and (33) as the matrices ] 
Since any matrix G, commutative with M in (82) is a ¢ 
CG G2: - +, Gt] by the remark at the end of section 
treat each block R; separately. 


3. Reduction of R. We consider the matrix Ri = ( 
symmetric and non-singular, G; is commutative with M; 
We first treat the case, in which 1 ¢—1, so that t 
of M, are not of the form A*. For simplicity of writin, 
all suffixes à and write R, Q, G, M, ete. for Ri, Qi, Gi, 1 
M and @ are the matrices defined by equations (30) : 

If, 

G = (Gi) 


is a partition of G similar to that of M in (30), i.e. ii 


SR. C. Trott, Bulletin of the American Mathematica 
Abstract No. 95. | | 


+ 
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the same number of rows k; as N; and the same number of columns k; as Nj, 
it is known that, when k: = kj, | 


F ; S 
(34) Qij -( n) > Gi (0 Fa), : 
where F;; and Fj; are square matrices of order &=—k;" Moreover, 


(35) Fay = fig + finU +--+ ++ fied, 


where fijs = fije(r) is a polynomial in the matrix r with coefficients in K. 
Since À == QG is skew-symmetric, it follows that- 


. (36) Vily = — PV = pi iV, 

where pj == + 1, if Y; is skew symmetric on pj =— 1 if V; is symmetric. 
In particular, if kı = kj, since Gi; = Fi; and Vi = Vj, (36) becomes 

(37) ViP ey = pil Vi = pil Vi. 

As a consequence of the definition of Vi, 


Vin U* = — r' UY. 


| 


” Hence, 
ket 
Viki = Vi Z fess (7) U8, 
S=! 
kel 
= Z fiss — 7°) UVa 
i k-i | . 
= pi È fis (x”) UV; by (37). 
Therefore, if k; = kj, 
(38) fist) = pifjis (x) : €s 


In particular, 


| 
q 
D 
> 

| 
ft 
a 


fits(— 7) = pifiis(r). 


Hence fiis(r) is an even polynomial in r if ps — 1 and an odd polynomial, 
if pg==—1. In either case fiis(m) is singular, if and only if it is zero. 
Consequently we have the result; Gi; is singular, if and only if its first 
element fiio is zero. | 4 : 

Let kı = kg ==; + == ke > kon Z koje Then, if Gi is singular, but for 
some value of j, 1 < j Sc, Gj; is non-singular, we may interchange the first 
and j-th rows, and the first and j-th columns, thus bringing G;; into the place 


7 Trott, loc. cit., ef. Cullis, Matrices and Determinoids, vol. 3, chap. XXVII. : 


150 JOHN WILLIAMSON. 


of Gu without disturbing M or Q. We therefore suppose that G;; is singular 
for all values of j, 1S jc. Since the first element of Gi is zero, when» 
i >c, (equation (34)) and G is non-singular, the first element fjr of G;, is 
different from zero for at least one value of j, 1 < jc. Accordingly without 
any loss of generality we may suppose that fz10 54 0. 


Let : 
ya 0 
ve le nh] , 


where F, is the unit matrix of the same order as N, and E, the unit matrix 
of the same order as [N3, Na" © +, Nr]. The matrix W is commutative with 


M and 
iy (Es a) ; 
wo=[(4 i. , £, |Q 


-0 [0 e] 
If W/QGW = QH, where H = (H;;) is a partition of H similar to that of G, 
Ha = Gau + w(— 1) Gor + w (r) Gaz + w(—r)w (7) Gao. 
The first element h of Hı, accordingly satisfies the equation 


h = firo + w(— a) foro + W (a) f120 + w(— r) w (Tr) foro 
or h = w(— r) foro HW (Tr) fizo, 
since by hypothesis fo = f220 = 0. 

If w(r) is the identity matrix À has the value fao + fizo and if w(r) = r, 
the value ~ (fi20 — f10). Since m is non-singular both these values of h cannot 
be zero, as otherwise fz19 would be zero, contrary to our assumption. Thus we 
find a non-singular matrix W, such that W’QG = QH where the first element 
of H, is non-zero so that Hı is non-singular. We may therefore suppose that 
such a transformation has already been applied to G and accordingly may 
assume that Gy, is non-singular. 

The matrices Q and G now satisfy the hypothesis of Lemma 1, so that 
G may be reduced to a form, in which Gj = Gj=0, j1. By r—1 
repetitions of the above process we finally reduce G to the diagonal block 
matrix, . . 

(39) G= [Gi, Ga," +, Gr], 


&-1 í 
where Gj = 5 yieUj® and yjs = yje(r) is a polynomial in the matrix m while 
8=0 : 


yjo is non-singular. 
We now proceed to reduce the matrix G; to the form y;.H;. Let 
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VAL Ys Se ie 0, Yj e+i Æ 0, c = k;1. 
Then, if W; st E; ea yj Yi on, 


ki 
WG; = Hy = yi; + È hie (r) 0}. 


Moreover an . 
WiVa = {E; — b (yEy (75 on 9") V 5 
= p; V; (E; — fyr Biyi enU), by (36), 
= V; W;. 
Therefore WV;GW; = ViW G = V;H;. 


But H; is of the same type as G;, except that it contains no term in U,°*. 
Accordingly, in at most k; — 1 such steps, we may reduce G; to the form 


(40) | G; = yj Hj. 


The matrix y; in (40) is a polynomial in r, which is even or odd according 
as V; is skew symmetric or symmetric. 
It is now necessary to distinguish between the two cases; 


- 


0 
case a. (9 o) 
case b. —( o) $ 


In case a for all values of j, V; is skew symmetric, so that y; in (40) 
_is an even polynomial | 


yi = gi (a) = (” a n g) À 


Let T(r) = (" ae o) ; 
Then 


enero =el pa O e ET 8), 
—a(¢ o) by (21) and (22). 

Te mere, | 
WV GW; = vi (6 °) z Vo, 


Hence in case a we may reduce R and RM by POUR permutable 
with M, to the forms 
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(41) à [gT qrl 2, EOR 3 grTr], [grT Nj, grT pl 


respectively. The matrices (41) are uniquely determi 
g and by the exponents k; to which p(A) and p(— 
mentary factors of À — AB. | 

We condense the above results in the following s 
to each pair of elementary factors [p(r)]*, [p(- 
canonical form of, À —AB, there is a block 


(42) VN —AV, 


where N is defined by (17) and V by (24). 
case b. In this case no such great simplificati 
Let 
G = [ils yells, chee we ay yrr], H = [oE 


where o; and y; are all non-singular polynomials ir 
non-singular matrix commutative with M such tha 


(48) WGW =QH. 


If, as in previous cases, we write W == (Wi;) as at 
consequence of (43) that 


(44) 2 W'ai VayaBa Waj = di5VioiE 


‘êi; the Kronecker 8. , 
| Since W is commutative with M 


Wa = (7%); Wii (OF), 1=j i 


where F;; is defined by (35). Moreover, 


kil A 
Ei Vi = {fijo (r) Bj + 2 fise(n°) U's} 
8z 
k-i 
= Vi{fijo(— r) E; + 2 (—1)%, 
= VP. | l 
Accordingly if 4S j, 


WV = (F0) Vi = (05; V;) = (0 VY; 
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r 


and 
0 0 0 (P, 
s FV ae i — = 2 = i}. 
WV; (a) v ae) (ri) ni ( 0 ) 
Hence, y . p 
(45) Wi; Vi = ViWas and WV; = ViWi 
where . : 


Wis = (0 Fi) ‘and Wis = CJ ki = kj. 


Therefore, if w;;(a) and Ù; (7) are the first elements of the matrices Wi; and 

Wi; respectively we have the results 

(46) Wij (r)= Wij (— x), ki = kj; Wij (r)= 0, ki > kj; Wij (r)= 0, ki < kj. 
It follows from (44) and (45) that | 





Vi > WaiyaBa Wa; = 835; Voi Ei, 
a=1 


or since V; is non-singular that 


r ; 
(47) Z WaiyallaWas = dijoa (i j = 1, 2, ae r) . 
: = 


As a consequence of the nature of the matrices Wai and Waj, (47) remains 
true when each matrix is replaced by its first element, so that 


> Dai (x) yaWa; (7) = dijoi - | (i, j = 1,2,- me ? r) . 
If ker > he bon" ` >= ka > han, it follows from (46) and the last 


equation that 


y ad . 
(48) > Wai (— 1) YaWa; (r) = Tidij, c < i = d, cs j = d. 
a=c 


The matrices y; and oi ((—c,c+1,---,d), are either all even poly- 
nomials in ~ or else all odd polynomials in 7. We may therefore write 


(49) Yi = gi (x?) x4, oi = hi (x?) x (a — 0 or 1), 
so that (48) becomes, | 

d 
(50) X Wai(— 7) galr?) Waj (7) = hi (r?) bij cais d, ess d. 


If @ is a zero of p(x), the field K, = K (6°) is simply isomorphic to the 
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field of all polynomials in +° with coefficients in K and the field K, = K(6) 
is simply isomorphic to the field of all polynomials in + with coefficients in K., 
Accordingly (50) implies 


(51) U Š wa(—0)ga(P)wa (8) =M (P) is 


and conversely (51) implies (50). The field K, is quadratic over K, and, 
if w(@) is an element of Ka, w(— 0) = W@, is its conjugate. Hence, if 


C = (ci) (4,7 =1,2,---,d+1—¢), 
where : 
Cij = Weri-n0+j-1 (8); 
(51) is equivalent to 


(52) — O*[go(6*), gen (8),: ` `s ga(O)] C = [ho(6), > +, ha(6*) J, 


where C* is the conjugate transposed of C. 

By a suitable interchange of rows and columns it can be shown that 
| wi (r)], CSS 4, j Sd is a factor of | W |. Hence, since W is non-singular, 
| wij (r) | 540 and therefore | O | £0, so that C is non-singular. Hence, the 
two matrices [ge(6*), Jeu (8"),° * , ga( 6?) ] and [he (6), Re (0) +>, ha?) | 
with elements in KE, are equivalent under a non-singular conjunctwe trans- 
formation with elements in K.. f 

Conversely, if in (52) 6 is replaced by m, we have 


(r) [ge(m*),- + +, galr?) ]O (7) = [he(7°),: > +, ha(a*)] 
and, if We is the direct product of C(w) and the unit matrix Ee, 
Wolgo(m) He, ` `o ga(x*) Ea] Wo = [ho(r*) Eo: > > , ha(r?) Bal. 
Multiplying this last equation by 7° and using (49) we get, 


(53) WelyeLo,* > > , yaBa] We = [oco > > , oaBa]. 


Equation (43) implies a set of equations (53), one for each distinct value 
of the exponents kof p(A”). If W = [W:i, We,---, We] and Wa, Wo,---, Wy 
are the matrices We of (52) corresponding to the distinct equations of the 
set (53), ne 

WGW =H or QWGW—QH. Since QW = W’Q, 


it follows that WQGW == QH and, since each matrix We is non-singular, 
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that W is non-singular. Hence in case b we may reduce R and RM by trans- 
fozmations permutable with M to the forms, 


(E4) [0X gryr] and [gr XNa" - -, gryrX, Nr] 


respectively where y; = gi (n°), if k; is odd and y; = mg: (7?), if ki is even. 
The matrices (54) are not uniquely determined by the matrices p, q and the 
exponents k; of p(\*). We may express the results as follows: If [p(A?) ]* 
ocurs exactly a times among the ‘elementary factors of the pencil A — dB, 
co-responding to [p(X21% in the canonical form there is a block 


(55) [Vy N — A Ve t, VyaN — ÀV ya] 


were N is defined by (26) and V by (28). With this block, and so.with 
[z (A) ]*, is associated a diagonal matrix of order a with elements in the 
fied K(6°), where 6? is a zero of p(x) —0. This associated matrix is not 
uriquely determined but is determined apart from a non-singular conjunctive 
transformation in the field K(6). 

If K is the field of all real numbers the only irreducible even polynomials 
arz of the type p(A?) =A? + b°”. Hence K (6?) =K and K(8) is the field 
of all complex numbers. Since any real quadratic form is equivalent in the 
real field to a sum of a certain number of positive and negative squares, the 
matrix associated with an elementary factor (A* + b?)* may be reduced to the 
simple form [pu pz" * *, pa] Where pi = +1 id, pi =— 1 i>d, and 
d -s uniquely determined. In fact d is the index of the quadratic form. 

Case c. The reduction in this case is similar in many respects to that 
of the previous cases. Equations (34) and (35) are true, where fijs is now an 
ordinary number and no longer a matrix. We assume that 


kı = k =: + == ke > koje 


If k, is even V, is skew symmetric and, by a proof exactly similar to that in 
case a or b, we can reduce the matrix (Giz) (1,/—=1,2,: =+, c), to a diagonal 
matrix [9,H1, goMo,---,9cHc] where, as in case b, the diagonal matrix 
[gu 925 ` *, ge] is only determined to within a non-singular congruent trans- 
fo-mation with elements in K. Therefore corresponding to an elementary 
faetor A?* there is in the canonical form of. A — ÀB a block 


GX ox 2%, — AGX 2k, 


where g 40 and Ka is defined by (27) with e = 1, while U2 is the auxiliary 
urit matrix of order 2k. On rearranging the rows and columns of Xə; and 
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U2, in the order 1, 8,: - -,2k—1,2,4,: - +, 2k we find that XY» and Usp are 
equivalent respectively to ` è 


CS TT 
where e is the unit matrix of order k and piş the auxiliary unit matrix of 
order k while q, which satisfies (21), is the matrix T of (19) when e—1. 
Hence an elementary factor A™* may be considered to be of type b where 
PO) =a* and p =U. 

If k, is odd, V, is symmetric and f11o = 0, so that Gu is singular. As 
in previous cases we may suppose that foio540 and since fizo = — foro, it is 
Gy Gre 
Ga Gop 
it therefore follows that c must be even and that G may be reduced to the ® 
diagonal block form 


easily -shown that 40. By repeated applications of Lemma 1 








CH, H:,°:: > Hozz], 


where H; is a square matrix of 2k, rows of the same type as Hı = ae a 
| 21 U22 
It is not possible to reduce the matrix H,, for example, to diagonal form. 


Accordingly we proceed as follows and consider the pencil 


eo (FAG o)l ad} 


The elementary factors of this pencil are A, 14. But with the notation of (15) 

the elementary factors of pU, — eF, are also Ah, A4, if e—1. Hence the 

pencil (56) is equivalent to a 
| VG(N —AE), 

where N = $U, and V is defined by (24) with e = 1 and q = 1. The matrix 

G is permutable with N and, if G is considered as a matrix of two rowed 

matrices, every elemerit to the left of the leading diagonal is zero so that, 


G = Go + G H O H: i -+ Gua, 


where G; is the matrix formed.by the elements of @ in the i-th diagonal to the 
right of the leading one. Moreover, since G is non-singular G is non-singular. 
Further GN = NG; and VG; =—G@iV’ = @ iV. Tf Gi = Gr = Ga = 0 
and G;~0, the matrix W=H—1/2G,."G; is permutable with N and 
satisfies the equation 


wWwWVGW = V (Go + Hin + oir Dre Hr) 


1 


8 This is a well known result. See Turnbull and Aitken, Canonical Matrices, p. 137. 
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where H; is of the same type as Gj. Hence we may assume that 
Ga = Go = Gra = 0. Since Ge is commutative with N. and VG is skew 
symmetric, - 

Go =g e By, 


where g is an element of K. A'ređdùction similar to that in case b shows that 
g may be taken as + 1. 


Hence, if * occurs among the elementary factors of À — dB and k is odd 
it must occur an even number, 2a, of times. In the canonical form of À — dB 
occur a blocks of the nature 

TIT ($U —re E). 


It should be noted that the ‘two elementary factors A*, * are accordingly of 
type (a) where p(A) =A and ~ is the zero matrix. We have accordingly 
proved the theorem 


THEOREM I. A canonical form for the pencil A — AB, where A is sym- 
metric and B is skew symmetric, under non-singular congruent transformation 
in K, is a diagonal block matrix, whose component blocks are given by equation 
(42) or equation (55). 


Corozrary. Necessary and sufficient conditions that two such pencils 
À —XB and C—AD be equivalent in K are that, 

(a) the elementary factors of A—-AB be the same as those of C — AD. 

(b) the matrix associated with each elementary factor. of the type [p(A*) ]* 
in a normal form of À — AB be equivalent under a conjunctive transformation 
to thé corresponding matrix in a normal form of C — AD. 


4. Reduction of B. Since B is non-singular and skew symmetrie there 
exists a non-singular matrix P with elements in K such that 


0 —E 
(57) | pap —(y rae | ‘ 


where W is the unit matrix of order one half the order of B. We now proceed 
to find a canonical form for the pencil À —àB, in which B is equivalent to 
the simple matrix on the right of (57). We start with the canonical form 
deduced in the previous sections and have in all to consider three cases. 

Case a. Corresponding to the elementary factors [p(A)]*, [p(— À) ]* in 
the canonical form is the block gr7N — àAgrT (equation (42)), where 
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0 00 0+ 0—e 
0 0 


0 0 - e 0 
T= ]|0 © 0 —e 0 0 
0 Oe 0 0 0 
0—e 0 0 :°0 0 
e 0 0 0 0 
By rearranging the rows and columns of rT in the order 1,3,5,- © -,2k—1, 


2,4,: + +,2kh, we see that tT = ta 9 oy where Te is the matrix 


0 0 : e 
0 e 0 
e 0 - 0 


The same transformation applied to N shows that 


L 0 
| NÆ\5 _r}? 
where 
p e 0 0 
0 0 
(58) pa 
. . Pp e 
00-0 p 
If w= ("O's CN 
qT. a | ae Te 0 -(3 En 
walr, tn E a) (qr, 
Further 


LOT D: ON.” GENS 6 
War. 0 16 rate 0) = a) 


Since qTeL = L’ qTe. Hence 


gr TN — de = (>, n) G a): 


It accordingly follows that, if RaMa — ARa is the part of the canonical form 
of A —-AB depending on elementary factors of type a, including those of type 
AË where k is odd, 


Go), all — Me = (p o) A(z 0 


° We use = to denote “is equivalent to.” 
= 


t 
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where 

.(60) F = [Lr Da: + +, Lo] 

is a diagonal block matrix, which is the direct sum of all matrices L defined ` 

by (58), one for each pair of elementary factors [p(A) ]*, [p (— À) ]* of type a. 
case b. Corresponding te the elementary factor [p(A?) ]* in the canonical 

form is the block gryXN — AgryX (equation 55). It is necessary to consider 

the cases in which & is even and in which & is odd separately. If k= 2f 

is even, the matrix V == grX is skew symmetric, so that y = ie is an odd 

polynomial in m. Hence ` 

(61) qy = — YG. 


By rearranging the rows and columns in the order 1, 3,---, 2f — 1, 2,4,---,2f 


‘we find that 
ft 0 —T ae rE = 
XS (7 ) and NZ ‘ee 


where T is defined by (19) and E and U by (17). 
If y = gry, 
Y =y gt =— Y qr = gry by (61), 


so that y is symmetric. Accordingly, if W = ae wT 


) om (#8 0\f0 +W\(E 0\ (0 —E 
WEN ry) yr 0 NG yr “¢ 0): 


Similarly, 


: = 0 —yT\frE E\(E 0 
MIRAN N rs MG rE)\o yt)? 


(—YTU ne 


rE y“T 
Hence F 
(62) | gqyIN ZZ = T en : 
For example if k = 6, 
0 0 0 wr 0 0 
0 0 —y 0 wo 0 
Z= 0 —y 0 0 0 x | 
T Ge. 00 0 yf? 
0 vr. 0 0 y 0 
0 0 x y 0 0 


where -= 6) and y = mi a) and g = g (p) is a polynomial in p. 


4 


+ 
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We may write the matrix Z of (62) in the form Z = fa a , where 
12 22 . 


Zi = —yTU ete. Then if Ryo, —ARo, is that part of the canonical form 
of A — ÀB depending on elementary- factors of type b, i. e. on [p(A?) ]*, where 
.k is even, 


: Yu Ve x ( ro E 
(63) Rly An = (pe r) aa iF 
where 
(64) Yi = [Zin Zaim °° Siw] ; (i,j =1, 2), 


isa diagonal block matrix, which is the direct sum of all matrices Z;,. one for 
each elementary factor [p(X°) ]*, k even. 

If however k is odd, the matrix V in (55) is symmetric so that y = g (1?) 
is an even polynomial in +. In fact gry = ( En 7) (3 2 where g = g (p) 
is a polynomial in p and 


0 0 0 0 0 gg 
0 0 0 0 —gg 0 
0 0 0 —qg 0 0 
gryX = 0 0 gg 0 0 0 


0 ag: 0. 0 0 
gg 0 *. 0 0 0 


Rearranging the rows and columns of this matrix in the order 1,8, 5, ete., | 
we find 

qZ = ee oe T] ’ 
where X o is symmetric, and is defined by (27) with e replaced by e. The same 
transformation shows that N = Cs Al | u W= Gee 4 > 


Worx = (“eG 0(99)~ abe Ce à °) ( =, 
while 


4 — p(qg9) "X. mae (oz c) =0 
V oz = 
(65) W'qryXNV ( Y A Ca Coz 


For example, if k = 8, 
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0 0  p(gg)* 0..—e 90° 
0 —plag)* 0 0 0 —e 

o p(qg)* 0 0 0 0 .0 
G 0 "Oe 0 0 =g 

—e 0 0 0 gg 0 

0 —e 0. —gg 0 0 


Accordingly, if Rs,Mo,— AR», is that part of the canonical form of A — AB 
depending on elementary factors of type b, i.e. on [p(A?)]*, where & is odd, 


~({Pu Du (i =5) 
too Heel nn Dis Di) a EOF? 
where . 
(67)! Dis = [Cia Cage °° Cinw] (i, j = 1,2), 


is a diagonal block matrix which is the direct sum of all matrices C;; one for 
each elementary factor [p(A?)]*, & odd (including the case A = p(x?)). 
It is an immediate consequence of equations (59), (63) and (64) that 


THEOREM 2. The pencil A—AB is equivalent in K to the pencil 


| -/0 —E 
Ai (y 0) 


where 


0 0 0 F 0 0 
0 Ya 0 0 Y 0 
ia 0 0 Dy 0 0 Die 
+ JP 0 0 0 0 O- |” 
0 Ya 0 0 Y 0 
0 Ds 0 0 D 


and F, Y i Dj; are defined by (60), (64) and (67) respectively. 


COROLLARY. The symmetric matrix A is equivalent to the matrix A, 
under a non-singular congruent transformation in K, which leaves the skew 


symmetric matri G =) invariant. 
y Ve E 0 t. 


This corollary follows immediately by substituting the matrix ( Ps = 
for B in the pencil A — AB. ` 
5. K the field of all real numbers. In the canonical forms of the previous 


sections occur the matrices p and q, where p is any matrix with.elements in K 
11 
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whose characteristic equation is p(A) = 0, and q is a non-singular symmetric 
matrix satisfying the equation qp = p'q. If p is chosen as the companion 
matrix of p(A) = 0, a comparatively simple matrix q can be determined. 
If however K is the field of all real numbers, there are only three possible 
types for the irreducible equation p(A), and the corresponding values of p and 
q are even more simple. These are 


(1) pà) =A—a; (2) p(A) =X — 2ad + a + 87; (3) p) =X +e. 
In case (1) p=a,q=—1; E 
| a b 01\. 
In case (2) p= (2 p a)? 17 a 
In case (8) p a, q =1, r= a Ji 


Moreover each matrix g occurring in FY,; or Dı; (equations (64) and (67)) 
now has the value + 1. | 
The matrix p == — a”, in case (3), is obtained by particularizing the general 








formula but for some purposes it is preferable to take vr —(_ 4 0) instead _ 
of If this is done, it is easily seen, that the matrix Z in (62) 
a : 


is unaltered, except that y= U s w) where g is a real number. Since, in 
y, g may be replaced by any real aie with the same sign, we may take 
4 -(; °) where p = + 1. Similarly the matrix C in (65) is only altered 
to the extent that l 

Oir = paXe; Can = paX. 


In conclusion we exhibit the possible canonical forms, to one of which 
a real symmetric matrix A of order 4 can be reduced by a real non-singular con- 
‘gruent transformation, which leaves invariant the skew symmetric matrix 


( RB oh If A is non-singular, the possible elementary divisors of 


0 —E 
A — À (: gjar 


(a) (A= a), (A&b); (8) (Atatid); (y) (A= ia), (à = ib); 
(8) (Aa), (Aib); (e) (Axa); (2) (A = ia)? 


The corresponding canonical forms for A are 


10 J, Williamson, loc. cit., p. 490. 
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0 0 a 0 00a —b 
i 00 0b -0 0 b a 
(a) a 0 0 0 > (8) a D 0 0 3 
0 b 0 0 . —b à 0 0 
a 0 0 0 0 0 a0 
0 ob 0 0 0 pb 0 0 
M Fo o pa 0 pols (8) |, o 9 o [rem ess 
0 0 0 ob 0 0 0 pb 
0 0 a 1 0 0 0 a 
0 0 0 «a 0 0 —a 0 
Ce) a 000? (8) 0 —a p 0 + ut 
1 a Ô 0 a 0 0 p 


The matrices in cases («), (8), (€) depend solely on the elementary divisors 
of the pencil; (y) yields 4 or 3 non-equivalent matrices according as a is not 
or is the same as b while (8) and (¢) both yield two non-equivalent matrices. 

If A is singular and the pencil has the pair of elementary divisors À, À the 
canonical form is obtained from (a) or (8) by putting a= 0 and from (a) 
by putting a = b = 0 if the pencil contains the 4 elementary divisors A, À, À, A. 
If A? occurs among the elementary divisors the canonical form is obtained from 
that corresponding to (A + ia) by replacing the first a by unity and the other 
by zero. If A* is an elementary divisor the canonical form is 


po o0 0 
0 0 0 0 
po an ren 
Dies, oO 


Thus we have determined a complete list of the possible canonical forms for 
the case n = 4. 
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ON THE MOMENTUM PROBLEM FOR DISTRIBUTION: 
“FUNCTIONS IN MORE THAN ONE DIMENSION. II. 


By E. K. HAVILAND. 


It has recently been proved in a paper t which will be referred to as I and 
which is based on an extension of a method of M. Riesz that for the existence 
of a distribution function solving the momentum problem corresponding to a 
given n-dimensional matrix || c.,...x, || it is necessary and sufficient that the 
matrix be non-negative in the sense that if 


M. Na 
P(a,° En) =D tata ane 


: #=0 
` be a polynomial non-negative for all (a:,-- -,@n), the corresponding func- 
tional value 
M Na 
Po Eau... RC... En 
k1=0 =0 


is likewise non-negative. A. Wintner has subsequently suggested that it 
should be possible to extend this result by requiring that the distribution 
function solving the problem have a spectrum contained in a preassigned set, 
a result which would show the well-known criteria for the various standard 
special momentum problems (Stieltjes, Herglotz, Hamburger, Hausdorff in one 
or more dimensions) to be but particular cases of the general n-dimensional 
momentum problem mentioned above. The purpose of the present note is 
to carry out this extension. It turns out that this unified and more general 
treatment of all these momentum problems is by no means more complicated 
than the: several individual treatments to be found in the literature for these 
special cases. As in J, the proofs are given, for convenience, in the case — 
of two dimensions. | 

The general result is given by the 


THEOREM. For the existence of a distribution function $(E) whose 
spectrum S is contained in a given set O of the plane and which is such that 


(1) J S erie) = Crm, (n, m = 0, 1, 2,° yo 3 Coo = 1), 


~1 E. K. Haviland, “On the momentum problem for distribution functions in more 
than one’ dimension,” American Journal of Mathematics, vol. 57 (1985), pp. 562-572. 
Further references to the momentum problem are to be found in this paper. 
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where T denotes the entire (x, ¥) plane, it is necessary and fiche that to 
any polynomial 


P(a,9) = È Sano" y”, 


non-negative for all points aia .of C, there correspond the non-negative 


functional value 


N M 
Pe = > > AnmCnm. 


n=0 m=0 
The matrix || Com || will then be said to be non-negative with respect to C. 


Proof. We may suppose C (which may be the entire (x, y)-plane) closed, 
since a spectrum is necessarily closed and since polynomials non-negative on a 
set C are non-negative où its closure C also. noS 

The necessity of the condition is immediately clear. For C can then be 
taken to be the spectrum 8 itself. As-S is closed, it belongs to the domain of 


definition of œ. Then f f = f f + Sf. . The second integral 
T T-S 8 


vanishes and if P(x, y) = 0 on S, the last integral is non-negative. Hence 
if (1) is to hold, we must have Pe = 0. 

The proof of the existence of a distribution function $(B ) satisfying (1) 
under the hypotheses of the present theorem is effectively identical with the 
proof of the sufficient condition of the theorem in the paper I. One has only 
to replace the. expression “non-negative” by the expression “non-negative 
with respect to C.” The functions g:;(x,y) are defined as before, but in 
extending the functional operation to the modul generated by finite linear 
combinations of 1, x, Y, ty,- °° 3 Ju(T,Y),' °°, 9i3(@ y), one has to con- 
sider those elements cf preceding moduls not less than (or not greater than): 
gius, y) for any (x,y) in C. Since functions non-négative in T, the (x, y)- 
plane, are a fortiori non-negative on C, the proof then follows without further 
changes and the existence of such a ¢(#) is assured. It remains only to be 
shown that the spectrum of ¢ is contained in C. ` 

Let P: (é, n) be a point of 7—C. As C is closed, T — C is open. Hence 
it is possible to find among the everywhere dense set of lines t= é, Y = nj 
(the notation being that of the paper I) four forming the sides of a rectangle 
Ry: (6 S r< éo; ne Sy < qa) which contains (é, 7) in itsinterior and is in 
turn contained in the interior of T— C. Consider the functions 


H (z, yY) = gro, Y) — Jac(z,y) and H2(a,y) = Ju, y) — Joa (T, y). 
There exists a modul such that both functions belong to it (and hence to all 
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succeeding moduls}. To the former function corresponds the functional value 
Yde — yee and to the latter the functional value y» — yo. Both are non; 
negative and they can differ only if H; (x, y) ++ H2(2, y) for some point (a, y) 
of C. As the two are identical for all points of C (for they are identical 
everywhere outside R), we have Y (A4) == yoa — Yaa — ye + Yoo = 0. Hence 
if R, is a non-singular rectangle of y lying in Ry and containing (é, 7), we see, 
Y(R2:) = ġ (E2) =0. Consequently,’ (é), which was any point of T—C, 
does not belong to the spectrum of ¢, i.e., the spectrum of ¢ is contained 
in O, q. e. d. 

We shall now examine the criteria for the solubility of the various standard 
special momentum problems and shall show these to be particular cases of the 
general criterion contained in our theorem. 


1. The one-dimensional Hamburger problem. It is known è that every 
polynomial P(x, y) with real coefficients which is non-negative for all points 
on the x-axis can be written in the form 


[4(2)]? + [B(c) 1° + yF (x, 9), 


where A(z), B(x) and F(x,y) are polynomials with real coefficients. To this 
will correspond by (1), the set C being now the real axis, a functional value _ 
of the form 


> $ arnir + $ Dy babidnste, 

h=0 k=0 h=0 k=0 
since ci; = 0, 7540. Here, as in what follows, Cno is denoted by dn. This 
functional value will be non-negative if and only if every section of the matrix 
| du |, Ch, k = 0,1,2,: - +), belongs to a non-negative definite quadratic 
form. This is the criterion for the solubility of the one-dimensional Ham- 
burger momentum problem. 


2. The Stieltjes problem. Again, since * every real polynomial P(a, y) 

which is non-negative for all non-negative points on the z-axis is of the form 
l 
% 

2 Cf. E. K. Haviland, “ On the theory of absolutely additive distribution functions,” 
American Journal of Mathematics, vol. 56 (1934), p. 653. 

8 Cf., e. g, G. Pólya and G. Szegö, Aufgaben und Lehrsätze aus der Analysis, vol. 2, 
p- 82. On the other hand, Hilbert has shown that it is not always possible to express 
a polynomial in n variables (n 22) as the sum of the squares of a finite number of 
polynomials, “Über die Darstellung definiter Formen als Summen von Formen- 
quadraten,” Mathematische Annalen, vol. 32 (1888), pp. 342-350; Cf. E. Artin, “ Über 
die Zerlegung definiter Funktionen in Quadrate,” Hamburger Abhandlungen, vol. 5 
(1926), pp. 100-115. 

4 Cf. Pólya and Szegd, ibid. 
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[A (2) ]? + [B (2) ]}? + {10 (2)]? + [D (2)]} + yF (z, y), 


where A(z), B(x), C(x), D(x) and F(z, y) are polynomials with real coeffi- 
cients, there will correspond to P (z, y) by, (1) a functional value of the form 


n n m m a q : ror 
D È rrd + D D bribed + D D frfadnun + DS gaged 
h=0 k=0 ; h=0 h=0 h=0 k=0 h=0 k=0 


since €; = 0,7540. This expression will be non-negative if and only if every 
section of each of the matrices | duxx || and || dias |, (h, k =0,1,2,---), 
belongs to a non-negative definite quadratic form. This is thé criterion for the 
solubility of the one-dimensional Stieltjes momentum problem. 


3.. Case of the interval [—1,1]. In view of the Legendre polynomials, 
it, may, perhaps, be of interest to consider also the one-dimensional momentum 
problem associated with the interval [— 1,1]. Every real polynomial P (z, y) 
which is non-negative on (—1S 21; y=0) will be of the form‘ 


[A(x)]}? + (1—2*) [B(a) ]? + oF (x, y), 


where A(x), B(x) and F(x, y) are polynomials with real coefficients. To this 
will correspond, since ci; = 0, 7540, a functional value of the form 


$ > arr + > > baby (dis — Fister). 


h=0 k= 


This expression will be non-negative if and only if every section of each of the 
matrices || diss || and | dase — dise |], (h, k = 0,1, 2,- : -), belongs to a non- 
negative definite quadratic form. 


4. The trigonometrical moment problem. Again,‘ every real trigono- 
metric polynomial g(#). of degree n which is non-negative for all values of # can 
be represented in the form g (#) = | A (ett) |?, where h(z) = do + 412 +++ + anz”. 
The existence of a distribution function $(#) = (p) -satisfying (1), which 
now takes the form - 


27 oe 
Cnm = J (cos D)" (sin D)" dB (8), 
0 


together with the requirement that the functional value corresponding to 
| h(e) |? be non-negative, requires that in the matrix 


27 
ITixf, Gé—0,L2:--), where T= Í eindda (0), 
0 


every section belongs to a non-negative definite Hermitian form.’ This is, 
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in fact, the criterion for the solubility of the Herglotz trigonometric momentum 
problem. . P 


5. The one-dimensional Hausdorff momentum problem. It is known * 
that any polynomial f(z) non-negative in [0,1] may be expressed as a linear 
combination with positive coefficients of polynomials +"(1—zx)?", Then any 
polynomial P(z, y) non-negative in (OS 221; y = 0) will be of the form 
f(z) + yG@(a,y), where G(x, y) is a polynomial in æ and y. Consequently, 
the functional value Pe corresponding to such a P(g, y) will be non-negative 
if and only if-the c;; are such that c:; = 0, 7540, and 


@ O Š (IPG) meZ, 


which is the criterion for the solubility of the one-dimensional Hausdorff 
momentum problem. 


6. The two-dimensional Hausdorff ‘momentum problem. Any poly- 
nomial P(x,y) non-negative in (0=æ<1; 0=y<1) may be expressed 
similarly in terme of polynomials #”y"(1—a)?™(1—y)**, wherefore the 
functional value Pe corresponding to P(x, y) will be non-negative if and only 
if the cz; satisfy a condition analogous to (2). This condition is precisely the 
criterion for the solubility of the pi. Hausdorff momentum 
problem. 


7. The two-dimensional Hamburger momentum problem. The two- 
dimensional Hamburger momentum problem treated in I corresponds to the 
case where ( is the entire (x, y)-plane and hence the theorem of that paper 
is a particular case of our present theorem. 
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5 Pólya and Szegô, op. cit., vol. 2, p. 83, ex. 49. A polynomial non-negative in 
[a,b] can be expressed as a linear combination with positive coefficients of polynomials 
(x —a)m(b—w)p-m. In the case referred to by Pólya and Szegô, a = — 1 and b= 1. 
In the present case, a==0 and b = 1. 

° Cf. T. H. Hildebrandt and I. J. Schoenberg, “ On linear functional operations and 
the moment problem for a finite interval in one or several dimensions,” Annals of 
Mathematics, ser. 2, vol. 34 (1933), pp. 317-328: also F. Hallenbach, Zur Theorie der 

- Limitierungsverfihren von Doppelfolgen, Thesis (Bonn), 1933. 
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SOME REMARKS ON F. JOHN’S IDENTITY. 


By Hans RADEMACHER. ° 


Recently F. John? has ited the 


THEOREM. If f(x) is a periodic function of bounded variation with the 
period 1, and if y = p/q > 1 is a given rational number, (p, q) =1, then 
: Sa log n a | 
(1) S eO) p (E2) toy f “Hada, 
where an(y) is defined a 
: 2rink ? Zrinl 
n(Y) = (2/0 = Sew [ —Sexp | a ] 


l=1-- 





or, which is the same, 


"a .0; pm, qM, 
—p; pln, qn, ` 
2 On =e 
( ) (vy) qs ph, qlm, 


qg—p; pin, gn. 


This interesting identity induces me to make the following three simple 
remarks, of which the first establishes a connection with the Riemann 
¢-function, the second proves (1) for the wider realm of Riemann-integrable 
functions, the third gives a generalization of (1). 


1. The most important special case of -(1) is doubtless f(x) = erite, 
k being an integer. If we put A+ — log y, we have to prove in this case 


S an(y) . ST ee 
D np exp [2aitk(a — À log n)] = A7 J errikudy 
n=l 0 





or 
(3) > 2 Saal) exp[— 2rikA log.n] = { 0, b0 
ni n `, k=0. 
We have 
: © an L anly) 
(4) = O exp[— PE logn] => LL 


But as by the definition (2) the sum S am(y) is bounded for all N, the series 
"msl : 


(5) z(s) = $ m0) 


nzi 4 ns 








if, John, “ Identitäten zwischen dem Integral einer willktirlichen Funktion und 
unendlichen Reihen,” Mathematische Annalen, vol. 110, pp. 718-721. 
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is convergent for (s) > 0 and defines there a regular analytic function of s. 
On the other hand it follows from (2) and (5) that for R(s) >1 
, 4 2 es l 4S 1 
Es < = n° 2 T Er d "À ms 
or 


(6) Z(s) = £(s) (g — pie). 


The equation (6) holds for R(s) > 0. Now we have to distinguish two cases: 
1) k0. We find from (6) 


Z(1 + Quik) = E(L + 2rikA) (J270 — pria), 


But 

7 7 _ Rath log gq — [ Quik errs p 

Ti} pri — me = 0 
? p Fe [ log p— log q “P L Tog p— logg q ‘ 
since 

log q = log p _ 
se i logp—logq log p— logg 7 
Hence : 
(8) — ZL + Rrikà) = 0. 
2) k—0. In this case we have by (6) 
Z(1) = lim Z(1 +e) = lim £(1 + e) (q*—p*) = lim LE, 
€~0 a e>0 e->0 € 

(9) Z(1) = — log q + log p = log y =A". 


The formulae (4), (5), (8), (9) prove (8). 

By means of a Fourier expansion, the equation (3) could, of course, be 
used to prove (1) for a rather extended class of functions f(z). But this 
reasoning would involve some complications of convergence, which can be 
surmounted easily only for functions with absolutely convergent Fourier- 
series, e. g., functions with bounded derivative. However, instead of pursuing 
this method, we proceed to prove (1) directly in our next remark. 


2. In order to a the expression 


lim taty) AY! F(g@—Alog n) 

N= z 
for a Riemann-integrable function f(y) it is obviously sufficient to consider 
only such N as are divisible by pg, since the an(y) and f(y) are bounded. 
Now we have by (2) 
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Su(f) =X 2 j(e—r tog n) 


= z £ f(@—Alog n) — 5 Ef(a— 108») 


LUS “en qg 
= DE f(a —AÀ log.-mq) Sr af (@—A log mp) 
m= 
Mp 
1 t(e@—alog m— log q); 
nine m 


upon making use of (7) and of the periodicity of f(y). Moreover, there is 
no loss of generality in setting x = à log q, for if (1) is true for any special 
value a, it is also true for any other x, as f(y) and f(y — z, + x), regarded 
as functions of y, are both periodic and Riemann-integrable. Hence all we 
have to prove is 

(10) tim a Su (f) = lim 3” ~ f(—Alog m) = af" f(y) dy. 


M>% nÀ ax 


Now let us first treat the special “ step-function ” 


: } l, OSy<a 
(11) ta) = {6 a 
da(y) being defined in points outside the interval 0 Æ y < 1 by periodic 
repetition of (11) modulo 1. The parameter « is supposed to be such that 
0<a<1l; for the extreme values æ = 0 or 1 one of the two inequalities in 
(11) cannot be fulfilled. We have therefore ¢).(y) —0 and ¢:(y) —1 
for all y. 

For f = pa (10) becomes | 
(12) im n Sar ba) = > lim S ~ ga( A log m) = od, 
00 m=Mq+h 
As this is trivially true for « == 0, we can assume 0'< «1. Now we have 
by (11) 
Hp ‘1 

(18) na > $a ee log Up  Mq<m<Mp™’ 

4 ÓZ- log m <a (mod 1) 
where 0 = x < @ (mod 1) means, of course, 0 =æ— [r] < & But the con- 
ditions of summation on the right-hand side of (13) can be written 
(a) A (log M + log q) < X log mS A(log M + log p), 


(b) 1—a<dAlogmS1 (mod 1). 


Condition (a) assigns to A log m an interval of length A(log p— log q) =1. 
Thus of the infinite set of intervals (b) of length «æ, whieh are periodic 
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modulo 1, either just one falls in (a) or two parts of intervals of (b), 
together of length «, lie in (a), so that the summation in (18) is either 
of the type 


A(log M + log q) + war < A og m £ à (log M + log q) + ua +, 


where 0 = uy S 1 — a, or of the type 


A(log M + log q) < A log m = A(log M + log q) + fi 

A (log M + log p) — Be < A log m S A(log M + log p), Bi + Ba = a. 
Therefore (12) will be proved if we show that 
(14) iim > 1 _ gn, 


Mo log M+v< log mS log M+u+Bd-1 M 


_ where v = vy may be any number lying between assigned bounds, ¢ Æ va < C. 
Now for m > 1 5 
mdt 21, m dt 
| se ar 
and consequently 


Mey? qt sd Í [ne dt 
Sine t < us m S Me T Me? t 


1 
Me? <m<Met-y8 M 


which proves (14) and therefore also (12). 

Now any periodic step-function of period 1 can be built up as a linear 
combination of a finite number of step-functions (y) of the special type 
(11) with different parameters «. Hence (10) is proved for arbitrary step- 
functions with a finite number of steps. 

If, finally, f(y) is a periodic Riemann-integrable function, we can, to any 
given e > 0, assign two step-functions $(y) and &(y) of period 1, such that 


or 


1 
B< < ptb 


(15) $(y) SF) Sy) 
and 
(16) LE eWay < e 


Since (10) is valid for ¢(y) and &(y), we have 


: 1 
lim Sir(¢) = a7 f $ (y)dy, 
M>% o 


L a 
lim Sar(&) = À* f &(y)dy. 
aI 


M>% 


(17) 
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But Sir(f) shows in (10) only positive cozfficients of f(— À log m) and there- 
fore we have from (15) 


Sulh) € Sulf) S Su(). 


From this and (17) we conclude 


xt f SUr Slim Sulf) STi Sul) LA f(y) a. 


But according to (16) this proves (10) for any Riemann-integrable function 
f(y), for which, therefore, John’s identity (1) is true. 

3. The relation between the identity (1) and the non &-function, 
discussed in $ 1, suggests the possibility of finding similar identities related 
to other £&-functions. . 


Let K be a field of algebraic numbers, of degree n; let y be a number 
of the field with | N(y)| > 1 and: 


y= a/b, (a, 6) = 1. 


Now for ideals n of the field we introduce, in analogy with (2), the arithmetic 
function ax(y) through the definition 


| 0 apt By 
(18) ji D Laer z —N (a) rae aju pm.. 
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vergence of the series 


a) SCL 


can be proved only for R(s) > L—[2/(n+1)], for which purpose we 
should have to use Landau’s estimate * of the “ ideal-function ” 


(20) H(z; ©) = 3 1 =x log g 4 O(a 2/mn)), 
NO Se 
But instead of giving further details of this reasoning we prefer to pass 


immediately to the generalization of § 2, which is not quite so obvious. 
For our proof we start with the remark that for a fixed A 


0 as Moo. 





1 
> 
neG N(n) 
MA<NWWS(M+DA 


Indeed, we have from (20) 
1 1 


2 orgnr Ò 
neg N (n) MA tes 
MA <N(HECMH)A MA <NMEMHDA 
1 





=; KA +0 (Gi ap-t/cne) = 0 (P/a), 


Hence for the study of 
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4 Ç’ = CE. 
Hence we get, writing m instead of m, and mt, 


me’ 
Naw San (a) 


Su(f)= È reste A(log Nm) + log W(6))) 


Sy pan fe —A (log (a) + log W(a))). 
Nw EMN (6) 


Because of A = log | N(y)| = og N(a) — log N (b), we have 
A(log N(m) + log N(b)) —A(log N(m) + log N(a)) =—1. 
From this and the periodicity of f(y) we conclude 


meG’ 
MN NEUVE 


S*u(f) = 5 Way (e — Aog N (m) — A log N(b)). 


As we saw in §2, the choice of a wena value for æ involves no loss of 
generality. We put «= A log N (b) and then have to prove 


x 1 — _— AL z 
(1) Him $*(f) Tim Barry F(—Alog W(m)) =a f f(y) dy. 
` MN (6) <NGWSMN Wo) 


For the required proof we need the relation 


mel’ 
NET 


(22) L(z}= $ FE = x log z + C + O(a-/mnl)y, 
which follows from (20) by the customary process of Abel’s partial summation. 
The constant C in (22) may depend on. the class €’. + 

In complete analogy with § 2, we prove (21) only #0 the a step- 
function ¢a(y), defined in (11). We have 


1 


el à 1 
S* == sy ba(— A log N(m)) = Win * 
ar (pa) 2e | N(m) Qal og ( )) 2 N(w) 
MN GG < NWEMN M) $ MN) <NGWSMN 0) 


0=-A log Nim) <a (mod 1) 


The conditions of this sum may be treated like those of (13), and our problem 
is then reduced to the proof of 
te, SSS Le are 


Mo mee’ N (m) 
log Mtv < log N(M)E log M+v+ BA 
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According to (22) the left-hand side is equal to 
lim {L (Me? | N (y) |£) — L(Me)}. 
M- co , 
= lim {«(log M + v + BAT) — «(log M + 0) + O(M-2/01)} 
M00 : 
== «BA, 





which was to be proved. 

The further arguments are quite the same as in §2. We first consider 
arbitrary step-functions and can then enclose a given R-integrable function 
f(y) between two step-functions ¢(y) and ®(y) whose integrals differ by: as 

little as we wish. In this way the theorem of this paragraph is fully proved. 
` I close this article with a special example of the generalized John’s 
identity (19). Let K be Gauss’s field of complex numbers a + bi. We choose 
y—=1+% As there is only the principal class of ideals, we can replace the 
ideals by integers m + ni of the field. We have only to observe that each 
principal ideal is represented by four associated numbers. If we therefore sum 
over all integers (with the omission of 0), we get on both sides of (19) the 
four-fold amount. We notice: further that x = 7/4 in this case and that 

t 
GC) mI L E ad a, 
or | 
Omni (À + i) = (— T 


Hence we have the equation 


j (—1)™n4 log (m? + nt) o 1 
wT f(a —nlog? f f(y) dy, 


the sum being extended over all pairs (m,n) with the omission of (0, 0) and 


arranged according to increasing values of m? + n°. 
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NOTE ON A THEOREM OF PONTRJAGIN. 
By E. R. van KAMPEN. 


I. The problem to determine under what conditions a locally euclidean 
group is a Lie group was solved for the compact case by v. Neumann * [1]. 
Later Pontrjagin [2] generalized his solution by proving the following theorem : 


(1) Any localiy connected finite dimensional compact group is a Lie group? 


In this note * we prove certain theorems related to (1) and implying (1). 
Some of these have already been stated in [5], section IX. The proofs follow 
easily from the structural considerations in [6] and similar more detailed 
results on abelian groups to be found in [3] and also in [4]. We wish to 
emphasize the central position occupied by Theorem 6 ([5], section IX, 
restated in [6]). This theorem, obtained as a corollary from the theory of 
almost periodic functions, can then be used as sole foundation of the structural 
theory of compact groups. While [5] has not been written with this idea in 
mind, ah analysis of the line of thought used there will justify this statement 
for the case of abelian compact groups as well. 

While we are considering compact separable groups, there is no difficulty 
at all in extending the results to bicompact groups. 


II. The closed invariant subgroups of a compact connected group. By 
the same methods as used in [6], II-IV, we prove first: 


(2) es closed invariant subgroup G of a compact connie group F can 
be generated by a closed subgroup of the centrum af F and certain of the 
invariant simple subgroups SU of F. 


Each compact Lie group Fa ([6], p. 301) contains a closed invariant 
subgroup G, corresponding to G. For these groups (2) is well known. - If 
for a certain number n and I < pa. ([6], p. 302) the subgroup 8,” of Fy 
corresponding to S( is contained in Gn, then the same is true for all m > n, 
and S is contained in G. Moreover G, is generated by its centrum ©”, and 


+The numbers in square brackets refer to the literature at the end of the note. 

2In order to simplify. the wording of certain statements, we allow Lie groups to 
have a finite number of components. In particular we include under that term as a 
degenerate case all finite groups. | 

3 It can be considered as a continuation of [6] from whith we take over all notations, 
in particular those of Theorems ] and 2. 
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the subgroups Sn‘? contained in G,. “Here C’, is the. common part of Gn 
and the centrum C, of Fn. Hence G is generated by its AE AP together 
with the common part of Gand C. ` 


III. The dimension of a compact group. 


(3) The dimension of a compact group F is equal to the sum of the dimen- 
sions of its simple Lie subgroups S (1—1,2,: - +), and the dimension of 
its centrum O. 


_ We may of course suppose that F is connected and that C has the finite 
dimension m. If the number of groups S% is not finite, we can find locally 
euclidean sets of arbitrarily high dimension by considering the groups generated 
by certain finite collections of groups S. Thus we can assume that the 
‘number of groups SP is finite, and that they generate a Lie group 8 of 
dimension n. Considering that in this case the group A ([6], Theorem 1) 
is finite, so that F and F/A are locally homeomorphic, and applying the 
reasoning of [4], p. 458, h, on the centrum C, we find that a nucleus of F is 
homeomorphic with the product of an n-cell, an m-cell and a 0- dimensional set. 
Hence statement (3) is proved. 


(4) If H is a closed invariant subgroup of a compact group F, then the 
dimension of F is equal to the sum of the dimensions of H and F/H. 


We may obviously suppose that F is connected. Comparing (2) with (3) 
we see that (4) immediately reduces to the case of compact abelian groups. 
But in this case statement (4) follows from [4], p. 458, h. 


(5) Any sufficiently small subgroup H of a finite dimensional compact group 
F is 0-dimensional. 


We may again suppose that F is connected. Then F has a 0-dimensional 
invariant subgroup G with a Lie factorgroup. According to (3) and [6], 
Theorem 1, this is true for F, if it is true for the centrum C of F. But for 
C it is an immediate consequence of the ‘properties of charactergroups (Com- 
pare [4]). : 

As a Lie group does not have arbitrarily small subgroups, we can restrict 
H to such an open set containing G that the image of H in F/G consists of 
the identity element mpr But then H is contained in G, so that it is 

0-dimensional. 

The most noteworthy point about the proofs of (4) and (5) is that a 
thorough analysis of the structure of compact groups on the lines indicated 
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is at present unavoidable. As a result these simple sounding theorems cannot 
yet be proved for any class of groups for which no structural analysis is known. 
Important examples are the class of locally compact groups and the very 
restricted class of locally euclidean groups. | 


IV. In this section we consider a closed invariant subgroup G of a com- 
pact connected group F from the point of view of local connectedness. Ac- 
cording to (2) the group @ has subgroups 8’, C”, A’, related in the same 
way as the subgroups S, C, A of F respectively ([6], Theorem 1). The 
subgroup S” is generated by the simple Lie subgroups invariant in G, O” is 
the centrum of G and A’ is the common part of 8’ and 0’. According 
to [6], Theorem 8, the groups F and C/A are at the same time locally con- 
nected and not locally connected. Though G is not connected, Theorem 3 
remains true for Œ and C/A’. For 0’/A’ and G/S are simply isomorphic 
and § is connected. Hence there is a one-to-one correspondence between the 
components of G and the components of C’/A’. 

By [6], Theorem 3, the components of the identity elements of G and 
C’/A’ are locally connected and not locally connected at the same time. As 
we have just seen that G and C’/A’ have at the same time a finite or an 
infinite number of components, it follows now that Œ and C’/A’ are at the 
same time locally connected or not locally connected. 

_ We consider the case that both F and C/A are locally connected, while 
G and O'/A’ are not locally connected. 

In the first place it is then possible that the factorgroup 4 = = A”/A’ 
of A’ in the common part A” of C” and A is not locally connected. As A is 
0-dimensional this means simply that A’” is not finite. Then A/A’ is not 
finite, S/S’ must be infinite dimensional and F/G must be infinite dimen- 
sional also. | 

In the second place we suppose that the factorgroup A” is locally con- 
nected and accordingly finite. Then the factorgroup, O” = C/A” of the 
common part A” of A and C’ in C” is locally simply isomorphic with the 
factorgroup C’/A’, so O” = 0’/A”. is not locally connected. The group ©” 
can be considered as a subgroup of the locally connected group C/A. Now 
a locally connected compact abelian group is the direct product of a certain 
collection of rotation groups. If such a group has a non-locally connected 
closed subgroup, the factorgroup cannot be finite dimensional. So we see: 


(6) If a closed invariant subgroup G of a locally connected compact group F 
is itself not locally connected then F/G is not finite dimensional. ` 


t 
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Pontrjagin’s theorem (cited in (1) ) is an immediate consequence of (5), 
(6) and the existence of arbitrarily small invariant subgroups with Lie factor- 
groups in any compact group. However, once (3) is proved (1) follows more 
easily by a direct argument: ° 

In a finite dimensional compact group F the number of subgroups S‘” is 
finite, so that A is finite ([6], Theorem 1). ‘But then, if F is also locally 
connected, C is locally connected ([6], Theorem 3) and as Ọ is also finite 
dimensional it is a Lie group. Hence F is a Lie group. 


THE JOHNS HOPKINS UNIVERSITY. 
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POINT SET THEORY APPLIED TO THE RANDOM SELECTION OF 
THE DIGITS OF AN ADMISSIBLE NUMBER. 


By ARTHUR H. COPELAND. 


Kamke and Tornier have pointed out objections to von Mises’ definition 
of the collective (Kollektiv). The difficulty arises in connection with a selec- 
tion operator (Auswahl) whose function is to transform one collective into 
another. In this paper we shall show how the difficulty can be overcome. 

The collective is the fundamental element in von Mises’ theory of proba- 
bility.? It is the mathematical idealization of a sequence of physical occur- 
rences (measurements, results of tossing a coin, etc.), A collective K consists 
of an infinite sequence of elements (points of some space S). Thus 


(1) K =e, e, e9 


The points of § are called labels (Merkmale) and the space 9 is called the 

label space (Merkmalraum). Associated with every label is a probability 

defined as follows. Let m be any label belonging to S and let r, be the 

number of times the label m occurs in the first n terms of K. Then fa/n is 

called the success ratio for m in the first n trials of K and lim r,/n is called 
n->00 


the probability of m with respect to K. The set of probabilities associated 
with the elements of § is called the distribution (Teilung). The first restric- 
tion imposed on the collective is that it must possess a distribution, i. e., the 
limit of the success ratio must exist for every element m of 8. 

The operation of “ selection ” is defined in the following manner. Let 


(2) Nis Nos Nas HD 


be any infinite increasing sequence of positive integers. We can form a new 
collective K’ by selecting the mi-st, m-nd, ms-rd,--- terms from 
K =e, e, e,- -. Thus K’ = eo, eD, e%),---, Tt will be con- 
venient to introduce a notation for this operation. Let us define the sequence 


(3) g = z®, gh gs), oe 


1 Presented to the Society April 11, 1930. This paper also contains the material 
presented Dec. 29, 1928, under the title À proof that almost every number is admissible 
and is associated with the probability one-half. 

2 See von Mises I and IL References to literature are given at the end of this 
paper. 
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such that the terms ga, ga, g,- - + are all Ps and the rest of the terms 
are all 0’s. Then visa sequence similar to K. The corresponding label space 
consists of the two points 1 and 0. It is also convenient to think of x as a 
number which lies between 0 and 1, is expressed in the binary scale, and has 
the digits 20,2%, @@% . --. Any number æ in the interval from 0 to 1 
(0 excluded) can be a selection operator. In the case of the ambiguous repre- 
sentation, the ambiguity is decided by the condition that the sequence (2) is 
infinite and hence an infinite number of the digits of v must be equal to 1. 
The fact that K” is obtained by operating on K with æ is expressed by the 
equation K’ = K C «3 

The second restriction on the collective is that its distribution must be 
invariant under all selections which operate “Ohne Benützung der Merk- 
malunterschiede.” Roughly this means that the distribution of a collective K 
is invariant under the operation of any selection which is random with respect 
to K. Von Mises regards as random any selection which is given by mathe- 
matical law independently of the collective. Kamke raises the following 
objection to this restriction. “ Hs fragt sich, ob diese Gentigsamkett angebracht 
ist. Denn unterliegen die Folgen (8)” + “ keinerlei Einschränkung, so kann 
man unabhängig von jeder H-Folge”* (sequence (1)) “ die Gesamtheit aller 
folgen (8) bilden und für jede W-Folge* gäbe es dann unter diesen, una- 
bhängig von der W-Folge gebildeten Index-folgen (8), stets eine solche, bet 
der auf jedes Hy das Merkmal m zutrifft, wie auch eine solche, bei der auf 
kein By das Merkmal m zutrifft. Dann gabe es also überhaupt keine Kollektiv, 
Man darf also offenbar nicht beliebige Folgen (8) zulassen, sondern muß sich 
auf ‘ gesetamaBige’ oder < mathematisch gegebene’ Folgen (8) beschränken. 
Wie der Bereich dieser Folgen gegen die ‘nicht gesetzmäBigen” Folgen 
abzugrenzen ist, diese Frage bleibt aber offen.® 

For the purpose of this paper it will be convenient to state Kamke’s 
criticism in a slightly different form. To this end we shall replace the second 


3 The symbol C is an inverted implication sign. If we think of K and œ as both 
representing event sequences, then K C æ represents the event sequence “ K if w,” -or 
“K is implied by æ.” (See Copeland III.) Dôrge indicates the operation of selection 
by a product. (See Dérge I.) Since I have used the product æ. y to indicate the event 
sequence æ and y, it is necessary to use another symbol to indicate the event sequence 
“wif y” It is interesting to note that Dirge’s Hinheit Auswahl is represented in my 
notation by the number 1. 

‘Sequence (8) referred to by Kamke is the same as sequence (2) in my paper. 
An “#-Folge” is an arbitrary sequence K. An H-Folge is called a “ W-Folge * with 
respect to a label m, provided, there exists a probability of m with respect to the 
sequence. 

5 Kamke I. Tornier points out a similar objection, Tornier I. 
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restriction on the collective by the following. The distribution of a collective 
must be invariant under the operation of every selection of a certain set F. 
We shall call the set # a fundamental set and for the present we shall leave 
it entirely undefined. Kamke points out that-if the fundamental set consists 
of all selections which can be defined by mathematical law, then the set of 
collectives will be null. | 

Corresponding to any fundamental set, there arises the question of con- 
sistency of the two restrictions on the collective. We shall establish consistency 
by proving the existence of sequences satisfying the restrictions. It will be 
sufficient to consider a restricted type of sequence. We shall choose a label 
space which consists of the numbers 1 and 0. The sequences associated with 
this space admit of the same numerical representation as the selection opera- 
tors. The reason for choosing such a restricted label space is that von Mises 
imposes certain other conditions with which this paper is not concerned but 
which are satisfied vacuously by the sequences associated with this label space. 
The space represents a simple alternative situation (heads or tails, etc.). We 
shall let the label 1 represent a success and the label 0 a failure. With this 
situation we can obtain the following simple expression for the success ratio. 


(4) pa(K) =È (0 /n) 


where pn(K) is the success ratio of the label 1 in the first n trials of K. We 
shall denote the probability by p(K) where p(K) = lim p,(K). 
n>00 


As an example of a fundamental set, we may take the set consisting of 
all selections whose numerical representations have the, form 


Trn = 2T/ (1 — 2) = QT + nn 4 gran. à hs 


2 


where r and n are integers and 0 < r&n. Then the terms 2", a, grtn,» + - 
are all 1’s, and the rest of the terms are all Ọs. Hence, the operator Trn 
selects the 7-th, the (r + n)-th, the (r + 2n)-th,- - - terms of K. It has 
been proved that there exists a set of sequences whose distributions are 
invariant under the operation of all selections of this fundamental set.° For 
these sequences, the associated label space consists of the ‘elements 1 and 0. 
These sequences are called admissible numbers. Admissible numbers also 
display the characteristics of the Bernoulli series, that is the probability of r 
successes in 7 trials is nOr p"(K)[1— p(K)]”*. In order that they may do 


‘For the proof of the existence of admissible numbers see Copeland I. A much 
simpler and more elegant proof has recently been given by von Mises, See von Mises 
III, example VI. eos 
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this, they must satisfy a certain independence condition which is defined in ` 
the following manner. Given two sequences K, and K,, we can form a third 
sequence K, : K; whose i-th term is a success (i. e a 1) if and only if the i-th 
terms of both K, and K, are successes. Thus the i-th term of K,: K, is the 
algebraic product of e,® and eg”, and 


(5) E K= a eg, ae eee, ee eD 
The sequences K, and K, are independent if and only if 
p( Ki: K2) = p(Ki) - p(K2). 


The conjunction K,-K,: - -Ka of the sequences Ki, Ka,’ © -En is defined 
in the same manner as that of the conjunction of two sequences. A necessary 
and sufficient condition that n sequences K,, Ka, - -En be independent is 
that, for every subset Kr, Kro . . . Kry of the set Ky, Ko, © - Ka, 


P( Kr," Kn’ © © Er) = P(En) * (Kr) + + + pEr). 


A necessary and sufficient condition that a sequence K be an admissible 
number is that there exists a number p(0:< p'< 1) such that for every set 
of integers 71,72,° © ‘M, Where 0 < 1< Tt << ty EN, 


(6) P(E C trun) (KC Eran) + + (E C Eryn) ] = p”. 


If K is an admissible number, then in particular p(K C an) =p. Further- 
more, if r and n are both 1,/then x.» is the identity operator and p(K) = p. 
Thus K possesses a distribution and this distribution is invariant under all 
selections of the form Srn” Moreover, the sequences 


KC tın, K C Tan" ° EKC Enn 
_ are independent. 
Certain other properties of sequences can be invariant under the operation 
of selection. For example, it may happen that not only the distribution of a 
sequence is invariant under selection, but its property of being a collective is 
also invariant. Let A(p) denote the set of all admissible numbers associated 
with the probability p. We shall say that the properties of an admissible 
number K are invariant under the operation of a selection x, if K C x belongs 
to the same set A(p) as K. I have proved that properties of all admissible 
numbers are invariant under all selections of the form ayn. 
It will be observed that an admissible number is a collective whose funda- 
mental set consists of the operators 2,1. Thus, we already have one way of 


TIn my previous papers I have used the notation (r/n) K instead of K C. Dy 
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getting around the difficulty raised by Kamke and Tornier. However, it might 
well be obejcted that this fundamental set is too restricted. For this reason 
we shall consider to what extent this set can be altered or augmented. At the 
conclusion of this paper we shall discuss ‘other contributions to this problem. 

We shall show that, corresponding to any denumerable fundamental set, 
there exists a continuum of admissible numbers whose properties are invariant 
under the operation of all selections of the fundamental set. A fundamental 
set can consist of almost every number from 0 to 1, “almost every” being 
used in the Lebesgue sense. The corresponding set of admissible numbers will 
then be at least denumerable. On the basis of the assumption of a well ordered 
continuum, we shall prove that both the fundamental set and the corresponding 
set of admissible numbers can be non-denumerable. 

It seems to me sufficient to choose a denumerable fundamental set for the 
following reason. Let D be any denumerable fundamental set and let M be a 
set of admissible numbers. We shall show that M can contain almost every 

_ number in the interval from 0 to 1 and that if K is any member of M, then 
the properties cf K will be invariant under the operation of every selection 
of D. Moreover, corresponding to any element K of M, there will exist a set 
Ex which contains almost every selection and all selections of which leave 
invariant the properties of K. It is important to notice that Ex, and Ex, are 
not necessarily identical if K, and K, are distinct. ^ 

The following theorem relates to the choice of the fundamental set. 


THEOREM 1. Given any denumerable set.of selections D, there exists a 
set of admissible numbers M which has the power of the continuum and which 
is such that the operation of any selection of D on any admissible number of M, 
leaves invariant the properties of that admissible number. 


Let v be an arbitrary selection. Then g == g®, ¢,7@,--+- where 
æ® = 1 or 0. We shall let the set M consist of admissible numbers associated 
with ‘the probability b/a, where æ and b are integers such that 0 < b <a. 
We shall let y==y%, y, y®,--- where y® = 0,1,2,- +: (a—1) and 
K =e, e®, ¢@,- - - where e® = 1 if y = 0,1,- (b— 1), e —0 
otherwise. 

We shall assume that a one to one correspondence has been established 
between the set of all positive integers A and the set of all sets of integers 
Tis Tes "Tu, n, Such that 0 <r Co <--::<ry£Æn. Then y is defined 
as a function of A. Let 


U =U (2,92) = [(K C a) Cana] : LE Ca) C tran] LLC) C trpa] 
V= (z, Y à) — En | Pal U (x, y; 1)]—m | ‘ 


where pa = (b/a)! and qa = 1 — 7x. 
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We shall prove that V — 0 almost everywhere in the region A: 0*< y < 1, 
We have the equation 


E(V #0) = EV >4) +#(V>4)+8(V>4) +: 


Hence, it will be sufficient to prove that m[E (V > «)] — 0 for every positive 
number e. Since 


B(V.> «) =lim X BL | pn(0) — P | > €], 


g mo >% M=Mo 
it follows that 


m[E(V >6)] S Z m{E[ | Pa(U) — p | > €]} for every mo. 
This will imply 
m{B(V > e)] S lim È m{E[ | pn(V) — p | > ¢}. 


Mo 00 M=Mo 

We shall prove the convergence of this series. In order-to do this, we have 
to compute the measure of the set ET | pa(U) — p | > €]. The expression 
Pm(U) depends upon m digits of U and hence upon mx digits selected from 
the first mn digits of KC x. The mn digits of K C v are in turn selected 
from digits of K by means of the selection x. If v is an integer such that 
v: p(z) = mn, then the first mn digits of K C + are selected from the first 
v digits of K. Thus pm(U) is determined by the first v digits of K and hence 
by the first v digits of y. 

The measure of the set of points y for which the first » digits are pre- 
scribed, is a”. Our problem resolves itself into the counting of the number 
of permutations of the first v oe of y which give rise to a U such that 
| PnU) — pr] >e 

Of the first v digits of y, only mn are used in determining the first mn 
digits of KC v. Each of the remaining v — mn digits has a possible values. 
Hence, there are a") ways of selecting those digits which are not utilized. 
Of the first mn digits of K C a, there are only mp digits which are used. 
The remaining m(n— p) digits of K correspond to m(n—}) digits of y 
which can be selected in a"{#-# ways. Given a specified set of s digits of U 
which are equal to 1, and the remaining n—s digits equal to 0, if 
| pm(U) — p | > e, then | s/m—p,|>«. The s digits of this specified set 
correspond to ps digits of y, each of which can be given b possible values. 
Hence, these digits of y can be selected in b#s ways. A digit of U which is 0, 
corresponds‘ to » digits of y which can be selected in o*— b” ways. Thus 
there are (at — b#)"** ways in which the u(m — s) digits of y can be chosen 
so that the specified set of m— s digits of U will be 0. The s digits of U 





8 E(V x0) is the set of points for which F ~ 0. 
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which are equal to 1, can be selected in mC, ways and s can take on all values 

consistent with the relations | s/m — py | >e and 0Æs<m. Therefore 

m{E [pm(U) — Ph | > el} ae 2 mle bes (at — ba) mes bo qgr-mng-y 
-PA 


= >= Cs pr gu’. 
|s/m-p| > € 


t 


Since the series D D, mCs pr QT converges,’ it follows that 
m=1 |a/m—py| > € 
m[E( v > «)]| = 0, and hence V = 0 almost everywhere in A. 
Let the: set D consist of the selections 2, £2, > - and let æ be the identity 
selection. Thus a = 1 = 1, 1,1,1,: +. We shall let the set M consist of 
the numbers K which correspond to the numbers y belonging to the set 


x 
C Y È HEV (a, y, A) =£ 0]} (C meaning “ complement’) 
420 À=1 


Then every selection belonging to D leaves invariant the properties of every 
admissible number belonging to M. Since the measure of the set 


$ $ ELV (as, 4,d) 0] is 0, 
4=0 N= 


the measure of its complement is 1. The set of numbers y associated with a 
given number K is af measure 0, and hence, the set M cannot be denumerable. 
If in particular, a2 and b = 1, then K —1—vy and the set M has the 
power of the continuum. 

Theorem 1 shows that if the fundamental set be increased in such a way 
that it remains denumerable, this increase will not alter the set of admissible 
numbers appreciably. It also shows that in general the properties of an 
admissible number are not altered by the operation of selection. This fact 
will be brought out from another point of view by theorem 2. 

The resultant of the operations of two selections ‘on a collective is equiva- 
lent to the operation of a single selection on that collective. A fundamental ` 
set should be so chosen that the resultant of anÿ twò selections of the set, is 
itself a selection of the set. The fundamental set for admissible numbers 
possesses this group property.*° It should be observed that if a fundamental 
set is increased, the set of collectives is not necessarily decreased. For example, 
the fundamental set for admissible numbers can be increased so as to include 
all rational selections. | 


? For the proof of the convergence of this series, see Borel I, Chapitre I (Nombres 
normaux). 

19 A selection does not in general possess a unique inverse, and hence these ae 
formations do not form a group. 

11 See Copeland I, theorem 17. 
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In theorem 2, x, y, K, U(a,y,A), and V.(a, y, A). will be defined in the 
same manner as in theorem 1.. 


THEOREM 2. For almost every.y, K Cais a O of the set A (b/a) 
for almost every x (where A (b/a) is the set to admissible numbers associated 
with the probability b/a). 


We shall prove first that V (z, y, À) — 0 almost everywhere in the region 
A:0<2<1,0<y<1. We have to prove the convergence of the series 


ow 
= m{E[ | pn(0) — p | > el}. 
M=Mo 
We have the relation 


EL | pn(0) — pr | >] < Elpsmn(z) 21/3) - E[pn(0) — p | > €] 
+ El psmn(%) < 1/8]. ` 


Tf Psmn(z) 21/8, then there exists an integer, v, such that »p,(x) = mn 
and v= 3mn. Since m{E [Psm (x) = 1/3]} 1, we have the inequality 


m{ ET | pn(T) — pr | > e]} S E nl: Pe grs + D, smnOy' 2-9, 
|s/m-p| >€ v< mù 


Hence, the series converges and V = 0 almost everywhere in A. 
oo 
Let E = $ E[V (zx, y, à) 40]. Then m(#) — 0 and F can be included 
pes! 


in a set E’ of Borel measure 0. Let (x,y) be the characteristic function of 
the set E’.2 Then ** 


=) sandy fe fon 


1 
Therefore, f, $(2, y)dt = 0 for almost every y, and if y is such that 
0 
1 


(zx, y)dæ = 0, then p(x, y) = 0 for almost every z Thus for almost 
0 


every y, K C x is a member of the set A(b/a) for almost every 2. 
It is easily seen that almost every point of A is such that K is a member 
of the set A(b/a), and hence, 


THEOREM 8. For almost every y, K C x.is a member of the set A(b/a) 
and K is a member of the set A(b/a) for almost every x. 


The following theorem is a corollary of theorem 3. 


12 See de la Vallée Poussin I. 
38 See de la Vallée Poussin II. 
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THEOREM 4 There exists a set of selections E and a set of admissible 
numbers M, such that E has the measure 1 and M is at least denumerable and 
the properties of every admissible number of M are invariant under every 
selection of E. : 


Next, we shall show that both. the set of selections F and the correspond- 
ing set of admissible numbers M can be non-denumerable. Let us assume that 
the numbers in the interval from 0 to 1 can be well ordered. Let us consider 
two such well ordered series and let one of them be called the selection series 
and the other, the admissible number series. The admissible number series 
shall contain all of the admissible numbers and no numbers which are not 
admissible. Consider the first member of the selection series. If the set of 
admissible numbers whose properties are not invariant under the operation of 
this selection, is not of measure 0, then this selection will be deleted from the 
series. Otherwise, we shall delete from the admissible number series all mem- 
bers whose properties are not invariant under the operation of the first member 
of the selection series. In either case, the remaining series will still be well 
ordered. Next let us consider the first element in the new admissible number 
series. This element will de deleted, if the set of selections which do not leave 
the properties of this element invariant is not of measure 0. Otherwise we 
shall delete from the'selection series those selections which do not leave the 
properties invariant. This process will be continued, alternating between the 
selection series and the admissible number series. The order of procedure is 
determined, except for those elements which have no immediate predecessors. 
In the case of these elements, we shall perform the elimination for the selection 
series first. This process can not terminate in a denumerable number of steps. 
Hence we have 


Tarorem 5. There exists a set of selections E and a set of admissible 
numbers M, such that E and M are both nondenumerable, and the properties 
of every admissible number of M are invariant under the operation of every 
selection of F. | 


It will be recalled that if K is admissible, then the numbers K C 24, 
K C ten + -K Caan are independent. We shall consider to what extent 
this independence can be generalized. We shall, however, restrict ourselves to 
selections which are mutually exclusive.4# This question can be investigated 
by means of the following device. Let æ be expressed in the scale of n, i. e., 


1 Two selections eee as sequences) are mutually exclusive if their product 
is the sequence 0, 0, 0,- 
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s= gh, 2, g, > o where e = 0, 1,2, > :n— 1 

$ (k= 1,2,-°-)., 
Let | 
1 if M =i], 


. 
vi = 1, us, vs, + + > where v ™® -i 0 otherwise 


Then the numbers Vi, V2,° “Un represent n mutually exclusive selections. 
Given an admissible number K, we shall investigate the independence of the 
numbers K C v, K Cw,:-+K Cup. We shall define the admissible num- 
ber .K by means of the equations 


y = y®, y, y®, peur where y” = 0, 1, 2, ar, — 1, 
and 
ete ent eee er 


== gh, eD 9B)... re g — : 
K = 6, 6, 6%, > Where € i otherwise. 


` Let 


U (s, y, A) = (K C vrn) (E C vn) e (K C vrp) 
V (z, y, à) = lim | Pml U (T, Y, A) — pa |. 
m->CO 
The scale n, in which + is expressed, depends upon A, but æ itself will be con- 


sidered independent of À If V (s, y, A) = 0, then the corresponding number 
K is said to satisfy a generalized condition of admissibility. If the set 


sa | 
ZE [F (x, y, À) 54 0] is of 0 measure, then K is said to satisfy almost every 
=1 à 


generalized condition of admissibility. We shall prove the following theorem. 


THEOREM 6, There exists a nondenumerable set of numbers such that 
each number K of the set satisfies almost every generalized condition of . 
admissibility. 


We have the relation 
B 
EL | pa (U) — p | ><] < EL | pa (U) — m| >e] LL BL pom (dr) 21/20] 
u ' i 
+ 2 E [pann (vr) < 1/2n]. 


If Pemn(vr,) = 1/2n, then there exists a; such that v: pv,(vr,) =m and 
mn S&S 2mn. Let y be the largest of the integers v1, ve, * * * vp 
i Then | 
m{ET | Pm( U) — pa | >e]}S Eo ms pr? qr 
|s/m-my| > € 
+3 omis (1/n)* (1 —1/n) 2s, 


3/2mn <1/2n 


The remainder of the proof is similar to that of theorem 3. 
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The theorems which we have proved indicate the possible latitude of 
choice for the fundamental set of selections. We shall now discuss briefly 
Tornier’s contribution to the problem raised by Kamke. 

Tornier replaces the linear sequences of von Mises by square matrices of 
the form (e,%) where the indices À and j take on separately all positive integral 
values. In place of the selection operation for the collective, Tornier permits 
the selection of rows from his matrices. He demands the independence of these 
tows where independence has the connotation previously mentioned in this 
paper. Tornier proves the consistency of such matrices. The disadvantage in 
his theory lies in the fact that it is not as accurate a picture of a set of physical 
measurements. In a set of measurements, linear order is indicated by time. 
A square array is formed only by mathematical artifice. Tornier’s matrices 
are important in the following type of interpretation. Each row of such a 
matrix can be regarded as the sequence of measurements by a given experi- 
menter. However, for such'an interpretation, we should expect that each row 
of a matrix should possess properties similar to those of the collective. Such 
a matrix can be constructed. I have proved the existence of a set I of inde- 
pendent admissible numbers such that for every p(0 < p < 1), I- A( p) has 
the power of the continuum. The set of sequences I constitutes a matrix 
with a denumerable number of columns and a continuum of rows. Any 
ordered denumerable subset of 7 constitutes a Tornier matrix. The matrix J 
possesses the further property that its rows are collectives whose fundamental 
set consists of the selections Zrna. The label space for I is, of course, the 
restricted space for admissible numbers. In a recent paper I have constructed 
a Tornier matrix such that the label space for each row has the power of the 
continuum, the probability distributions being given by Stieltjes integrals.*® 
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DEFINITION OF POST’S GENERALIZED NEGATIVE AND 
MAXIMUM IN TERMS OF ONE BINARY OPERATION. 


By Donar L. WEBB. 


In 1921 Post! demonstrated that it was possible to construct a function 
for any order table in a system of m truth-values by the use of two primitive 
functions, ~m p and p Vm g which are generalizations of the functions ~ p and 
p V q in the two-valued case. Recently we? have been able to show that a 
function on m truth-values for any order table can be constructed in terms 
of one binary operation, using in this demonstration a negative that corre- 
sponds to Post’s ~m p, a binary operator pP &m q which, for the value com- 
binations used in the interpolation formula, corresponds to Post’s p Vm q, and 
a binary operator p | g which has no equivalent among the operators employed 
by Post. In the latter paper all operators were defined in terms of p | g. 
In this,paper by redefining the truth-table of p |q we are enabled to define 
Posts ~m p and p Vam q in terms of the “ | ” function, thus greatly simplifying 
the proof that any m-valued logic can be generated by one binary operation. 
We find too that p | q as so defined reduces in the two-valued case to one of 
Sheffer’s functions,’ as it evidently must. 

The notation used in this paper is patterned after that of Post so as to 
avoid confusion. 

Let to, t1,: © +, tm, Where m is any positive integet, signify the m truth 
values that an elementary proposition can assume in a m-valued logic. Denote 
by p,q elementary propositions. Let p= t; signify that the proposition p 
has the truth-value ¢;. Make the two additional arithmetical definitions: 


min (ij) =i if tSj (i, j = 0,1,2, >) 
=j if ižj; 
iŒ i mod n, (i= 0,1,2,- +) OZ <n. 


Hence, p | q is defined: if p = t, q = t; (i j =0,1,- > -,m—1), then 
p| q= tr where k = [min (i j) + 1]m. 


1E. L. Post, American Journal of Mathematics, vol. 43 (1921), pp. 163-185. 

2D. L. Webb, Proceedings of the National Academy of Sciences, vol. 21 (1935), 
pp. 252-254, 

3 H. M. Sheffer, Transactions of the American Mathematical Society,-vol. 14 (1918), 
pp. 481-488. 
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THEOREM 1. ~m p= p | p. 


If p= ta then p| p= ts where k= (i+1)m. Thus p|p cyclically 
permutes the truth-values ¢;, giving p|p and ~mp the same truth-table. 
Therefore the two are equivalent. 

Using Posts definition, ~? p = ~n ~n p, etc., we may write 


THEOREM 2. pVmg= ~" (p ] q). 


By repeating the above process we find that if p= t, ~* p= tr, 
where k = (i -+ h)m (h =2,8,: ::,m—1). Hence, if p = ti, q == tj, then 
~m- (p| q) = te where k = {[min(i,j) + 1]m + m — 1}m, or k = min (i, j). 
But pVmq* as given by Post has the same truth-table, making the two 
equivalent. . 

Since Post has shown that we can generate a function of any order in a, 
m-valued truth system by means of ~m p and p Vm q, then, by using the above 
theorems, we can generate a function of any order in a m-valued truth system 
in terms of “ | ?. 
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# This is called a maximum since the higher truth-value has the smaller subscript. - 


AN OPERATIONAL SOLUTION OF THE MAXWELL FIELD 
EQUATIONS. 


By E. P. NORTHROP. . 


1. Introduction. In empty space, containing no charges or currents, the 
classical electrodynamic field equations can, by a proper choice of units, be 
expressed as follows: 

V'e—0, V'h=0 


(1.1) VXe=—dth/it, VX h= ðe/ðt. 


Here e is the electric intensity, and h the magnetic intensity. In the present 
paper we are concerned for the most part with the two equations involving the 
curls of e and h. The significance of the other two equations will be discussed 
toward the end of the paper. 

It is convenient for our purposes to think of the electromagnetic field as 
characterized by the six-component vector v = (es, €y, €z, he, hy, hz). This 
enables us to write the two curl equations of (1.1) as the single matrix equation 


(2) ôv/ôt = iHv, 


where H is the matrix operator 





l ‘14 
$ ° Tih TẸ 
1 ô 1 ô 
0 su Sag 
_19 14 4 
i Oy i Ox 
(1.8) H= : 
upper right, 0 


signs changed 


and v is written as a one-column matrix. The solution of (1.2) is formally 


(1. 4) v = ett Hy, 


* Presented to the Society September 6, 1934. 
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where v is the vector giving the initial state of the field. That is, the vector 
characterizing the electromagnetic field at any point and at any time can be 
expressed as an operator applied toa. The purpose of this paper is to obtain 
rigorously an explicit integral form for the solution (1.4) of the equation 
(1.2). The treatment of the problem, and the terminology to be used will 
be based upon definitions and methods devised by M. H. Stone and others; 
and constant reference will be made to Stone’s treatise “ Linear Transforma- 
tions in Hilbert Space,” (American Mathematical Society Colloquium Pub- 
lications, vol. 15, 1982). We shall refer throughout to this as simply “ Stone.” ? 

The reader, if unacquainted with the terminology of this work, would do 
well to refer to it for the definitions of the following terms: linear manifold 
(Definition 1.3), linear manifold determined by a set (1.4), transformation 
(2. 1), extension of a transformation (2. 2), adjoint of a transformation (2. 8), 
symmetric transformation (2.9), self-adjoint transformation (2.11), essen- 
tially self-adjoint transformation (2.12), and unitary transformation (2.18). 
The following theorems are also of basic importance: Theorems 1. 24, 1.25, 
2.2, 2.6, 2.16, and 3.10. In addition, the discussion on unitary invariance 
at the end of the second chapter is worthy of attention. | 

It is perhaps advisable to make a few remarks in connection with these 
references. The space of functions which we shall use is the space Ls, com- 
posed of all vector point-functions f with components (f:,: - -, fe) defined over 
the whole of Euclidean space of three dimensions, and belonging to Z.. The 
operations + and - are defined as vector addition and scalar multiplication, 
the null element is defined to be (0,---,0); and the function (f,g) is 
determined by the equation 


(f, 8) ACES (fig + + fofo) dadydz, 


where the bar denotes complex conjugate. This space is a special case of the 
space which is shown to be a Hilbert space in Theorem 1.25. The norm of a 


2 The author’s attention has been called to a series of three articles by G. Herglotz 
in the Berichte der Sächsischen Akademie, vols. 78 (1926) and 80 (1928). In these 
articles (see in particular section 11, part III), methods are devised which, if modified 
and applied to the two curl equations of (1.1), appear to lead to results similar to 
those obtained in the present paper. These methods, however, neglect completely the 
questions of convergence and of domains of applicability of the various operators 
employed. . 

#It should be clearly understood that the functions to be considered in this article 
are functions of the time, ż, as well as of the space codrdinates æ, y, z. The variable t, 
however, will be suppressed; and we shall write simply f(a, y, g), etc. 
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function is denoted by |f|, and is defined as (f, ye Throughout: the | 


paper we shall mean I S a ae when we write f f f- 


The Fourier transformation is introduced in Theorem 3.10, but in a 
_rather general way. The form which we shall have occasion to. use can be 
‘described briefly as follows. Let T denote the Fourier transformation, and let 
f(z, yY, 2) e La Then 


TFC, y, 2) = Li 1. PR ae SÍS et Cabrel FCE, m €) dédndg. 


The symbol l.i.m. signifies as usual the limit in the mean (here of order 2). 
That is, f(x, y, 2) = lim. fn(a, y, z) if | f — fa |-> 0 as n — co. Recall that 
NOOO 


if fe La, then Tf and Tf also belong to La Tf is defined by the same 
expression as above, save that the kernel is replaced by its complex conjugate. 


` 2. Outline of procedure. Our problem, as stated in the last section, is to 
determine the operator F(H) = etH, A brief outline of the procedure to.be 
followed may be of aid in understanding what will later be taken up in detail. 
If His a self-adjoint transformation, then F(H) is determined * by means 

of the equation 


Ef, g) = [FE GS, 8). 


The transformation F(A) appearing in this relation is obtained by means of a 
certain contour integral involving the inverse H,* of the transformation 
H, =H — Il, where I is the identity transformation, and 1 is an arbitrary 
not-real number. Thus the normal procedure would seem to be as follows: 
given the self-adjoint transformation H, calculate Hi, Hyt, E(A) and finally, 
F(H). Due, however, to the difficulties involved in the manipulation of the 
partial differential operator H, we shall follow a less direct route. 

The transform of the operator H by the Fourier transformation—call 
it T—leads to a relatively simple.algebraic operator, which we shall denote 
by H’. That is H’ == THT; and by Stone, Theorem 2. 55, H is. self-adjoint. 
We then calculate in succession Wi, H’;4, and E’(A). But W = THT? 
implies $ E” (A) == TE(A)T~ which is equivalent to E (à) ==T7E’(A)T. Hence 
we are enabled to calculate E(A), and so, F(H). 


4Stone, Theorem 6. 1. 
5 Stone, Theorem 5. 10. 
ê Stone, Theorem 7. 1. 
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3. The operators H and H’. The matrix operator H has already been 
defined in (1.3). The unitary transformation by which we obtain the trans- 
form of H is the diagonal matrix T whose elements are T, the Fourier trans- 
formation.. The inverse T of T is obtained by replacing T by T in T. 
It is then easy to show formally that the transform of H by T is the operator. 


. 0 Z —4 
0 — 4 0 z 
y —t 0 
(3.1) H’ = THT = 
upper right, 0 


signs changed 


It is evident that this operator lends itself much more readily to manipulation 
than does H. It is to be noted, however, that we have only formally defined 
H and H’ since we have said nothing of their domains. 

It is relatively easy to find a domain in which H is self-adjoint. On the 
other hand, the problem-of showing that H is the inverse transform of H’ 
(i. e., H==T"“H’T, in which case the self-adjointness of H is established, and 
its domain determined) presents complications. Let us indicate a possible 
method of solving this problem in the form of a theorem. 


THEOREM I. 


Hypothesis. 1.) Let H’ be a self-adjoint transformation with domain 
D(H’). 2.) Denote H restricted to a domain D(H’,) C D(H’) by H's; and 
let H's be essentially self-adjoint. 3.) Define H, by means of the relations 
H=T HT, D(H.) =T*D(H’,). 4.) Denote the adjoint of H, by H*, 
and let H*, == H, where the domain of H is D(H). 


Conclusion. H is self-adjoint, and H==T“HT throughout 
D(H) =T>D(B’). 


Proof. Since H’, is essentially self-adjoint, so also is Hp. Hence H*, = H 
is self-adjoint. But by Stone, Theorem 2.53, H*,= TH" T =T“H'T. 
Consequently H=T-H°T throughout its domain D(H) =T*D(H’) as we 
wished to show. 

I have not been able to use this theorem to characterize H intrinsically, 
because of my inability to determine the adjoint H*, of H, either directly or 
indirectly. Let us, however, leave this problem for later consideration, and 
turn our attention to the investigation of H’, H’, and Hy. 
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4. The operators H’ and W's. 


Turorem II. Let D(H’) consist of all vector functions f = (fi,---, fs) 
which belong to Li, and with the property that the vector 


0 z —y fa 





0 —z 0 sI | f 
y —zr 0 fs 

AT s= 
(4.1) | : 
Dea 0 f 
6 


also belongs to Las. Let H be the transformation which takes fe D(H’) 
into s. Then H is self-adjoint. 


Proof. It is evident that D(H’) is a linear manifold. We prove first 
that D(H’) is everywhere dense in Lze. Let D consist of all functions whose 
components can be expressed as linear combinations of functions which are 
defined as 1 inside and on an arbitrary axis-parallel parallelepiped, and zero 
elsewhere. Then D C D(H’) C Las. But it is well known that D is dense in 
Le. Hence also is D(H’). Thatis, D(H’) determines the closed linear mani- 
fold Lze. We can then prove that H’ is symmetric by showing directly that 
the relation (H’f; g) — (f, H’g) —0 is true for every f and g belonging 
to D(H’). If the difference in question is written out, it will be found that 
the terms line up in pairs, cancelling each other, and that the desired result 
is obtained. f : 

Now define H’, by the relation H’; == H’ — U. Since H’ is symmetric, 
H’, has an inverse H’,;* whenever I is not real.” We shall prove that the 
domain of H’;-* is the entire space Les. Consider the-solution of the equation 


A’,"f == g where g is an arbitrary element of LZ... In matrix form, this 
equation is 


— | 0 OÙ o z —y fa LA 
0 —l 0|—z 0 x fo g2 

0 0 —1 Yy —ZT 0 fa fs 
i E eae 
bagen bina fs 9s 
fo Ys 


T Stone, Theorem 4. 14. 
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To solve this equation for f, we compute by ordinary means the inverse of Hi. 
The solution is then f = H’;*g, or, in matrix form, 





(4.2)9 ÿ, 


fı i P? ay zz 0—k ly 

f2 ye yr? —P yz lz 0 —le 

fs 1 au ay 2—FP\|—ly le 0 
TP — 2 p— À) 

f 5 upper right, upper, 

fs : signs changed left 


` It is apparent that, since l is not real, the effect of applying H’r* to ge La. 
is to multiply each component of g by a bounded, measurable function. It 
follows that fe Lze Now apply H’, to both sides of (4.2). We have 
H’f — lf = g, or H’f = lf +g. Since the right-hand side of the last equation 
belongs to L2,6, so also does the left-hand side, which is immediately identified 
as the vector s of (4.1). It follows that fe D(H’). That is, H';1 carries 
Lz, in a one-to-one manner into D(H’), this being true for all not-real 1. 
This is equivalent to saying that the ranges of H’,, and H’; are both La. 
H is consequently self-adjoint.® 

Turorsm III. Let D(H’,) consist of all vector functions f = (f1,---; fe) 
which belong to Lo, and with the property that any of their components 
multiplied by x, y, or z belongs to Le. Let H', be the transformation which 
takes f e D(H’,) into the vector s of (4.1). Then H’, is essentially self-adjoint. 


Proof. It can be shown (i) that D(H’,) determines the closed linear 
manifold Lz., and (ii) that H’, is symmetric by precisely the same method as 
that used in Theorem II. i 

We now determine directly the adjoint H’*, of H’). Its domain 
consists of those and only those elements ge L6 such that the relation 
(Hof, g) = (f,g*) holds for all fe D(H’,) and some element g* e Lze; 
and, for such an element, H’*,»g — g*. Consider the equation 


(Hf, 8) = (f,8*) 


for functions f vanishing outside an arbitrary cube. We have 


SS fet afd. + Cats tafe) + (ote af) ds 
-Å g 
F oa + yfe) Gs + (fa — afs) Gs + (— yfi + tfa) Je]dedydz 
-f ff [fig*s + fogs + feg*s + aa + 595 + fogs] dadydz. 
-A 


8 Stone, Theorems 9.1 to 9.3. 
e 
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Because of the arbitrariness of f, we must have, almost everywhere, 


ai 295 — Ye g*a = — 292 + 99s 
G* 2 = — 2ga + Tga g”s = 291 — 29s 
g” =  YJa— T5 Gs =— 991 + T92 


Since these relations hold in an arbitrary cube, they must hold over all space. 
H’*, is therefore a transformation with a domain consisting of all functions 
ge Los such that g* also belongs to Lze, and which takes a function in its 
domain into g* as above. H“, is thus identified as the transformation H’, 
which is self-adjoint. Hence H’, is essentially self-adjoint. 


5. The operator H,=T "HT. 


TaroremM IV. Let H, be the transformation defined by means of the 
relation H, = T-HT, where A’, is the transformation of Theorem ITI. Then 
the domain D(H.) of H, consists of all vector functions ge Ls, such that the 
components are absolutely continuous in x, y, and 2 separately and have the 
property that their first partial derivatives with respect to x, y, or g belong to 
Ly, Hy is the essentially self-adjoint transformation which takes g e D(H) 
into the vector defined by the expression 








f 1a 4.0) 
9 ~ig t dy sa 
1 ô 1 ô | 
0 ru À Su he 
ots t Le 1 LA 0 Ys 
} 4 dy 1 0% 
f 
à 
Re epee 0 gs 
ge 








J 


Proof. Since H’, has been shown to be essentially self-adjoint, H, will 
also enjoy that property, by virtue of Stone, Theorem 2. 55. ` The domain of 
H, is characterized as follows: if H’, takes f e D(H’,) into f*, then Hy takes 
T“fe D(H.) into T“f*. If we put g=T"f, g* =T“f* =T"“ [Af], we 
must have ` 


Ja = TT  zfe—yf:] a = TT — 2f2 + yfs] 
ga = T*(— zf + fe] g*s = TT af, — rf] 
TT yfe—ofe] ge TI ph + afal. 
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Because of the linearity of T1, and of the symmetry which manifests itself 
throughout, it will be sufficient if we put g= Tf, g*—T [af], and 
determine what g* is in terms of I We shall show first that 

h, 2 Pas > J? 
G1) g*(ay,2) =— lim. , Het bh) slana, bt) slant) 


4 k—0 
We have 


oga) = Lim. Tr Í. f S tD E CE, 2 dëdnat, 


: 1 : 
g* (z, Y, 2) = Lim. Cr) ff f en takeunted £F E > £) dédndé. 
-Å 


A—00 
It is well known that |f|—|Tf|—|T-1f|. Hence 


(5. 2) g(a + k,y, z) — g (2, y, 2) + g* 


th 





(2, Y» 2) 


(A +) Hero |. 


Now it can be shown by virtue of the mean value theorem that 





en thé ose | 


a | < GI 





and consequently that 





(st ent l<kl#ém ol 


where % is a suitable constant. In addition, 


a ("5—1 
lim {——— + e) = 0), 
h-0 
These last two relations are sufficient, by a familiar theorem regarding passage 
to the limit under the sign of integration, to insure the convergence of the 
right-hand side of (5.2) to zero as À—>0. This in turn implies (5.1), as 
we wished to show. 

We propose now to show that 


t 1 2 
g” (z, y, 2) T IE?) 


almost everywhere. Since g and g* belong to L:, we have by (5. 1) 
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lim Sf [Etre — g (én, £) dédndt 
hoo a b € th 
“gs y z 
—— "ff En edende. 
a c 


w HS-S TSS. eroana 
=i S S fT En tdid, 
and 


(5.8) S” S oent — ala 0) onde 


=i f S S En £) dédndt 


for all outside a one-dimensional null set dependent on y and z. To show 
that this relation holds for all x, y, z outside a three-dimensional null set, 
we argue as follows. Since the relation is one between measurable functions, 
the set on which it fails to hold is certainly a measurable set. Denote this 
three-dimensional set by S. The two-dimensional intersection S, of S with 
z = constant is measurable for all z outside a one-dimensional null set. For 
all such z, the one-dimensional intersection Sz, of S with y = constant is 
measurable for all y outside a one-dimensional null set. But for all such y, 
the projection of Sz, on the axis of æ is of measure zero, since (5.3) holds 
for all outside a one-dimensional null set dependent on y and 2. By a 
theorem of Fubini,® it follows that the two-dimensional set 8, is of measure 
zero. We need only repeat the argument to show that 9 is likewise of 
measure zero. : 

Now change the order of integration on the right-hand side of (5.3), 
and differentiate with respect to y. Then 


That is, 


f [g (z, y, E) — g (a, y, £) ]dg = — i LJ, g* (é, y, €) dédt 


for all y outside a one-dimensional null set dependent on x and z. We have 
only to repeat the argument used above to show that this relation holds for 
all æ, y, z outside a three-dimensional null set. Now differentiate with 
respect to 2. 


g(«, y, 2) — g (a, y, 2) =—if" g*(£, y, 2) dé 


°? See, e. g., C. Caratheodory, Vorlesungen über Reele Funktionen (1918), Satz 3; 
p. 628. 
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for all z outside a one-dimensional null set dependent on æ and y. We can 

likewise show that this relation holds except in a three-dimensional null set. ` 

` It is now evident that for a fixed y and z outside a certain two-dimensional 

‘null set, ga, y, #) is equal for almost all æ to an absolutely continuous func- 
tion of æ, whose derivative is — ig” (x, y,2) for almost all x A third and 
final repetition of the argument used above results in the conclusion that 


g” * (a, Y, 2) =; (895) 
almost everywhere. 
It remains to show conversely that, if we put as before f = Tg, f* = Tg*, 
then f*¥ ==af. Let ; 


. A 
f(@, 9,2; 4) — Tepe Sf L £) dédndt, 


f* (s, y,2;A) = a7 SÍS etlam # vate my E) dédn dk. 


Then f(x,y,2; A) and f*(x,y,2; A) converge in the mean as A— œ to 
f(x, y, 2) and f*(a, y, z) respectively. We can, as well as not, assume that A 
runs over the positive integers. It follows that there exists a subsequence of 
integers, say {m}, for which, almost everywhere, f(x,y,z; m) and f* (2, y,2; m) 
converge in the ordinary sense to f(x,y,z) and f*(#,y,2) respectively. If 
now we define the function h(2, y,z2) by the relation 


h(a, Y, z) == f* (2,4, z) m af (x, Y, 2), 
then the function 


h(a, Y, 25 m) = f” (2, Y: 2; m) — af (x, YZ; m) 
tends almost everywhere to h(2,y,z) as m—> œ. In addition, A(z, y, z) is 
integrable over every finite interval. We propose to show that h(a, y, z) = 0 


almost everywhere. If we integrate f*(æ, y,z;m) by parts with respect to £, 
we have 


ar m 2 
h(a, y, 2; m) = a A ff [etretunted) (En, €) J „7% 


gime 


rene J f eames? g (m,n, À) us 


NT ettumed g (— m, n, £) ddt. 


-m 
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That is, we can write h(a, y, z; m) in the form 
h(a, y,2;m) = (y, 2; meme + u(y, z; meme, 


Now separate all quantities into their real and imaginary parts; i.e., put 
h = hı + ihe, 6 = pı + ide, ete. The above relation then becomes 


hi (2 Y, 2; m) = ($s + Ya) cos ma + (— de + yo) sin me, 


GO h(a y zim) = (da + p) cos ma + à d1— p) sin ma, 


and in addition, 
(5.5) é lim h; (£, y, 2; m) =hj(2, Y 2), (j = 1,2), 


almost everywhere. 

If now we fix y and z, $ and # become functions of m alone, and the 
right-hand side of either of the relations of (5.4) can be written in the form 
Bm cos ma + On sin mz, where the coefficients B, and Om are real numbers 
dependent on m. By a theorem of Steimhaus,!° | 


Tim | Bu cos ma + Cn sin ma | = lim (Bp? + On?) 
m->CO m->00 


for all 2 outside a null set. The left-hand side is finite for all æ outside a 
null set (since hı and ha are integrable over every finite interval), and the 
right-hand side is independent of s. Hence Bm and C, remain bounded. Now 
write ` 

` Bm cos ma + On sin ma = (Bm? + On?) cos M(E — am), 


where an = tan? C,,/Bm; and note that for almost all T, 


Tim cos m(x — an) =+ 1, lim cos m (x — am) = — 1. 
m=->90 te 


Furthermore, we can pick out a subsequence, say {uw} of ms such that 
(By? + Cp?) tends to its upper limit. In that case, i 


Tim (Bp? + Out) cos px — ap) = + Im (By? + Cu?) = 0, 
Bow Boo 
lim (Bu? + Cy?)*/? cos a(€ — ap) = — lim (By? + Cy)? € 0. 
H»00 Lr>00 


But the limits on the left are identical by (5.5). Consequently h(a, y, z) = 0 
almost everywhere, as we wished to show. This completes the proof of 
Theorem IV. D = 


10 Wiadomosci Matematyczne, vol. 24 (1920), pp. 197-201. 
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Let us consider what has been accomplished up to this point. We have 
defined the operators H’, H's, and Ha; and have shown H’ self-adjoint, and 
H’, and H, essentially self-adjoint. Were we able to determine the adjoint 
H*, of H, we would have, as proved in Theorem I (Section 8), a self-adjoint 
transformation identical with T“H’T throughout its domain T*D(H’). As 
I remarked previously, I have been unable to determine H*, either directly 
or indirectly. For all practical purposes, however, the exact determination 
of H*, is unnecessary, since the functions to which one might have occasion 
to apply the theory would probably satisfy much more restrictive conditions 
than those required of functions in the domain of H*,. Indeed, most of the 
functions considered in classical electrodynamics would be included in the 
domain of H, (i.e., possess the necessary derivatives, belong to Lis, etc.). 
Consequently, since we are sure H*, exists, we shall hereafter refer to it as 
the self-adjoint transformation H with domain D(H). 


6. The operator E’ (à) corresponding to H’. In the calculation of the 
operator E’ (A) we make use of Stoné, Theorem 5. 10, to wit: If H’ is a given 
self-adjoint transformation, the corresponding “resolution of the identity ” 
E’ (à) can be determined from the relation 


FLE" ()f, 8) + (E(u — 0)f, 8)] 


(6. 1) — [(E’() f, 8) + (E (v— 9) f, 8) 1} 
=— zy lim f (H’*f, g) dl, 


where f and g are arbitrary elements of L:,, and where the contour over which 
the integral is taken consists of two oriented polygonal lines whose vertices, 
in order, are w+ de, p + ia, v + 1a, v + te, and y—te, y— ig, p— ta, p— te, 
respectively; the real numbers u, v, a, e being subject to the inequalities 
rm O<EX &. 


To obtain E’(A) from (6.1) we put p =A +8, 8 > 0, and allow 8 to 
tend to zero, and v to tend to — œ. For by the properties of E (A), 
lim (E (a +8) fg) = (E(1+0)f, g) = (E’(à)f, g), 
lim (E'(à + 38—0)f,g) = (EO + 0), 8) = ŒIL 8), 
lim (E (»)f, g) =0, lim (E (v—0)f, g) =0, 
p->- v=>-0 


and the left-hand-side of (6.1) becomes simply (E’(A)f,g). It is to be 
noted that the domain of E’(X) is the entire space Los. k 


4 Stone, Definition 5.1. 
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For convenience of notation, let us write (E’(»,v)f,g) for the left- 
hand side of (6.1), and put R==H’,;" (see relation (4.2) for the latter). 
Denote their elements w E ju, v) and Bin respectively. Then (6.1) becomes 


(6. 2) SÍS > B'a (m »)figs dadyds 
Sea FAN 2 Rifai drdyds | dl. 


The change of order of integration on the right-hand side of this equation can 
easily be justified because of the simple way in which / enters into the expres- 
sion for the Rj. The right-hand member can thus be written 


+00 
e if : 
(6.3) lim f f f x, -z f Radi | fug; dxdydz. 
—00 


We proceed now to calculate the various contour integrals involved. In- 
spection of the matrix R shows that the calculation requires integrating the 
following three fractions, or combinations thereof, where for simplicity we put 
r= (2? + y? +): 1/(P — r), 1/(P—72?), 1/1(? —1?). These in turn 
break down into partial fractions whose contour integrals are easily found.. 
The following results are obtained: 











ne AT ar arte ante) 
ea arian es pu gt im) 
ç = € 
l aes ts eee oe an atr 
Rmi Jo UP — 17) =z [in z tat a + tan? — e ie 


— tant + 2tan™ ead 
€ 


Note now that as e— 0 through positive values, these expressions converge 
boundedly to their respective limits. We are consequently justified in passing 
to the limit under the sign of Be in (6.3). That is, if we put 


Pa=— z im f Riedl, 


we can conclude that 


+00 +00 
6 e, 
SSS À Eu, v) fxg dadydz = fff ; 2 Pinfug; dadyda. 
j= ` a1 
a Sag Pee . 
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Finally, in view of the fact that f and g are arbitrary elements of Lz,., we must 
have y, v) fx = Pirfx almost everywhere. 

In calculating the limits of the contour integrals, there are three cases to 
be considered, namely, (i) 0 < v < m (li) v <0 < m (iii) vp <0. (Recall 
that y was taken greater than v). But since, in passing from Lu, v) to 
Zi’j-(X), we are going to let y tend to — œ, we may as well take v negative, 
which throws out case (i). Also, in case (ii), we shall assume p< — v. If, 
ther, we put p == À + 8, § > 0, and allow 8 to tend to zero, v to tend to — œ, 
E’ (4, v) tends in the mean to J’;,(A), and we obtain the following matrices: 


O (null matrix), tS —)? 
g? — 7? zy Ue 0 zr — yr 
r ys y — 1? yz — 27 0 ar 
A 2 D. ef zg 2y z — 1? yr — ar 0 EE 
a FD — 
Qr? 2 
upper right, upper 
| signs changed left 
I (identity matrix), rsa 
T? + 7° xy TA 0 —2r yr 
EQ ye PH? yz zr 0 —xr 
no iy 1 ZE ay Z+ —yr ar Si 
- T , 
2r? : 
upper right, upper 
signs changed left 


The operators which for the most part we shall have occasion to use, how- 
ever, are not those just calculated, but rather the operators [E (A) —E”(u)], 
as zhey appear in the cases p< À << 0 and O<y<a. If we choose the 
folbwing nine elements as basic: 














a a — ZY — Tt 

Fn = Ei = Es = —— 
# 20? #0 Br? E ar 

2 2 

B'a =" ZI Bs aa if pide 7 
z Rr? 272 7 27 

r? we 2? Es yz —z 

DE E ERA E. = E’ = —_— 

33 372 23 O72 24 2 ; 


we can express the required [E (A) — E’ (p) ] in terms of them as follows: 
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By Eye Ess 0 Los — F) 
Ey, B'o Dos — E'u 0 E35 
š E’ Ess E33 | B16 — Ess 0 
A) QE | LEE Fee, 
(a < à < 0) upper right, upper 
signs changed left 


O, elsewhere. 
By Ey. Ess 0 + Eos E's 
Faiz Fo Eos Bog 0 ran Fas 
F's Eos E's RE Fie Fi’ 35 0 


[E A) — En) = | 4 -—<— rr Sl 
(0 < v < A) upper right, upper 
signs changed left 


O, elsewhere. 


In addition to these, we shall have occasion to use the matrix [E’(0 + 0) 
—E’(0—0)]. Note that E’(0 + 0) can be had as a limiting case of E’ (A), 
1>0,A—>0. Thus, E'(0 +0) =E (à) for À > 0, r >A; and similarly, 
E/(0—0)—E"(A) for A<0,r>—A The matrix in question can then 
easily be shown to be 
T? Ty vz 
Luz y yal 0 
1 | ee zy À 


[E’(0 +0) — E (0 —0)] = 3 - | t, 0 erst o. 


0 upper 
left 


% Characteristic values and elements of H’ and H. It is convenient at 
this point to say a few words regarding characteristic values and charactéristic 
elements. For through a discussion of them, we are not only provided with 
a partial check on the calculation of E’(A), but we shall in addition obtain a 
result which will be of use later on. A characteristic value of H’ is defined *? 
as a value of ? for which MH’; has no inverse. Now the determinant of the 
matrix H’, is ? (P —-7?)?; hence 7 — 0 is the only characteristic value of H’. 
l= + r are not characteristic values, since for a fixed 1, this equality holds 
only over the surface of a sphere—i.e., over a three-dimensional set of 
measure zero. A characteristic element of H is defined as an element g € Lze, 


12 Stone, Definition 4. 2. 
14 


x 
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g = 0, such that H’g — lg, where lis a characteristic value. On the other 
hand, a necessary and sufficient condition :* that g be a characteristic element 
of H’ corresponding to the characteristic value J is that 


[E 0 0) —H’(I—0) Je =e. 


If, then, the expressions obtained for E’(X) are correct, the solutions of these 
last two equations for the characteristic value 7 == 0 must be the same. 

The matrix equation [E (0 + 0) — E’(0 —0)]g = g leads to six scalar 
eqtations, of which the first three are 


(FS) gi tyge +. Taÿs = 0 
ysg + (Y? 17) 92 + Yzgs = 0 
ang, + 2YJa + (z? —1") 93 = 0, 


and the second three are different only in that g1, 92, gs are replaced by gs, gs; Js 
respectively. The two sets of three equations are independent; and in either 
case, for a fixed £, Y, 2, the determinant of the matrix of coefficients is zero, 
ani the rank of the matrix is 2. Hence, in either case, any one of the three 
components involved may be chosen arbitrarily, and the rest will be uniquely 
decermined. Put gı = T1, ga = po, where p, and pz are to a.certain extent 
arbitrary measurable functions of v, y, and z. Then 


g = (Lr, YP, ZP1, CP 2, YPas ZP2)- 


Our choice of p, and p» is restricted in that the resulting vector g must belong 
to Las. It is easy to verify that the solution of the equation H’g — 0 has the 
same form, as was to be expected. 

. We have just shown that a characteristic element of H’ must be of the 
form g == (Pı, YPıs 2P1s TPo, YP2, 22), Where p, and pz are any measurable 
functions such that g E Leo. Conversely, any such functions p, and pe will 
yizld a g in the domain of H such that H’g — 0. The set P’ of all such 
functions g is a closed linear manifold, called the characteristic manifold of H’. . 
If the characteristic manifold of H be denoted by P, then, since the char- 
acteristic values of H and H are identical * we must have P==T“P’, Sup- 
pese now that we restrict ourselves to a dense linear manifold P’, of P’, and 
celculate T-P’. We shall obtain a linear manifold P, which will be dense 
ic P. This follows immediately from the fact that distances are preserved 
uader the Fourier transformation. l 


13 Stone, Theorem 5. 13. 
14 Stone, Theorem 4. 3. 


Ps w 
È, 
DRE 
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Let us take as P’, the set of all functions ge Lie of the form 


g = (Pu, YPr, Prs EPa, YP2, ZP2); 


where p, and p: belong to La. It is not difficult to show that this set is dense 
ia P’. If now we apply T+ to g, we obtain as P, the set of all functions 
of the form 


er er me BY, 
-where p, and pz belong to L:, are absolutely continuous in a, y, and z separately, 
and have the property that their first partial derivatives with respect to 


z, y, or z belong to La. This result follows directly from our work in 
Theorem IV. 


8. The operator E(A) corresponding to H. It has already been pointed 
out in Section 2 that Hf —T“H’Tf implies E(àA)f = TE (A)Tf. Since 
this relation holds for an arbitrary element fe Lə, we are entitled to write 
Enlà) fe = TE’ w(A)Tfr A difficulty arises in the calculation of the 
Fix.(A) due to the fact that, in most instances, the #’;,(A), as functions of 
£, y, z, do not belong to La, as we shall presently require. We shall find 
ultimately that it suits our purposes just as well to calculate 


(8.1) CE) — Eu) fe = TER) — Einu) JP 
for the cases p< À < 0, and 0 <w<A Put 

LE) — Eme) | = EnA) = Lin (a, y, 25 A). 
Then (8.1) becomes 
(8.2) Ejh, y, 23 A) fu (&, Y, 2) 


+00 
1 
sis (22)? f f S e-Hoastyyataes) HY ir (Eo, Yo, 225 A) Tfr (Los Yo, 22) dt2dYodzz. 
-0 


Let us examine the right-hand member of this equation. It exists as a 
function of æ, y, z, and belongs to La To establish this fact, we argue as 
follows: since fpe Lə, so also does Tfx. The effect of applying E’j,(A) to 
any function is to multiply it by a bounded measurable function or by zero 
according as the point (x, y, z) lies inside or outside a region bounded by two 
concentric spherical surfaces. Hence H’j,(A)T fe La, and vanishes outside 
the above mentioned region. The right-hand member of (8.2) is nothing 
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but the inverse Fourier transformation applied to H’j,(A)Tf,, and as such, 
it exists and belongs to Lz. Now let us look at the integrand from another 
poimt of view. Put 


9 in (@2, Yes 225 T, Y, 25 A) = et wastyyatees) I sy (22, Yo, Le; A). 


Then gir, as a function of we, Yz 22, belongs to Lə. But it is well known that 


if f and ge La, then 
DATES 


‘both integrals being absolutely convergent. Thus, if we put for convenience 
É = tı — T, ) = Y1 — Y, 6 = 21 — 2, we are entitled to write, instead of (8. 2), 
the following: 


| Ej(x, ¥,2; A) fi (a, VA z) 
= ase SSS Glé, 0, E3 A) fa (ts, Yu 21) de dy,dz,, : 
Gin (és m £3 A) | 


+00 
= aS S Í ot Essen) E ia (Bo, Yo, 225 A) dtadyode. 
-%0 


(8 3) 


We shall leave the #.(A)f, in the integral form as above, and proceed 
to calculate the Gj,. Because of the fact that the F'(A) vanish outside a 
rezion between two spherical surfaces, it is advisable to work with spherical 
rather than with rectangular codrdinates. To this end, we put tz == r cos @sin 4, 
Ye = r sin 6 sin $, z,=rcos¢. We note next that the F'(A) are made up 
of ten fractions, or combinations thereof. They are 1/2; 2, y?, 27, vy, sz, and 
yz, each divided by 2r?; and x, y, and z, each divided by 2r. That is, if we put 
fcr convenience w == é cos ô sin $ + y sin 0 sin $ + ¿cos ġ, we must evaluate 
tke following ten integrals: 


À 2T T 
p= f Í. Í. eiro 72 sin à drdbde 
u Jo o 
À 2x T i 
L = f J, Í. ete 1? sin? & cos? 0 drdôde 
& 0 o 


À 
f ette 7? sin? œ sin? 6 drdbdd 
N3 
À 
4 


ar T 
SS. 
2r T 
f f etro r? sin & cos? b drdédd 
0 o 


La 
L= 
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A 2m T 
I; = f f f etre r? sin? sin 6 cos 6 drdôdp 
+ a “a 
k=: Í f f ett 72 sin? œ cos p cos 6 drdédp 
0 . 


à 2r r 
L= f f f etre 7? sin? o cos sin 6 drdôdp 
ge 2T 
w= LSJ, 
27 T 
nef, S d. 


T 


etro 7? sin? 4 cos 6 drdédd 


ee r? sin? ẹ sin 6 drdédd 


0 
27 
Lo = f f f i etre 1? sin b cos b drdédd. 
Jo 0 


These integrals, as written, are for the case 0 < u <À. Those for the case 
p <A < 0 differ only in that the lower and upper limits for r are, respectively, 
—-dand—~yp. We shall not go into any great detail regarding the calculation 
of these integrals, but it is perhaps advisable to note the various devices used. 
Let us first consider the integration with respect to 6 of I}. This involves 


2r | 
Í. gir h sin b+c cos 8) dð, 
0 


where we have put b = sin ¢, c == é sin ¢. If now we let 6=y-+ 8 where 
8 is defined by the relation 8 == tan“ b/c, and if we put d==r(b? + œ), 
the above integral becomes 


[ose dy = f” git cos Y dy — 2 1A gd eos y dy = Qa Jo(d), 
-3 0 š 


where J, is the Bessel function of the first kind and 0-th order. Note that, 
because of our substitutions, J,(d) = Jo (rV E + n? sin d). 
Similarly, I, involves 








so ‘gir (d sin B+e cos 8) cos? bd — s 1 © ae sin #+c cos o] dé 
0 o 7 ĝe 
1 0? 
ir(® sin 0+c cos 0) ee = 
~~ 72 OG? a ae as | z ja = Lo(d)]. 


This last term can be broken down as follows: 


Ca 2 6 
5 (Joa) = (D) + 


£ DE J 
EFT D + ag EF r TO 
where the prime denotes differentiation with respect to the argument d. We 
have also Jọ (d) == — Jı (d), Jo” (d) = 4[J2(d) — Jo (d) ]. Hence J, can be 
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written as the sum of three integrals, involving Jo, J1, and Ja respectively. 
The integrals I, to Io are treated in a similar manner. 

The integration with respect to $ amounts to finding expressions for the 
following: . 


(A) f girf cos ġ Jar VE + 7 sin $) ginn $ dẹ 

(B) s eirt coso J, (¢ VE Fy +7? sin p) coso sin”! p de 
0 

(C) . f eirt cos d J, (r VE + 7 sin g) cos? ¢ sin” ¢ dẹ. 
o . 


The following formula, which has been derived by both N. Sonine and N. 
Nielsen, is of basic importance in this respect: 


7/2 : 
(S) f Jn(ag cos b)J,(az sin p) cos” ¢ sin”! do 
0 


gra” Iminua (a V9? + 2°) 

a $ (g? + z) Em+n+1) /2 
(In the general case, where m and n may be complex, the only restriction 
placed upon them is that their real parts be greater than —1). Sonine 
showed in addition that if we put m == — 1/2, and make use of the relation 
J172 (t) = (R/rt)/? cost, we obtain 





f "ao (ag cos )J, (az sin p) sin”? ¢ de 
9 . 
ME f cos (ag cos p)Jn (az sin p) sin 6 do 


a (= ye Fnsrjo (ap) 
2a pe ? 


where p= (q? a #)#. ‘Finally, if we note that the valde of the last integral 


is zero if we replace cos(ag cos @) by sin(ag cos ¢), we have immediately an 
expression for (A), to wit: 


(A’) f etaa cos OJ, (az sin $) sin" ¢ do = Ey z” Teadete), | 

0 
It will be found that we can evaluate (B) and (C) by putting m = 1/2 
and m—3/2 respectively in (S), noting that Jiy2(t) = (2/rt)* sin t, 
Jaza (t) = (1/#) F1/2(#) — J172 (t). We obtain 


18 N. Sonine, Mathematische Annalen, vol. 16 (1880), p. 36; N. Nielsen, Handbuch 
der Cylinderfunktionen (1904), p. 181. 


4 


wee 


a 
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(B ) E e724 cos OF, (az sin b)cos ¢ sin” b dp = 1 (Ee p Tes ge) 


(0) Jo giag cos Jy (az sin p)cos? o sin”! 4 dẹ 
0 
-Fy a [5 J nss/2(0p) — e > I nasa (ap) 


pes prs (2 


To adapt these formulae to our use, we have only to put r for a, & for q, and 
(E + 77)*% forz. Then p= (g? + 27)* becomes (£ + 7? + £2)4 We shall 
continue to designate this last radical by p, thereby conforming to our use 
of r for (a + y? + 27)%, 

The integration with respect to r presents no particular difficulty. Bessel’s 
functions of low orders which are half of odd integers are readily reduced to 
trigonometric functions. Once the ten integrals are evaluated, the Gj, are 
found to be as follows: 


Gu = Taa yE 5 [ 2(—# + nt + €) (sin pà — sin pu) l 
P 
— (7° + &) (pà cos pà — pu cos pu) + (RÉ — 7° =0f, iey = du | 


Gog = Gy, with é and y interchanged. 
Gss = Gy, with £ and ¢ interchanged. 





Gr = Br [ 4(sin pA — sin pp) 
À 
— (pÀ COS pA — pp COS pu) sf aina d u | 
Gis = Ge with y and ¢ interchanged. 
Gog = Gy. with é and & interchanged. 
Gas = ae [2 (cos pA— cos pu) + (pA sin pA— l sin pp) ] 
i(2r) Apt P ph P P PE Ph 


Gig = Gss with € and y interchanged. 
Gog = Gas with é and £ interchanged. 
The matrix G is given by 


Gar Giz Gis 0 Le Gag Ge 
Ge Gz Gz Gos 0 — Gss 
Glé, n, č; A) = Gis Ge Gss — Ge Gas 0 
pLÀA< ) te ; 
O<a<À upper right, upper 


signs changed left 
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In connection with these results, we note the important fact that the 
matrix G is the same for the two cases p< À < 0 andO0<p<r. Also, 
we are afforded a partial check on our calculations in that since the 
E’ jn(A) e Le, so also should the Gx(A), as functions of é y, €, have this 
property. That they actually do is easy to verify. 


9. The operator F(H) =eït4, We are now prepared to show that the 
operator F (H) = et is a matrix whose components F;,(H) are given by the 
relations 


(9.1) F(A) f(a, y, + a 
== lim. SSS Dix (E, n, É; t, A)fn(a, Yis 2) dæıdyıdzı, 


400 (2r aye 
Dylon ts 4) = LS, + fi] ot? acute), 


wherein the Gj, are the elements of the matrix determined in the last section. 
Before setting out. to prove this relation, however, we shall make a few ob- 
servations regarding the calculation of the Djp. 

It was found in the last section that there were only nine distinct Gr. 
(with the exception of a sign), which in turn could be classified as three groups 
of three each, those elements in each group differing from each other only 
insofar as é, 7, £ are concerned. Hence for the moment we need consider only 
one element in each group—say, Gis Gio, Ges. We have 


a) G4,(A) = (Qa sup mel Ré + 7? + €) cos pA + (7° “+ &2)pA sin pà l 


+ (26 0 BA] à 





da (4) = aa cos pA + pà sin pà — 3 an =A] dà 


EE es 
Gas (A) = mrg [pA cos pA — sin pA]dA. 
Now all the terms involved above, multiplied by et^, are continuous at the 


0-0 A A 
origin. Hence, we may replace [ff + S. ] by f . The calculation 
~-A 0+0 «7 -A 


of the Dj, is a relatively simple matter. We shall not list the results here, 
as it seems. advisable, for_all purposes. of .reference, to include them in the 
summary (Section 11). It is a matter of simple routine to show that, as 
functions of 2, th, Z, the Dire Lo. 
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We have now to verify the relation (9.1). Among the important char- 
acteristic properties of a resolution of the identity are the following: ** 


lim EQ)f—f, Jim. E(a)f—=0 
A->+00 À=-00 
for any function f in its domain. In the case at hand, then, 


Lim. [E(A) —E(—A)]f= f. 

A->00 
Now by Stone, Theorem 6. 6, ett is a unitary transformation. Hence we 
must have 


(9.2) ettHf == lim, e 8[E (4) —E(—A)]f, 
í A> 
for every fe Lze. Consider now 


[E(4) —E(—4) Jf = ((E(4) —E(0 + 0)] — [E(— 4) —E0—0)])/ 
+ [E(0+0)—E(0—0)]f, 4 >0. 


Regarding the last term on the right-hand side of this relation, it was pointed 
out in Section 7 that the range of the operator [E(0 + 0) —E(0—-0)] 
consists of those and only those functions which are characteristic elements 
of H corresponding to the characteristic value 1—0. The term in question 
can thus be eliminated from our present consideration. For if f is a char- 
acteristic element, then Hf = 0. Referring back to our original problem— 
that of determining the solution of the equation 0f/dt — iHf—it is evident 
that in such a case 0f/dt — 0, and the function f is constant in time. Such 
functions we can afford to disregard in the present analysis.*® It should be 
pointed out, however, that we do not eliminate the term [E(0+0)—E(0—0) ]f 
as a matter of mere convenience, but because of the serious difficulties it would 
cause in the work which is to follow. We shall hence forth understand, when 
we S E(A) and E(—A), that we mean [E(A) —E(0+0)] and 
[E(— A) —E(0—0)] respectively. 

a let pat, A) be a function which for ¢ fixed converges uniformly to 
eth on (—A,A). Then in accordance with Stone, Theorem 6. 1, 


(9.3) ett E(A) —E(— A) ]f = Lim. $n (t, a) [E(A) —E(— 4)]f. 


1¢ Stone, Definition 5, 1. 
17 The reader should note the revision of notation brought about in Stone, Definition 


6.4. In accordance with this revision, we are using F(H) in the place of T(F) in 
Theorem 6, 1. 


18 See also Section 10. 
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We shoose œn (t, À) as the step-function defined as follows. Divide the interval 
(— 4, À) into n parts, the only restriction being that the origin be interior 
to n> sub-interval. This is, of course, no real restriction, since we could just 
as well work with the two intervals {— 4,0 —0) and (0 + 0, A) separately. 
Put 

ert Ay SAS Wwa (ve=1,--°, 7), 

0, elsewhere. 


gn(t,A) = { 


It is apparent that ¢n(t,A) has the property which we required of it above. 
Put for simplicity | 
W(H;,A)=eA[E(4) —E(—A)], 


and denote as usual its elements by W;:(H; A). Since the relation (9.3) 
holds for an arbitrary fe Les, we must have, for the separate components, 


Wa(H; A)fr 2 Lim. { À "(Bie (Avn) — Ex (Av) | \ fr. 


Bus Er (Ava) — Ejx (Av) is nothing other than F4 (A) where À = Aver, p= Av. 
If we denote this by Hj,(Av), we have in view of (9.3), 


(9.4) Wa(H; A) fr = Lim. Ta aj 3/2 aaa SSS EG (é, m €; Av) 


i fee, Yi 21) dt:dy:d2: 


nr: ae SSS [S+S eea 


: d\Gr(é, n, £3 A) } fa (Er, Y a) dady dza. 
It remains to show that (9. 4) implies i 


(9. 5) Wa (H; Afe = rgy SÉSELS G27 eit 


* Glé, m 65 A) } fe (Tr Yr, 4) dtidides 
- almost everywhere. 
We introduce the functions f;, which are identically equal to fẹ inside 


acd on an arbitrary origin-centered, axis-parallel cube of side 2B, and zero 
elsewner: We then consider the integral 
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(9.6) Sff{ [S + fe etant } 


fF (a, Ya 21) da, dy, dz. 
Since for ¢ fixed, n(t, A) converges uniformly to et on (—A, A), there 
exists a sequence of constants {Ma} depending only on n, such that 


(i) | et pi, A)| = Ma for every n, and (ii) limW,—0. Hence 


n0 


| [SS] A CT | 


SMV 4 GEMS S SE ] lean earl an 


where the prime denotes differentiation with respect to A. It is easy to show 

that the integral on the right-hand side of this relation exists as a function 

of tı, Yı, Z and is of integrable square over the cube of side 2B. If we denote 

the integral in question by Ny,(é,7,£; A), then for fixed a, y, z, the integral 
(9.6) exists and is dominated by 


+00 
M, SSS Né, LE £; A) | fF (ta, Yis 21) | dx,dy,d2y. 


This observation, together with the fact that M,—0 as n—> œ insures the 
convergence of (9.6) to zero as n—> œ. In that case, 


on aS SILL ee 


On(En 654) À fP (0s, gust) ddd 


= D gaye CL aS SSI (Efe + ec 


> AnGyx (En, 6; A) \ fi? (Dis Yr, 2) da, dy,dz, 


for all z, y, z. Now the terms under Lim. and lim in (9.4) and (9.7) 
respectively are identical. Hence, by a well known theorem regarding the 
relation between limits in the mean and ordinary limits, the left-hand sides 
of these equations must be equal almost everywhere. That is, the relation 
(9.5) is true for all functions fP. Let us write this in the form 
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(9.8) Wy; és 


Cr Bar SS. ( Dat, most, AJh Ge, Yu 21) de dyd, 


Dalén tst, Han fe Jean ea) 


almost everywhere. 
We now remove the restrictions on f;. To do so, we note that fr = Lim, fë. 


It is then not difficult to show that Wj (H; A)fr = Li i. im. WH; a FE. In 


addition, since the Dj, © L, as functions of 2, Yı a we ue have, for fixed 
T, Y, CA 


+00 +00 
aan S S f Pudadndn im f f f Durand. 
-0 -00 


By the same argument just used regarding lim. and lim, the relation (9.8) 
must hold for all functions fx € Le. This, together with (9.2), completes the 
proof of (9.1). f 


10. The equations Y-e—0 and V-h=0. Recall that of the four 
electrodynamic field equations, we have so far failed to consider the two equa- 
tions V'e—0 and V-h=0. We propose in this section to investigate 
their significance. | 

We discussed in Section 7 a linear manifold dense in P, the characteristic 
manifold of H. This was the set Po, consisting of all functions f of the form 


j= (32, 5, BBB, BY, 


where p, and p: belong to Lz, are absolutely continuous in g, y, and z separately, 
and have the property that their first partial derivatives with respect to v, y, 
or z belong to Lə. Let us examine the relation between the orthogonal comple- 
ments of P and Po. If we denote these manifolds by Q and Qo respectively, 
it is apparent that, since P, C P, Qo 2 Q. To show that Qo = Q, we argue 
as follows: 

Since any function in Le, can be uniquely represented as the sum of 
two functions, one in P and the other in Q, we have only to show that-no 
function of P— P, is orthogonal to every function of Po. Suppose, then, 
that fe P— Po Then a sequence of functions {fa} £ Po can be found such 
that |fa— fl] fa" + 1 f 18 G, fa) — Un D) 0 as n>. Now 


assume f orthogonal to every function of Po. Then the last relation becomes 


. 
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| fal? + [f]? +0 as n— co. This can be true only for f==0. But the null 
element belongs to Q as well as to P. Hence the orthogonal complement of P, 
coincides with that of P. | 

The set Qo = Q must consist of all functions ge Lae such that 


(10.1) SS ermua f ff «-Faeigic—0 
260 -A 


for every fe Pe. If the second term of this relation be integrated by parts, 
we obtain 


sim { J f [obs] dyd + J f [sp] dede + S So [gp] dy 


-+ 3 similar terms involving the products 
(10. 2) of p and ga, Js, Jo, respectively 


-SSS ôg: + + % A+ fhe es i +2) pr | dadydz = 0. 


It is now possible to pick out a sequence {a} of A’s such that the first six terms 
of this expression vanish in the limit. To show this, we-argue as follows. 

Consider any one of the terms in question—say the first. Since gı and pı 
both belong to L», their product, which we shall denote by g, belongs to D. 
Then for a given e, we can find a b so large that 


IN [Jf ina aie]orce ; 


in which case, a fortiori, 


JS, se c)de= f” ESS q(x, y,2)| dyde | de < è. 


It follows that the set of values of z, æ >b, for which (z,c) Æe is of 
measure <e That is, outside a set of values of z, b < s = œ, of measure 
<e (z,c) <e If now we take c > b, we can choose an a, b <a < c, so 


that (a,c) < e It follows that 
@ 
< f fiat y, 2) dar <e, 


Pe 
| Sf g(a, y, 2) dydz 
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and as e —> 0 over any sequence of values, we can find corresponding values of 
a— œ. Now the first term of (10.2) is of the form 


“A 3 A a 
‘lim {ff a(4,y,2)dyde— f f a(—A,y.2)dyde } . 
A>% 

-A -Å 


It is evident not only that the sequence {a} of A’s can be so chosen that both 
parts of this first term vanish simultaneously in the limit, but that it can 
be so chosen that the same will be true of both parts of each of the first six 
terms of (10.2). 

The condition (10.1) is consequently equivalent to 


SÍS (+ + + 2 ace Ms y 8) 5, | indyde = 0. 


This in turn is equivalent to 


091 O92 | gs __ ois ig Os = 
te Ty + Ge TO tay To — 


almost everywhere; or if g = (Ca, Cy, €z, ho, hy, hz), equivalent to the con- 
ditions V : e = 0, V : h = 0 almost everywhere. 

We are thus led to the conclusion that of all functions belonging to Lo,., 
those and only those which satisfy the divergence conditions constitute the 
orthogonal complement of the characteristic manifold of H. 


11. Summary. The object of this paper has been to obtain rigorously 
a general integral representation for the solution of the classical electrodynamic 
field equations in the case of empty space containing no charges or cur- 
rents. These equations were expressed in the form V'e—0, V':h—0, 
V X e= — dh/tt, V X h= ôðe/ðt. The significance of the two divergence 
equations was discussed in the last section. It was found that upon putting - 
V= (Ca, Cy, Cz, Cx, hy, Re), the two curl equations could be written as the single 
matrix equation 
(11.1) 0v/0t = iHv, 
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í o i2 iù 
1 ô 1 2 
1 ô 1 ô 
0 Lu e 
_18 1ô 0 
‘ight, 
ee Changed 0 








The domain of the operator H was not precisely determined, but it is sufficient 
for all practical purposes to know that it contains the class of all vector func- 
tions v whose components along with their first partial derivatives with respect 
to v, y, or z belong to Lz over all space, and whose components in addition are 
absolutely continuous in x, y, and z separately. 

The solution of the equation (11.1) was found to be 


where == tı — T, n= Yı — Y, C==% — Z, and where 
Du D Dis 0 — D: D:6 
D De Dos Das 0 — Ds 
D(én, E; t, A) = Dıs Dz; Dss — Dis Dzs 0 
upper right, s upper 
signs changed left 


The elements of this matrix are given by the following expressions, wherein 
p= (Eta + 2)%. 
Da Lf tC ti HE) te FP H tE) 





ka 1 G Fp)? sin (¢-+ p)A 
t(— 28 + a? HE) —%o(—P +74 ©) .. 

ae aR ("aa (t—p)A 

Ap (a? + €) [pes te 


+ IE fa TAa) | 
P -A À . 
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De: Dy, with é and y interchanged. 
D= Du with é and € interchanged. 





58 — 3t + 4p = 
Di CSL zd I EEDI +7 = ane 
1 cos(t +p)A _ cos(t — p) A x 
| De, de +f" 
Dıs = Dis with y and € interchanged. 
Deg = Dy. with € and € interchanged. 
—é AT t— Bp 
Pam CL A EH D AU DE py 


= [es + aget] 


Dyg== Dss with é and y interchanged. 
Dia Dss with é and ¢ interchanged. 


Finally, if the results are desired in Heaviside-Lorentz 1 
to zeplace ¢ by ct, where c is the velocity of light in vacuo. 
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‘CURVATURE TRAJECTORIES: 


By GEORGE CoMENETZ. 


1. The geometrical objects which we study in this paper are triply 
infinite families of plane curves. We deal with three interesting special types 
of such families: the dynamical, sectional, and curvature types. These are 
` related, in that all of their families possess the differential property which | 
Kasner has given as dynamical property I (quoted below). Moreover, the 
body of families belonging to each one of the types is invariant under the 
‘group of all projective point transformations. A first set of three problems 
is suggested by the common differential property: to determine what families 
of curves appear under some two of the three types at once. A second set 
of three problems may be derived from the projective character: to determine 
which families under each type are entirely composed of conic sections. For 
two questions in each set the solutions are already known. The. remaining 
pair of questions, connected with the curvature type, aré answered below. A 
remarkable feature of this group of problems is that in every case an explicit 
answer can be obtained. 

I wish to thank Professor Kasner for setting these FER and for his 
assistance in solving them. 


2. First we define the three types of families in question. 

With an arbitrarily given positional field of force there is associated a 
family of dynamical trajectories. These are the totality of curves along which 
a mass particle can move under the influence of the field. Since the particle 
can. start from any point, in any direction, and with any-velocity, it can traverse 
œ? different paths. The differential equation of these co? curves is 





n Ya + (Yy ME Pa) y ~_ pyy” 

1 7 — ta 
a , =e YG i 
where ọ (x, y) and y(x, y) are the components of force.? 

The most familiar example of a dynamical family is the set of all conics 
with a common focus, the orbits in the Newtonian field. 


y”, 


- 1 Abstract in Bulletin of the American Mathematical Society, March 1934, p. 213. 
2 E. Kasner, “ The trajectories of dynamics,” Transactions of the American Mathe- 
matical Society, vol. T (1906), pp. 401-424. Also “ Differential-geometric aspects of 
dynamics,” Princeton Colloquium Lectures on Mathematics (1913; new’ edition 1934). 
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The projective character of dynamical families was discovered by Appell.’ 

A sectional family is constructed by taking an arbitrary surface in space, 
drawing all the plane curves possible on the surface, and projecting these curves 
from any fixed center onto the (x, ÿ)-plane. A triply infinite family of curves 
is thus produced, since there are 0° plane sections of the surface. The pro- 
jective nature of the construction is obvious. If the center of projection is 
taken to be the point at infinity on the z-axis, the projection becomes orthogonal, 
and the equation of the family of projected curves is found to be 


1] an faas + 8fc20f + 3f arf? + funy” r 3 (fey + fw’) #12 
PU Fo fs Feat ed + ha ? 


where z = f(x, y) represents the surface. 

For instance, stereographic projection of the sphere produces the family 
of all circles. 

Curvature trajectories may be described as an analogue for three-parameter 
families of what isogonal trajectories are for two-parameter families. Here 
we take as a basis an arbitrarily given doubly infinite family of curves. A new 
curve drawn at random. would be tangent at each of its points to some curve 
of the base family. If now we require the new curve, say T, to be drawn in 
such a way that the ratio of its curvature at any point, to the curvature of 
the member of the base family which it touches at that point, shall be kept 
a fixed number c as we move along T, then we have a curvature trajectory 
of the base family. For any one value of c, œo? trajectories can be drawn; 
hence œ? in all. That the construction is projective follows from Mehmke’s 
theorem, that the ratio of curvatures of curves tangent at a point is a pro- 
jective invariant. The differential equation of a curvature family has the form 








G y” = [ (Pot PEN + (Py/P)y’, 


where y” = F(a, y, y ) represents the arbitrary base family.® 
For instance, if the base family is composed of all the unit circles, the 
curvature trajectories will be the family of all circles. 


3“ De l’homographie en mecanique,” American Journal of Mathematics, vol. 12 
(1890), p. 103. : 
i * Kasner, “ Dynamical trajectories and the œ? plane sections of a surface,” Pro- 

ceedings of the National Academy of Sciences, vol. 17 (1931), p. 370. 

ë Kasner, “Dynamical trajectories and curvature trajectories,” Bulletin of the 
American Mathematical Society, vol. 40 (1984), p. 449. The œ? straight lines of the 
plane appear as the one degenerate family under all three types. This family is 
excluded in the following. : 
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We observe that for each of the three types just defined the differential 
equation has the following special form in y”: 


(4) y” = 6 (a, yy" + Eyyy” 
This special form is the analytic expression of the first of Kasner’s set of six 
geometrical properties for dynamical families: 


Property I. If to each of the œt curves having a given lineal element. 
in common the osculating parabola is drawn at that element, the foci will lie 
on a circle through the point of the element. 

The set of all families obeying Property I is once more a projective body. 
In fact equation (4) is invariant under the full projective group, correlations 
as well as collineations.® 


3. We can now summarize the answers to the two sets of problems. 

A1). The families of curves which are both dynamical and sectional are 
those derived from cones (of any cross section). They are the trajectories 
of a class of central fields of force of inverse square character.’ 

A2) The families of curves which are at once of the dynamical and curva- 
ture types are the trajectories of exactly all central fields of force. 

A8) The families of curves which are of both the sectional and curvature 
types are those derived from cones and quadric surfaces. 

B1) There are three cases in which all the kra jeutonies in a field of force 
are conic sections: 


a) Conies with a common polar pair (the point not on the line). 
b) Conics tangent to two intersecting lines. 
c) Conics tangent to a line at a point. 


B2) There are four cases in which all the curves of a sectional family 
are conic sections. These are b) and c), and: 


d) Conics through two fixed points. 
e) Conics tangent twice to a fixed (proper) conic. 


B3) There are five cases in which all the curves of a curvature family 
are conics. These are a), b), c), d), and e). 

Equation (1) for dynamical trajectories, the definition of the sectional 
type, and the concept of curvature trajectories, as well as the solutions of 
problems Al, A2, and B2 are all due to Kasner. Bi is the well-known 


° Princeton Colloquium, p. T1.. 
TThe force equals f(@)/r*. Without recognizing the connection with surfaces, 
‘Jacobi discussed these fields, showing that their trajectories are obtainable by quad- 
ratures. (Werke, IV, p. 282.) ` 
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Bertrand’s problem, solved by Darboux and Halphen.® A3 and B3 are proved 
below, and we also discuss B2. 


4. Proof of A3. We remark first that part of A3 is implied at once 
by the combination of A1 and A2, and that another part may be deduced from 
the circumstance that the family of all circles is an example of .a sectional 
family and also of a curvature family. 

If a family of curves belongs to both the sectional and curvature types, 
equations (2) aud (3) must become identical. We may therefore equate the 
coefficients of y” and of y”?. Integrating the latter equation, we find 


(5) F(a, y, y) m2. (foe + fary + fot 25/2 O(a, y), 

where 0(x, y) is arbitrary. We use this relation to eliminate F from the result 
of equating the coefficients of y”. After simplifying, we obtain a cubic poly- 
nomial in y which must vanish identically. The four coefficients therefore 
vanish separately, and we have a system of four equations in f and 6, two of 
which are 


(6) ` 02 = — Yfouo/foz, by = — $fow/ fov 


where ĝ=log 0. Using these two, we eliminate 0, and thus find that the 
following conditions must be satisfied by f: 


(71) af œuf: yf. Lau — 3f wal wi oxy + f saf yyy == 0, 
(72) f "wih nee — 3f aaf. vf ayy + af zaf auf: y =a 0, 
(%) | (feoa/fae)y = (fuvu/fuv) a- 


The details of the elimination show that equations (7) are sufficient as well as 
necessary for the identity of (2) and (3). Hence the surfaces z = f (s, y) - 
.which afford solutions of our problem are those defined by the system (7). 
By differentiating (7) and (7+) partially with respect to x and y, and 
combining, we find that they imply (7+), unless - 


(8) | Leaf yy — Pay = 0; 


that is, unless the surface is developable. On the other hand, (7:) and (72) 
are themselves found to be consequences of (8). Thus there are two cases: 


8 Comptes Rendus, vol. 84 (1877), pp. 671, 731, 760, 936, 939. References in 
Ene. der Math. Wiss., vol. IV 6, p. 498. 
` ° A family derived by central projection from a surface § can always be considered 
as derived orthogonally from a surface 8’ projectively related to 8. 
We shall assume that the coefficients of y” and y”? in equations (1), (2), (3), 
and (4) are analytic in a, y, and y’. 
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either the surface z = f (x, y) is developable, and obeys (7:) and (8) ; or it is 
not developable, and obeys (74) and (72). 

In the first case we merely verify that (73) is equivalent under (8) to the 
condition (feay/fey)y = -(fuw/fyy) 2, Which was obtained with (8) in the solu- 
tion of problem A1. Hence the surfaces defined by (7:) and (8) are those 
which appear in the answer to A1; namely, cones (and cylinders). 

Equations (7,) and (72) were derived by Hermite *° and further discussed 
by Halphen.* Their solutions are quadrics and developables. Hence the 
solutions which they contribute to our problem are just quadrics. The con- 
clusion is that the surfaces which generate curvature trajectories are cones and 
quadrics, as A3 states. 

Proofs of A3 by.direct integration of the differential equations have been 
given by M. Halperin and by the writer. 


5. Problem B2. If every plane.section of a surface X projects into a 
conic, every plane section of X is itself a conic. Then XY must be a quadric 
surface. This may be shown, for instance, in the following way. 

Let C, and Cz be two conics on X, intersecting in two points J and K, 
and let P be a further point on X. A quadric Q can be passed through the 
configuration C,C,P. (We can take J, K, P, two other points M and N on 
the conics, and the tangent planes at J and K as determining elements.) Every 
plane through P which meets O, and C, in four points must cut out the same 

` conic on Q as on X, since five points determine a conic. It follows that X 
must be Q. | Lo | 

The quadric may be proper or degenerate, and the center of projection 
may be on the surface or off. This accounts for the four projectively distinct 
cases b), c), d), and e); (it is easy to show synthetically that case e), for 
example, is obtained by projecting a proper quadric from ‘an outside point). 
A unified description of these would be: conics twice’tangent: to a fixed curve 
of second order or-second class, proper or degenerate; (the two most degenerate 
types may be said to appear coincidently in e) ). The fixed locus, which may 
be imaginary, comes from the intersection of the quadric with the polar plane 
of the center of projection. It is the umbral curve, or boundary of the geo- 
metrical shadow, of the surface. 


6. Proof of B3. In view of the previous results, a) to e) -are already 


10 Cours d'Analyse; vol. 1, p. 149. Hermite notes that (7:) and (72) are the con- 
ditions for the denominator of the coefficient of y” in (2) to divide the numerator. 
4“ Sur le contact des surfaces,” Bulletin de la Société Mathématique de France, 


yol. 3 (1874), p. 28. Developables enter when the polynomial B (p. 33) is a perfect 
square. ; . : ; 
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known to be curvature trajectories, (for a), b) and c) in B1 do come from — 
central fields of force). The effect of this proof is, then, to show that there 
are no other families of conics which are curvature trajectories. 

We employ the differential equation of all conics: 


(9) oy? — 45y"y/7y"? + 40y” = 0. 

‘If an equation of the form y” = Gy” + Hy” represents a family of 
conics, it must render (9) an identity in +, y, y’, y”. We therefore differentiate 
to find y and g”, and substitute in (9). The result is cubic in y”.” Berting 
the four coefficients equal to zero, we have: 

(101) Hyy + RHHy + KE = 0, 
(102) Gyy + GHy + 3GH? + Hoy 
F Hwy A HH: + HH; + H,=0, 
(103) Heo + Ha + Hy? — Go — GE | 
LICE + 2Gey + Gr — Gr + Gy = 0, 
(104) | Gre + 24ayy’ + Guy? =< 2442 = 24,7 + 4% GS = 0. 


A cubic which vanishes for four values of the variable vanishes identically. 
Consequently : 

If 4002 out of the œ® curves of a family having Property I are conics, 
the rest are conics also.** ; . 

Now in (10,) only derivatives with respect to y appear. Hence we can 
solve (10,) as an ordinary differential equation, to find how H involves y. 
The result is 


(h) H = 8 (e + rÿ)/(p + 20y +74”), | 


where p, o, r are arbitrary functions of æ and y. If pr — 0? == 0, the numerator 
divides the denominator, and (11,) can be reduced to 


(112) | H=3/(y¥—»), 


where w(x,y) is arbitrary. (The case H = 0 is brought under (11) with 
o = 0 by interchanging z and.y.) 


4 


12 A factor y”? is dropped. (9) may be looked on as the condition for sextactic 
points. When (10,) holds, one root of the cubic becomes infinite ; ; then when (10,) 
holds, two roots are infinite; etc. (y” == © represents a point “union. ) 

# The œ? straight lines, present in every Property I family, are not to be counted 
in the “400?”,. This can be strengthened to “300?” for the dynamical type or thé 
sectional type, since both of these satisfy (10,) identically. - J. N. Hazzidakis gave the 
following theorem for the dynamical type: if for two directions of initial motion all 
the trajectories ‘are conics, then the family is entirely composed of conics. (Journal 
für Mathematik, vol. 133 (1908), p. 68.) ‘ 
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These formulas have geometric meaning. The second one expresses 
Property II of Kasner’s set for dynamical trajectories : 


Property II. There exists for each point (v, y) of the plane a certain 
direction w (that of the “ force”) such that the angle between this direction 
and the tangent- to the focal circle (of Property I) corresponding to any ele- 
ment (v, y, y’) at the given point, is bisected by that element. 

It can be shown that formula (11,) generalizes Property II in the 
following way: 

There exist for each point (x,y) of the plane two directions œ, and wz 
(the “asymptotic” directions) such that the angle between the tangent at 
(x, y) to the focal circle corresponding to any element (x,y, y), and the 
harmonic conjugate of y with respect to o, and wz, is bisected by the element.** 

When w, end wz coincide, this reduces to Property II. Evidently (111) 
. holds for the sectional type (2). The integral curves of the directions w:, w2 
are then the projections of the asymptotic lines on the surface (an asymptotic 
net), and the two harmonic conjugates come from conjugate directions on 
the surface. 

The two forms (11) for H divide the problem naturally into what we 
may call a sectional case and a dynamical case. 


Dynamical case. We substitute (112) into the second of equations (10), 
and obtain an ordinary differential equation for G as a function of y. Solving, 
we find that 


(12) G = (Ay? + py’ + v)/(Y — o), 
where À, a, v, œ are any functions of z and y satisfying 
(13) dw? + po + v — H (wa + woy) = 0. 


Again the equations allow of geometrical interpretation. (12) stands for 
the two equivalent dynamical properties, III and IV: 


Property III. The locus of the centers of the œ! circles corresponding 
to the lineal elements at a given point is a conic with that point as a-focus. 


Property IV. In each direction through a given point O there passes 
one trajectory which has contact of third order with its circle of curvature. 
The locus of the centers of the œt hyperosculating circles, obtained by varying 
the initial direction, is a conic passing through the given point in the direction 
of the force. 


Property V. Of the curves which pass through a given point in the 


4 Kasner, Bulletin of the American Mathematical Society, vol. 14 { 1908), p- 356; 
vol. 36 (1930), p. 51. 


232 f GEORGE COMENETZ. 


direction of the “force” at that point, there is one which has contact of the 
third order with its circle of curvature; the radius of curvature of this curve 
is three times the radius of curvature of the “line of force” (i. e., integral 
curve of the direction assigned to eath point by II) passing through the given 
point. 
The analytic statement of this last property is 
(14) Aw? + po + vy + or + owy = 0. 
This differs only slightly from (13). We can see by following the argument 
in the reference that (13) changes Property V to this extent: the “three 
.times ” in V is replaced by “twice”. It is clear that (14) holds in our 
problem only when ws + wwy—0; that is, only when the “lines of force” 
defined by y = w(v, y) are straight lines. g 
-At this point we recall that the families of conics we are finding are 
assumed to be curvature trajectories. A function F(x,y, y) therefore exists 
such that 
(1512) | G= (Fo + Fyy')/F, H=Fy/P, 


as we see on comparing (3) and (4). From (15) and (11:) we find that 
(16) F = (y — o)" 0(x,y), 


„where 0(2z, y) is aa Substituting this expression for F into (15:), 
we have | 

(17) = (iw + (i. — 0d, — bo)’ — (che +800) /(¥ —), 

where i = log 4. We now equate coefficients in (17) and (12), and use (13). 
We find without difficulty that the existence of 0 has the following two 


| consequences : | | | 
(18) A "og + woy = 0, l 
(19) : Aa + LP + Bue)/u], = 0. 


. The first of these, as we have said, means that Property V holds. It also means 
that the denominator of G in (12) divides the numerator; (13) shows this 
directly. Thus (12) reduces to 
(20) G = dry’ — v/o. . 

With Ce) we may compare 
(21) . de + [(v + wa) /o]y = 0, 
which is the analytic form of me final one of Kasner’ s set of properties of 
‘dynamical trajectories: 


« . Property VI. When the point O is moved, the associated conic described 


CURVATURE TRAJECTORIES. 233 


in Property IV changes in the following manner. Take any two fixed per- 
pendicular directions for the x direction and the y direction; through O draw 
lines in these directions meeting the conic again at A and B, respectively. 
Also construct the normal at O meeting the conic again at N. At A draw 
a line in the y direction meeting this normal in some point A’, and at B draw 
a line in the g direction meeting the normal in-some point B’. The variation 
property referred to, takes the form 

ð i ð 1 WOny — Ogwy 
T IE t y BET a 
where AA’ and BB’ denote distances between points, and where w denotes the 
slope of the lines of force relative to the chosen x direction. This is true for 
any pair of orthogonal directions, and therefore really expresses an intrinsic 
property of the system of curves. (See diagram in references.) 

As before, we find that (19) is interpreted by simply deleting the 3 in 
the denominator of the last term of (22).15 Thus (21) and (19) will both 
hold at once only when wwsy — wsoy = 0; that is, using (18), only when 
oy =0. But it is easy to show that wy = 0 and (18) imply that either 
o(2,y) —y/x (essentially), or w(x, y) = const. Hence to establish Property 
VI we must prove that the field of force is either central or parallel. To do 
this, however, we must use the third of equations (10). 

We therefore set (20) and (11:) into (103). We need only the two 
highest coefficients of the resulting identity in y. From these, with the aid 
of (18) and (19), we deduce the following equations: 


(22) = 0, 


(23) i f Às F ody + op — yy — Boy = 0, 
(24) _ Aly + Bey) — 3yy = 0, 
' (25) Bye + 8wyy — y? = 0, 
where y = doce y/o. (y represeñts G for the force direction.) Now (24) 


serves to eliminate À from (23), assuming y + 30,540. By means of (25) 
and (18) we then eliminate derivatives of y and w with respect to æ. The 
result factors into 


(26) : D Sn gh (+ Bay)? oyy = 0. 


Ify + Bui = ‘0, then e, Yu + Bey = 0; but from (24), yy = 0. 
Hence in any case wy = 0. Property VI therefore does hold. 

©‘ Since Properties I-VI form a characteristic set for dynamical trajectories, 
we have proved that in the dynamical case, curvature families of conics must 


25 It is curious that this change produces Property VI of velocity curves. Similarly, 
the change in V gave Property V of catenaries. (Princeton Colloquium, p. 94.) 
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be dynamical trajectories; that is, they must be one of the three kinds a), b), 
and c) in B1. It follows from A2 (since a), b), c) come from central fields) 
that all three kinds are in fact curvature trajectories. Hence a), b), c) are 
the answers in the dynamical case. ° 
We observe that the last point could be established independently of A2; 

for -he process of applying the dynamical properties expressed in (4), (412), 
(12°; (14), and (21) would closely parallel the work above, and would give 
exactly the same result. In other words, the above proof can be turned into 
a so_ution of the first part of Bertrand’s problem, to show that fields of force 
whose trajectories are conics must be central or parallel. 


Sectional case. As we do not have a set of properties for sectional families 
like those for dynamical families, we cannot give a geometrical interpretation 
for sach step in this case. We outline the calculations briefly. A point of 
interest is that only (102) is used, whereas the dynamical case required (10,) 
as well. 

H is now supposed to be given by (111) with pr—o?=0., Applying 
(15:), we determine the form of F in y; ‘this is found to be the same as in 
(5) Then from (15,) we find that G has the same form in y as the G of 
the sectional type (2). The expressions for H and G are now substituted into 
(10.), and the resulting identity in y yields a system of four equations from 
which all the unknowns can be calculated. : In this way we obtain for P the 
following expression: 


Agat? — ist + Air) 


(Gay? — Bazsy + a22) — 2 (sstY — Gog? — liay + taa)y" 
(27) P= [rT Ge ama +de |" ; 
Ant? + Awy + Ay? + Art + Ay + Ass 


where @1, °°" , @ss are arbitrary constants except that | as; |, (where aji = aij), 
is of rank at least 2, and where Aj1,° - *, Áss are cofactors in | Qij |. 

The final step consists in forming the F for an arbitrary proper quadric, 
(say by means of the formula implied in the proof of A8), and identifying it 
wita (27). Two cases are necessary, depending on whether or not the quadric 
consains the point at infinity on the z-axis (the center of projection). The 
ideatifying requires a theorem on minors in an adjoint determinant; (Bôcher, 
Algebra, ‘p. 31). 

The families of conics obtained in this case are therefore d) and e) of B2. 
The proof of B3 is thus complete. 


7. Part of the last derivation applies to a more general problem: to 
determine all families of conics having Property I. This. includes B1, B2, 
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and B3. The answers here can be converted by duality, since Property I is 
invariant under correlations.** 

We give examples to show that the solutions to the proposed problem will 
add to the set a), b), c), d),e). The following triply infinite families of conics 
have Property I, but are neither dynamical nor sectional: 

f) Let points A, B, C be the vertices of a triangle. A conic through A 
will cut sides AB and AC again in points M and N. The family consists of the 
œ? conics through A for which the tangents at M and N meet on BC. 

g) Let the pencil of lines through a fixed point A be in projective 
correspondence with the points of a fixed line } through A, in such a way 
that l corresponds to A. A conic through A will be tangent at A to a line u 
of the pencil, and will cut 7 again in a point X. The family consists of the 
co conics through A for which u and X correspond. 

An alternative form of Property I states that the ot osculating parabolas 
at a given lineal element have concurrent directrices.” Family f) may be 
considered an obvious construction from this form of Property I; for if we 
dualize f) and specialize the triangle properly, we obtain the family of co? 
parabolas whose directrices pass through a given point. Family g) is a 
limiting case of f). Both f) and g) arise in the sectional case of the problem., 
They are the only new solutions for which one set of “ asymptotic curves” is 
a pencil of straight lines. 

In the dynamical case, it can be shown that there are no new solutions, 
under the assumption that the “lines of force ” are a family of straight lines. 
An equivalent statement is this: Properties I-V suffice to define a), b) and 
c) as the only families of conics which are dynamical trajectories. That is, 
in solving Bertrand’s problem it is. not necessary to impose all the six geo- 
metrical properties of dynamical trajectories, for the sixth property becomes 
a consequence of the other five. . 

An example of a new family in the dynamical case is given by the oo? 
parabolas with directrices through a fixed point. The “lines of force” are 
the œ? circles concentric about the point. This family has Properties I, II, 
III, IV, and also VI, but not V. It is therefore as nearly dynamical as any 
non-dynamical family of conics can be, in the sense that it has a maximum 
number of the six properties without having all of them. It might be termed 
the next thing to a Bertrand family. 


COLUMBIA UNIVERSITY, 
New York, N. X. 


1 If we apply Legendre’s transformation (polarity with respect to the parabola 
æ — 2y == 0) to equations (10), and interchange G with — H, we obtain the same 
equations in reverse order. This expresses the fact that the dual of a Property I 
family of conics is such a family. (See Princeton Colloquium, p. 78.) 

11 Princeton Colloquium, p. 12. ° 


SOME INTERPRETATIONS OF ABSTRACT LINEAR DEPENDENCE 
IN TERMS OF PROJECTIVE GEOMETRY. 


By SAUNDERS MACLANE. ; 


1. Introduction. The abstract theory of linear dependence, in the form 
recently developed by Whitney,” is closely related to the study of projective 
configurations. For any matroid (that is, any finite system of elements for 
which a suitably restricted notion of “linear dependence” is given) can be 
interpreted as a schematic geometric figure. Such a schematic figure, like a 
schematic configuration, is composed of a number of points, lines, planes, etc., 
with certain combinatorially defined incidences. The problem of representing 
a matroid by a matrix then becomes simply the problem of realizing a schematic 
figure by some geometric figure—and the impossibility of always finding such 
a representation turns out to be a simple consequence of Pascal’s theorem! 
Even when such representation is possible, it depends essentially upon the 
field from which the elements of the representing matrix are taken. However, 
‘only algebraic fields need be used, and hence arises a connection between 
certain matroids and the algebraic fields in which they can be best represented. 

Matroids will be defined by axioms on “rank,” as in Whitney’s paper. 
Without loss of generality we can also assume the following two axioms: 


R,: The rank of a single element is always 1. 
Rs: The rank of a. pair of elements is always 2. 


For example, an element e which does not satisfy R, may be dropped from or 
added to a matroid If without otherwise altering the structure of M. These 
two axioms are equivalent to the following conditions on “ bases”: 

B;: Every element belongs to at least one base. 

B,: There is no pair of elements (¢,, e2) such that every base containing 
é, remains a base when e, is replaced by ez. 


These conditions on M are in turn equivalent to the following conditions on 
the dual matroid M*: : 


*,: Every element is omitted from at least one circuit complement. 


* Presented to the American Mathematical Society, December 28, 1934. 
2 H. Whitney, “ On the abstract properties of linear dependence, ” American Journal 
of Mathematics, vol. 57 (1935), pp. 509-533. 
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C*,: For every pair of elements (e1, @2) there is a circuit APRES 
containing e1 but not ez. | 


2. Schematic geometric figures. A rectilinear plane figure consists of a 
number of points and of all the lines joining these points in pairs. The com- 
binatorial structure of such a figure can be specified by giving for each line L 
the set of all those points of the figure which lie on Z. These sets satisfy the 
following axioms: 


F;: Any pair of points belongs to one and only one line. 
F,: Every line contains at least two points. 

F: No line contains all the points. 

F,:. There are at least two points. | 


A system consisting of a finite number of “points” and certain sets of these 
points, called “lines,” and satisfying these axioms will be called a schematic 
plane figure; it may or may not correspond to some actual figure. In the 
same way a schematic space figure would involve “ points,’ “lines,” and 
“ planes,” satisfying F, to FP, and the following axioms: ` 


Sı: Every triple of points belonging to no line belongs to one and only 
one plane. 

‘Sa: Every plane contains three points not on a line. 

83: No plane contains all the points. 

S,: If a plane contains two points of a line, it contains all the points of: 
that line. s 


The definition of a schematic n-dimensional ee is. similar; it involves 
“ points ” and “ k-dimensional planes ” for k = 1,: + +,n—1. 

The equivalence of mehemede figures and matroids may be formulated 
as follows: - 


THEOREM 1. Fvery schematic n-dimensional figure is a matroid of rank 
n + 1 if the rank of a set of points A is defined as the smallest r such that all 
the points of A are contained in some (r—1)-plane. Conversely, every 
matroid of rank n+ 1 becomes a schematic n-dimensional figure if the 
k-planes are taken as maximal sets of elements of rank k + 1. This trans- ’ 
lation sets up a one-one correspondence ooroo, matroids and schematic 
figures. 3 


From this theorem it follows that a schematic n-dimensional figure’ is 


* The conditions Æ, and Rs of § 1 are necessary here to exclude the geometrically 
meaningless cases: of a point of dimension — 1 or of two coincident points. 
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determined once the corresponding matroid M or its dual M* is given. By 
Whitney’s results, this dual M* is completely determined by its circuit comple- 
ments. The circuit complements in M* correspond to maximal sets of rank 
r(M) —1in M. Hence 


THEOREM 2. A schematic n-dimensional figure is completely deter- 
mined af its (n—1)-planes are given. If a set of “ points” and certain 
subsets of this set are given, these subsets will be the (n—1)-planes of some 
figure if and only if they are the circuit complements of a matroid M* ; that is, 
if and only if these subsets satisfy the above axioms C*, and C*,, while their 
complements satisfy Whitney’s axioms O, and C2 for circuits. 


These results also show that matroids form a direct generalization of 
schematic configurations. A schematic plane configuration * pygr consists of p 
“ points ” and g “lines,” with each point on y lines and each line on x points. 
`- Such a configuration becomes a schematic figure in the above sense if those 
pairs of points not already joined by lines are joined by new “ diagonal ” 
lines. Similar transformations are possible for space configurations. 


3. Matrix representations of matroids. The columns of a matrix stand 
in relations of rank and thus form a matroid. The question whether every 
matroid can be represented in this way by a matrix is clarified by the equiva- 
lence of matroids and schematic figures. Thus Whitney has constructed a 
matroid of rank 8 which cannot be represented as a matrix. This matroid 
has 9 elements 1, 2,: - >, 9 and the following 20 circuit complements: 


712, 814, 923, 734, 836, 945, 756, 825; 
16, 19, 69, 18, 15, 24, 26, 35, 46, 78, 79, 89. 


Any attempt to represent this matroid yields a figure in which the lines 
16, 19, and 69 coalesce into one line 169. A geometric representation reveals 
at once that this is simply Pascal’s theorem for the hexagon 723845 inscribed 
in the degenerate conic composed of the two lines 748 and 825. The points 
1, 6, and 9 are the intersections of opposite sides.of the hexagon. In exactly 
the same way the theorem of Desargues may be used to construct a matroid 
with ten elements which has no matrix representation. Furthermore, the 
matroid arising from Pascal’s theorem can‘ be generalized to the case of 
2m + 3 elements, which we denote by 1,2,---,2m, a, B, y. The circuit 
complements are: 


+ F. Levi, Geometrische Konfigurationen, p. 4. 
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12a, 34a,---, (2m—8, 2m—2, a), (2m—1, 2m, à), 
148, 368,: + +, (2m— 8, 2m, B), (2m — 1,2, 8), 
23y, 45y, © °°, (2m—2, 2m—1, y). 


together with all the pairs of elements not included in one of these triples. 
No matrix representation is possible, for any attempt to construct one yields 
a matroid with the additional circuit complement : (2m, 1, y). 

These matroids fail to be matrices because of the presence of too few 
circuit complements. Failure is also possible for the opposite reason. Thus 
the plane figures (matroids) formed by finite projective geometries 5 can be 
represented only by matrices of elements from a finite field. Another im- 
portant special case of the matrix representation of matroids is the problem of 
constructing a geometric realization for schematic plane configurations. Here 
` it is well-known that a configuration (py, gr) cannot in general be realized if ° 


2(p + 9) —py—8 < 0. 


The use of geometric figures also simplifies the investigation of the con- 
ditions for the representability of individual matroids. Thus for a matroid M 
of rank 8 we need only find three homogeneous coôrdinates for each element 
(point) of the matroid, such that when three points lie on a line (i. €., are 
contained in a circuit complement of the dual matroid), then the determinant 
of the corresponding codrdinates is zero, and conversely. This application of 
the usual theorems of analytic geometry can replace Whitney’s Theorem 32. 


4. Representation in finite algebraic fields. The configuration of eight 
elements which can be represented in the complex but not in the real plane’ 
suggests that the representability of a matroid depends essentially on the 
field from which the elements of the representing matrix are taken. Another 
similar example can be constructed for the field R(2%), where R is the field 
of rational numbers. We need only take a point with coôrdinates (1, 2%, 0) 
and carry out the constructions in the von Staudt algebra of throws corre- 
sponding to 

| (2%) (24) = 1 + 1. 


The resulting figure (matroid) consists of 11 points, 1,2,: > -,9,0,&, the 
following sets of points being collinear : 


1279x, 2356, 1380, 248, 347, 578, 549, 690, 50a, 68a. 


ë Veblen and Young, Projective Geometry, vol. I, p. 3 and p. 201. 
° E. Steinitz, Encyklopädie der mathematischen Wiss., III AB 5a, p. 485. 
7 F. Levi, loc. cit., pp. 98-102. 
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A Any attempt to represent this mátroid by a matrix leads to a matrix whose 
`- elements generate a field containing R(2*). This matroid is thus a sort of 
‘geometric analog of the irreducible equation for 2%. Generalization yields: 


THEOREM 3. Let K bea finite algebraic field over the field of rational. 
numbers. Then there exists a matroid M of rank 3 which can be represented 
by a matriz with elements in K, while any other representation of M by a 
matriz with elements in a number-field K, requires Kı > K. 


Such finite fields are sufficient for the representation of all representable 
` matroids, in the following sense. 


-THEOREM 4. Let the matroid M be representable by a matrix of complex 
numbers. Then M can also be represented by a matrix with elements from 
an algebraic field of finite degree. | 


For let the matroid M have rank n and consist of p points, and let 
. these points be assigned the indeterminate homogeneous codrdinates a,j, for 
t==1,---,n; 7=1,---,p. Each circuit complement of the dual of M 
requires the vanishing of a number of determinants of the a:i; and thus 
corresponds to a number of algebraic equations for these quantities. The set 
of all values of the ai; giving at least thé required circuit complements thus 
constitutes an algebraic manifold NV, in the np-dimensional space of all coördi- 
nates aij. The set of those codrdinates yielding additional undesired circuit 
complements forms another manifold NW, Since the original matrix was 
representable, there exists a point of N,N». The parametric representation 
of irreducible algebraic manifolds € thus makes possible the construction of a 
point with algebraic coürdinates in N, — N3. 


HARVARD UNIVERSITY. - 


? B. L. van der Waerden, Moderne Algebra, vol. 2, p. 51 ff. 


bza 


> ie A : i jE -revas Gy HUGG; 






WARING THEOREMS OF NEW TYPE. 
By L. E. Dicxson. 


1. ‘Denote ax + by? by (a,b) and similarly for several variables, which 
we restrict to integral values = 0. We shall prove 


THEOREM 1. Every integer 2 0 is a sum of three values of any of the’ 
forms (1, 1,3), j=l1,2, 5; (1, 2, k), k = 2, + -, 6. 


For (1, 1,1), this is Waring’s theorem on nine cubes. 


THEOREM 2. Every integer = 0 is a sum of five values of (1,2). All 
integers >> 117? (19.006868) are sums of five values of (1,5). 


In Theorem 2 we may take zero as one of the ten cubes. 

Call a form universal if it represents all integers = 0. Theorem 5 gives 
6344 universal forms each a sum of nine products of a cube by a positive 
integer. Certain of them yield Theorem 1. 

Our method is a direct generalization of the classic one for nine cubes.+ 
For some of our forms the auxiliary work in Lemma 3 is much simpler than 
that for nine cubes. The problem is undér investigation by different methods. 


à. The four lemmas. 


Lemma 1. If pis a prime ==2 (mod 8), every ae not divisible by p 
is congruent to a cube modulo pr. 


This well known Lemma (Transactions, loc. cit.) implies ` 


LEMMA 2. If p==2 (mod 3), and if lis not divisible by the prime p, 
every integer not NUE hi p is congruent modulo p” to the product of a 
. cube by l. 


Consider the forms 


A+ y+ 2, But yo, C 
D = r? + By? + 22, E = 2? + 2y? + 82, F= 
G = 2? + 29? + 522, H = 2? + 2y? + 62. 


1 Dickson, Transactions of the American Mathematical Society, vol. 30 (1928), 
pp. 1-18. The discussion on pp. 7-13 becomes simpler by our new Lemma 4 since 
we now obtain the final C at once without reducing a preliminary O, As on p. 14, 
we readily extend our Lemma 3 to further values of P. 
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Lemma 3. Let P and e be given integers 20. If P= 5 (mod 16), 
every integer = Pe: 11° is represented by Pey + 6f, where y 20 and f is 
B, E, or F. If P= 5 (mod 48), every integer = Pe- 22° is represented by 
Pey? + 6f, where y È 0 and f is A, D, or H. If P= 11 (mod 48), every 
integer = Pe -233 is represented by Pe + 6f, y= 0, f—A or Č. If 
P= 11 (mod 50), every integer Æ Pe:11$ is represented by P*y® + 6G with 

= 0. 

The proof is simplest for B, E, F, or G. Elsewhere 2 I proved that # 
represents exclusively all positive integers not of the form 4*(16r + 10). 
Hence F represents every positive integer congruent modulo 16 to 


(1) 1, 8, 4, 5, 6, 7, 9, 11, 12, 15, 14, 18, 


_ or 2, which we omit. Let (y,) denote the least positive residue of 
y? + 6x modulo 96. The 72 distinct numbers (y, u), with OSy5 and 
p ranging over (1), together with 


(6,4) —48, (6,6) —60, (6,12) —0, (6,14) —12, (7,1) = 61, 

(1,7) =1, (7,9) =18, (7,15) —49, (8,4) = 56, (8,6) = 68, 

(8,12) —8, (8,14) — 20, (9,3) —Y5, (9,5) — 8%, (9,11) = 27, 
(9,13) — 39, (10,4) —64, (10,6) =%6, (10,12) —16, (10, 14) = 28, 
(11,1) = 89, (11,7) —29, (11,9) = 41, (11,15) = 77, 


are found to be a rearrangement of 0,1,-- >, 95. Since the product of the 
numbers (1) by 5 (and hence by P) are congruent modulo 16 to the same 12 
numbers permuted, we conclude that, if n is any integer, 


(2) n= Poy? + 6p (mod 96) 


has integral solutions with 0 y 11, min (1). Thus there is an integer g 
for which | 


(3) n = PSS + 6p + 96q = Pey® + 6m, m = p + 16q. 
Let n = Pe-11°. Then n = Pey, m = 0, whence m is represented by Æ. 


Proof for B. The form B represents exclusively all positive integers not 
of the form 4*(16r + 14). Hence B represents all congruent modulo 16 to 


(4) 1, 2, 8, 4, 5, 7, 9, 10, 11, 12, 13, 15, 
‘or 6. The 72 residues (y,»), with 0S y 5 and p in (4), together with 


2 Bulletin. of the American Mathematical Society, vol. 83 (1927), pp. 63-70. 
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(6,2) — 36, (6, 4) = 48, (6,9) = 78, (6,10) =84, (6,12) =0, 
(7,5) = 85, (7,7) =1, (7,13) =37, (7,15) —49, (8,2) = 44, 

(8,4) = 56, (8,10) = 92, (8,12) =8, (9,1) = 63, (9,3) = 75, 
(9,9) = 15, (9,11) = 27, (10,2) = 52, (10,4) — 64, (10,10) = 4, 
(10, 12) = 16, (11,5) = 17, (11,7) = 29, (11,13) =65, (11,15) = 77, 


form a rearrangement of 0,1,---,95. The products of (4) by 5 are con- 
gruent modulo 16 to the same 12 numbers rearranged. Hence (2) is solvable 
with OS yS 11, u in (4). We have (3) with m Tepai by B. This 
proof e unchanged also to F. 


Proof for G. By Bulletin, loc. cit, G represents exclusively all 
positive integers =£ 25%(25r + 10) and hence represents all = y (mod 50), 
word-++,9, 11,°:+,14, 16,---,24, 26,--°,34, 36,---,39, 41,--+,49. 
Since 11 X 5 ==5, multiplication yields 11j= j (mod 50) for j = 5, 20, 30, 45, 
i. e., for all the values of u which are multiples of 5. When x ranges over the 
integers prime to 5 and < 50, the same is true of the residues of 11 x modulo 50. 
Hence u and 1lx take the same residues modulo 50. For 0Sy<11, the: 
residues modulo 300 of y? -+ 6u are found to be 0,1,: : -, 299. Multiplication 
by P= 11 (mod 50) shows that n= P*y* + 6p (mod 300) is solvable for 
every n with OS y< 11. 


Proof for H. The form H represents? exclusively all positive integers 
not of the form 4*(8s + 5). Hence H represents all = 


(5) 2, 3, 6, 7, 8, 10, 11, 12, 14, 15, 


or 1 or 9 (mod 16). Employ 0S yS 5, all pin (5); p=, 11, y—7,11,15; 
pow, 15, y = 9, 13, 17; p= 8, y= T, 9, 10, 11,18; u= 12, y = 6,- s9; 
= 14,22. The resulting residues G p) form a permutation of the bee 
-,95 except 6<+ 8r (r—0,:-:,11). The latter are the values of 

a i for p= 1,9, y = 0,2, 4, 6,8,10. Hence, for e = 0, (2) is solvable 
with OS y S22 and »=1,9 or one of (5). In 5(6 + 8r) = 6 + 8p, 
p == 3 + ör ranges with r over a complete set of residues modulo 12. Hence 
multiplication by 5 of the 12 numbers 6 + 8r or of the 10 numbers (5) 
merely permutes them modulo 96. Evidently the same holds when. 5 is’ 
replaced by P. The final step of the proof for H is the same as for A 
(Transactions, loc. cit.). That proof for A applies unchanged to D since A 
and D each represent exclusively all positive integers 7 4 (8s +7). 


3B. W. Jones, Chicago Dissertation (unpublished), 1928, p. 72. 
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Proof for C. The form C represents+ exclusively all positive integers 
=~ 4:(8s + 3). Hence C represents all = 1, 4,9 or 


(6) 2, 5, 6, 7, 8, 10, 13, 14, 15, 


modulo 16. Employ 0 Sy b, all pin (6); a= 5,7, 8, 13,15, y = 6, 8, 10; 
p= 6,14, y= 9, 13, 17,21; p=2,7,8,10, y=7,11; 7,15, y—9; 
p=, y= 15, 19,23; p= 8, y= 14, 18,22. The resulting residues (y, ») 
give 0,- : -,95 except 0, 32, 64. The proof for C is now completed as for A 
in (Transactions, loc. cit., p. 9), since the products of (6) by 11 are congruent 
modulo 16 to the same nine numbers permuted. 


Lemma 4. Given R and the positive numbers s and t such that 
(7) sZt+t/9, tSkSs, 
we can find an integer à = 0 satisfying 
(8) RSs—t®<R+K, K=38[t(s—t)?]“*. 


If s < R +K, (8) holds fori = 0. Henceforth, lets=R-+K. Deter- 
mine a real number r so that s — tr? = R. By (%), 


t° Z KSt/27, r= 1/3. 


We may write r = 1i- f, where 0 Æ f < 1 and à is an integer 2 0. Since 
iS r, —1° S — i and RSs— ti, as desired in (8). Next, 


s — të — R =s —t (r — f)? — s + tr = tw, 
w= 1 — (r — f)" = 3f — P (3r — f) < 8rf < 8r, 


since 8r — f > 0. By tS R, tr? Ss—t, whence 
8t? = K, s — t — R = tw < 3tr S K. 


8. General theory. When C > 0 and p > 1, Cp** increases indefinitely 
with x. To any s— t > 0 therefore corresponds an integer n 2 0 for which 


(9) 0p” = s—ft < Cpr, 


THEOREM 8. Let s, t, l, hı, ho, ha be given positive integers for which 
s=t+t/9%. Choose a prime p, p=? (mod 3), which divides neither t nor 
1, such that, as a composite of the cases in Lemma 8 with P = p, every integer 
= p°g? is represented by p°y° + 6f for every integer e = 0, where y = 0 and 


4 Dickson, Annals of Mathematics (2), vol. 28 (1927), pp. 340-341. 
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(10) f= hat? + het? + hate. 

Restrict e and n to integral values for which 

(11) e=O,lor2, e-+n==0 (mod 3). 

Choose v and C so that, when n = v (see § 4), 

(12) (C—1—w) pe gs, Op + 2k S (6 -+w)p™, Op™ t, 
where 

(13) w == 2 (hy + he + hs), k = 3 (t02) 3p, 


Determine n by (9). Then if s2t-+ Cp”, there exist nine integers 
a, b, C, Ya, zi (i = 1, 2,3), cach Z 0, such that 


(14) s = das + b + è +3 hi (ys? + 24°). 


The final inequality (9) gives K < k for K in (8). 

First, let Op” -4-2k Ss. Then Cp and Cp + kh are “es of R 
satisfying (72). Hence by (8) there exist integers I and J, each = 0, 
such that 

Op” S s— tI < Cp +k, 
Cp" + k Ss — tJ? < Op” Lex. 


Since these intervals contain no common number, I ÆJ. Hence there exist 
two distinct integral values of i which satisfy 


(15) Opr Ss—w < Opr +k, i120. 


Second, let Op?” -+ 2k >s. By (91), (15) holds when i= 0 or 1. 
Hence in both cases there exist two distinct integers and hence two consecutive 
integers j — 1 and j which are both values of i satisfying (15). At least one 
of the integers s — t(j — 1)? and s — #j* is not divisible by p. In fact, their 
difference is the product of t by 392 — 3j +1. If p — 2, this is not divisible 
by p. Ifp>2, ; 

12(3j? — 3j + 1) = (6j— 3)? +3 


is not divisible by p since the reciprocity law gives 
(—3|p)(p|8)=1, (p|8)= (|3) =—1, (—83|p)=—1. 


Hence there exists an integer a = 0 such that (15) holds when 1 =a, and 
such that s — af is not divisible by p. By Lemma 2, s — ta’ = 18% (mod p”), 
where 8 is not divisible by p. Evidently 8 = 6, where ` . 
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(16) s— tæ = Ib? + p'M, d< b < p". 

By (122) (16) and (15) with i =q, 
Cp Sw + pr < (6+ w)p, (C—1)p™ < Op — Ib, 
; (0—1) p < pM < (6 + w)p™”. 
` Cancel p” and write M = N + wp. Thus 
(17) (C—l—w)p™ <N < 6p”, 
(18) = ta® + Ib + pe (N + wp”). 


“By an assumption in Theorem 3, N is represented by py + 6f if 
N È p°g% and hence by (17%,) if (12) holds. By (11), p**t¢y® is the cube of 
an integer c= 0. Thus 


(19) pr = c + 6fp", 
(20) s = ta? + 1b? + è + pr (wpe + 6f).. 
Since w == 23h,, 


(21) À hal (p a) + (ph — m) °) — wp + fp 


Evidently (20) now gives (14). Ifa, > p” for a certain à, then f > p°” 
by (10), and N > 6p°* by (19), contrary to (17). Hence each of our nine 
cubes is = 0. 


4. Conditions (18). Forë n= 3, the minimum of 2n—e is 6, and 
(12,) holds if 


(22) C—l—w = (g/p*)?. 
Henceforth let n = 4. Then 1/p"? S 1/p? and (122) holds if 
(28) O + (HO) A (6/p) S6 +w. 


For example, consider D. Here p= 5, g == 22, w= 10.. First, let 
124. Then O > 14% by (22), C? > 215, 0? > 5.99 and (28) fails. wise 
i = 8, O = 13.68147 and (23) gives tS 4. 

'In.this way we obtain the complete solution of (12) when n = 4: 


SLet n—3 We have (23) with p? replaced by p. This case is excluded for 
forms B, D, E, F, @. But for ©, it arises only when l= 2, t=1; l=1, t= 1,2,3. 
For H, there are many sets J, t. Any set with v=3 is evidently a set with p= 4. 
We obtain universal theorems for all tlie latter sets. Hence we ignore those special 
sets which are also sets with » == 3, in spite of the lowering of the constant Cp®. 
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B, p=5. 14 1<38; l=83, tS 14; l= 2, tS 4; 
.l=1, t Z 104. 

0, p=11. 1=5, tS22; I=4, tZ 200; l=3, t= 760; 
l= 2, t & 2038; l= 1, tS 4533. 


D, p=5. l=3, tS4;. 12, tS16; l=1, #42. 

' E, p=5. l=4, t=1; l=3, tS; l=? i£ 2l; 
11, tS 50. 

F, p=5. l=4, t=1; 1=3,tS6;  1—2,t<16; 
1—1, iS 37. 


G pill. 1—5,1<18; 1—4,1<163; 1—3,1<612; 
i l= 2, $1619; I= 1, 3545. 
H, p=5. l=3, t=1; l=2, 156; fm LES. 


THEOREM 4. For all these sets 1, t such that t is not divisible by p, and 
for the least O determined by (22), conditions (12) hold, so that the final 
statement in Theorem 3 is proved. | 


5. Universal theorems. We employ a lemma whose proof (Transactions, 
p. 4) is very similar to that of our Lemma 4. 


, 


Lemma 5. Given the positive numbers s and t and a number T for which 
OSTSs, tS 9s, we can find an integer 1= 0 satisfying 


(24) TSs— ti <T+ (ts). 


Consider the unfavorable case G = 2° + 29° +527, p = 11, l= 1, t =r, 
r & 3545. By (22), the minimum C is 17.00075. The form ° J = (11122) 
. represents all positive integers < 40,000. For 3s% — 40,000, Lemma 5 with 
T = 0, t = 1, shows that s = i + J if log s = 6.1874082. Apply Lemma 5 
with T =0, ¢— 5, and s replaced by o. Hence if 8 (50?) = s, viz., 
log o =='8.2159453, all positive integers So are represented by (la 20, 5). 
Repeat and take 3(59?)*/* == o, whence log S = 11.2587510. Hence all posi- 
tive integers = S are represented by 14, 22, 52). Finally, apply Lemma 5 with 
T = 0, t= r, 8 replaced by v. Take 3(rv?)*/? — S, whence log v = 14.3976364. 
Hence all positive integers < v are represented by L == (14, 22, 52,7). By §§ 3, 4, 
all integers = K = r + Cp are represented by L. Since log K < 18.7272 
K <v. The two results prove that all positive integers are represented by i 

Evidently we obtain a like conclusion if.we start with B, D, E, F, or H 
instead of G, since ascent again begins with J. _ et 

For forms (15, 52, t, 1) obtained from Ae we e take l = 1 and begin ascent 


8 Bulletin of the Ass ‘ican Mathematical Noies vol. 39 (19387, Pp. 720. 


248 L. BE. DICKSON. 


from (14); but we can make only three ascents (instead of four as heretofore). 
The integers N < 12,000 which require 7, 8, or 9 cubes are listed by Jacobi.” 
It is readily verified that N — 5 is a sum of six cubes unless N = 47,111,300. 
But 111 — 5-2? 71 and 300 —5- 2? — 260 are sums of five cubes; while 
47 — 5 — 5 is a sum of four. The table by Von Sterneck ° shows that each 
integer > 8042 and < 40,000 is a sum of six cubes. Hence all integers 
< 40,000, except only 47, are represented by (1e, 5) while all are represented 
by (le, 52). Taking t= 5 and making three ascents, we find that (15, 5.) 
represents all integers < s if logs = 10.143227. Our least C is 15.006868; 
for it, log (t + 11120) = 13.6730025 = L. 

But by use of Von Sterneck’s table to 40,000, we can show that also all 
integers from 40,000 to 700,000 are sums of six cubes. The three ascents 
now lead to s, with logs > L. 


THEOREM 5. The following 6344 forms are universal: (1s, 2s, t, l), 
(1s, Ray t, l), (1s, Ra 32, t, D, (13, Ro, de, t, l), (1s, Re, 5a, t, D), (1s, R2; 62, t, l), 
where t, l have the values under B, D, E, F, G, H, respectively in § 4. Also, 
(1e, 5s). 


6. There exist infinitely many primes p= 2 (mod 3) such that p is any 
of the four forms P in Lemma 3. If 0 < ql, take p° Z g*/g. Then (22) 
holds if C=1+w-+q. Evidently (23) fails if 1 = 6, but holds if 75 
when pis sufficiently large. The same is true when y = 8 whence p? is replaced 
by p in (28). Hence the general theory in $ 8 applies when »—8 or 4, 
1155, t arbitrary, and p sufficiently large. 


Lemma 3 fails for the majority of forms f. For example, x? + y? + 32? 
represents all positive integers 54 9#(9r + 6); but 9==y° + 6y (mod 27) 
requires u= 6 (mod 9). Also, 4? + y? + 6z? represents all s4 9*(9r + 8), 
while 18 = yë + 6u (mod 27) requires u== 3 (mod 9). Next, 2? + 3y? + 32? 
represents all 54 9%(8r + 2), while 8 = y + 6p (mod 9) requires p==2 (mod 8). 
Finally, x? + y? + 42? represents all except 8r + 3 and 4*(8r +7), while 
2 = y? + 6u (mod 8) requires u = 3 (mod 4). 

Report will be made later on the result of using various primes p instead 
of our single p, on forms involving only eight cubes, and on the generalization 
of my papers on sums of values of cubic polynomials to sums of their products 
by arbitrary integers. 


THE UNIVERSITY oF CHICAGO. 
TWerke, VI, p. 323; Journal fiir Mathematik, vol. 42 (1851), p. 41. 


* Akademie’ Wissenschaften, Wien, Sitzungsberichte, vol. 112, IIa (1903), pp. 1627- 
1666. l 


FUNDAMENTAL SYSTEMS ‘OF UNITS IN NORMAL FIELDS. 


By Mantz J. Wuiss. 


Recently Professor Latimer proved some interesting theorems! on the 
fundamental systems of units in algebraic fields cyclic with respect to the 
rational field. Here some of these theorems are extended to non-cyclic alge- 
braic fields by a consideration of the integral group ring as a ring of operators 
for the group of units in the field.? 

Let © be a normal extension of degree g of the rational field and G the 
Galois group of 2. From the Galois theory it is known that the maximum 
real subfield À of 2 belongs to a subgroup H of order one or two according 
as Q is real or imaginary. In either case denote the degree of A by r +1. 
In a normal field a unit y. can always be chosen in A such that y, and its 
conjugates generate a subgroup M of finite index m in the group of all units 7 
of 2.2 Every r cf the conjugates form a system of independent units in Q. 

The quotient group U/R, where R is the group of roots of unity in Q, 
is invariant under G. Since M is generated by a complete set of conjugates 
under G, the quotient group M/R’, R’ being the subgroup of roots of unity 
found in M, is also invariant under G. When these two quotient groups have 
been written additively Æ and R’ correspond to zero, and throughout the paper 
we shall so write them. Note that the classes of U/R containing units which 
form a fundamental system of units in Q form an independent basis for U/R, 
while any r of those classes of M/R’ which contain one of the conjugate units 
Aus 92° © * rx, form an independent basis for M/R’. 

If ¢ is any unit of Q and S any element of G, by S¢ we shall mean that 


element obtained from & by performing the operation S. By > ai% we shall 
4=1 


mean the unit {I (S:t). Hence the group ring with rational integral 
q=1 


_ coefficients, which we shall denote by [G], can be taken as a ring of operators 4 
for the additive modules M/R’ and U/R. 


10. G. Latimer, American Journal of Mathematics, vol. 56, no. 1 (1934), pp. 69-74. 
? The author is indebted to the late Professor Emmy Noether for suggesting this 
method of treating the problem. 
*H. Minkowski, Goettinger Nachrichten (1900), p. 90; H. Hasse, Klassentoérper- 
` theorie, Anhang. Theorie der Binheiten. 
+E. Noether, Mathematische Zeitschrift, vol. 30, pp. 641-692. 
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“We shall use a notation which will combine the cases Q real and Q 
imaginary. If in all that follows the sum 1/23H, the sum being over the 
elements of H, is replaced by the identity Æ, the imaginary case reduces to 
the real case. Let (G) denote the group ring with rational coefficients. The 
left ideal (G)SÆ can be written as the direct sum of the two left ideals (G) By 
and (G@)H#., where E, = 1/g3G and E, —1/23H —1/g3G are idempotents. 
Write the group G—H+S8.H-+---+-+SriH. Using the integral group 
ring as a ring of operators, we shall set up an operator isomorphism between 
the [G]-left module [G]mE; = [G]m/23HE,, which we shall denote by M, 
and the additive module M/R’. Note that 1/23Hy, =, and label the con- 
jugates of 7. so that S; 1/23Hy, = qi, t = 2, 8,° > +, r +1, Further denote 
the class of M/R’ containing £ by £*. If we let 


m/8SHE: = mi, -> m” 
and j 
m/2 8:3 HE; = MSE, > q” (i=2, 3, -r +1), 


we have the desired operator isomorphism. Now 


rit rth 

m/2 > SHE, =0> $, më = 0 
421 i=l 

and 


r+l rth k 
m/2 > mSHE, > tiqi” 
in =L 


equals zero if and only if the a; are equal. Note that if 


+1 
w, = m/2 3 ai 3HE, — c* 


q=1 
and if 
> rei 
W = m/2 > b;,S:SHE; —> gF 
i=l 
then 


re 
Wy — We = m/2 DY (a; — bi) Sž HE: = 0, 
is 


and a; — b; = k, thus showing that w, and w, differ only by zero. We con- 
clude that only r of the elements m/23HH#2, m/28:3 HE, + -,m/2S8r.3HE, 
are linearly independent, and any r of them may be taken as an independent 
basis of M. - : 

Since M is of finite index m in U, the m-th power of every unit in Q is 
found in M. From the operator isomorphism we have established, we see that 
the image of*every class of U/E is found in the [@]-left module [G]E2. 
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If £1, f° © +, Ér form a fundamental system of units in U, we have wi —> méi*, 
w; an element of Mt, i = 1,2,- :,r. Hence wi/m = u;i —> é". Thus all 
linear forms of the u; with integral coefficients generate a module 1 which is 
operator isomorphic to the additive module U/R, the integral group ring being’ 
the ring of operators. Note that if the elements v1, v2,° * `, vr are elements of 
a second basis of 1, then (11, v2,- + +, Ur) = (th, Us, ` * , Ur) A, where A is a 
matrix whose determinant equals + 1, but then 


(é’, tz, BAA fr’) = (és bo, ee ee fr) A, 


and £,’, ég, - -, &” form a fundamental system of units of U. Thus we have 
a one to one correspondence between the independent bases of U and the 
fundamental systems of units in U. 

. The above operator isomorphism enables us to establish a criterion for 
the existence of a fundamental system of units composed of conjugates. If 
the modules M and 1 are operator isomorphic under the integral group ring, 
we see that a fundamental system of units composed of conjugates may be 
chosen. On the other hand if a fundamental system of units composed of 
conjugates exists, M and U are operator isomorphic. Hence we may state 


THEOREM 1. A necessary and sufficient condition for the existence of a 
fundamental system of units composed of conjugates is that the modules W 
and UÙ be operator isomorphic under the integral group ring. 


Note that if © is real or if the subgroup H is normal, Mt is a two sided 
[@]-module, generated by a single element. Hence in these cases our criterion 
for the existence of a fundamental system of units composed of conjugates is 
analogous to the one given by Latimer." 

We may also draw some conclusions concerning the existence of a funda- 
mental system of real units. If Q is imaginary and a fundamental system 
of real units exists, the conjugate imaginary 7 of a unit » equals pm, where 
p is a root of unity generating À. In this case every class of U/R is invariant 
under H. However, from the operator isomorphism we have set up, we see 
that every class of U/R is left invariant by H, if and only if H is invariant. 
Moreover, if every class of U/R is invariant under H, a unit and its con- 
jugate imaginary are found in the same class. Hence we may seek funda- 
mental systems of real units only in those fields whose maximum real subfield 
is normal. 


THEOREM 2. A necessary condition for the existence of a fundamental 


5C. G. Latimer, loc. cit., Theorem 2. 
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system of real units in an imaginary field Q normal with respect to the 
rational field is the invariance of the subgroup H of the Galois group G to 
which the maximum real subfield of Q belongs. If H is invariant the con- 
‘jugate imaginary of a unit n of Q equals py, where p is a root of unity. 


Note that the conditions of the above theorem are satisfied in Abelian 
fields. In all that follows we shall assume that H is an invariant sub- 
group of G. 

In case 2 is an imaginary cyclic field, the above theorem enables us to 
prove without using a matric representation of the group of units Latimer’s 
theorem that a fundamental system of real units exists. Let £1, f° °°, Ér 
be a fundamental system of units. Since G is cyclic, H is invariant and 
ți = ph. Let H = {#, St}, S being a generating element of G. If a; == 2b; 
the b; integers, we choose the units p®*Z; as the elements of a fundamental 
system. These are real since 87+! (phig) = psf, == pipi = phth. We 
shall show that each a; is even. Recall that R is generated by a primitive even 
root of unity. Let Sp =p", then S™p = pY” =p from which we conclude 
that h is odd. Now letting Sé, — &@ and Sf; = ¢;, we have 


tie cee Li ED DA gero eane 1; 


where ¿+ is the conjugate imaginary of f;‘9 and £,0 —£;. Using the 
relation £; = p%¢;, we obtain 


(Libs + + + u) pt 
and since &;: - + 6: is in Q as well as its square 
fifi o +E, = pk, k an integer. 
Operating by S on both ‘sides of this last equation, we obtain 


6,92, see Er) me pit 
which gives 


GOD = GO, 


Since À is odd we have proved our proposition. 

We seek the image of those classes of U/R which contain units from a 
subfield T of O. Let the elements of K, the subgroup of index & to which 
the subfield T belongs, be Kı =— E, Ks,---+,Ky. Write G in terms of its 
v cosets with respect to the subgroup generated by K and H. If K con- 


°C. G. Latimer, Loc. cit., Theorem 1. 
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tains H, v == k, while if 4 oes not contain H, v = k/2. Lety” be a class of 
U/& which contains a unit from the subfield T, and its image in [G]Æ, be 


w = 1/2(Sa,K 3H + 3b,K HS. +--+ -+ Su; KSH So) En, 


4=1,2,--+,8, where s = h/2 or h according as K does or does not contain H. 
Since Ky* = y*, Kw—w, K any element of the group K. ŒEquating 
coefficients in Kw and w, we have a; — a, = t, bi — bg —t, + +, vi — Up = É, 


the subscripts k being a permutation of the subscripts i. Hence 
> (ai — mu) = st = 0, t—0, and aj =a. 
41 


By operating in turn with each element of K, we see that the aj, bi, + -, vi, 
respectively, are sets of equal integers. Thus to each class of U/R which 
contains a unit from the subfield T corresponds an element of the form: 


1/2(a 3K SH + ZKZ H8 +--+ +a3Ki3HS8y)E2, (t=1,---,8). 
These elements are contained in a module À which is a right-sided [@]-module. 
If we regard the v sums 1/2 3 KiXHS;H, as elements, we see that every v — 1 

į=1 


of them form an independent basis for the module &. Note that & may be 
generated by a single element 1/23K: 3HE., by multiplication on the right 
by [G]. Further if the subgroup K is invariant, & is a two-sided [G]-module. 
We may summarize as follows: 


THEOREM 3. The images of those classes of U/R which contain units 
from the subfield belonging to the subgroup K of G are found in the right- 


sided [@]-module (1/2 Ÿ K:3H Ea) [G]. 
d=1 


We now apply the theory developed thus far to the case where G is the 
direct product of two subgroups © and T of relatively prime orders s and #, 
respectively. Hence one-subgroup contains H, say S does. We need to bear 
in mind that we are assuming H an invariant subgroup of G. For convenience 
let s/2 = q. Now (G)EÆ, contains the following idempotents: 


I, =1/s38H, = 1/s38 — 1/934, 

I, = 1/18 TB, = 1/(2t)3TSH —1/g3G, and 

Ip —=(1/23H — 1/839 — 1/87) EB, —1/23H —1/s38 — 1/(2t)STSH + 1/936, 
such that I, +I -+I =E, LI =0, i<j, I? =I, LE, = Bli = 1, 

i = 1,2,3. Hence (G)Æ: is the direct sum of (G), (GMa and (G)J3. 
Now consider the submodule W formed by the direct sum of R = [G], 

S = [G], and T=[G@]J,. R has an independent basis of r, = t— 1 of 
the ¢ elements I, Tal,- © +, Tel, ©, an independent basis of r, = q —1 of 
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the q elements 1/23HJ_, 1/22HS,1;,- +, 1/22H dgk, and Ẹ an independent 
basis of r, = r — t — q + 2 elements. Since U is a submodule of Ķ, its basis 
can be expressed in the form: 


Us = Li (4 == 1, 2,- ; sr) 
u; =t + yi (=r +1, ri F ra), 
t = g” + yi H a (=r +r Ať), 


where the 2;, ai, vi” are linear combinations with integral coefficients of the 
base elements of R and y: and y;’ similar functions of the base elements of S, 
while the z; are such functions of the base elements of ©. Or, in other words, 
if we consider the matrix of the base elements of 98, we may take zeros above 
the principal diagonal. Since the module If admits [G] as a ring of operators, 
we have, 
Suz = sx," 
and 
i(E — 1/t3T ui == t’ i (i =r -4 1, -r + Ta). 


Since the integers s and ¢ are relatively prime,-each of the «;’ is an element 
of U. Thus-we may take a basis of 11 in the above form with the elements z,” 
replaced by zero. | 

As we have previously seen to an independent basis u; of 11 corresponds 
a fundamental system of units 61, &,° * *, ér of Q. Since the first r, of the 
u; are invariant under the elements of the group S, while the next re are 
invariant under the elements of T, the first r, of the £; lie in the subfield T, 
which belongs to the subgroup S, and the next r, of the ¢; lie in the subfield T 
which belongs to the subgroup T. Since the ¢ form a fundamental system 
` of units in Q, the first r, of the £; form such a fundamental system in T, and 
the next r form such a system in T}. Hence we have 


THEOREM 4. Let Q be an absolutely. normal algebraic field in which the | 
maximum real subfield is normal in case Q is imaginary. If Q is obtained by 
the composition of two subfields T, and T, of relatively prime degrees, Q con- 
tains a fundamental system of units such that certain of them form a funda- 
mental system in T, and certain others form such a system in To. 


If T; is again obtained by the composition of two fields of relatively prime 
degrees, we can apply the previous theorem to T, instead of Q, using the 
quotient group G/T instead of G, and thus obtain a fundamental system of 
units of T such that it contains fundamental systems from each of the two 
subfields which generate Ty. An Abelian group can always be written as the 
direct product of subgroups whose orders are powers of distinct primes. Hence 
the theorem may always be applied to Abelian fields. 


Bryn Mawr COLLEGE. 


A CALCULUS OF SEQUENCES. 


-By Moraan Warp. 


I. Introduction. 


1. I propose in this paper to give a generalization of a large portion of the 
formal parts of algebraic analysis and the calculus of finite differences. The gen- 
eralization consists in systematically replacing the ordinary binomial coefficient 
n(n — 1): (n—r+1)/1:2- -+r by a “binomial coefficient to the base 
(u)? [n, r] = Un Una © Unra/Ui Ue ur where (u): Wo, Us Ue: 
is a fixed sequence, of complex numbers subject to the restrictions uo = 9; 
Ur = 1; un 0, n> 1. The exponential function for example is replaced by 


the formal series 1 -+X a/u: Ue° * ‘Un, differentiation by an operation 
nal 


which throws a into [n, 1]2""+, and differencing by an operation which throws 
æ" into À [n,rlanr. 

The formula m = (141+: -41y = 2r l/s fs2!* + sal guides 
us in ‘replacing the powers of rational integers are necessary by sums of 
multinomial coefficients to the base (u); for example, & à [nr] may replace 


8". We are thus enabled to generalize successfully a et variety of formulas 
involving the exponential functions, the Bernoulli numbers and polynomials. 


2. In a series of papers which have appeared during the past thirty 
years [1], F. H. Jackson has developed a somewhat similar extension of ele- . 
mentary analysis for the particular sequence (u) in which u,—(g"—1)/(g—1) 
q a fixed complex number, | q|+41. His results are based essentially on an 
identity of Euler’s [2]: 


BD (EHEH) e+ ey = Š [n rjg eony. 


In effect he replaces the ordinary binomial coefficient by [n,r]gre-?, But 
the presence of this power of g introduces a lack of symmetry in his formulas, ` 


2 The numbers in square brackets refer to references at the end of the paper. 
Jackson wrote in all over thirty papers on this subject. We have listed only those 
directly connected with the present påper. 
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and leads to certain complications in defining the. exponential functions.” 
He was not led furthermore to consider the developments of the calculus of 
finite differences which we give here. These appear to be among the most 
striking results of the entire theory. 

The present work originated in an (unsuccessful) attempt to frame a 
definition of the Bernoulli numbers in Jackson’s calculus to which the Staudt- 
von Klausen theorem might apply. 


II. Formal theory. 
‘8. Let 


(u): U=0, wW =l, Ue, ++, Um: 


be a fixed sequence of complex numbers subject for the present to the single 
restriction Un £ 0, n > Í. For convenience, we shall write [n] for un. We 
define: 


[n]! tobe 1 if n—0, and [n] [n—1]---[1] if n>0; 
[n, r] tobe [n]!/[r]![n— r]! | 

where n,7 are positive integers,’ and n =r. Then 
[n, 0] =|, [n, 1] = [n], [n, n—r] E [n, r]. 


We shall call [n,7] a binomial coefficient to the base (u), or simply a 
basic * binomial coefficient. 


We write (x + y)" for the polynomial 5 [n, r]er "y". It is evident that 
r=0 


(e+y)°=1, (+y) =r+y, (c+0)"—2 
(cx + ey)” = (s +y)” (a +y)" = (y + az)". 


From the identitiés 5 
(x —! yj — 2 (— 1)*[2n + 1, rJargr (center pee y?r) 


(oy) =S (— 1) [2m rary (aber yrr) + (— 1) [2n Jory 


o 
*It is necessary to consider not only the series 1+ S)an/u,u,-++u, as an 


. = 1 

analogue of the exponential, but also the series 1 + $i gn(n-1)/2æn/uu,. . .u, with a 
1 

corresponding complexity in the theory of the trigonometric functions. 


3? We count zero as a positive integer. 
“This convenient terminology is due to F. H. Jackson. 


5 We write (æ —y)n for (a+ (—y))2=3 En, rlan-r (— y)r. 
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we see that ` 
(z — zr) = 0; (n==0,1,2,- °°). 


On the other hand, 
(z — 2)?" = o?*(1— 1) = afa È (—1)"[2n, r] + (—1)*[2n, n]} 


generally does not vanish. A sequence (w) such that 
(1—1)2%* = 0, (n—1,2,8,--:) 
will be said to ke normal. 


4, More generally, we define 


(£1 + T2 +" +--+ a)” tobe = nn Tasti + agé 


where the summation is over all integers s satisfying the conditions 
Sit Sef tc + —n, 0=a£n. 


If we denote this polynomial by Pyn(t) = Pun (41, Te,” * * ,æx) then it is 
a symmetric function of its k arguments, and if c is any constant, then 





Prn( 641, 682, © *, Ca) = "Pan (1, a * * 5 De) | 
Furthermore, 
(4. 1) Prat (2) = Pin (tr, Dos ©, Th Ue + Ten). 
For consider Pan(£) = (2 +- a)". We have 

(a, + ta)” = Ta r= gl [A] ae tat 

ÿ 5 ae 1 [t] ! = fog sic 

À 2 [n— t] ! [é]! l [t—*]! T Cr]! 7 21 toa T Tg 

[7]! 


ne oy D St 2088 
2 faJis] all 1e Ts, 
Sı H s2 + ss =n, Eun 


= (ts + 2 + ts)" = Pon (2). 


Hence (4.1) is true for k = 2. Its validity for any value of & follows by an 
easy induction. 

It is evident that formula (4.1) can be extended so as to express 
Prin(z) in terms of Pyn(a) in various ways. For example, 


Pan (tH, Le, T3, Ta) = Pan(i À Tz, Ta + Ta). 
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5. The numerical values of the polynomials P:,(æ) when all of the 
arguments z; are equal to plus one play an important rôle in the developments 
which are to follow. We shall write k” for the number 


Pen (1°, = (+14: ie Sr gr 


We see from the formulas of section 4 that 

Be — (241), P= (2 +2)” = (841), 
It is easily shown by induction that we have quite’ generally 
(5.1) rF” = (r +5)" 


where r and s are any positive integers. 

If furthermore the sequence (w) is normal (section 3) then we can show 
by induction that (5.1) holds for any integral values of r and s. A somewhat 
longer induction establishes the formula 


(5.2) m Mae F me = (m + me + mu)" 


where if (u) is normal, mı, ''',m: are any integers, but if (u) is not. 
normal, the integers are to be positive. 

In case (u) is normal, there is no gain in generality in replacing some of 
the plus signs in formula (5.2) by minus signs because we can show that 


(5.3) (ry —s)” = (r + —s)” 
6. If F(x) denotes the formal power series 
| ©0 
(6.1) F(x) = È cu”, 
. n=0 
we define F(s + y) to mean the series 
00 ‘ © n 
Bole y)*== 2% B enlm, lorry’. 
In like manner | 
co 
(6.2) Par Hatem) = D ên (ta + Be +: + a)" 
n=l 
00 
= Z CnPrn (3). 


We have furthermore formal identities of the type 
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F(a, + 2) = F (2 + t), 
F(a, + t + z) = F(a, + (22+ t:)) 
F(x, + To + tg + t4) = F ( (£1 + te) + (as + &4)) 


since the like identities hold for the polynomials Pin (2). 
If in the series (6.2) we make all the arguments x; equal to x, the right 
oo eo aa 
side becomes Sen(e--+a-+-+---+2)*=—S cake". We shall accordingly 
n=0 n=0 
denote the resulting series by F (kw). It is obvious then from the formula 
(5.2) that 


(6.3) F(mi +m + F mae) = F (me + moe ++ +: + mit) 


for suitably restricted integers mi. 
Let F(x), G(x), H(x) be three formal power series in z. Then the 
following theorem is easily seen to be true. 


THEOREM. 6.1. If F(x) — G(x) + H(z) and m,n are any positive 
integers, then F(mx) = G(mx) + H(mz) and 


Fims + ny) = G(me + ny) + H (me + ny). 


Y. We next define an operator D = D, which transforms the formal 
power series (6.1) into 


(7.1) F'(&) = DF (2) = Š [n]ena"t. 


In particular then, De” = [n]z"-1. The operator D is easily shown to be 
linear and distributive, and it converts a polynomial of degree n in a into one 
of degree n — 1. 

If we define FP“ (x) = D'F(x) recursively by FO (2) = DF (e); 
E(x) = F(a), it easily follows that 





The expansion F(s + y) = S ¢n(x + y)” is formally replaceable by 
n=0 
© Fm (s) 
7.8 = n 
(7.2) Pety) =X RNI 
We shall refer to (7.2) as Taylors ‘formula for the base (2). 
Finally, we note that 


DeF (s +y) =FP (+y). 
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8. As a simple concrete example of such an operator D, let us assume 
that the sequence (u) is a linear recurring series of order k whose associated 
polynomial z — a,e"1—.- - -—«@, has k distinct roots 1, œ,° © -,a. Then 
Un is of the form 


Un = Bia” + B2a2" f+: + Bron” 


where the constants œ and £ are subject to the conditions 


Bit Bot: +H Br=0, Bat + Pate + +--+ Bra = l, mA0n> 1 
It is obvious then that 


DF (x) = (BF (ot) -> + +b Be (out) )/ (Bite ++" +» + Brose). 


This operator can therefore be applied to any function of x regular at « = 0, 
and transforms it into another function regular at s = 0. 

In particular, if k=2, «=q, @—1, Bı = (q— 1)”, Bz =— fy, 
where q is not a root of unity, 





DF (2) AF 


is the operation of g-differencing. 

In case some of the roots œ of the polynomial associated with the recur- 
rence relation are repeated, a similar but more complicated formula for DF (x) 
may be given which involves both F(x) and its ordinary derivatives. For 
example, if k = 2 and a, = a 540, Un = na,” and DF (s) = 1 Plar), : 

1 
III. The exponential and trigonometric functions. 


9. We shall now assume that the sequence (w) is chosen in such a 
manner that the series 


(9.1) l EE ET 


n=0 
is convergent in the neighborhood of v = 0. It accordingly is an element of 
an analytic function of « which we shall call the basic exponential. There 
exists then a positive number p such that the series (9.1) converges absolutely 
within the circle |æ | = p. 
The basic exponential has the following properties for sufficiently small 
absolute values of its arguments +, y, ti: 


(9.2) DE(x) —E(x), EP (cr) —c"E(cx),c a constant, 
(9.21) E(x + y) = E(z)E(y), 
(9.22) © E (ay + ae +: +: Ha) = E(t) E (a) + + + (ax). 
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Consider for example the formula (9.21). That it is formally true is 
immediately obvious from the basic Taylor’s formula (7.2). For 


co se EM (x)y" 
= ~ [nyt ! 


since by (9.2), EM (x) = E(x). 
But the series 


E(e+y) = = E(x) E(y) 


we [n]! —2 o [n— r]! [r]! 


S$ (e+y)" X (x + y)" co n mity" 


is in fact the Cauchy product of the series X so that the 


Pi 2 ET 


formula is actually true provided the latter two series are both absolutely 
convergent. And by our initial hypothesis, both series converge absolutely if 


[til <p, |y] <p. 


10. The trigonometric and hyperbolic functions are defined by Euler’s 
formulas: 
sa (pee eta) =é ie) 
(10. 1) i 
sinh (z) =— isin (ix), cosh (x) = cos (iz). 


E(ia) + E(— ia) 
2 3 


cos (£) = 


Among the many formal analogies with the ordinary trigonometric func- 
tions, we shall merely note here: 


sin (x + y) = sin (x) cos (y) + cos (x) sin (y), 
cos (x + y) = cos (x) cos (y) — sin (x) sin (y), 
D sin (£) = cos (x), D cos (x) = — sin (+). 


As a consequence of the last two formulas, we see that both sin (x) and 
cos (x) satisfy the basic differential equation y® (x) + y(x) = 0. 
On the other hand 


(10. 2) sin? (x) + cos? (x) = E(ix)E(— iz) 


and in general, €(ia%)€(— iz) 1. 
The remaining trigonometric and hyperbolic functions are defined in 
terms of the basic sine and cosine as in the ordinary case. 


11. Itis possible to give analogues of De Moivre’s and Simpson’s formulas. 
For in formula (9.22), take k =n and let tı = £t: =: : -= gn = ib. Then 
with the notation explained in section 6, 


(11.1) E(ii0) — (E(i8)}r. 
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Hence we obtain from the formulas (10.1) and theorem 6. 1 the basic form 
of De Moivre’s formula,® cos (78) + à sin (70) = (dos (8) + isin (8))." 


THEOREM 11.1. The sequence (u) is normal when and only when 
€(x)E(— x) =1 or when and only when sin? (x) + cos? (x) == 1. 


For by formula (9.21), and the previous definitions, if | «| < p, 


Seley — Els — şe- LS 0z" 
(2)E(— x) = E(a@— x) = z DE - Sa EYES 
Now we have seen in section 3 that (1—1)21—0, (n —0,1,2,: +). 
Therefore 


E(x)E(— x) —1 HIS 


Hence the first part of the theorem follows. The second part of the theorem 
is an immediate consequence of formula (10.2). 

` Let us assume now that (u) is normal. We see from formula (11. 1) that 
(11.8) E(n + 216) = E(16) E(n + 118), : 

E(10)E(mid) = E(n + 118). 

But by theorem 11.1, €(—16)€(i@) =1. Therefore this last equation may 
be written 
(11. 31) 


un, 


i E(nid) = E(— i0) E (n + 118). 
On adding and subtracting the two formulas (11.3), (11.31) and applying 
(10.1) and theorem (6.1), we obtain the basic Simpson’s formulas: 


cos (n + 28) = 2 cos (8) cos (n + 18) — cos (n8), 
sin (n + 26) = 2 cos (4) sin (n + 10) — sin (nO). 


12. In order that the results of the previous section may have more than 
a purely formal significance, it is necessary to show that we can choose the 
sequence (u) so that (u) is normal and so that H(nz) is an entire function 
of æ for any integer n. Since B(— na) = H(—nx), E(nx) = (B(1x)}", 
E(1c) = E(«), we need only consider the case when n == + 1. 

Now it is easy to show that the most general solution of the functional 
equation 
(12. 1) (x) @(— x) = 1 


8It should be noted here that (cos (8) +isin (#))” stands for the product 

(cos (8) + isin (@)) (cos (8) + isin (8)}... taken to n factors, and not for the 

result. of substituting cos (9) for a and isin (8) for æ, in the polynomial 
P,,,(@) = (#, + æ,)n. ` 
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which is regular at the origin is of the form 
(12. 2) (z) = + exp.(aV(2*)) 


where W(x) is regular at the origin. But by theorem 11.1, (u) is normal 
when and only when €(2) is a solution of (12.1). Since E(x) was assumed 
to be regular at the origin, E(x) must be of the form (12.2) where Y(x) is 
an entire function of s. We must also satisfy the conditions 7 


E™ (0) a T 
n! Utat 





as then Un = n€%Y (0) /EM™ (0) 0 (n==1,2,-+-) and w =1. 
It will therefore suffice to choose for Y(x) an entire function G(s) with 


foe] 
a series expansion of the form G(s) = 1 + X gas” where the quantities g» 
n=l 


are all real and non-negative. The ordinary case ensues on taking all the 
quantities gn equal to zero. 


13. If we assume that €(x) is an entire function satisfying the condition 
E(x)E(— x) = 1, we can generalize the periodic properties of the exponential 
function. For since E(x) never vanishes, by Picard’s theorem there exists a 
complex number As<0 such that €(A) —1. But then if n is a positive 
integer, 

E(a + mr) = E(x) E(nr) = E(2) (E(A))" = E(2), 
E(x) = E(z — mad + nà) = E(x — nA )E (nà) = E(z—nà). 


We have therefore proved the following theorem. 


THEOREM 18.1. If (u) is a normal sequence so chosen that the basic 
exponential function E(x) is an entire function of x, and if À 4 0 is any zero. 
of the function E(x) — 1, and m any integer, then 


E(@-+ md) = E(x). 


Furthermore one such zero À always exists. 


On utilizing the formulas of section 10, we can easily show that under | 


the hypotheses of theorem 13.1, we also have 
sin (2 + mix) =sin (x), cos (x + mir) = cos (s). 


7 The superscripts here denote ordinary differentiation. 
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IV. The calculus of finite differences. 


14. Let (u) now be subject only to the conditions Uj = 0, wy = 1, 
Un £0, n5£0. We shall denote by ft the ring of all polynomials in + with 
coefficients in the field of all complex numbers. 

If 


(14. 1) $= (0) = Sans’, a0 


is any element of R of degree n, we define the basic displacement symbol Æ by 


Bola) = $(@ +1) =È Y nrl, so 
Ex) = E(Et(z)), Ep(x) = (x) 


where ¢ is any positive integer. 
It is obvious that Æ is a linear and distributive operator over R, and it 
may readily be shown that 


(14. 8) B'g (x) = g(a +t). 
Jf (u) is normal, formula (14.3) holds for all integral values of ¢. 


15. The basic difference operator A is defined to be H—1, where 1 
stands for the identity operator over M. The following properties of A may 
be mentioned. 


(14. 2) 


(i) A is linear and distributive over R, and converts an element of R 
of degree n into one of degree n— 1. Moreover F, A and D are commutative 
over R. 

(ii) The only ROSES of Age = 0 lying in ff are ¢ = a constant. 

Gi) apte) =À (0 ()ste +D. 
(iv) We have the operational identity over R 


(15.1) © A=E(D) —1 


where formally Ca = Saat 


The last one of these properties is the only one requiring comment. If ¢ 
of formula (14. 1) is operated on by D of section 7, then 





: r=g 


Hence 


€(D)$(2) -È > Er, slan-r27"s = È > [r, s]an" = Ep (2) 
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by formula (14. 2), so that (15.1) follows. 


16. The basic Bernowilli numbers Bo, Bu * > -, Bn, ` ` are defined by 
the recurrences C | 


Bo—1; (B+1)"—Br—0,n>1; (B+1):—B—1. 


Here after expansion the exponents of B are to be degraded into suffices as in 
the usual theory [3]. 
The basic Bernoulli polynomials Ba(z) may then be defined by 


Br(z) = (z + B)”, (n=0,1,---) 
or non-symbolically, 


Ba(2) = à [n, r] Bra". 


The following results [4] may be established precisely as in the ordinary 
theory. 


(16.1) Bn(0)=Bn, Ba(1)=Bm m1; Bi(1) =B, +1 
(16.2)  Ba(e +y) = È [m r]e" Bnr (9). 


THEOREM 16.1. If ¢’(x) =D¢(x) denotes the basic derivative of the 
- polynomial (x), then a polynomial solution of the difference equation i 


AU(&) = ¢' (2) 








is given by | 

(16.3) (s) SPRE) 

(16. 81) $(e +B) = SS ÈS en B,(2). 
(16. 32) ' AB,(z) = [nent 


THEOREM. 16.2. If the sequence (u) be chosen so that the series (9.1) 
for E(x) is convergent near x — 0 then for sufficiently small values of |t] 
and | a | 

V, Bat” _ t X Ba(z)tr _ _tE(zt) 
ER) 2ml §@ =? 2 pl O 1 
Braz (n) — Bra 
[r +1] d 





M 


(16.5) 1H... En—ir— 


if r is a positive integer = 1. 
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To prove the last written formula for example, we observe by theorem 6. 1 
that (16.82) implies that B,,.(s + 1) —Bra(s) = [r + 1]s", s a positive 
integer. On summing this equation with respect to s from 0 to n—1, we 
obtain (16.5). | 


THEOREM 16.3. Bən =0 (n—1,2,8,: - -) when E. only when 
Ba (1—2) = (—1)"Bn(z), (n =2, 3,---). 
If moreover the series (9.1) for E(x) converges for some s= 0, then 
Bon =0, nSl 
when and only when (u) is normal. 


The equivalences stated follow immediately from formulas (16.1), 
(16.2) and (16.4). | 

We plan to give elsewhere a detailed treatment of the basic analogues for 
the numbers of Euler, Genocchi, Lucas and Stirling and their associated 
polynomials and difference operators. 
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ON THE TRANSFORMATION AND CONVERGENCE OF 
CONTINUED FRACTIONS. 


By WALTER LEIGHTON and H. S. Watt. 


1. Introduction. Convergence criteria for the continued fraction 


(1) Yo + 1/9) + 1/y + +, 
in which the y, are complex numbers have been the object of study of many 
writers. HE. B. Van Vleck proved that if y1, Ys, ys,: - - are not all zero and 
if there exists a number € > 0 such that 

— 7/2 + e Sarg yn = r/8 — e, (n = 1,2,8, >) 


a necessary and sufficient condition for the convergence of the continued frac- 
tion (1) is that the series 3 | yn | diverge. Pringsheim? showed that the 
conditions 

(2) | 1/yn+Yn | S 1/4, (n = 2, 3, 4,° è -) 


are sufficient for the convergence of (1), with arg yn unrestricted. Szász? 
pointed out that 1/4 is the largest number that can be used in (2). 

When arg y, is not restricted and the numbers 1/(ynYn-1) do not satisfy 
the inequalities (2), the question of convergence of the continued fraction 
remains in a large measure unanswered. 

In §3 of this paper we have approached this problem by considering a 
new and very general transformation of a continued fraction. This approach 
has led to convergence theorems which are new and of a character funda- 
mentally different from previously existing theorems. Some of these results are: 


The continued fraction (1) converges if 


(3) 0 < | 1/YonYons | = 1/4, | 1/Yon-1Yon | = 25/4, (n = 1, 2, 3,° QE ); 

or if 

(4) On E | 1/yenyones | Z 25/4, | 1/yonayon | = 4(1 + Gu) (1 + Gn), 
(n = 1, 2, 3,° . “), 


2E. B. Van Vleck, “On the convergence of continued fractions with complex 
elements,” Transactions of the American Mathematical Society, vol. 2 (1901). 

*0, Perron, Die Lehre von den Kettenbrüchen, 1 st. edition, p. 254. 

#0. Szász, “ Über die Erhaltung der Konvergenz Kettenbriiche bei independenter 
Verinderlichkeit aller ihrer Elemente,” Orelle, Bd. 147 (1916), pp. 182-160. 
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where Gy—=0 and Gy, Gs, Qat ©- is any sequence of positive numbers. 
The following theorem is of a. different type. 


Let hy, ho, hs, * * be any constants not zero such that for some integer 
k20 


lim Aonhonser-1 = 0, lim honhon = œ. 
n=00 n= 


Then corresponding to every finite region R in the complex z-plane at a posi- 
tive distance from the origin, there exists a positive integer N such that if 
n = N, the continued fraction 


hon + 2/honss + 4/home + >° 


converges uniformly over R. 
Still another kind of theorem is the following. 


Let Qi, qz, 9s," ` * be constants not zero. Let B represent an increasing 
sequence of indices ny < na < na < +++ in which ni — nin = 2, i= 2, 3,4,°°°, 
and let A represent the sequence of indices not in B. If B is finite and 
lim ga = 0, or if 

lim gn = ©, lim gn == 0, 
the continued fraction 


1 + gne/l + gang/1 °° > 


converges uniformly over a region R of the type described above, if n is taken 
sufficiently large. 


«2. An important example. In this section we indicate the complexity 
of the general convergence problem by exhibiting a convergent continued 
fraction (1) for which the numbers 


In = 1/ Yn-1Yn 


are everywhere dense in the complex plane. 
Let a, a2, ds, * + be an infinite sequence of complex numbers not zero 
and set 


° An = m + da ++ am 
Form the continued fraction (1) in which 


2 2 y 
> Yen = — an, pia a et) > (n—1,2,3,-+ +). 


5) °° y = 
(5) ` j Gata 
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Its 2n-th and (2n + 1)-th convergents are the quantities An and An + (dna/2), 
respectively. Hence the continued fraction converges if and only if the series 
Zan converges. 

Now let § denote any countable set of complex numbers sı, 82; 837 * * 
not containing 0 or —1/2. It is clear that given any positive number M 
and a number r such that 0 <r < 1, one can find a sequence of numbers 

















=, kee, kg, + + for which the conditions 
oe < M, 4 Lae <M, kent? + Qent* Sri — LSnlnx Æ 0, 
N 
(n = 1,2, 3, = ys 
are satisfied. 
If we take 
wan 28 2n 1 2 2n 
imn ==> lop = CERN, (n =1,2, 83, -) 


the series Xan and the continued fraction (1), with the numbers yn given by 
(5), will converge. Moreover, 


Lana == Sn+1 ` (n= 0,1,2,°°°). 


Thus the set S which may be taken everywhere dense in the complex plane, 
is contained in the set of elements £, £a, ts," ` - of a convergent continued 
fraction. | 


From this example one concludes that the convergence of the continued 
fraction (1) does not in general depend upon the magnitude of the | en, 
but upon the relative magnitude of the numbers in the ordered sequence 


| ae |,. [ts |, [zahte 


This principle would lead one to expect to find criteria such as those 
mentioned at the end of §1, in which precisely this “relative magnitude” 
plays the dominant rôle. 


3. A transformation of continued fractions, and an extension of the 
Pringsheim criteria, Let 


(6) == (21, To” “> Yor Yn Yar” * =) = Yo + 21/41 + %2/Y2 +° oa 
and | rat 


(7) q == (dt, dey * + +3 Bo, bi, ba, + -) = bo + a1/d1 + ae/b2 +: ce. 
(an ~ 0) 


270 WALTER LEIGHTON AND H. S. WALL. 


be any two infinite continued fractions. Denote their n-th convergents by 
Xn/¥n and An/Bn, respectively, where the quantities Xn, Fn, An, Bn are given 
by the usual recursion relations. As is well-known, 


XxX, n Xna 


= — 1)" 2,22 ° > Dnars 
Catal 








and hence, one can always determine numbers &n, 8, such that 


An = Xn + Bans 


(8) Bn = anY n + BY nns 


(n = 0, 1, 2,° ae ). 
Conversely, corresponding to any continued fraction (6), let numbers on, Bn 
be any set for which 


Dy = Gens (On + Buns) — BuBnrtna 3E 0, n = 0, LR"; a= 1, ba= 0. 
If then we put 


En = Gn [On-24n — Bn-2%n | + Bn[ ðn- (YnYnsa + Ini) + Bn-28nYn l> 
n = 1,2,83, +; @aı = 1, 8a = 0, 
the continued fraction (7) with 


bo = Yo + Bots/Do, dy = t1D1/Do?, 
(9) ün = En Dn/ Dns, (n =2, 3,4), 
bn = En/ Da-i» (n =1,2,3,: > De 


will have the property that 


DyAn = On dn + Br&Xns15 : 


10 
( ) Do Brn = nY n + Bu¥ nat, 


(n=0,1,2,--+). 
Equations (10) are readily established by mathematical induction. 

_ We shall consider the equations (9) as constituting a transformation 
T of é into q, and write | 


(a4, Ge, ` wey bo, b,° . >) = T (a1, 22, ° + +3 YoYo: >) 
or 3 


n= Tb 


The transformation is determined by the æn, n, so that we shall write 
T = Tor; Ba]. This notation will simplify the later discussion. 

The use of special cases of this transformation such as the so-called 
“equivalent transformation ” where 


Go = l, Gn = 6i€2° * * On (ci 0); Ba =0, 
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is well-known.* We shall use the more general transformation in a comparable 
manner. 

In order to apply the transformation T for obtaining convergence criteria 
for continued fractions it is important to establish conditions under which 
the convergence of y == Té implies the convergence of £ For that purpose we 
employ the identity 


An Xn ($ nL O 3) Ger An-1Bn r 
11 +S = —1). 
( ) Bn Yn Bn-1 BnTn+1Bn-1 


We have the following result. 





TuHrorem 1. If n= TE converges, é converges to the same limit as y, 
provided, there exists a positive integer N and a positive constant ¢ such that 


| On-1Bn/ Bnn Bn-1 — 1 | = C, 
fn>N. 


The proof is an easy consequence of (11). 
If the elements an, bn of y satisfy the inequalities 


(12) [ bn | = | an | +1, Gime aa es) 


it may be shown è that 7 converges and the value of »— bo is numerically 
S 1, and is < 1 if the inequality sign holds at least once in (12). Moreover, 
| B,/Bn+|=1; hence, on referring to Theorem 1 we have the following 
theorem. 


THEOREM 2. Let T[an; Bn] be a transformation which carries the infinite 
continued fraction é == (T1, ta © *3 Yo Yn Yn’ °° ), (n 0), into another 
infinite continued fraction n = (dy, G2, * “3 Vos bi, b2,° + +), (Gn 540), whose 
elements dn, by satisfy (12). If there is a positive integer N and a number 
‘s > 1 such that for naban 70 and n >N 


(18) i | Ona/ Batna | = S; 


then £ and n converge to a common limit. The numerical value of E— bo is 
S land is <1 if the inequality sign holds at least once in (12). 


The foregoing theorem may be extended as follows. Let C1, C2, ¢s,° * ° 
be a sequence of constants none of which is zero. The continued fraction’® 
nf = (Cili, C1Ce2le, CoCsz,° © * 3 Dos C101, Cobo, © +} converges if and only if y 


* Perron, loc. cit., p. 196. 
5 Perron, ibid., pp. 254-255, 
$ Perron, ibid., p. 196. 
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converges, and to the same limit. Let A’n/B’n be the n-th convergent of 
(C1C2đ2, CoCalg,’ * *; 0, Cabs, Csbs,* * +). If the latter converges to a value 
. different from — ¢,bi, y converges. If then we assume that 


da) [ee [EY [lS locem lee enaa; 
where inequality holds at least once, it must follow that the limit 
(15) lim [c101 + A’ Ba] 
exists and is +0. If we set 
Un = Gaby + A’n/B’n 
and denote the limit (15) by v, we observe that 


n == bo + (¢10:/v), 











On~aBn Le An-1B°n-10n-1 
BnEn:1Bn-1 CnBnns1B'n-20n-2 


and that | B’n1/B’n-2 | = 1. We have thus proved the following theorem. 
P g 


Tarorem 8. Let T[an; Bn] be a transformation which carries the 
infinite continued fraction E= (21, Te," * ‘5 Yo Yu” `), (tnx0), into 
another infinite continued fraction q = (a1, Ge," * +3 bo, b1,' + +) whose ele- 
ments satisfy conditions (14) with actual inequality holding at least once for 
some set of numbers Cy, Ca, Cas" * `, (cs £0). If there exists a positive integer 
N and a number s > 1 such that 


Œn+1 


= $ : 
CnBnCn+1 


(16) 








for all values of n > N for which GnsBa 7&0, then é and q converge to a 
common limit. 


If, in particular, we set Cn = Pn/bn Where py is real and positive we have 
the following result. 


THEOREM 4. The ekis (14) m (16) of Theorem 3 may: be 
replaced by the following inequalities: 








7, m ix Pn — 1 x Le FER 
(T2) mz Z1, En ban | ~ PnPn-i Me re ); 
. , h 
(16°) soe | = spm 
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respectively, where Pı, Pas Pas” * © are real numbers. 


The special case pa —2 is HORS ‘In this case we readily obtain 
the following theorem.’ 


THEOREM 5. If the En, Yn im E= (1, to * "5 Yo Ya °°), (En 0), 
are functions of any variables, then & converges uniformly over the region 
determined by the inequalities 








n| so |p| Sus (9 88,4---), 
ba bn-10n 
| On-aDn > 
Ar | >g N, 
| Brn Se 





where O, N, and s are constants and s > 1. 


4, The transformation Ty. Let 


Con = 1 — QnYon+1s Sener oS Yons2/ ns Bon = Jn, Bona = 1/9n, 
(n = 0,1, 2,- > “+ 
where 
| Jn = Jo — (Y2 + Ya ++ + ++ Yan); (n—=1,2,8,;°°:), 
and go is any number +0 so chosen that g,540, n=1,2,3,---. If 


% = 1, the transformation T, is as follows: 


bo = Yo + Jos M =— 1, m=1,n>1; 
(Tı) by ee 1/90, Don == Yan-19°n-1 (n = 1, 2, 8, Eg J. 
bons = Yon/JnJn-15 


Here 
(17) Acna/ Bana = Xon/Y on, (n —=0,1,2,: ":), 
so that Theorem 5 in this case takes the following form. 


“‘Tuuorem 6. Let Yo, Yi Us," * * be functions of any variables, and let 
Jos 0 be so chosen that gn = go — (Y2 + Ya t+ +++ Yon) Æ 0, n = 1, 2, 8, 
Set 








1 Jn-2 In 
4, = — Lo == » bon = —— n 1, tone, = ———"——-, h 0; 
g Jo Ta Yio Yon-1Y n-ga- A A YenYan-1In-1 Li 
En = > R > 0. 
GaYzn+ı 


T Perron, ibid., pp. 260-262. 
3 
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Then the continued fraction (1,1,1,° °°} Yo: Yu Yz) converges uni- 
.formly over the region determined by the inequalities : 


[u|<C, |%|S1/4, (n = 2, 3,4,- -) 
| tonsa/ (kn —1)| S1/2s, n>N, 
where C, N, and s are constants and s > 1. 


As an application we have this theorem: 


THEOREM 7. Let ho, hi, he, © > be real or complex numbers hi 50, 
and let Qn = qo — (he + ha +" +++ hon), where go £0 is so chosen that 
Gn 5E 0, n = 1,2,38,---. Put 


Win = > L Wont = FEE? 0 > O, 
and suppose lim Wn —0. Then the continued fraction 
H = ho + 2/ha + 2/ho +: 
has the following properties. | 


(a) The sequence of even convergents represents a meromorphic function 
F(z) and converges uniformly over every closed bounded region R containing 
no poles of F(z). 


(b) Let tm = Qnhens, and let K be an arbitrary closed bounded region - 
containing none of the poles of F(z), and no limit points of the sequence 
{tn}. Then the sequence of odd convergents converges uniformly over R to - 


This theorem is a notable extension of an earlier theroem 8 in which was 
required the absolute convergence of the series Sw,. 
Write H in the form 


A’ = (1,1, 1,- + +3 ho, haz’, he, hat," * +), z = 1/2. 
Then TH” can be put in the form 
= (W2, Wag, © >; ho + Qo, 14,1; * *). 


Since lim wa == 0, y represents a meromorphic function F(z) and converges 
uniformly over R. By (12) the same is true of the sequence of even con- 
vergents of H. This proves (a). 


8 Wall, Bulletin of the American Mathematical Society, vol. 39 (1933), pp. 946-952. 
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To prove (b), apply Theorem 6 to the continued fraction 





1 1 1 
Ee naa a RA 
taking go == qo — (he + ha +: ++ hop). Then 
z 
us. ty = ZWepav, (v == 8, 4, 5,° : -). 


If we now assign to » and then to » sufficiently large values, we will have 
| i | S 1/4, (v= 2,38,4,- °°), 


over a circle K with center z = 0 and a sufficiently large radius to include the 
region R’. Also, over R’: 








LRWopron+2 
tonse = z mene << 1 
ky — 1 —1| = 2s’ 
Trap 








if n > some N, and s is a constant > 1. Hence, by Theorem 6, £u,» converges 
uniformly over R’ to a function f(z) which is analytic over K, and is non- 
rational. Consequently, 

1 1 1 


house Ropes?’ house 


converges over À’ to the value 


filz) = DE — ve hamis 


and H converges to 





ue Xop + fi (4) Lou 
Fe a AG) Pan? 


which is analytic, except possibly for poles, inasmuch as f.(2) is non-rational. 
The convergence is clearly uniform over R’. 


THEOREM 8. Let (1,1,1,: + +; 0,91, Yz: `) =£ be a continuëd frac- 
tion with arbitrary partial denominators Yı, Yz, ys,* ` *; and suppose the series 


(18) À dans (ÿa + yet: $ * + Yn)’, 
._ © 1 — 1 
S| r ae Ye + Ya Fio + Yon 


converge absolutely, and that 


(19) lim | ge + ye +: © © + Yon | = o. 


|: m > 1, 
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Then there exist two numbers F, G, where | F| + | G| 40, such that 








: Xon ; 
1 lim Yon =F, 
(20) PRE J F d -F Yan n=% ki 
Yon 








lim lim Yona = G. 
moge Fa Um mo 7 
If Ys5 Ya Ys * * are analytic functions of z over a region R in which 
(18) converge absolutely and uniformly, then F, G are analytic functions over 
ER, and é converges to F/G, wherever G0. 
If (18) converge absolutely and (19) fails to hold, then £ diverges. 


To prove the theorem, apply the transformation T, to é, and obtain 


Xon 


(21) 


= Ans, Xone =. 





with like expressions for the Yn. Now from the absolute convergence of (18) 
it follows that the series 


(22) > rae > > Yan n° 


converge absolutely, and hence by a theorem of von Koch: ° 





(23) lim Aann = F, lim Aon = Fo, 
lim Bons = G, lim Bon = Go, 

_Where FG, — FoG = 1, so that | F|+|@|0. If (18), and hence (22), 
converge absolutely and uniformly over R, then F, G, Fo, Go are analytic 
functions over R. The equations (20) now follow at once from (21), (28), 
and the hypothesis. 

It is obvious that when (18) converge absolutely and (19) fails to hold, 
then X | y, | converges, and hence é diverges. ; 
Remark. The second series (18) evidently converges ‘when (19) holds, 
If we could remove the requirement of absolute convergence of this series, 
this theorem would include the following theorem of Hamburger:*° Let. 


“(4,1 1,- + -; 0, a2, de, Q32, + -) be a continued fraction in which the an are 
real and 3&0, and Gann > 0. Then, if the series Zaen (de + da + + > + Gen)? 
converges and lim | az + a, +: ` `+ Gon | = œ, the continued fraction con- 


verges to a function which is analytic except for poles. 


8 Von Koch, Bulletin de la Société Mathématique de France, vol. 23 (1895). 
1° H. Hamburger, Mathematische Annalen, vol. 82, pp. 120-164, 168-187. 
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5. Transformations which interchange two convergents. We proceed to 
obtain a transformation T = Wm which interchanges the m-th and (m -+ 1)-th 
convergents of é= (%,%2,° * *; Yo, Yi ° °°). The interchange of any two 
convergents can be effected by repeated application of Wm with properly chosen 
values of m. We find that the formulas for the transformation Wm are as 
follows: 


2 





ee ee er E Le 
bo = Yo + Wa? a We? Gz = Yo, As Ye? 
(Wo) bas 2 = La, by =L ES, On = Tn, Dn = Yn 
Yı Yo 
(n = 4, 5, 6,° J) 
Om == VmY mei Ama == — Lines / Ymsiy Om42 = Ymr2, 
Umag = — Tm+2Tm+8/ Ym+2s bm = YmY mer + Tmas 
s Ymi Yma Tm 
(Wm) Dat = 1/ Yma1s bo == Bina2s bmss = Fri H Snes ? 
An = Ty, (nm, m+1, m+ 2, m+3) 
bn = Yn (m = 1, 2,3,: °°). 


This transformation is valid if YmssYmio AO. Tf bn, Yn 0, Wn = 1,2, 3,°°°, 
and we set 
h = 21/f1, tn = @n/YnrYn, 


vi = a,/b1, Un = An/Ün-10n; cn E è °, a =~ D 


the transformation becomes: 





— t t 

(We) ce t,=— ht, Va = 1/te, Pi: TE > 

n = tng (n= 5, 6,7,7* °); 

tm ima s 1 
F4 LU 1 a my =— an Üms A 
[bn 1 + bmat 4 t i 1 + tna $ mi2 
A 2 ss times r. == lim+4 

(Wn) m+3 Tees. + Ens s bmt 1 + = 3 


\ 


Yn = t (n = 1, 2,8,---,m—1, m +5, m+6 o), 
tone (m = 1, 2, 8,- . +). 


Let T, denote the transformation which results by applying in succession 
Wo, We, Ws: ++. Then the formulas for T, are: 





SEE t 
GEF bo = Yo + to li — th, =, 
T,) tan-1) (L + tons 
a) — Von = Gr a Efa) > (n=2,;3, 4: °°), 
E A an 
Pona = tmi (n = 1,2,8, -). 
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If we apply in succession Wa, Wa, Wz, Wio, © * , we obtain: 
t — À 
= Pt aos ee 
bo = Yo; Vs Toh? TL 
(Ts) fo, = iL + mer — tans v = — tsn: 
an > © 3n+l SEEE E er OE F tona F teme > bane IF Gna oe lana E lama > 
(n=1,2,° °°). 


These transformations furnish immediate extension of Pringsheim’s , 
criteria. For example, from We we obtain this result: 


THEOREM 9. The continued fraction (t, te, ta," * "3 Yo, 1, 1,1) (tr £0) 
converges if 
[t[24, [t|S1/5, |%&|S1/5, |t| 1/4, 
(n = 5,6,7, +). 
From T, we obtain the theorem: 


THroreM 10. The continued fraction (ti, te, ta’ 3 Yo 1,1,- : °) 
(tn 0) converges if there exist real numbers pi, Po, Pas” * `, pi > 1, such that 


41 — 1 
| tansi ES a | ton | = Mon, (n = 1, 2, 3,-- -) 
where 


p: Pops + Ps — Y __ (Pon-2Den-1 + Poen- — 1) (PenPonsa + Peny — 1) 
M, =, Mon = OOOO Se ees. 


Ps (pe == 1) £ (Pan m 1) (Don-2P2n+1) 
(n > 1). 


If p=? this gives the first theorem mentioned at the end of the 
introduction. 
From T, we have:. 


THEOREM 11. The continued fraction (ti, te, ta * °3 Yo, 1,° * *) (0) 
converges if 


jelai [tn] 24, [ton |S1/6, | tome | S1/6, 
(n= 1,2,3,- °°). 


We shall now apply the transformation Wm to prove the following theorem 
mentioned at the end of § 1. 


THEOREM 12. Let qu qo, qa * * be constants 340, and let 


lim qn, = 0, lim ga", = 0, 
V=00 : v=00 
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where B= (mn <n <°°:) and’ A = (n < n? <:+--) are mutually 
exclusive sets whose sum is the set of natural numbers 1, 2,3, - -; and sup- 
pose that if n is in B, than n — 1 and n + 1 are in A. Then, corresponding 
to every bounded region R of the complex z-plane whose distance from the 
origin is > 0, there exists an index N such that if n= N the continued 
fraction 

(24) 1444 Su +... 


converges uniformly over R. 


Proof. Choose N svffciently large to insure that, over R, 


| qua | S8 vEN, vind; 





=| <8 y= N, vinB, 
y. y 


where à is a properly chosen small positive number. Let np, nu." * be the 
numbers in B which are >n WN, and apply to (24) in succession the 
transformations 


Was G= mutlu). 


Then in the resulting ccntinued fraction, (Ya de, la, - - 1, 1, 1,-- +), we 
shall have, over R, 


| va | S 1/4, (n = 2, 3, 4,- -) 
and hence, (24) converges uniformly over R. 


6. The transformation T,. This transformation replaces the 2n-th con- 
vergent by the (2n + 1)-ch, (n = 0, 1,2,- - -). The formulas are found to be 


bo = Yo + 





“by 
1 -+ te’ 
(Ti) 
Hon re + ten) (1 + anse) Vana = ton (n=1,2,8,::). 


tona 


I£ we follow the trarsformation Ts by T, we shall obtain 





p y tt p Zbl +h) ; 
0 Yo 1+ ta’? 1 IEhbth” 


G+ ee a 





To= 
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ton tonsa 





| hs OS fe CH) 
(TTo) Von ire (1 + ) ( ag 
g ton+1 ? 
(n = 2, 8, 4,° : o 


$ 
t one == 


(1 + tons) (1 + tonsa) 
tonse z 


(n =1,2,3, -:). 
From this, Pringsheim’s criterion gives the following theorem., 


wo 1 
THEOREM 18. Let pı, po, Pas” * ` be real and > 1, and let M, mi 


Pn pPn-i 
n >i, M, > 0, 


ü (1 + Mon) (1 + Mons) 
an == | Mon ? 





(n= 1, 2,8, °°). 


Let Mon = Mon, and set Mon =(1 + Won) (1 + M’ on-2) /Mon-ss n == 1, 2, 3, re 
M’,==0. Then the continued fraction (a, 22` ` ` 3 Yo, 1,1," * +) converges if 


(25) Mon = | bons | = Kon, | ton |= Mo > (n == 1, 2, 3, es J. 
If pa = 2, M'en = M, then (25) becomes 
(25) MÈ |tna | 25/4, | ton | 2401+ M)*, (n—=1,2,8,:::). 


If pa = 2 and lim Men = co, then lim | ten/tenu | = 00. 
By application of the transformations Ta, TT, TTo, + © we obtain 


THEOREM 14. Let hy, he, hs,- > be any numbers 0 such that for 
some k = 0: 


(26) lim henhonsox-1 = 0, lim honhon == ©. 

N=0O n=O 
Then, corresponding to every bounded region R of the complex z-plane whose 
distance from the origin is positive, there exists an index N such that if n = N 
the continued fraction 


(27) ie 
hons 


Rense 


converges uniformly over R. 


To prove the theorem, let qı = 1/4, qn —1/hn-xhn, n > 1. Then (27) 
takes the form 


hen [1 + Gant Lie Le. | = henga; 
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and Tf, = (41, Past 3 bo 1, 1,- + +), where 


ee L + dens pes (1 + Gen-12) (1 + dans?) 
CEE 3 i | on i Sa ee EE | 
Jen? . Jone 


a>, Conga = Gent, > 0. 


Hence, if lim gens, == lim (1/honhonn) = 0, lim gon = lim (1/honhonsu) = ©, 
it is clear that there exists an index N such that if n= WN, | ty | £ 1/4, 
v = 2,3,4,---, over R, so that é, and therefore (27), converge uniformly 
over À. This proves the theorem for the case k = 0. 

In like manner, when k = 1, 2,- + - the theorem may be proved by using 
the transformations TTo, TT. + + +, respectively. The proof for all & can 
be readily accomplished by mathematical induction. 


Example. Let (2,2, 2,° + ; 0, hi he, hs, * +) be a Stieltjes continued 
fraction in which the A» are real and positive. Then if (26) holds, Shy 
diverges and hence the continued fraction converges, except along the whole 
or a part of the negative half of the real axis. Inasmuch as (27) is an 
analytic function of z over R, if n is sufficiently large, ù follows that our 
Stieltjes continued fraction represents a function whose only singularities in 
the region R are poles. The same argument can be used if the n are real 
and =£0 and hen > 0. The conditions of Theorem 14 are met if 


Wzn- 
FO RAD ? (n—=1,2,8,:::), 


hon = then, on = 
where 0 <r <1, and ur Us, us, are any constants which are bounded 
and bounded away from 0. 
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THE FORM 2wx + xy + yz + zu + ux. 
By E. T. BELL. 


1. Ina recent paper? I gave a set of 25 arithmetical identities equivalent 
to all those of a certain sort between doubly periodic functions of the first and 
second kinds, all referring to the arithmetical form zy + zw. From the same 
identities another set concerning the form wa + sy + yz, or the like with 
numerical coefficients > 1, can be derived, and these in turn yield interesting 
results concerning numbers of representations in quinary quadratic forms. 
To illustrate one method of obtaining the new identities we shall prove the 
following. 


Tueorem 1. Let t, t, w, x, y, z be integers > 0 such that, for m odd 
and constant, i 


(1) m = tr = wr + wy + 2y2, 

and let f(u) be any even function of u which is defined for integer values of u, 
(2) f(u) =f(— u), u integral. 

Then 


(3) EL(@+2)fw—9) ilw] E Oe), 


the & on the left referring to all (w, 2, ue , that on the right to.all (t, r) 
satisfying (1). 

Let N{n =F; *] denote the number of representations of of n in the form F, 
the integer variables in F being restricted by the conditions *. We shall prove 
from (3), 


THEOREM 2. 
Lo(m) — (4m + 1)f.(m) + 4i (m) 
= 8N[m = 2we + sy + yz + zu us; w, s, 4,2 > 0; u Z0], 


in which m is odd, and £-(m) denotes the sum of the r-th powers of all the 
divisors of m (so that £(m) is the number of divisors). 

This result is unusual in that it expresses the number of representations 
in an appropriately restricted indefinite form in five variables in terms of the 


1 American Journal of Mathematics, vol. 57 (1935), pp. 245-253. 
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divisors of the integer represented. There seems to be but one other similar 
result in the literature, stated in 1866 by Liouville (a proof of which will be 
published elsewhere). 


2. Inthe formula (II), p. 249 of the paper cited we may choose | y | f(x) 
for the function of v, y there, where f(x) is as in (2). We get 
(7-1) /2 
(4) Eia a) — 2h) — {nr | f(a + 2) —2 ES 70, 
the sums referring to all (t1, T1, t2, 72), (¢,7) from 
(5): m = tr = try + Qtore, 


in which all letters denote integers > 0, m, Ta are odd (and hence also t, 71). 
Considering the second term in (4) we distinguish the cases ri > re, 
Tı < T2, T3 = T2, and make the corresponding changes in (5): 


(6) DT; T1 =T + 2, © > 0; 

m= li (r2 + 22) + tore, th, T2 odd; 
(7) T2 > 713 T2= 71 + Yy, y > 05 

m = tTa + Rta (Tı + 2y), t1, Ti odd; 
(8) Tr =r; m= tr = 7 (b + 2t). 


Solving (8), we have rı =r, tı + 2t =t. For (t,7) a fixed pair of 
divisors of m there are the solutions 


{ty te} = {27 — 1, (t— 27 + 1)/2}, (j=1,:--, (t— 1)/2). 
Hence (8) contributes 
(9) 231 > Hts +2) 


to the left of (4), 3 referring to all (¢,7) in (5). We may interchange 
t, rin (9). Thus (4) becomes 


(10) z [ (r2 + a) f(t: — 2te) — af (tı + 2t) ] 
+ = Cri + y) f(t — 2ta) — yf (ts + 2te)] 


(7-1) /2 
— SE DHO — tf +240), 
where ©, > refer to the forms in (6), (7). Both forms are included in 
6 T 


m = w (T2 + 2x) + Vra, T2 odd, w4v mod 2. 


284 E. T. BELL. 


Since m is odd, the conditions on r2, w, v are automatically satisfied and may 
be suppressed. Using the condition (2) we have 


S+3— I [y+ afwo) —of(w+0)], 
the sum referring to all sets (v, y, w, x) of integers > 0 such that 


m = vy + yw + war. 


The change of notation (v, y, w, g) —> (w,x,y,2) then gives the result in 
Theorem 1 from (10). 


3. To prove Theorem 2 take f(x) — 1 for all integer values of v in (8). 
A simple reduction gives 


8 E s=1t(m) — (4m + 1)bo(m) + 4b (m), 
the sum extending over all solutions of (1). But 
v = N[z =g, + 22; m, > 0, % Z0]. 
Hence we get the result stated by the change of notation 
(2, Y, Ti, W, Lz) —> (W, T, Ys ZU). 
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REDUCIBLE EXCEPTIONAL CURVES. 


By Patrick Du Vat. 


The following research was undertaken and to a great extent carried out 
independently of that of Barber and Zariski on the same topic. It may be 
regarded as a continuation, extension, and I hope a simplification, of the results 
of those authors. They only consider in much detail reducible curves trans- 
formable into the neighbourhoods of a sequence of points along a single branch; 
but I shall shew that very simple and elegant results hold for the neighbour- 
hoods of a set oz points grouped round each other in any way. 

The essential idea for which I may refer the reader to the paper already 
mentioned is that each point of the set has two neighbourhoods, a total neigh- 
bourhood which is a curve (generally reducible) of virtual genus 0 and virtual 
grade — 1, and a diminished neighbourhood, which is an irreducible rational 
curve, of virtual grade generally < —1. The total neighbourhood of a point 
not in the neighbourhood of any other, i.e. of what we may call an original 
point, is what is subtracted from any linear system not having a base point 
at the point in question, by giving it a simple base point there; the diminished 
neighbourhood is what is left of this after those of its points which belong 
to the set in question have been transformed into curves. It is evident from 
this that the diminished neighbourhood of the point is equal to the total 
neighbourhood, less the total neighbourhoods of certain other points of the set. 
For a point which is not original we apply the definition by first transforming 
all its ancestor points into curves, when it becomes original. 

It is evident that the points can be arranged in such an order that none 
is in a neighbourhood of any which follows it. This we shall call a standard 
order. It is unique if and only if the points are consecutive on a single branch. 

We shall suppose the set of points to be n in number, and call them 
O,,: + +, On, in a standard order. The total and diminished neighbourhoods 
of Og we shall call Qa, La, respectively; the set of curves Qa, arranged as a 
matrix of one row and columns, will be denoted by Q, the same set arranged 
as a matrix of one column and n rows by @; L and L will have similar 
meanings. (Throughout, clarendon type will indicate matrices, and the 
symbol ~ the transposition of a matrix, or interchange of rows and columns.) 
From what has been said it is clear that there is a relation 


1§. F. Barber and Oscar Zariski, “ Reducible exceptional curves of the first kind,” 
American Journal of Mathematics, vol. 57 (1935), pp. 119-141. 
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(1) - L=mQ, 


where m is a numerical square matrix, in which (i) every element of the 
main diagonal is 1, (ii) every element to the left of the diagonal is 0, and 
(iii) certain elements to the right of the diagonal are —1, and the rest 0. 
The determinant | m | = 1, so that we can also write 


(2) Q = mL. 


We shall indicate the virtual intersection number of two curves or linear 
systems as a dot product; since all the curves Qa have virtual grade — 1, and 
no virtual intersections with each other, they have the intersection matrix 


Q ‘Q=—E, 
where E indicates the unit or identical matrix; hence by (1) that of the 


curves La is 
(3) L-L=mQ-Qm =—mm=n 


say; the elements of the numerical matrices m, n, we shall write mag, Nap. 

If mag = — 1, the point Og will be called proximate to Og. (It is easy 
to see that this is equivalent to the definition of proximate points taken by 
Barber and Zariski from Enriques.) Since the curves La are irreducible, 
Nap cannot be negative for as4f, and we deduce at once the following 
results from (3): 

If any point is proximate to two others, then one of these is proximate 
to the other; for if we had May = mgy = — 1, Mag —0, a < B'< y, then 
Map Would be negative; similarly 

No two points can be proximate to the same two others, since if we had 
May = Mpy = Maa = Mps = — 1, « < B < y <8, then even with mag = — 1, 
nag would be negative; finally | 

No point can be proximate to more than two others; for if we had 
Mas == Ms = Mys = — 1, a < B <y< 8, then also May = Mpy = Mag = — À, 
and nag would be negative. 

If | K | be the canonical system on the surface, let L- K =s, Q: K =t; 


since the curves Lg, Qa are all of genus 0, ta ——1, and sg = — (2 + Naa). 
We must of course have 
(4) s= mi; 


but this also follows from (3), since from the form of m we have 


— Y (ms) = X (mas) — 2. 
B B 
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We now proceed to prove the general converse of these properties, or the 
generalisation of the well-known theorem: ` 


(5) If an irreducible curve has genus 0 and grade — 1, then there exist 
regular systems, free from unassigned base points, on whose projective models 
the curve appears as the neighbourhood of a simple point. 


The theorem we shall prove is as follows: 


(6) If a set of irreducible curves all have genus 0, and tf (for a suitable 
ordering of the curves) their intersection matrix can be put into the form 
— mm, where m has the properties (i), (ii), (iii), above, then there exist 
regular systems, free from unassigned base points, on whose projective models 
the curves appear as the diminished neighbourhoods of a set of simple points. 


This we shall prove by induction, assuming it to be true for a set of 
n — 1 curves, and hence proving it to be true for a set of n. The Theorem (5) 
itself provides the basis of induction, being precisely the case n == 1. 

We note first, since the last row of m consists entirely of 0’s, except 
for a 1 in the last place, that the last column of n is the same as that of m 
with the sign changed; and in particular man =— 1; thus Ly is identical 
with Qn, and is an exceptional curve as it stands. We can therefore, by (5), 
transform the surface ® on which the curves are into a surface ®* on which 
Ly appears as the neighbourhood of a simple point O*,; the remaining curves 
‘La appear as a set of n— 1 curves L*,, where L*, is the image of La or of 
La + Le according as nan = 0 or 1. The intersection matrix of the curves 
L* is n*, obtained from n by omitting the last row and column, and in- 
creasing by `l each element nag such that nan = nag — 1 (this just takes care 
of the increase of grade of those curves to which L» is added, and of the 
possible intersection of two of the new curves in O*,). But on account of 
the identity (save for sign) of the last row and column of n with the last 
column of m, this means that 


n* mn “anos m*m*, 


where m* is obtained from m by omitting the last row and column. Thus 
the curves L*, are a set to which the inductive hypothesis is applicable, and 
there exists a linear system, regular and free from unassigned base points 
on &*, on whose projective model ® the curves L*« appear as the diminished 
neighbourhoods of a set of n— 1 simple points Oa. This system is equally 
free from unassigned base points on the original surface ©, and as it certainly 
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has not a base point at O*, the latter appears on ® as a simple point On; 
the diminished neighbourhoods of the whole set of n points Oa are the images 
of the original set of curves La; thus the theorem is proved. 

A square matrix is called reducible, if (possibly after a rearrangement 
of the rows, and corresponding rearrangement of the columns) it consists of a 
number of smaller square matrices arranged corner to corner down the main 
diagonal, and zeros everywhere else; these smaller matrices are called its 
constituents. If not reducible it is called irreducible. It is evident that 
m, n are reducible or irreducible together. 

We have the theorem: 

If m and n are irreducible, the curves La are a simply connected tree 
(i. e., any two of them can be linked in an unique way by a chain of curves 
of the set, all different, and in which consecutive curves and only those inter- 
sect.) This also we prove by induction; for if m is irreducible, so is m* 
and hence also n*; on the other hand if n is irreducible, En meets either one. 
or two of the other curves, i.e., O*, is either a general point of one of the 
curves L*,, or the common point of two of them; and this being so, it is clear 
that if the curves L*, form a simply connected tree, so do the curves La. 

Another thing that is evident if m and n are irreducible is that O, is the 
only one of the points Oa that is original, since if n > 1, On is certainly not 
original, being as we have seen proximate to at least one other point. 

On the other hand, it is clear that if m be reducible, and m its con- 

‘stituents, those of n are n® ——m“m, and that to each constituent of 
either corresponds a simply connected tree among the curves La, having no 
intersection with any of the other trees, and a subset of the points Oa con- 
sisting of one original point and other points in its various neighbourhoods; 
the different original points being at distinct points of ®. 

In conclusion, it may be pointed out that a general linear system | C | on ® 
corresponds to a system | C | on & having base points of multiplicity ha at the 
points Oa, where 

h=C:-Q=C- Lm, 


so that the linear system without base points on ® in which |C | is totally 

contained is 

. |0+0:QÕ|=|0 +0: Lim | 
=|C+C-Ln"L |. 


Note. The criterion for the theorem (6), that the matrix n shall be 
expressible in the form — mm is one that can be directly tested by con- 
structing the matrix m if it exists. For since the last column of m is the 
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same as that of n with the sign changed, we can observe if m has any column 
consisting of — 1 in the diagonal, and not more than two 1’s elsewhere; if it 
has, we can rearrange the columns (and the rows correspondingly) so that 
this is the last, and take the last column of m to be the same with change of 
sign; we then construct the matrix m* as before, and repeat the process to 
find the last column but one, and so on; remembering of course that every 
rearrangement of the rows and columns must be echoed as a rearrangement 
of the rows of the part of m already built up. If at any stage there is no 
diagonal element left which is —1, the process breaks down, and m does not 
exist; if we see a diagonal element — 1 with more than two 1’s in the same 
row or column, we can give up, as the process will certainly break down later on, 
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THEOREMS CONCERNING A BASIS FOR ALL SOLVABLE GROUPS, 
WITH A LIST OF BASIS GROUPS OF DEGREE < 64. 


By A. ©. Lunn and J. K. SENIOR. 


In previous papers it has been shown that every solvable group of order 
Tia, (zı = pi, i—1::-n) can be expressed and in one way only as a 
permutation group of degree Xx; with n sets of transitivity of degrees respec- 
tively zi. Such expressions will here be called 3U* expressions. This result 
directs attention to a special category of permutation groups (to be called 
U*-groups) having the following properties: Each U* is transitive of some 
degree p* and of some order Kp* where K is prime to p, and is a solvable group 
containing no proper invariant subgroup of order dividing K. Clearly each 
transitive constituent of a XU* expression is a U*-group and conversely every 
U*-group occurs as a transitive constituent of some SU* expression, e. g. the 
ZSU* expression of the abstract group (hereafter called a U-group) with which 
the U*-group in question is simply isomorphic. It has been proven that if 
two U*-groups are distinct as permutation groups, they cannot be simply 
isomorphic and hence there is a one to one correspondence between U*- and . 
U-groups. The category of U-groups is of interest since every solvable abstract 
group is either a U-group or can be formed from a properly chosen set of 
U-groups by direct multiplication or by the use of suitable isomorphisms. 
The U-groups thus constitute a basis, from the members of which all solvable 
groups may be constructed. 

The one to one correspondence between U- and U*-groups makes it 
convenient to identify U-groups by their U*-expressions. A U*-group of 
degree p* and order Kp* will be called U*(p*,K). The purpose of the 
present paper is to consider certain properties of the U*-groups and to give a 
complete list of the U*(p*,K) groups where p° < 64, K > 1 and a>1. 
It will appear that where K — 1 or a= 1 the U*(p%,K) groups belong to 
categories which are already too well known to require relisting. 

Certain properties of U*-groups which are useful in listing all those of 
given degree are shown in the two following theorems? It has however been 


1 Lunn and Senior, American Journal of Mathematics, vol. 56 (1934), pp. 319, 511. 
3]n developing these theorems, we have been greatly assisted by valuable sug- 
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convenient to state these theorems in a form somewhat more general than that 
required for the immediate purpose. The following notation will be used. 


(1) Land K are two relatively prime integers. 

(2) If the order of a solvable group divides L or K, the group will be called 

| respectively an L-group or a K-group. 

(3) A solvable group whose order divides LK will be called a V¥-group if it 
contains no proper invariant K-subgroup; it will be called a VE- 
group if it contains no proper invariant L-subgroup. 

(4) A(G) is defined as the group of automorphisms of G. 

B(G) [TS cs € “ “ cç inner ce of G. 
O(G) € “& “ « % quotient group A(G)/B(G). 


Note that 

(a) Every L-group is a V£-group and every K-group is a V¥-group, but 
not conversely. 

(b) A solvable group G of order LK cannot be both a V£-group and a 
VX-group, since at least one of its sets of Sylow subgroups has an intersection 
invariant under G and of order > 1. 


THEOREM I. If G of order LK is a V¥-group: 

(a) G uniquely determines each member of a series of characteristic sub- 
groups of G such that I = Ga < Gi: + + < Gna < Gn = G and such that the 
quotient group Gisn/Gs is the maximal invariant L-subgroup in G,/@; where 
ais even and the maximal invariant K-subgroup in Gn/G; where i is odd. This 
series will be called the V-series of G, and G (a V¥-group) will be written V£,, 
if it has n — 1 proper subgroups in its V-series. 

(b) If G; is a member of the V-series of G (= Vin) then Gi is a VL:- 
group and the à + 1 members of its V-series are identical respectively with 
the first i+- 1 members of the V-series of G. Hence the V-series of G may 
be written 

I= Vi < VE € Vins < Vin = G. 


A Vi group will be said to be “ stepped up ” from a certain V2,-group when 
this VL;-group is the (à + 1)-th member of the V-series of VLi,o. ; 


Proof. All of the invariant L-subgroups of G generate the maximal 


gestions from Mr. Philip Hall of Cambridge, England, and Mr. Garrett Birkhoff of 
Cambridge, Mass. 
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invariant L-subgroup of G. This characteristic subgroup of Gis G,. Since 
G is solvable, G/G, is solvable, and if G > G, then since G/G, contains no 
invariant L-subgroup, it contains at least one invariant K-subgroup. All the 
invariant K-subgroups of G/G, generate the maximal invariant K-subgroup 
of G/G,. To this characteristic subgroup of G/G41, there corresponds a char- - 
acteristic subgroup of G which is G,. By repetition of this argument, the 
V-series of G is completely determined. 

Let F be any invariant subgroup of G. If F is an L-group, then it is 
also a V¥-group. If F is not an L-group and contains an invariant K-subgroup 
H, then H (being solvable) must contain at least one prime power subgroup J 
_ which is characteristic under H, hence invariant under F, and thus contained 
in the intersection D of a set of Sylow subgroups of F. This D would be a 
K-subgroup, characteristic under F and hence invariant under G, contrary to 
the definition of G as a VE-group. Thus F is a V¥-group and in particular 
Gi is a Vl-group. (If F be a maximal invariant subgroup of G, successive 
repetitions of the above argument show that any subgroup which is a member 
of any ordinary series of decomposition of @ is a V2-group.) 

In Gu, let the maximal invariant L-subgroup be Gir. Gi is characteristic 
under G; which is characteristic under G. Hence Gi: is characteristic under G. 
Gin contains G, but as G is the maximal invariant L-subgroup of G, Gi: = Gh. 
Thus the first two members of the V-series of G; are identical respectively 
with the first two members of the V-series of G. Let Qiz be the largest in- 
variant K-subgroup in G;/G,. To this characteristic subgroup of G;/G, there 
corresponds G2, a characteristic subgroup of G; which is also characteristic 
under G. Gi, contains G2, but since G is the largest invariant subgroup of G 
containing G, in such wise that G;/G, is a K-group, then Giz = G and the 
third member of the V-series of G; is identical with the third member of the 
V-series of G. Repetition of the above argument proves that where j= à + 1, 
the j-th member of the V-series of G, is. identical with the j-th member 
of the V-series of Ga — G. The proof of Theorem I is thus complete. . 


Tæeorem Il. If G of order LK is a V",-group, then 
(a) When m is even 


(1) To VE msi/ Ve mas corresponds aset of conjugate VE-subgroups in O (Vena [Vm 
(2) To Vense/ Vem tr Ge fe K-subgroupsin A (V4 nss/ Vm 
(b) When m is odd | 


(1) -To Vlmu/VEns corresponds.aset of conjugate VE-subgroupsin O(Vlns1/VEn 
(2) To Vlms/Vlme ü PE EELEE L-subgroups in A (V4 nis / Vm 
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Here the term “ corresponds” is. used in a familiar special sense to imply not 
only abstract isomorphism but an appropriate equivalence of automorphism ; 
the exact nature of this relation will appear in the course of the proof. 


Proof. If m is even, V4m4, is the maximal invariant subgroup of G such 
that Vimu/Vim is an L-group. Hence Vlm:/Vlms is a K-group and 
Vlnsi/VEms contains no invariant L-subgroup and is thus a V¥-group. Simi- 
larly when m is odd VL,,2/Vlm,, is an L-group and V4n4/V ms is a V2-group. 
To complete the proof of Theorem II it will now be shown that 


When m = 0, and Vim = VE, = identity and i> 1, then 
V4,/V", corresponds to a set of conjugate V¥-subgroups in O(V",) and 
VP V% “ MS RS K-subgroups in A(V%). 


Let J be the subgroup of V4; which consists of all the operators in VE, 
which are commutative with every operator in V%,. Since V", is a char- 
acteristic subgroup of VZ;, both the central C of V4, and the “ centralizer ” J 
of V4, in VL, are characteristic under V¥; The intersection of V¥; and J 
is C. Consider the quotient group J/C. Since V%; is solvable, J/C is solvable, 
and the intersection D of some set of Sylow subgroups in J/C is characteristic 
under J/C. Obviously D is either an L-group or a K-group, if the order of 
J/C is > 1. Let # be the invariant subgroup of V“, which corresponds to D 
in J/C. Suppose D to be an L-group. Then # would be an L-group since 
C (contained in V¥,) is an L-group, and # would generate with VE, an 
invariant L-subgroup of V%; whose order would exceed that of V4, contra- 
dicting the definition of V4,; hence D is not an L-group. Suppose D to be 
a K-group. Since every operator in Ẹ (a subgroup of J) is commutative with 
every operator in C (a subgroup of V¥,), then Æ would be the direct product 
of C and F, the Sylow K-subgroup of E. Since E would be invariant under 
V, and F would be characteristic under F, F would be an invariant 
K-subgroup of VL;, contrary to the definition of V4;; hence D is not a 
K-group. Since D is neither a K-group nor an L-group, J/C is of order 1 
and J = O. It follows that every operator of V%; not in C sets up an auto- 
morphism in VA. 

Since V4,/@ is the group of all automorphisms set up in VE by V%4, 
then V4;/C “ corresponds ” to a set of conjugate subgroups in A(V*,). V4,/C 
corresponds to B(V",) and hence V4,/V¥, corresponds to a set of conjugate 
subgroups in A(V¥,)/B(V4,) = O(V£,).. Since V%;,/V*, is solvable and 
contains no invariant L-subgroups, the corresponding set of conjugate sub- 
groups in O(V*,) must be V¥-groups. 
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Since V4, is solvable and the order of V}, is prime to the index of V2 
under V¥,, then V£, contains exactly one set of conjugate K-subgroups simply 
isomorphic with V"./V¥,.2 As no operator in such a K-subgroup is contained 
in C, every such operator sets up an automorphism in VA. Hence such a 
K-subgroup is a subgroup of A(V“,) and V£,/V£, corresponds to this K-sub- 
group or to one of its conjugates under A(V£,). This completes the proof 
of Theorem II. 

The aspect of Theorems I and II which is of particular use in the listing 
of U*-groups may be briefly stated as follows: 


In any V series Vise/Vis ts of order relatively prime to the order of 
Vis/ Va and corresponds to a set of conjugate subgroups in A(Vix/Va). 


I£ (Viu/Vi) is cyclic and of odd order, G = V, is either Vin or Vine. 
If A(Viu/V:) contains no operator of order prime to the order of (Viu/V:) 
then G = Va == Fin. . This is the case (for instance) where V:,:/V, is cyclic 
and of order 2. Theorem I indicates a method for determining all the 
V£-groups stepped up from a given V4,. First determine all the V£,-groups 
stepped up from the given VL,; then determine all the V£,-groups stepped up 
from these V£,-groups; etc. That the entire list of V4-groups thus obtained 
from a single V4, comprises only a finite number of groups is a consequence 
of Theorem II. 

The application of Theorems I and II where L is a power of a prime. 
If @ is a solvable V¥-group of order LK it contains (according to Halls 
theorem) a single set of conjugate subgroups of order K and can thus be 
expressed and in one way only as a transitive group of degree L. Where L 
is a power of a prime, G is thus a U-group as defined at the beginning of this 
paper, and its transitive expression of degree L is a U*-group. In order to 
emphasize certain special properties of these groups it is convenient to handle 
them with a distinctive notation. Accordingly, when L is a power of a prime, 
y will be replaced by U. The symbol V4; becomes U;(p*) and the U-series 
of Un(p*) may be written, 


L== U, (p°) < Ulpe) < Un- (p°) < Un(p*) = G. 


In the sense of this notation, a solvable group G is a U-group if some one 
prime factor of g divides the order of every proper invariant subgroup. As 
previously shown, no solvable group can have this relation to more than one 


3 P, Hall, Journal of the London Mathematical Society, vol. 3 (1932), p. 98., 
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prime. The equation G—Un,(p*) means that G is a U-group with respect 
to the prime p and that it has n —1 proper subgroups in its U-series. If the 
fuller notation Un(p*, K) is used, it will be understood in addition that G is 
precisely of order p*K with K prime to p. 

According to this notation if K = 1, U is a prime power group U,, and 
U* is its regular expression. Where œ — 1, U* is either the metacyclic group 
of degree p and order p(p— 1) or one of its invariant subgroups, since no 
other solvable transitive groups of prime degree exist. Both of these categories, 
the prime power groups and the metacyclic groups with their invariant sub- 
groups are too well known to require discussion here. 


In U,(p%, K) the U-series determines a sequence of integers a’ ` ‘ay 


t 
such that © a; — à and p™ is the index of Joi: under U::1. If n is even, 
1 


f=n/2; ifn is odd f = (n + 1)/2. This sequence of integers will be called 
the U-sequence of U. Halls results* show that if F is a group of order p”, 
the order of the p-Sylow subgroup in A(F), and a fortiori the order of the 
p-Sylow subgroup in O(F) does not exceed pre?/, But Jais/Uri2 is a 
p-group and U,»/U2i-, corresponds to a set of conjugate subgroups in 
O(Uzi-1/U2i-2). Hence the U-sequence of U» is subject to the restriction 


i 
that Da; S a (m — 1)/2. It follows that the sequence a,: - - as dominates 
4+1, 


(2) the arithmetic sequence f: : -2,1. Hence if the number ¢ is in the 
U-sequence, it is one of the last ¢ members. However, it seems improbable 
that in the case of every sequence satisfying the above restriction, there exists 
a group for which it is the U-sequence. 

The problem of constructing all the groups “stepped up” from a given 
U, may be attacked in various-ways. The methods outlined below have proven 
convenient in practice and adequate for U*-groups of degrees < 64. They 
are based primarily on the consideration that 


(a) Where tis even (Uis/Uiss) corresponds to a set of conjugate K-subgroups 
in A (Üiu/U:) x 

(b) Where iis odd (Ui2/Uis1) corresponds to a set of conjugate p®-subgroups 
in A (Vin /U:) . 


The construction of all possible U: groups stepped up from a given U; is 
easy since there is exactly one such group for every set of conjugate K-sub- 


* P. Hall, Proceedings of the London Mathematical Society, ser. 2, vol, 36 (1933-34), 
pp. 36, 37. 
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groups in A(U:). U*, is thus always a subgroup of the holomorph of U*;. 
The search for all the UV, groups stepped up from all possible U, groups of 
given order is much facilitated by a theorem of Hall. His results * show that 
if F is a prime power group and F the elementary group of the same order 
as F, then every K-subgroup in A(F') is simply isomorphic with a K-subgroup 
in A (FE). 5 . 

The problem of constructing all possible U, groups stepped up from a 
given U, is somewhat more intricate. Let MW, be a maximal K-subgroup of U2. 
M, is simply isomorphic to U./U,, and with U, generates Uz. Hach M, is also 
a maximal K-subgroup of U, and contained in its invariant subgroup U2. If _ 
N, and Ns; are the normalizers of M, in U, and U, respectively then N./W, is 
simply isomorphic with U;/U2. Since U./U, corresponds to a set of con- 
jugate p-subgroups in A(U./U:) [and therefore in A(M.)], Us may be 
generated by adjoining to U, generators jı’ * - js which 
(a) generate with U, a p-Sylow subgroup of Us, 

(b) transform the operators of M, according to the group (U:/U2). 

If h; is the lowest power of j; contained in U,, then A, must set up the 
identity automorphism in M,. Thus h; is an operator in H., the subgroup 
of U, which consists of all those operators in U, which are commutative with 
every operator in M. Let O; be the central of U;. Since every operator in 
U; which is not in C, sets up an automorphism in Ur, Ci; = Ci Thus H, 
always contains C, and it is convenient to distinguish two categories of cases 
(1) H: = Cr, (2) He > C2. 


(1) H.C. This case always arises when U, is abelian, since under 
these circumstances, any operator in UJ, commutative with every operator in 
M, isin C2. But there are numerous cases where H, == C2 although UV, is not 
abelian. In all cases of this category however, h, sets up the identity auto- 
morphism in VU, and U;/U; corresponds to a set of conjugate V*-subgroups 
in A(U,). It is convenient to divide this category of Uz groups according 
to whether (a) H: = C: = 1 or (b) H: = C: > 1: 


(a) H: = 0, = 1. Here M, and 7,:: -je generate a VX-subgroup of 
A(U;) simply isomorphic with U,/U, and there is a one to one correspondence 
between the U, groups derived from a given U2 and the sets of conjugate 
VÆ-subgroups in A(U,) containing the given M, (or one of its conjugates) 
as an invariant subgroup of index p”. Every such U; group may be expressed 
not only as a U*-group but as a subgroup of the holomorph of its 7*;. 


5 P, Hall, Proceedings of the London Mathematical Society, ser. 2, vol. 36 (1933-34), 
pp. 37, 38. i i 
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(b) H.C, >1. In:this case, a variety of abstract groups Us; is 
sometimes obtainable from the same U, and the same subgroup of auto- 
morphisms of U,. To choose the js so that each h; = 1 is always possible; 
if they are so chosen, the resulting Us may be written as a subgroup of the 
holomorph of U*; exactly as in the case where H = Ca = 1. The generators 
so chosen will be called 7’;’s, and the U.-group thus generated will be called a 
principal U;-group. But where H,—C, > 1, it is frequently possible to 
choose the j,’s so that they set up respectively in Uz the same automorphisms 
as the 7’;’s but so that not every h; is identity. With generators so chosen the 
resulting U, is sometimes (not always) distinct from the principal U, group 
which corresponds to the same set of conjugate VÆ-subgroups in A(U,). Such 
a distinct Us-group will be called a collateral U;-group; it cannot be written 
as a subgroup of the holomorph of its U*1. 

It is thus shown that when H,—C,> 1, the correspondence between 
Us-groups and the suitable sets of V¥-subgroups in A(U;) is not always 
one to one but in certain cases many to one. In an extended program for the 
construction of J, groups it would be desirable to develop rules for the 
number of collateral VU, groups belonging to any principal Us. But the 

-subject is an intricate one and, within the field covered by this paper, the 
cases where collateral groups arise occasion no great difficulty and have been 
worked out individually. 

(2) Ha > C2 In this case U;/U1 may correspond to a set of conjugate 
VÆ-subgroups not in A(U,) but in O(U;). In a general program, the Us 
groups stepped up from U, groups of this category would require detailed 
treatment, but inspection of all U, groups of low order has shown that the 
relation H: > C, is impossible if U, is of order < 96. A U, group stepped 
up from this sort of U, would have an order = 192 and a degree = 64. 
Further discussion of this case is therefore omitted. 

Considerations similar to those already given hold for the construction 
of Un groups where n > 3. But sufficient analysis has been carried out to 
show that, for degrees < 64, there is only one instance of a U*, where n > 3; 
so that no further discussion of the general theory here required is now 
attempted. i 

The U* groups of degrees < 64 and their corresponding U groups. If 
U* is of order p@K and degree p° < 64 then a< 6 and the presumptive 
U-sequences are as follows : 
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U-sequences 
1 

2 

3 2,1 

4 3,1 

5 4,1 3,2. 


OÙ H Ww We A 


But consider the sequence 3,2. Here p must be 2 and U, of order 8. O(U:) 
must contain a set of conjugate solvable subgroups of order 4K (where K > 1) 
which contain no invariant subgroup of order 2 or 4. If G is of order 8, 

‘no O(G) meets this condition and so, where U* is of degree < 64, the 
U-sequence 3,2 does not occur. 

If the cases where a —1 or K=1 are omitted (for reasons already 
explained), and if it is borne in mind that, when U;,:/U: is of order 2, then 
Uim == Un, the following table gives the possibilities for a U*-group of 
degree < 64. 


a U-sequence p ' n in Un 
2 2 2or Bobo 2 
8 3 2 or 8 2 

2,1 2 3 

3 8 or 4 

4 4 “2 2 

3,1 3 
5 5 2 2 

4,1 2 3 


From the table it appears that, where p > 2, n exceeds 2 only where U* 
is of degree 27 and U, of order 9 and therefore abelian. U:/U, and U4/U; in 
this case must correspond to subgroups of A(U;) which are of order 83K but 
contain no invariant subgroup of order 3. Hence U, is not cyclic. If U; is not 
cyclic and of order 9, the only subgroups of A (U) which have orders divisible 
by 3 but contain no invariant subgroups of order 3 are A(U:) itself and its 
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single subgroup of index 2. If U,/U, corresponds to either of these groups, U2 
is such that H, = C+ = 1 and the correspondence between the Un-groups and the 
. subgroups of A(U;) is one to one. Thus, if p > 2 and n > 2, there are only 
two U*-groups of degree < 64. Of the corresponding U-groups one (n = 4) 
may be written as the holomorph (of order 432) of the non-cyclic group of 
order 9; the other (n = 3) may be written as the positive half of this 
holomorph. | 
Where p= 2, n never exceeds 3 and attains this figure only for the 
sequences 2,1 or 3,1 or 4,1. 


(a) If U, is of order 4, K = 8, and U, is of order 24 and a principal U: 
group. 

(b) If U, is of order 8, K = 3, or 7 or 21 and U; would be of order 48, 
112 or 886. But in the latter two cases U;/U, would correspond to a set of 
conjugate subgroups of order 14 or 42 in A(U.;) where Uj, is the elementary 
group of order 8. As this A(U1) contains no subgroups of orders 14 or 42, 
U, is of order 48, where U, is of order 8. Since, in the U» groups of order 24, 
H: = 03 > 1, the possibility of collateral groups of order 48. must be considered. 


(c) If U, is of order 16, K = 8, 5,7, 9,15, or 21. If K > 8, U, is the 
elementary group of order 16 and U;/U; corresponds to a set of conjugate 
subgroups of order 2K in A(U;). As this A(U;) contains no subgroups of 
order 14 or 42 there are no U; groups of order 224 or 672. Where K = 5, 9 
or 15, Uz is such that H, = C, = 1 and no collateral U; groups of orders 160, 
288 or 480 are possible. Where K = 3, U, is not necessarily elementary and 
U is sometimes such that H, = 0, > 1, so that collateral groups of order 96 
are to be looked for. 


It is thus shown that if U*, is of degree < 64, n > 2 only for the orders 
24, 48, 96, 160, 216, 288, 432 and 480, and that, for orders other than 48 and 
96, collateral Us groups are impossible. A U, group occurs only in the order 
432, As all the groups of orders 48 and 96 are known, a discussion of the 
number of collateral groups is superfluous and the list of groups of these 
orders is taken from the published tables. In all other orders the corre- 
spondence between Un groups (n > 1) and the suitable sets of conjugate sub- 
_groups in A(U;) is one to one. 


The following table summarizes the U*-groups of degree < 64 where 
a > land K >1 f À 
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Orders of | 
ts oo Sy 
Degree K U: ` Us T 
4 3 | 12 | 
8 ` Factors of 21 8K 24 
9 ' Factors of 16 9K es 
16 "8,5, 7, 9,18, 21 16K 48 
25 Factors of 96 25K Rs fet 
27 2, 4, 8, 13, 16, 26, 32 avK © 216 432 
32 3, 5, 7, 9, 15, 21, 31, 68, 155 32K 96, 160 
; . . 288, 480 
49. Proper factors of 288 49X 


As appears from the following. list there are just 212 of these groups. 
To these are added the 101 U*-groups of degree < 64 where a = 1, and the 
83 U*,-groups of degree < 64 where a> 1. Thus the basis groups whose 
U* expressions are of degree < 64 are 396 in number. Any solvable group 
which contains no Sylow subgroup of order © 64 may be construqted from 
these 896 groups. The number of such groups is hard to estimate, but, if the 
basis is limited to the 102 U*,-groups in the above list, the calculation is easy 
and shows that approximately 1.75 X 108 groups can be constructed from this 
portion of the basis groups. There can therefore be little doubt that the 
number of groups which can be constructed from all-the 396 basis groups 
of degree < 64 easily exceeds 10%. 


The Non-regular U*-groups of degrees 4, 8, 9, 16, 25, 2%, 82 and 49. 
The authors have proven the completeness of the following list—e. g. they 
have shown that where p= 5 and G is the non-cyclic group ‘of order p°, 
A(@) contains exactly 29 sets of conjugate solvable K-subgroups. But these 
arguments are too lengthy for inclusion here. f 

The generators of the various U*-groups are given in a particular order. 
The symbol X, stands for a generator, and 


Ay -Aa | Bi: + + Bo| Ci: ’ ‘Mm |Ni- ++ Nn 


means that the generators A,- - - Ag generate U,;.the generators B,: > - By 
extend U,to U2; Ci: © : Ce extend Uz to Us; ete. Furthermore the generators 
are arranged in such order that the group generated by the first & generators 
is invariant under the group generated by the first x + 1 generators. 

In the degrees 16 and 32, each principal Us group of order 48 or 96 
respectively, if it has collateral groups, is labelled ‘pr’ and bracketed with 
its collateral groups labelled ‘ co.’ . 


3 
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DEGREE F Ur Cie 
A, = acbd #1 AA B, 12 
A. = abcd . 

B, = cbd 

DEGREE G 


. À, = abcdefgh 
A= aecg.bhdf 
A = ac.bdegfh 
A= abcdefigh 
As= ae.bf.cg.dh 

, = bef.dgh 
B, = ecbgdhf 


B, = cbd.gfh 
ı = ae.bh.cg.df 















DEGREE 9 U* ORDER 
A, = adhbeicfg #1 A, B, 18 
A.= abc.def.ghi #2 AAs B, 18 
A= ad hucft #3 = B, 18 
B, = bc.dget.fh FL; . B, B 36 
B, = dgehfi . f #5, ' D, 36° 
B, = bdcg.efih #6 ` B, B, 72 
B4 = bect.dhof #7 . B, B, 72 
Bs = bhdecfgi #8 ` | ae 72 

# 9 s Bs B: | 44 
P 

DEGREE 16 U* ORDER 

A, = acbdegfh.ik.jl.monp #1 AAA B. 48 
2= ab.cd.ef.gh.ij.kl.mn.op #2 AA: A, Ba 48 
A, = aebf.cg.dh.imjn.ko.t p # 3 A;A,A, B, 48 
A, = ai.bj.ck.d lem fn.gohp # 4 As Aa B, 48 * 
A,= abcdefgh.ijk lmnop #5 AAAA | Boo | 48 
A: = aeimbfyn.cgkodhtp #6 i 48 ` 
A, = aecg.bhdfimko.jpin. #7 | 80 
A= aick.bjdl.emgo.fnhp tô : ‘ 112 : 
B, = ecbgdhf.mkjol pn 144 
B: = chdgfh.&kjl.onp 240 
B, = cbdeimflo.gjp.hkn 336 

By=bef.dghjmntop ` ; à 48 
Bs= bepcik.dmf.ghl.jon C,)co 48 
Bı = cplkm.bgone.djf hi Cle 48 
, = ai.bl.ck.dj.emfp.gohn Cle 48 . 


C: = aiemblfp.ckgodjhn 
G, = aibl.ck.dj.epfo.gnhm 
C, = aick.bldj.epgn.fohm 
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DEGREE 25 


Avaforvbgkswchl txdimpye jnqu 
Arabcdefghij.kimno.parst.uvwxy 
Asrafkpu.bglqv.chmrw.dinsx.ejot 
Bj*be.cdfu.gyhx.iw. JVKpIt.msnr.oq 
Befiugvhwix.jykplamr.ns.ot 
Babwh.c to.dlqe i x.fmn.gjp.kyvrus 
Byrbxg.cqamehy.dos.fir.ptv.uwnkl j 
Bs-be ed.fkupgmys-hoxg.ilwt.jnvr 
Bérbced.fpuk.xlht.qwoi.gryn.jsvm 
By bfeu.ckdp.xqho.litw.gjyv.rmns 
Bg*bced.ghj i.lmon.qrt s.vwyx 
Bo-fukp.be ed.gwjxhyiv.Lros.mtng 
Bébpcfekduhjonxvqr.iylswgtm 
Bubkdfe pouhyqmxgos.i jtrwvin 


DEGREE 27 


Aaj vdmzhq tbkwenairuclxfoygps 
Ayadhbeicfgjmgknr lop.svztwauxy 
As=abe.def.ghi.jk1.mno.pqr.stu.vwxyza 
Aradg.beh.cft.pmp.knq.lor.svy.twz.uxa 
Asaj s.bkt.c lu.dmv.enw.fox.gpy.hqz.ira 
Aya) s.bkt.clu.dnxeov, fmw.grz.hpa.iay 
Bi *be.dger.fh.ys. kult.my.nc.oz.pv.g x.rw 
Bz? bc. dg.eu.fh.klmpnr.oatu.vywa.xz 
B; js.kt.lu.mv.nwoxpy.qz.ra 
Ba -dg.eh.fi.js.kt.lu.mynz.oæprqwr x 
Bs:dgehfi.mp.nqorvywz.xe 
By bc.ef.hi.j s. kul t.nv.nx.ow.py.qarz 
Br<bdcg.efih.kmlp.norq.tvu ywxaz 
Babeci.dhgf.knir.mgpo.twuavz yx 
Bg:js.bdeg.efih.kvl y.mupt.nxrz.oaqw 
Berjsbeci.dhof.kwla.mzpxtnurnvgyo 
Byrdjqs-oqaw.ekht.mryx.fl iunpzv 
Byu:doga.jwsq.emhy-kxtr.fni z.lvup 
Barbeghcidf.kupql rmotwyzuavx 
Byis.beghcidfi.kwpz lamxtnyqurvo 
.Bsbedwjogqgsæavknhptzfxlmiruy 
Bébdjemnqzufpwl.cgsi yæxokhvrt 
Ciaj s.bkt.c Tu.dnxeov.fmw.grz.h aqy 
Di dgeh tijs. ktlumynzoLpyq i 





SENIOR. 














+ & 
S ut Ss 
A| B 501 %1 AA, By 200 
"| Bs 100 | #18 » BBB. 300 
AA B 50 | #19 o BB; 300 
G PB 50 | #20 + BB, 300 
Le B, 75 #2) a BoB. 400 
a 1B, Bz 100 | #22 « DBDs 400 
n Bs 100 | #23 » BsB, 400 
» | B100 | #74 « BB, 600 
+ | Be loo | #25» B3B, 600 
B, 100 #26 o» Bs Bs Bs 600 
b B,B, 150 *27 s B, B; B, 600 
+ [BB 150 | #28 « B,B,B, 600 
a 2200 | #29 « B, BoB: 1200 
a [BB 200 | #30 = B,B7B,B, 1200 
e |ByBy 200 | #31 + 1B,B,B,B,B, 2400 
” IBB 200 
Qe 
Pa; 
S 
S 
Aj B 54 
Ards} B 54 
T B, 54 
Le B; 54 
e BB 108 
AA By 54 
AAA Be 54 
. B, 54 
- [B B; 108 
“ By 108 
` Bs 216 
*  1By Bg 216 
[Eu Be 216 
» TBs Bg 432 
AAAs) à 54 
s Bz 54 
a Ba 54 
ba D: Bs 108 
r B? ba 108 
t Bz Bs 108 
` B, 108 
. | By 108 
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DEGREE 32 U* 

A=ac.bd. Hi ik.j Lmonp.AC.BDEG.FHIKJLMONP #1 A, AA; B, 
Airrabcdef.gh.ij kLmnopABCDERGHISKLMNOP 72 A ArA,âs b, 
Asräe.bfcgdhimjnko.lpAEBFC&DHIMIJNKOLP #3 . B, 
Avai.bj.ck.dlemfngohpALBLCKDLEMFNGOHP #4 . B,B, 


AsaAbBcCdDeEfF.96.hHiLjJkKlLmMaNoOpP #5 A AAA B, 
Agaeimbfjn.cgkadhl p.AEIMBFJN. CEKODHLP #6 A AzAsA4As] B, 
AraAeEiImMbB? Fj JnN.cCaGkKoQdDhH1 LpP 7 " 
Ap a AbB.cC.d D.e MFNgO.hP. 1 Lj IKKI LME nF.o GpH 
Agabcdefgh.ij k lmnop ABCDEFGH. IJKLMNOP 
Arae cgbhdf.imko.; pin. AECG.BHDF.IMKO.JPLN 
Asaickb;dl.emgo.fn hp.AICKBJDL.EMGO.FNHP 
AgaÂilcCkK.bBjJdDtL.eEmMgGoO.fFnNhHpP 
Aradı L.bBjJ.cC.kK.dD1 LeEmMf FaN.gGoO.hH pP 
` AgaAcCbBdDeEgGfFhHiKkIjL1 JmOoMnPpN 
Ag aA.bB.cCdDeE.fF.gGhfliK.jLk[.1J.mOnP.oMpN 
AgaAbD.cC.dBbeMfP.g0. hNi Lj LkK.lJ.mEnH.o6 pF 
Ana AbJ.cC.dL.eOfHgMhF.i Ij BkK.IDmGnPoE.pN 
Ag'aAb LcEdMeC.fK.qG@hOiB.jJ.kF. INmünL. ad 
aAiI.bF;jN.cCkK dHiP.eEmMfBnJ. gGoO.hDpl 
a =Chd.gfhk; Lonp.CBD.GFHKJLON 
By -AebCdDBEgf Gh HF. IkjK1LJ.MonOpPN 
By=cbd.ei mgj p.hknflo.CBD.EIMGJP.HKNFLO 
B,-cp] kmbgone.dj fhi.CPLKMBGONE.DJFHI 
B,=eimfjn.gko.h1lp.E[MFJN.GKOHL P 
B,=AbgLoGKtnEQHMDdce PBhNFImCfJ kylp 
By=befidgh.jmn.lop.BEF.DGH. JMN.LOP 
By iAl.j BIKCKADLmEMnFNoSOpHP 
Babe f.dgh.i ALjEN.kCK.16P.mFJ.n BM.oHL.pDO 
BozjmnAK.lopCl.bPkBf.dNi DheMFL G.gOHJE 
By=bep.cik.dmf.gh l.jon.BEP.CIK.DMEGHL.JON 
Bu=bAP.ci o. USE mk.hMF, j ON.UG D.nKJ.p CH 









ge.hFu L) -p 
CyraheE i il mMbDFH: LnP. eCgGkKo.dBhFt JpN 
C;raA.bD.cC.dBeMfPgO.hN.il.; LKKA SmEnHoGpF 
Cara i LbDj LeCkK.dB1J.eMmE.fPnHg0o GhNpF 
Csa Ai LbDj L.cCkK.dBlJ.eEmMfHnP.gGoO.hFpN 
Ce aAbBcC.dDeGfHgE.hF.iJ.; LkL.IKmPnO.oNpM 
Cr aA.bl.cE.dMeC.fK96.h6.i B.j J.kF.1NmDnL.oHpP 
Ces aA.bD.c C.dB.eHfGgF.hE i Ij L.kK1J.mPn0.oN.pM 
Cy2aAi I cCKK.bDj Ld BLJ.e HmPg FoNfGnOhE pM 
Cy aAbD.c CdBeh.f G.gFhE.i Kj J.KI.U LmN.nM.oRpO 
CysaAcCbDdBeHgF.fGhEiKk1I.j3 1 LmNoP.nMpO 
Cas aAcCbDdBeHgF.fGhE.iIkKjL1J.mPoN.nOpM 
Caa Ai LbD j LeCKK.dBlJeHimP.f GnO.gFoN.hEpM 
Cy=aA.bBic C.dD.eP.PM.gNhOi K,jL.kI.1J.mEnG.ol.pE 
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DEGREE 49 


A, = ahrDMTBbisENUc'cj t FHOddkuG Peel oAJQf fmpBKRggnqCLSa 
A, = abcdefg.hij kimn.opqrs t uABCDEF G.HIJKLMNOPQRSTU ab c de fg 
A, = ahoAHOa.btpBI Pb.c j a CJQc.dkr DKRd'el s ELSé.fmtFMT fignu GNUg 
B, = ba.cf.dehaiq.j fkel dmcnb.oOpU.qirS.sR.tQuRAHBN.CMDLEKFI.G 1 
B, = hb.ic.j d.ke.l fimg.na.oQ.qS.sU.uP. pR.r T.tO.AK-DN.GJ.CM.F 1.BL.EH 

B, = hetif.jg:kalB.mend:sT.u0.pQrS.tUoP.qR.AMDI.G6L.CH.FK.BNE J 

B, = bce B.cS.uL.gm.dN.fr.PD.iM.eT.dC.ka.o6.bn.OI.EK.as.Rh.Hf.jA.tQ 

Bs = bce.gfd.hof.iqL.js L.kuM.1pj.mrNnt K.A80.Bc'S.CeP.Dg TEbQ.F d'UGFR 
B, = bec.gdf.uL1.PDd.ipMFeT.gUC.J kg.c5B.6 bO.mrN.Ino.EaR.Hjt.Khs.AfQ 
B, = hi tiJu.y KokLp.1Mq.mNr.nHs.ARb.BSc.C Td: Due. EOF. FPg.GQa 

B = bec.dfg.hnj.ikl.ots.upq.AEG.CFD.IHK.JLMOQR.PUT.E fa.dge 

Ba = bugP.i Fg Jekde.LUDp.cMf C.qd'Tl.c'GmI.EHKASf'r j.bhna.BRNs.Qot O 
Bo = biqguJPF.el dD.kpe‘U.cafT.M1Cd.CEmK.GAIH.Sbrn.f'a jh.BQNtROs o 

Bi = bcgmeSfr.dNeBhTaqa.iHg'A.;j CfM.kseR.ind BoDOL.ptUQuIPG.£J KF 

Bu = bEPAgKuHiGJcg 1Fm.cbCafnMh.qf' IST) dr.eQeOdtko.LRpBDsUN 
By = biEGPJAcagKIluftim.cqbfCla$fTnjMd'hr.eLQRepOB dDts KUoN 





U* ORDER Ue ORDER 
°2  : Bs 147 #28 4 Be By 588 
F4 AAs B, 98 #30 n BB 784 
#5. à B 48 B oe BeBe 784 
té > Bs| 147 o Bs Be Bi 882 
f] >» Bg 147 e Bs Be Bs 882 
TE B,| 141 #4 B;BeBal . 682 
tq : B, B: 146 #35 x Bs Bu | 176 
#10 Bal 196 #% oo B, BaB) 1176 
ene | BsBil 244 #3 o Be BaBe! 1176 
12 k Be B, 294 #38 S B, B, B, B, 1176 
#13 a Bs Ba 294 #34 a” Ba BoB; 1176 
#i4 + | BaB) 294 #40 : . Ba ByBy 1176 
#15 + | BB 24 #4 e BB 1568 
L 16 £ B, B, 244 £42 na Bs By B, B; 1764 
t7 >œ Be B, 294 PA 8 Bs Bs B: B4 1764 
#18 > Be Ba 294 #44 + Bs Be Bu 1764 
t + | Baba) 342 15 > BBa) 2352 
#20 + | BaBo 392 th BsB,B,| 2352 
#2) oo Be! 392 #47 > Bs BaBe) 2352 
tR ë Bs Be 441 #48 Ba Bio Be By 2352 
#23 o Bs Ba 588 #44 » [Bg By Bi B3B4 3528 
#24 +  |BsB, B3 588 - #50 = Bs Ba BaBe 3528 
#25 z Be B, B, ‘ 588 #51 à B; Bp Bz 4704 
#26 - |B, BB; 588 ; 52° TBs Ba Bi By Bu 1056 
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ARC-PRESERVING TRANSFORMATIONS. 
By G. T. WHYBURN. 


1. Introduction. If A is a compact continuum, a single valued trans- 
formation T (A) = B, where A and B are contained in a metric space, will 
be said to be are preserving provided that the image of every simple are in 4 
is either a simple arc or a single point in B. Similarly, 7 will be said to be 
irreducible provided that no proper subcontinuum of A ‘maps onto all of B 
under T. 

Clearly any topological transformation is both arc preserving and irre- 
ducible. Obviously, also, if A contains no arc, then any transformation 
defined on A is arc preserving; and if B is itself a simple arc, then any 
continuous transformation sending A into B is arc preserving. The function 
y == © — x transforms the interval (— 2,2) of the X-axis continuously into 
the interval (— 6,6) of the Y-axis; and in this case the transformation is 
both are preserving and irreducible; but is not a homeomorphism, since the 
roots of vë —v—y are all real for |y|<2V3/9 and are distinct for 
| y | <2V3/9 whereas there is only one real root for | y | > 23/9. 

Thus we see that even in case A and B are simple arcs (and therefore 
homeomorphic sets) and 7’(A) =B is continuous, are preserving and irre- 
ducible, 7 does not necessarily reduce to a homeomorphism. However, in this 
paper it will be shown, among other things, that if A is locally connected, 
if 7(A) =B is continuous and either A or Bis cyclic (i.e., without cut 
points), then in order that T reduce to a homeomorphism it is necessary and 
sufficient that T be arc preserving and irreducible. 

In this paper all transformations used will be supposed single valued 
and continuous. 

It is readily seen that if A is a compact continuum and T (A) = B is con- 
tinuous then there always exists a subcontinuum A, of A such that T (4A) = B 
and T is irreducible on Ax. This follows at once from the Brouwer Reduction 

“Theorem, since the property of being a subcontinuum of A mapping onto all 
of B under T clearly is inducible. 


2. Irreducible and arc-preserving transformations on locally connected 
continua, Throughout this section we shall suppose A to be a compact locally 
connected continuum. 
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(2.1) If A is a locally connected continuum and T(A) =B is irreducible 
and arc preserving, then T is à homeomorphism on each true cyclic element 
of À on which T is not constant. 


Proof. Let # be such a true cyclic element of A. We have to prove that 
for each be B, E-T-1(b) contains at most one point. Let us suppose this 
is not so. Then for some be B there exists a non-degenerate are epy C E 
such that spy: T>(b) =s +y. Now T(apy) is an arc ub and we may 
suppose p chosen so that T(p) =u. Let Us and Uy be disjoint connected 
neighborhoods of # and y in A such that T(u) - (Ue + Uy) — 0 and 
py: U,—=«p:U,—0. Since there are non-cut points of A in both Ọs and 
Uy, it follows from the irreducibility of T that there exist points ce Uz 
and de Uy such that T+*[T(c)] C Uz, TA[T(d)] C Uy. For if p is a non- 
cut point of A in Uz, say, there exists a neighborhood Up of p such that 
A — A: Us is contained in a single component N of A — A: Up; and since T 
is irreducible, there must exist a point c in Us such that N- T>[T (e)] = 0 
and hence so that T[T(c)] C Ua. Now let cg and dr be arcs in Us and Uy 

‘respectively such that cq- gspy =q, dr-apy—=r. Let a denote the arc 
cq + gpr + rd. 

We shall show that T(«) is not a simple arc. To do this it suffices to 
show that no one of the three points 7'(c), T(d), u separates the other two 
on T (a). Let 8 denote the subarc of the arc T (qpr) from T (q) to T(r). Then 
since T (q) 4 us4T(r), B does not contain u. Also T (cq): u =T (dr) -u—0, 
Thus FT (eg) + B + T(dr) is a connected subset of T (œ) not containing u. 
But T (eg + gp) is a connected subset of T(a) not containing T (d) and 
T (dv + rp) is a connected subset of T (æ) not containing T(c). Thus T(a«) 
cannot be a simple arc, and our supposition that our theorem is not true leads 
to à contradiction. 


(2.2) Let T(A) =B be irreducible and arc preserving, where À is locally 
connected. Then if B is cyclic, so also is A. | 


Proof. Suppose, on the contrary, that A has a eut point p. Let us write 
A =X + F where X and Y are continua and X - Y = p. Let P—TT(p) 
and K = TAT(X). 


(i) If we Y-(K—P), then for any arc px in A we have px C EK. 


For suppose not. Then for some +’ « X we have T(x) = T(x). Let a’p 
be an arc in X. Then T(2’p) is an arc in T(X) and T (px) is an arc in A 
not lying wholly in F(X). Since each of the arcs T'(x/p) and T(pa) contains 
the two points T(p) and F(z), it follows that their sum contains a simple 
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closed curve. But T (px) + T(2’p) —T(xpx) and this set must be a 
simple are. 

(ii) If ge (P—~p), then for any arc pq in A we have either pg CK 
or pg: K CP. | 


For suppose pq contans a point æ of K — P and also a point y of A — K. 
Then by (i) we have pr C K. Thusy Cag. Hence T(px) is an arc in T(X) 
and T (eq) is an arc in B not lying wholly in T(X). Since each of these arcs 
contains the two points T (s) and T (p) [= T (q) ], it follows that their sum con- 
tains a simple closed curve. This is impossible since T (px) + T (sq) =T (peq). 

(iii) If R is any component of A—K, then T[F(R)] reduces to a 
single point.* 

For if not, there would exist an are zy such that T (£) AT (y), £ Hy CK 
and ay-—- (x—+y) CR. Now either T(x) or T(y) is 4 T(p). Suppose 
T(x) = T(p). Then by (i) any are pv in A is CK. Since then px + ay 
is an are pey, it follows by (i) that y eP. But since pry contains z e (K — P) 
and also contains points in the open are xy which are not in K, this contra- 
dicts (it). 

(iv) Now let À be a component of A — K and let Q be the sum of all 
those components S of A— K such that T[F(S)] =T[F(R)] =a. Then 
since Q + T-*(a) is closed, it follows that T(Q) + a is closed. Since a is 
not a cut point of B it results that some point « of T(Q) must be a limit 
point of B—T(Q). Since Q is open in A, it follows from this that T+(a) 
must intersect some component U of A—X which does not belong to Q. 
Let b = T[F(U)]. 


Now we have two essential cases to consider as follows: (I) a-4T(p) 2}, 
and (II) a= T(p)s4b. In either case let z, e T> (s) Q and t26 T7 (e): U, 
let xa, and z:b, be arcs such that zu — a, C Q, ab; — b, C U, a, e T> (a), 
bie T (b). 

In case I, we have æ, bı e (K — P). Hence it follows by (i) that there 
exists an arc a,b, in K. Then T (a,b) is an arc in T (X) containing both 
a and b. But since T(z) = T (z2) = x, it follows that T (e4) + T(a2b.) 
contains an arc from a to b which clearly cannot lie in T(X). Hence 
T (ab) + Tim) + T (2201) = T (aia, + ab, + bite) = T (21010122) con- 
tains a simple closed curve, which is impossible. 

In case II, consider an arc ap in A. If this arc contains b4, then by 
(ii) we have ap C K so that ap would contain a subarc a,b, contained in K. 


1 F(R) denotes the boundary of R relative to A, i.e., the set R—R. 
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If ap does not contain b,, then by (i) any are pb, in À is C K; and ap + pb, 
contains an arc a,b; some subare a’b, of which is C K, where a’, e P = T- (a). 
Let us agree to set a, = a’; in case a,b, C K. Then T'(a’,b,) is an are in T(X) 
containing both T(a,) =a and T(b,) =b. Since T(a:) =T (a2) =a, it 
follows that T (s41) + T(a2b;) contains an are from T (a 1) to T (b) which 
does not lie wholly in T(X). Hence 


T (20's) + T (œb) + T (biza) = T (tw + aba + biz) == T (s10 1b122)- 
contains a simple closed curve, which is impossible. 


(2.21) COROLLARY. Let T(A) — B be arc preserving, where A is locally 
connected and B is cyclic. If A has a cut point p, then for each component 
C of A — p we have T(C + p) =B. 7 


This results at once from the proof of (2.2), because we can take X in 
that proof to be C + p; and it will be noted that the irreducibility of T was 
used only once, namely, in (iv) to insure the existence of at least one com- 
ponent R of A—T“T(X). 


(2.3) If A ts a locally connected continuum and T (A) =B is irreducible 
and arc preserving and if for some be B, x, ye T+(b), sy, then on any 
true cyclic element in the cyclic chain ? C(x, y), T must be constant. 


Proof. Let xpy be any are in A from v to y. Now if T(apy) =b eB, 
our result follows from (2.1). Thus we suppose T(xpy) contains more 
than one point. Also, without loss of generality, we can assume that 
py: T>(b) =x +y. Hence T(xpy) is an arc ub; and clearly we may 
suppose p chosen so that T (p) = u. 

Now if we suppose (2. 3) does not hold, there exists a true cyclic element 
E of A intersecting «py in a non-degenerate arc cd where we have the order 
z,c,d,y and where T is not constant on W. Since by (2.1) T must be a 
homeomorphism on cd and since T (sp) == T (py) == ub, it follows that either 
cd Cap or cd C py. Let us suppose the latter. Then we have the order 
x, p,¢,da,y on æpy, where some points may coincide. Now there must exist 
a point w on py— (p+ y) which is a limit point of #— cd and such that 
uAT(w)s4b. For if not, then Æ would contain an arc p’zy’ such that 
pey -«cpy=p +y and T(p’) =u, T(y’)=6; but this is impossible, 


2 If If is a locally connected continuum, a subset of M is called an A-set provided it 
is closed and it contains every simple are in M whose endpoints lie in it. If m,y eM, 
the smallest A-set in M containing æ + y is called the cyclic chain O(a,y). See my 
paper in American Journal of Mathematics, vol. 50 (1928), pp. 167-194; see also Kura- 
towski and Whyburn, Fundamenta Mathematicae, vol. 16 (1930), pp. 305-331. - 
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because then T(ap’ + p’zy’) = T(p’y’) + T(p’sy’), which is.a simple closed 
curve since p’y’ -+ p’zy’ is a simple closed curve and T is a homeomorphism 
on every such curve by (2.1). (Note: p’y’ denotes the arc p’y’ of zy). Thus 
such a point w exists. 

It follows readily [see the proof of (2.1)] that there exists an are rv 
in # such that 


rv: epy =v, T(rv):(u+6)=—0, and T(r)-ub—0. 


Now æpv + rv is an are in A; but T(æpu) = T (ep) = ub, whereas T (rv) 
is an arc in B intersecting wb but containing neither u nor b and yet not being 
contained in ub. Thus T(xpv-+ rv) cannot be a simple arc, contrary to 
hypothesis. 


(2.4) If A is locally connected and T(A) =B is irreducible and are ‘pre- 
serving, then for each true cyclic element Ey in B there exists a unique true 
cyclic element E in A such that T (Ha) = Ep. 


Proof. Let K = T(E). 
(i) For each component R of A — K, we have T[F(R)] = pe Ev. 


For suppose, on the contrary, that for some s, yeF(R) we have 
I(x) = T(y). Then T(R) is a connected subset of B — E» having at least 
the two limit points 7T (s) and T(y) in Ho. Clearly this is impossible since 
E, is a cyclic element of B. 

(ii) If we define the transformation Z(A) == F» as follows: 

Z(v) =T (ev) for re K, Z(x) =T[F(R)] for «eR, 


where À is a component of A — K, then Z is continuous and are preserving. 

The continuity is immediate. Let pq be any arc in A. Then T'(pq) is 
an arcab in B. If ab: #,—0, then pg C some R; whence Z (pq) = T[F(R)] 
=a single point. If ab-#,=40, then ab- Hy is a subarc a'b’ of ab which may 
reduce to a single point. Let we (py--K-pq). Then Z(2) =T[F(R)], 

‘where Æ is the component of A—K containing v, and clearly Z(x) <a’d’. 
Thus Z(pq) — ab’ and Z is are preserving. 

l Let Ha be an A-set in A which intersects every one of the sets 7-1(b), 
b e Hy, and is irreducible with respect to the property of being an A-set inter- 
secting every one of these sets. Then Z(H.) — Ep and Z is are preserving on 
Fa since it is arc preserving on A. It now follows from (2.21) that #, can 
have no cut point, and hence Fe is a true cyclic element of A. But T is a 
homeomorphism on each true cyclic element of A on which it is not-constant, 
by (2.1), and hence is a homeomorphism on Fa; and since T (Fa) - D Fr, this 
gives T (Ea) = Er as was to be proven. : 
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Finally, there can exist no other true cyclic element Hy of A such that 
T (Ha) = Hy. For if so, let x be a point of Hy such that T(x) : [Bo + Ev] 
contains no cut point of A. Then if s, = Fe: T> (x), £s = Ew: T+ (2), 
we have O(a, ta) D Ea + Bw and this contradicts (2.3). 


3. Recapitulation. Conditions for homeomorphism. The results just 
established in § 2 yield at once the following theorems. 


(8.1) Tueorem. Jf A is a compact locally connected continuum and 
T(A) =B is irreducible and are preserving, then T maps the true cyclic 
elements Ha of A on which T is not constant into the true cyclic elements Er 
of Bina (1— 1) way and T is a homeomorphism on each Ea. (1. e., for each 
such Ha, T (Eo) is an Hy and for each Hy there is a unique Ea such that 
T(E.) = Fh). 


(3.2) THEOREM. Let A be a compact locally connected continuum, let 
T(A) = B be continuous and suppose that either A or B is cyclic. Then in 
order that T be a homeomorphism it is necessary and sufficient that it be 
irreducible and arc preserving. “+ 


It is clear that for the validity of the former of these theorems the irre- 
ducibility of T is indispensable. However, if in the latter theorem we specify 
that B is cyclic, it seems possible that the condition of irreducibility on T 
could be dispensed with. This is indeed the case, as will now be shown, pro- 
vided we assume further that A is hereditarily locally connected, i. e., that not 
only A but also every subcontinuum of A is locally connected. 


(3.3) THEOREM. Let A be hereditarily locally connected, let T(A) =B 
be continuous and suppose that B is cyclic. Then in order that T be a homeo- 
morphism it is necessary and sufficient that it be arc preserving. 


Proof. The necessity of the condition is obvious. We proceed to establish 
the sufficiency. In view of (3.2) it suffices to prove that T is irreducible. 
Let us suppose, on the contrary, that for some proper subcontinuum A’ of A 
we have 7'(A’) =B. We may suppose A’ chosen so that T is irreducible on A’. 
Also, since T. is are preserving on A, clearly it is likewise arc preserving on A’. 
Furthermore, since A’ is locally connected and B is cyclic, it follows by (3.2) 
that A’ is cyclic and T is a homeomorphism on A’. 

Now since A’ =4 A, there exists an arc ab in A such that ab : A’ =a +b. 
Then T(ab) is an arc and, since T' is a homeomorphism on A’, so also is 
A’: TT (ab). Call this latter are zy. Since A’ is cyclic, there exists in A’ an 
arc #8 such that sy- a8 = « + B and we have the order s = a < B= y on zy. 
` Let 428 be the subare of zy from a to 8. | 
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(i) If wv is any proper subare of the arc T (ab) —7rs, there exists a 
proper subare pq of ab such that T (pq) > uv. 


For let m be a point of rs — uwv such that T (a) Am54T(b). Then either 
rm or ms contains uv, suppose the former. Then since T-1(m) : (a+b) —0, 
ab contains a proper subarc pg where pe T>(m), ge T*(1r); and since T(pq) 
is a subare of rs containing both r and m, we have T (pq) D uv. Similar 
reasoning applies in case ms D w. 


- (i) If azB xy, then T(azB) is a proper subare uv of rs (since T is a 
homeomorphism on A’). Thus by (i) we have a proper subare pq of ab such 
that T (pq) Duv. Not both a and b can belong to pg. Suppose b non-e pg 
and suppose we have the order a, p, q, b on ab. Now bexy and ay contains 
either an arc b@ not containing « or an are ba not containing 8. Call this arc ¢. 
Then in either case it is apparent that a8 -+ t + pqb is a simple arc y. But 
T(y) D T(aB) + T (pq) —T(aB) + uw =T (a8) +7 (az8); and this latter 
set is a simple closed curve, since «8 + «28 is a simple closed curve in A’ and 
T is a homeomorphism on A’. Thus this case leads to a contradiction. 


(iii) If «z8 == «wy we may suppose we have « = v, 8 = y. Now both a and 
b lie on wzy and we may suppose we have the order eSa<z<bSy, 
on zzy. Since T(a) =£ T(b), there exist arcs ac and db in ab and zb respec- 
tively such that T'(ac)-T (db) —0. Since T (ab) = T (szy) = rs, this gives 
T (by) +T (wazd) DT (ac). Whence T (by) + T (zazd) +T (cb) =rs. Thus 
T (cb + by + Ba + vazd)=T (cb)+T (xazd)+T (by) +T (a8) 1s +T (ap). 
But this is impossible, since cb + by + Ba + xazd is a simple arc whereas 
vs + T'(@8) is a simple close curve. This contradiction completes our proof. 


4, A-set reversing transformations. If À is a compact locally connected 
continuum and T (4) = B is continuous (as we shall suppose throughout this 
section), then T is said to be A-set reversing provided that for each be B, T=(b) 
is either a single point or an A-set in A. 


(41) Tæeorem. In order that T be A-set reversing it is necessary and 
sufficient that T be monotone è on every simple arc in À. 


To prove the condition necessary, suppose T A-set reversing, let pq be any 
simple are in A and let be T (pq). Then since 7-*(6) is either a single point 
or an A-set, it follows that pq-7-*(6) is in either case a connected sot. 
Consequently T is monotone on pq (indeed on any connected subset of A). 


8 A transformation T (X) =Y is monotone provided that for each y eY, T= (y) is 
connected, See C. B. Morrey, American Journal of Mathematics, vol. 57 (1935), pp. 
17-50. 

4 For properties of A-sets, see Kuratowski and Whyburn, loc. cit. 
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- The condition is also sufficient. For suppose it satisfied and let b eB. 
Let p,q e T>(b) and let pq be any arc in A from p to g. Since by hypothesis 
T is monotone on pg and since T'(p) — T(q) = 6, we must have T(pq) =b 
or pg C T>(b). Thus 7-*(b) is either a single point or an A-set and T is 
A-set reversing. 


(4.11) Coronary. Any A-set reversing transformation on A is are 
preserving. i 

For the property of being a simple are is invariant under monotone 
transformations. 


(4.12) COoRoLLARY. If T is A-set reversing on A, then T is monotone on 
every connected subset of A. 


(4.13) Any monotone transformation on a dendrite is arc preserving. 


(4.14) Any monotone transformation on A is arc preserving on the set 
K +H of all cut points and all end points of À. 


(4.2) If A is a locally connected continuum and T(A)==B is A-set re- 
versing, then for every A-set Ay in B, T-*(Ap) is an A-set in A (or a single 
point). 

Proof. Let p,qeT (Av), p= q, and let pg be any arc in A from p to q. 
If T(p) =T(q), then T'(pq) =T(p) e Av so that pg C T+( Av), since T is 
A-set reversing. If T(p) «T(q), then by (4.11), T(pq) is an arc, from 
T(p) to T(q). Whence T(pq) C Av so that pg C T> (A). Thus T+*(Ap) 
is an A-set. 


(4.3) If A is a locally connected continuum and T(A) =B is A-set re- 
versing, then for each true cyclic element Ey in B there exists a unique true 
cyclic element i, in A such that T (Ea) = Ly and T is a homeomorphism on Ey. 


Proof. Since T is monotone, there exists © a true cyclic element Fa of A 
such that T (Ea) > Hy. Now by (4.2), T(E.) is an A-set in A. Since 
L(y) contains at least two points of Fa, this gives Fa C T(E). Whence 
T (La) C Hy. Accordingly T (Ha) = Eo. Finally, for no be B can T-*(b) 
contain more than one point of Fa; for if it did, we would have Fa C T (b), 
which is impossible. Thus T is a homeomorphism on Hy. Obviously Fa is 
uniquely determined. 


(4.31) COROLLARY. If A and B are locally connected and cyche and 
T(A) =B is A-set reversing, T is a homeomorphism. 
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5 See my paper in the American Journal of Mathematics, vol. 56 (1934), pp. 133-146. 


AN ANALYTIC CHARACTERIZATION OF SURFACES OF FINITE 
LEBESGUE AREA. PART II. 


By CHARLES B. Morrey, Jr! 


In Part I of this paper, the author gives an analytic characterization 
of surfaces of finite Lebesgue area in which only “ non-degenerate” surfaces 
are admitted for discussion. The object of the present part is to generalize 
these results to arbitrary surfaces of finite area, the hypothesis of non- 
degeneracy being dropped. 

Throughout this paper, we shall use the following vector notation: the 
letters æ and X shall stand for the vector of the codrdinates (xt, - >, zN) and 
(Xt,: - -, XN) of a point in the w-space in which a given surface will lie, 
the letters u and U for the codrdinates of a point of the space containing the 
set on which the given surface will be parametrically represented, the sum 
and difference of pairs of these letters will denote the sum and difference 
vectors, a and 6%/0a for the vector (021/0a, > - : , 0x /ûa), « being a parameter, 
x(u) and X(U) will be vector functions, and if ¢ is a vector in any space, 
| p | will denote its length. We may write æ(P) to mean æ(w) where u is 
the coôrdinate vector of P, up for the codrdinate vector of P, ete. Given a 
point set W, # will denote its closure and H* the set of its frontier points. 
All vector functions occurring in a transformation or the representation of a 
surface will be assumed continuous. As there are a great many topological: 
terms used whose definitions are long, we shall merely give the reference to 
where they may be found in the author’s paper, “The topology of path 
surfaces,” * which we shall hereafter refer to by the letter T. as frequent 
references to this paper will be made. 


3. The existence of a “generalized conformal” map of an arbitrary 
surface of finite Lebesgue area on a hemicactoid (T. $ 2, def. 12). 


Definition 1. Let H be a hemicactoid and À a continuous curve (T. § 1, 
Definition 9) which is a subset of H. Let b consist of all the points of h not 
separated from B in Æ (T. 81, Definition 4) by any point of h; the set b.is 
a continuous curve which is either a subset of B or a subset of a single cyclic 


1 National Research Fellow (1931-33). 
? American Journal of Mathematics, vol. 57 (1935), pp. 692-702. 
* American Journal of Mathematics, vol. 57 (1935), pp. 17-50. 
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element (T. $1, Definition 18) of H which does not contain all of that 
element unless that element is a point, in which case b is that point. If b is 
a subset of B which is a base set (not necessarily canonical) (T. § 2, Defini- 
tions 6 and 11), is a single point, or is a subset of a double cone (T. § 2, 
Definition 7) of H and does not separate that double cone being therefore 
homeomorphic with a base set, and if (h — b) is a sum of canonical cactoids 
(T. § 2, Definitions 10 and 11), then we say that h is a sub-hemicactoid of H 
and b is its base set. h is not necessarily a hemicactoid in the ordinary sense 
‘as b may not be a canonical base set although it is always homeomorphic to one. - 





Definition 2. Let S be a surface represented by s = X (U) on a hemi- 
cactoid Æ and let À be a sub-hemicactoid of Æ with base set b. From T. § 4, 
. Theorem 1 and the above remarks it follows that there exists a monotone 
` transformation (T. §2, Definition 5) U —U(u), with corresponding col- 
lection of continua G (see T. 82, Theorem 4), of a Jordan region F into h 
which carries the subcollection G of T. § 2, Lemma 8, topologically (T. § 2, 
Definition 4 and Theorem 2) into b. If we define «(u) —X[U(u)], uef, 
then z = (u) is a surface and all surfaces thus obtained are identical. We 
call this surface the sub-surface of S corresponding to h. 


THEOREM 1. Let S be a surface represented on a hemicactoid H by 
c—X(U). Leth, and he be two sub-hemicactoids of H such that hy + h: = À 
and hy he is a single cut point of Ë. Then if 8, and Sz are the sub-surfaces 
of S corresponding, respectively, to hı and he, we have 


L(8) =L(S:) +L (82)+ 


Proof. Suppose ha Ê ho is not the whole base set of either hı or he. Then 
b-b and b- ba each contain more than one point and hi ha dy" beb. 
Now, we may find a monotone transformation with corresponding collection 
G, of F, 71:0 S u S 3/8, 0 Sv S 1, into ħ, which carries the subcollection 
Go into ba, the segment, u = 3/8, 0 Sv S 1, being carried into the point 
hi Ne. Similarly we may carry fa f2: 5/8 Sul, 0Sv1, on he, the 
segment, u = 5/8, 0SvS1, being also carried into h1° ho. In this case 
we unite these to give a map U—U(u) of Æ on Q by first defining 
U (u) = Vi, tig UE y, y:8/8 S u S 5/8, 0 Sv S 1, and then defining U (u) 
in 7, and f by the condition that U—U(u) give the above determined 
mappings. Clearly U = U(w) carries G = G, + G, topologically into H and 
its subcollection Qo topologically into B. 








#L{(S) denotes the Lebesgue area (see introduction to part I) of S. 
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Tf hy: h is the whole base set of one of the hi, we shall call that one je. 
We may map À, on Q by U =U (u) as R, was mapped on fı above except that 
we require that a single point u, of @ be carried into ħi: he We extend 
U(u) to the square Qx Qy:—ASu, vÆ1+X (A>0), by defining 
Ū (u) =U (uo) for ue @x— Q, t being the point of intersection of the ray, 
(1/2, 1/2), (u, v) with Q*. Now a is certainly interior to Q. Let w = U’ (u) 
be the radial contraction of 9x into @ with center at (1/2, 1/2) and define 
Les == u’ (u). Define the transformation (monotone but discontinuous at w1) 
u” =u" (w) of Q into À. + y, # being the doubly connected region consisting 
of all points w, + A(Wo— w1), 1/2 SAS 1, Wo denoting any point of Q*, by 


u” (u’) =W de (w — wo) /2, u! ma Wa, 


Wo being the last point of @ on the ray uw’, wv’; w is carried into all the points 
of the region y, consisting of all points wu’, + A(u’s — 43), 8/8<X1<Æ 1/2, 
u’, ranging over all of Q*. The transformation from w” to u is continuous: 
u= u(u”). Now let rs = Q — (fı + y); we can map ħa on > by a mono- 
tone transformation U = oe ^) which carries r*, into hy, - h If we define 
U(u”) = Ülu(u”)] for u” eñ, + y, then U = U(w”), in this case also, gives 
a monotone transformation, with corresponding collection G, of Q into À 
which carries Gy into B. 

Now in either case above S is represented on Q by z = s (u) = X[U(u) ]. 
Let To —2a(uo), wey. Clearly, in either case above, the surfaces S; are 
represented on @ by v = «a,(u) (i= 1,2), where 


tu) =2(u), wet; mu) =o UE y; Mu) =, UEF; 
Tolu) = To UEFI; Tu) =X, UEY; Tu) = TU), UE Fz 


Let {fin}, Ñn: £ — (u), we Q, be a sequence of polyhedra approaching 
8, whose areas approach L(S), the Za (u) being linear in patches in © and 
approaching x(w) uniformly. Let {rm} and {Em} be two sequences of numbers 
approaching zero so that rm/Rm approaches zero. For each m, let nm be = m 
and so large that | Žun (U) — To | < rm/2, uey. Now define: &n(u) = Ënn (U) 
for those values of u in @ for which | @,,,(u) — £o | = Rm, Tm(u) = £o for 
those values of u in Q for which | Zn„ (u) — £o | & fm (these constituting a 
finite number of regions bounded by a finite number of curves analytic in 
pieces, one of these regions containing y), and 


Em (U) = Bo + [| Enn (U) — #0 | — rm) / (Rm — 1m) ] [Enn (U) — 20] 


for the remaining values of u. This function %m(w) is analytic in patches 
and equal to x, in the set in parenthesis above containing y. Furthermore 
it is immediate that L(Sm) S (Rn/(Rm—1m))-L(iin,,). But now it is 
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well known that, in such a surface Ôm, we may inscribe a polyhedron I, 
fl: ¢=2a(u) so that | 8,0 | and | L(S») — L(ÏT)| are arbitrarily small 
and z(u) == zo wey. Hence it is clear that we may replace the sequence 
{Ün} by a sequence {In}, Un: 2 = 2%n(u), we Q, where 


lim || Im, S || = lim | L(a) —L(8)| —0, 
m-—>CO Mw 


the 2m(w) being linear in patches, converging uniformly to x(u), and with 
Im(W) = zo wey. Then if we define, for each m, tim(u) and Zam(u) 
from @m(w) as vy (u) and æ(u) were formed from a(w), it is clear 
that L(In) = L(im) + L(om) and that {Tim} converges to Si 
Timi €= Ti mhU) (t= 1,2). Thus L(S) È L(S:) + L(82). 

Now, let {Hin}, © = in(u), we Q, be sequences approaching 8, so that 
L (Tin) approaches L(S:), each &;,n(u) being linear in patches over Q and 
the @n(u) converging uniformly to æi(u) (t= 1,2). Repeat the above 
process on each sequence obtaining sequences {Lim}, Mim: € = %,m(u), Where 
Mim converges to Si, D(Ilim) to L(Si), Zim(U) uniformly to x; (wu), each 
2i,m(w%) being linear in patches on @ and equal to a on Fsi + y (t= 1,2). 
Then define (for each m) Um by Un: % = %m(u) where 


. mhU) = Limh U), UEF; Tm(u) =D WEY) Um(U) = Tom (U), U E Fe 
Then clearly L(Im) = L (Ts) + L(Uzm) and lim || Im, S || —0. Thus 
m= 
L(S) S L(81) + L(S:) which completely demonstrates the theorem. 


THEOREM 2. Let S be a surface represented by x = z(u) on a Jordan 
region F, (u) being constant over r*. Then there exists a sequence {IEn}, 
Tin: @ == mhU), of polyhedra (1) where am(u) is non-degenerate except that 
it is constant over r*, (2) lim | 8, En || = 0, and (3) L(S) = lim L(y). 

MO à “MPO 


Proof. Take F—@. Let {Il}, Dn: £ du), we Q, be any sequence 
of polyhedra approaching § such that (Un) approaches L(S), the &,(u) 
being linear in patches on @ and &,(w) converging uniformly to z(u). Let 
Zo = (Uy), Ue Q*. By the process of Theorem 1, using this to, we may l 
replace {In} by a sequence {Tm}, Inm : € —=m(u), satisfying (2) and (3), 
the #m(u) converging uniformly to æ(u), being linear in patches on Q ‘and 
equal to z, on Q*. By moving the vertices of each Iim slightly, we can obtain 
a sequence {Mm} of the desired type. 


Lemma 1. If S is a surface represented by x = X (U) on a hemicactoid 
Ë consisting of a segment, then L(S) = 0 whether B is the whole segment or 
just one end point. 
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Proof. Case I: H = B =a segment, 0SuS1,v—0. Then if we define 
ai (u, v) = X’ (u), at = at (u, v), 0 Sv S 1 is a representation of 8 on Q. It 
is clear that we may approximate to S by polyhedra of the same form which 
obviously have zero area. Thus L(S) — 0 in this case. 


Case II: # a vertical segment é= q = 0, 0S £1, (0,0,0) being B. 
Then S can be represented on @ by æ—æ(u) = X[U(u)], U(u) being 
defined by £ = 7 = 0, 





€=1—V[(u—1/2)? + (v—1/2)*]/[(U —1/2)? + (V—1/2)"], 


where (U, V) is the last point of @ on the ray, (1/2,1/2), (u,v). It is clear 
in this case also that S can be approximated to by a a of polyhedra 
each of area zero. 


Lemma 2. If 8 is a surface represented on a simple cyclic chain C 
(of type À or B [see T. § 2, Definition 9]), then L(S) is the sum of the areas 
of the subsurfaces of S corresponding to the non-degenerate cyclic elements of 
the chain. 


Proof. Suppose S is represented on © by æ—ÆX(U). For each n, we 
know that the number of non-degenerate cyclic elements of G which are of 
diameter = 1/n is finite. Hence, for each n, form CG, from © by replacing 
each non-degenerate cyclic element of © of length < 1/n by its axis. If CO is 
of type B, Ön C © and we define X,(U) = X(U) on Gy. If © is of type A, 
define X,(U) = X(U) on CC, and X,(U) = X(U’) for U on the axis 
of one of the replaced double cones of ©, U’ ranging linearly over the broken 
line consisting of the two equal sides of a generating triangle of that double 
cone as U ranges over the axis. Define Sn by Sn: & = Xa (U), U e On. By the 
proof of T. § 4, Lemma 5, we see that lim | S, Sn | —0. Let Pop’ - +, Px, be 


the end points arranged in order, of C and of the cyclic elements of 6 which are 
of diameter = 1/n and let C®,- - +, CG) and G,™,- - -,6,% be the parts 
into which © and Gn, respectively, are divided by these points, the St? and 
Sx being the corresponding subsurfaces of S and Sa. Each ©, is either 
a segment or a cyclic element of © of diameter 2 1/n. By repeated application 
of Theorem 1, . 


L(S)—ŸL(S®),  L(&) =] L(Sn). 
1 i 


Since 8, is either identical with S% or corresponds to a segment of Gp, in 
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which case L(S,) — 0, it follows immediately that L(S,) = L(S) and 
hence that L(S)' is equal to SLO) where the §’® are the subsurfaces 
41 
of S corresponding to non-degenerate cyclic elements of ©. . 


Lemma 8. Let S be a surface represented by x —æ(u) on a Jordan 
region * Let y be a maximal continuum over which x(u) is constant which 
‘separates F, and let d be a component of F —y which may be a bounded com- 
plementary domain (T. footnote p. 31) of y or a set consisting of a region, 
bounded by a portion of y and a portion (possibly all) of r*, plus that portion 
of r* not in y. Define z(u) = z(u) for we? —d, and z(u) = z (w) for 
wed, Uo being in y. Then, if we define Kı by 8i: æ =a (u), UEF, 


L(8:) SL(8). 


Proof. Take F= Q. Let {Th}, In io En(u), we Q, be a sequence of 
polyhedra approaching © such that lim (Mn) = L(S), the Zn (u) being linear 


n00 


in patches and converging uniformly to æ(u) on @. By the method of 

Theorem 1, we may replace {Im} by a sequence {Op} of polyhedra, 

` In: £ = Ty (U), where lim || S, 1, || = lim | Z(S) — L(I) | = 0, and where the 

Zn (u) are linear in patches, approach (1) uniformly, and £n (u) = to = T (u) 

in some closed connected region y» of finite connectivity, bounded by polygons, 
and including y in its interior, the uo above being in y. 

Now, for each n, let d, consist of all of the (finite number) of components 


$ ee) 
of Q — yn which lie in d. Now, clearly, since y is maximal, y==[[ yx. Hence 
n=l 


if, for each n, we define £in (U) = ta (u), we Ọ — dn and Tin(u) = To, UE dn, 
then the surfaces Lin, Tin: € = %,n(u), are polyhedra approaching S,-where 
also L(IIin) S (Un). Hence 

L(S:) Slim L(a) S lim L(M,) = L(S) 


->00 n> 


which proves the lemma. 


THEOREM 3. If S is a surface represented on a hemicactoid H, then 
L(S) is the sum of the Lebesgue areas of the subsurfaces of S corresponding 
fo the non-degenerate cyclic elements of H. 


: co _ co ý 
Proof. Let H => Bm + È On + H*, where H* is a completely discon- 
m=i n=1° $ 


nected set of end points of H which are limit points of 3Bm—+-3Gn; the 
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Bm are the simple chains of type B of the base set and Öp are those of type A. 
We may arrange all of these into a single sequence {D,} such that 
Da: (D; +: -+ Daa) is a single point. Let S be represented on À by 
x= X(U) and let U = U (u) be a monotone transformation of a Jordan 
region # onto À. For each n let À, — D, +- + + + Dy, let Gn be the continua 
of F carried into H, by U = U(u), and let Gn be the set of points of F covered 
by Gn. Now it is easy to see (using the method of T. § 2, Lemma 8) that Gn 
is a continuum and that each point of # either belongs to Gn, is in a bounded 
complementary domain of a continuum of Ga, or is in a “region” bounded 
by a portion of a continuum gn of Gz and a portion of r* where we include 
this portion of r* not in g» in the “region.” Now let G’n be the collection 
of continua g'n, each g'n being obtained from the corresponding gn by adding 
to it all of its complementary domains and all of the “ regions ” bounded by 
a portion of gn and a portion of 7*. Define U,(u) = U (u) for we Gy and 
Un(u) = U (uo) for u in any of the components of 7 — Gn, where uo belongs 
to the gn corresponding to the g'a containing u. Clearly U = U,(u) is a 
monotone transformation of f into À, carrying G’, into Hy, and G» into 
Bn, the base set of Hn. Let Sn be defined by x = tn (u) = X [Un (u) ]; clearly 
{Un(u) } converges uniformly to U(u) and 8, converges to 9. 

Now, by repeated use of Lemma 3 and a simple limit process which merely 
makes use of the lower semicontinuity of L(S), we see that L(S,) = L(S) 
and hence L(9) = lim Z(8,). By Lemma 2 and Theorem 1, L(S,) is the 

n>CO 


sum of the areas of the subsurfaces of S, (also subsurfaces of 8) which 
correspond to the non-degenerate cyclic elements of Hz. Hence L(S) is the 
sum of the areas of the subsurfaces of § corresponding to non-degenerate cyclic 
elements of À. 


Definition 3. A surface $ is said to be represented generalized con- 
formally on a double cone © by e = X (U) if, when any Jordan region of © 
is mapped conformally (with the obvious conventions at the vertices or 
equatorial edge) on a plane Jordan region f by U = U(u) (this being easily 
seen to be possible), the function (u) = X[U(u)] is a generalized con- 
formal vector function, i. e., the components z(u,v) are all A.C. T. (Part I, 
§ 2, Definition 1) and the formal expressions Æ, F, and G satisfy E = G, 
F — 0 almost everywhere. It is clear that in such a representation on ©, there 
is a function M, summable over ©, which is the transform of F = G by the 
transformation 7 —U(u), L(S) being given by 


L(8) = JS dö; 
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do being the element of area on Ë. This definition is seen to be consistent 
for it is easily seen that if u = u(u’) is a conformal map of # on itself and 
g (w) = 2[u(u’)], then a’(u’) is also a generalized conformal vector func- 
tion on F. 


Lemma 4 If c=X(U), Ue, ts a generalized conformal representa- 
tion of S on a double cone À and if U==U(U’) is a conformal map of C’ 
on ©, then «= X'(U’) = X[U(U’)] is a generalized conformal representa- 
tion of Son ©. 


Proof. Let À and & be corresponding Jordan regions on © and O 
respectively (the conformal transformation of ©” into @ being 1—1 and 
continuous as is easily seen). It is clear that if we map À on a plane Jordan 
region F conformally that the product of this transformation and U = U(U’) 
yields a conformal map of B’ on F. Then the lemma follows from Definition 3. 


Lemata 55 Any polyhedron IL which may be mapped non-degenerately 
on the surface X of a sphere may be mapped generalized conformally on X, 
any three logically distinct points (Part I, § 2, Definition 4) of IX being made 
to correspond with three given distinct points of 3. It is easy to see that 
we may map on a double cone also, for simple formulas give a 1 — 1 conformal 
(with the obvious conventions) representation of a double cone on the sphere. 


Lemma 6. Let S be a surface of finite Lebesgue area represented non- 
degenerately on a double cone Č, one end of which is the base set. Then 8 
can be represented generalized conformally on a double cone O, (= Č perhaps), 
a given end point being its base set, this point and two others being made to 
correspond to the first end point and two other points of Ò. 


Proof. By Theorem 2, we may choose a sequence {Ty} of polyhedra 
representable non-degenerately on C which approach S and are such that 
lim L(I) = L(S). It is immediate that we may choose a sequence of non- 
n>00 


degenerate representations «= X,(U), Ue, of Il, on Ë which approach 
the non-degenerate representation «== X (U) of S on O. Now let A, B, and C 
be three distinct points on ©, A say being the base set of C, and let A’, B’, 
and C” be three distinct points on ©”, A’ being its base set. Now, by Lemma 5 
each IT, may be mapped generalized conformally on ©”, by c= X’,(U’), U’ e 0", 
the points of II, corresponding by «= X,(U) to A, B, and C being mapped 


5 See, for instance, C. Caratheodory, “ Conformal representation,” Cambridge Tracts 
in Mathematics and Mathematical Physics, No. 28, § 161 and §§ 125-128, particularly. 
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on A’, B’, and O’ respectively. An argument similar to that of Theorem 1, 
$2 (Part I) of this paper shows that we may extract a uniformly convergent 
subsequence of the X’,(U’) with limit function X’(U’), and it is easily seen 
that æ — X’(U’) gives a generalized conformal map of S on C. 


THEOREM 4. A necessary and sufficient condition that a surface S be 
of finite area is that there exist a hemicactoid H on which S may be repre- 
sented continuously the representation being generalized conformal on each 
non-degenerate cyclic element of H, with M summable over H. For such 
representations, L(S) is given by 


L8) = f f Mdo, 


H’ being the sum of the non-degenerate cyclic elements of H, do being the 
element of area on À. 


Proof. The second statement of the theorem and hence the sufficiency of 
the first statement follows from Lemma 5, § 2 (Part I of this paper), Theorem 
2, and Theorem 3. 


To show the existence of such a representation of a surface S of finite 
area, first let S be represented non-degenerately by x = X’(U’) on a hemi- 
cactoid H’ = B’ + $ C’, + H’* (T. § 4, Theorem 2), B’ being its base set and 

m=i 


= OO pa 
O'» its canonical cactoids. We have B’ = > B’, +B’ and On => C'mn + Om 


n=l n=i 
where the B’ and C’» are mutually exclusive completely disconnected sets and 
B’, and Ü’un are simple cyclic chains of types B and A respectively joined 
together as in T. Definition 12, § 2, and T. Theorem 1, § 1. 

Let the subsurface corresponding to a non-degenerate cyclic element of one 
of these chains be represented generalized conformally (since it is of finite area) 
on that element by «== ¥’(U’) the points corresponding under x = ¥’(U’) 
to the end points of the element being mapped on those same end points 
(Lemma 6). Now on each B'a and un let continuous monotone trans- 
formations 7’, and 71) (for B’, and Om» respectively) be determined as 
follows: they are to be” ‘the identity at all points of their respective chains 
not in a non-degenerate cyclic element; on a non-degenerate cyclic element 
let these transformations be one of the monotone transformations U’ = U’ (U^, 
indued by the relation X’[U’(U’)] = X’(U’), of that element into itself which 
carries each end point into itself, such a transformation existing by T. § 4, 
Theorem 3; these 7%; are easily seen to be continuous over the whole chain 
since in each chain, there are only a finite number of non-degenerate cyclic 
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elements of diameter = e for each e > 0. Now, these transformations satisfy 
the hypotheses of T. Theorem 5, § 2, so that we can find a hemicactoid À with 
base set B, ete., such that (1) there are 1 — 1 continuous transformations Sinn 
of mn into Onn and S,® of B’, into By Which are conformal (with the 
obvious conventions at the vertices and edges) between corresponding non- 
degenerate cyclic elements and (2) the transformations [SF] T5 and 
[Sa] Tae, defined respectively on Cm,» and Ba unite to form a continuous 
monotone transformation U’(U) of H into À’ which carries B into B’. If we 
define X(U) = X’[U’(U)], Ve Ë, e=—X(T) is clearly a representation 
of S on À, and this representation is generalized conformal on each non- 
degenerate cyclic element of À, since for each such element, it is the product 
of [Sn P] R or [SH]; E, where R is the generalized conformal repre- 


sentation s = X’(U’), such a product being generalized conformal by Lemma 4. 
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SOME SEPARATION PROPERTIES OF THE PLANE- 
-By R. E. BASTE. 


4 


In a previous paper ? the writer defined the notion of a simply connected 
set and showed how it was useful in proving a number of separation theorems. 
Our purpose here is to extend this notion to multiple connectivity and derive 
some further results for the plane. The abbreviation S. C. will hereafter be 
used in referring to the paper mentioned above. 

Let n be « positive integer. A connected set M is said to be multiply 
connected of order n, or n-ply connected, if (1) for each pair of points A and 
B of M and any relatively closed subset L of M that separates A from B in M : 
there exists a subset of L, consisting of n or less components, which separates 
A from B in M, and (2) there exists at least one pair of points A and B of M 
and a relatively closed subset L of M that separates A from B in M such that 
every subset of L which separates A from B in M has at least n components. 
This definition becomes the criterion for a connected set to be n-ply connected 
in the weak sense if “separates” is replaced throughout by “weakly dis- 
connects,” °? 


THEOREM 1. If, in a metric space, « is a monotonic descending sequence 
of compact continua which are multiply connected in the weak sense of orders 
not greater than n, then the product of the sets of « is also multiply connected 

‘in the weak sense of order not greater. than n. 


The proof is similar to that of Theorem 12 of S. C. 


THEOREM 2. If D is a bounded and connected subdomain of the plane 
whose boundary consists of n mutually exclusive simple closed curves, then D 
is n-ply connected. 


Let F be a closed subset of D which separates a point P, from a point P, 
in D. Let F’ be a closed subset of F which is the common boundary of two 


1 Presented to the American Mathematical Society, September 7, 1934, under the 
title, “ Multiply connected sets.” 

2“Simply connected sets,” Transactions of the American Mathematical Society, 
vol. 38 (1935), pp. 341-356. 

3A subset L of a connected set Uf is said to weakly disconnect a point À from a 
point B in M if L intersects every connected and relatively closed subset of Mf which 
contains À + B. 
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connected domains D, and Dz, relative to D, containing P, and P, respectively, 
Then D is the sum of two continua, D, and D— D., whose common part is 
F. If F has n + 1 or more components, it follows from a theorem of S. 
Straszewicz* that D has at least n + 1 complementary domains. But this 
is not the case. Hence F” has not more thanin components. 

On the other hand let J,,- : -, Jn denote the simple closed curves which 
constitute the boundary of D. It is known that if A is a bounded and con- 
nected subdomain of the plane, and b is an arc which lies in A except for its 
endpoints, which lie in the boundary 8 of A, then A—-A-6 is connected or 
the sum of two mutually exclusive connected domains Ai, A, according as the 
endpoints of b lie in different or in the same component of 8; in the latter 
case b lies on the boundary of each of the domains A;, A: With the aid of 
this fact there can be constructed n mutually exclusive arcs biz, bas,* ° +, 
bain; On1 such that bu lies in D except for its endpoints, which lie in J; and 
J, respectively; and D — D: Zby is the sum of two mutually exclusive con- 
nected domains dı, da such that Sbri lies on the boundary of each. Further- 
more it can be seen that dı — 3x2 and de — Sby are mutually separated sets. 
Hence 3bx1, which has n components, irreducibly separates d, from d, in D. 

It follows that D is n-ply connected. 

In passing we remark that, with the aid of Theorem 2 and a generaliza- 
tion of Theorem 7 of S. O., it can be shown that a connected subdomain of the 
plane is n-ply connected if and only if its complement has exactly n— 1 
bounded components. : 


Tuasorem 3. Every compact plane continuum which has exactly n com- 
plementary domains is multiply connected in the weak sense of order not 
greater than n. 


Such a continuum can be expressed as the product of a monotonic 
descending sequence of compact continua each of which is‘the closure of a 
connected domain whose boundary consists of n mutually exclusive simple 
closed curves. Hence Theorem 3 follows from Theorems 1 and 2. 


THEOREM 4. If A and B are two points of a compact plane continuum 
M having exactly n complementary domains, and G is a countable collection 
of, mutually exclusive closed subsets of M such that G* is closed and weakly 
disconnects A from B in M, then there exist n elements or less of G whose sum 
weakly disconnects A from B in M: 


+“ Über die Zerschneidung der Ebene durch abgeschlossene Mengen,” Fundamenta 
Mathematicae, vol. 7 (1925), p. 173, Theorem IT. ` 
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By Theorem 3 there exists a closed subset F of G* which weakly dis- 
connects A from B in M and has not more than n components. No component 
of F can intersect more than one element of G since, if it did, it would be the 
sum of countably many (more than one) mutually exclusive closed sets. 
Hence F is a subset of the sum of n or less elements of G. 


THEOREM 5. Let A and B be two points of a connected and locally arc- 
wise connected metric space S, and let G be a countable collection of closed 
sets such that (1) the common part of every pair of elements of G is the closed 
set H (which may be vacuous), (2) if bi - +, bass are n + 1 arcs from A 
to B that lie in S — H, then bı +--+ - + bnn lies in. à compact set which is 
multiply connected in the weak sense of order n or less and whose closure 
contains no point of H, and (8) G* is locally compact. If G* separates À 
from B in K then G contains n or less elements whose.sum separates A from 
B in 8. 


The proof is similar to that of Theorem 3 of §. C. 


Lemma Q. In a sphere § let G be a countable collection of closed sets 
such that the common part of every pair of elements of G is N, a closed set 
having exactly n components, where n is a positive integer. If G* separates a 
point A from a point B in S, then G contains n or less elements whose sum 
separates A from B in 8. | 


Consider any n + 1 arcs from A to B which have no point in common 
with N, and let 8 denote their sum. If N:,:: +, Nn denote the components 
of N, let Jı,’ + :,J, denote n mutually exclusive simple closed curves such 
that J;(i—1,---,m) separates 8 from NW; in S. The boundary of the 


. complementary domain A of J, +: - -+ Jn which contains £ consists of one 


or more of the curves Ji; hence À is homeomorphic to the closure of a bounded 


‘and connected plane domain whose boundary consists of n or less mutually 


exclusive simple closed curves. Hence, by Theorem 2, A is multiply. connected 


of order not greater than n. ‘Therefore, by Theorem 5, G contains n or less 
elements whose sum separates A. from B in 8. 


With the aid of the preceding lemma we can generalize, as follows, a 
theorem of R. L. Moore.‘ 


THEOREM 6: Ina plane § let G be a countable collection of closed sets 
such that (1) the common part of every pair of elements of Gis N, a closed 
5c Foundations of point set theory,” American Mathematical Society Colloquium i 
Publications, vol. 13, p. 298, Theorem 113, . ay ana. Heys S , 
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set having exactly n components, where n is a positive integer, and (2) there 
` exists not more than one element g of G such that g—N is not compact. 
If G* separates a point A from a point B in S, then G contains n or less 
elements whose sum separates A from B in 8. 


Let X be a sphere, P a point of 3, and H a homeomorphism of § into 
` X— P. Let G’, N’, A’, B’ be the images of G, N, A, B, respectively, under 
H. Let @” be the collection whose elements are defined as follows. Let g 
denote an element of G’. If P is not a limit point of g’ then g’ is an element 
of G”’, and if P is a limit point of g’ then g’ + P is an element of G”. If P 
is not a limit point of any element of G” then N’ + P is an element of G”. 
The elements of G” are closed in X and the common part of each pair is the 
same set, which we call N”. Now N” does not have more than n components. 
Hence, since G’* separates A’ from B’ in 3, there exists, by Lemma Q, n or 
less elements of G” whose sum vy separates A’ from B’ in X. Thus »—»:P 
separates A’ from B’ in 3 — P and moreover is the sum of not more than n 
elements of G”. Therefore the image of y—v-P under H separates A from 
B in § and is the sum of not more than n elements of G. 

In Theorem 21 of S. C. the writer has given a certain extension of a 
result € of Rutt and Roberts. With the aid of Theorem 6 we can extend this 
result in another direction, as follows. 


THEOREM 7. Ina plane § let N be a closed set having exactly n com- 
ponents, where n is a positive integer. Let G be any collection of closed sets 
and H a countable subcollection (possibly vacuous) of G such that (1) the 
common part of each patr of elements of Gis N, (2) every component of every 
element of G— H intersects N, (3) there exists not more than one element q 
of G such that g —N is not compact, and (4) G* is closed. If G* separates 
a point A from a point B in S then G contains n or less elements whose sum 
separates A from B in 8. 


Suppose the contrary. Let G” denote the collection of all elements each 
of which is either an element of H or a component of the sum of N and a 
component of a set obtained by subtracting N from an element of G — H. 
Let H’ denote the collection whose elements are those of H and that element 
g of G, if there exists one, such that g— g: N is not compact. There exists 
a subset F of G’* which is closed, separates A from B in S, contains every 


SN. E. Rutt, “ On certain types of plane continua,” Transactions of the American 
Mathematical Society, vol. 33 (1931), p. 815, Theorem IV and Corollary IV; and J. H. 
Roberts, “ Concerning collections of continua not all bounded,’ American Journal of 
Mathematics, vol. 52 (1930), p. 553, Theorem I. 
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clement of G with which it has a point of G’* — (H* + N) in common, and 
is irreducible with respect to these three properties. The set F is a continuum. 

With the aid of Theorem 6 there can be constructed 4n arcs b:,- + -, Ban 
from A to B which have no points in common with H’* + N and such that, if 
P (i—1,:::,4n) denotes the first point of b; in the order from A to B 
which lies in F, the points P; all lie in different elements of G’. The element 
g'i of G’ which contains P; contains a component of N. Hence there exists a 
component of NV which is common to four of the elements g'i, say 9/1, 9'2 Q'as a 
By an argument similar to one used in Theorem 21 of S. C. it can be shown 
that two of these four continua, say g’; and g's, have the property that g'i + g's 
separates g's — g’2: N from g’4— gs: Nin F. Thus F— (g1 + 9's) = Fe + Fu, 
where F, and F, are mutually separated sets containing P, and P, respectively. 
Consider the two sets R= F; -+ (g + gs) and Ri = F, + (gi + ga). 
The common part of R, and R, is a continuum and their sum is F. Hence 
either R, or R4, say the former, separates A from Bin §. But R; is a proper 
closed subset of F which contains every element of G’ with which it has a 
point of G’* — (H* + N) in common. This is contrary to the construction 
of F. 

If the set N is not restricted as to the number of its components, the 
following weaker conclusion will hold true. 


THsoREm 8. Ina plane S let N be a non-vacuous closed set, G any col- 
lection of closed sets, and H a countable subcollection (possibly vacuous) of G 
such that (1) the common part of each pair of elements of G is N, (2) every 
component of every element of G—H intersects N, and (3) G* is closed. 
If G* separates a point À from a point B in S, then G contains a countable 
subcollection K such that K* intersects every compact continuum which 
contains A + B. 


. Suppose that G is compact. Let Ai, A:,: > + be a sequence of domains 
closing down on N such that the closure of each domain has not more than a 
finite number of components and contains neither A nor B. Consider the 
collection G; (îi = 1,2,- - -) of all elements each of which is the sum of A; and 
an element of G. This collection satisfies the conditions of Theorem 7 and 
hence contains a finite number of elements whose sum’L; separates A from B | 
in S. Denote by M; the finite collection of those elements of G which interseet 
Li— À. We take for K the collection of all elements of G which are elements 
of some M;. Let C be a continuum which contains A -+ B. If C intersects N 
it intersects every element of K. If C does not intersect N there exists an 
integer r such that A, contains no point of C; therefore O contains a point 
of L,—A, and hence a point of an element of K. 
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The case where G* is not compact can be reduced by an inversion of the 
plane to the one considered. 

It has been proved by Kuratowski 7 that if three compact plane continua 
have a point in common, and their sum separates a point A from a point B 
in the plane, then there exists a pair of these continua whose sum separates 
A from B in the plane. The writer has elsewhere 8 obtained a generalization 
of this result for which the containing space is any subcontinuum of the plane. 
An extension in another direction, in which the number of continua is not 
restricted, will here be given. 


THEOREM 9. In a plane § let N be a non-vacuous closed set and let G 
be any collection of continua such that (1) no two elements of G have a point 
of S—-N in common, (2) N contains r points (r finite) whose sum intersects 
every element of G, (3) G* + N is closed, and (4) the collection G is upper 
semicontinuous. If G* + N separates a point A from a point B in S, there 
exists a subcollection H of G, containing not more than 2r elements, such that 
H* 4- N separates A from B in 8. 

Suppose first that G* + N is compact. Let {A;} be a sequence of com- 
pact domains closing down on N such that A, (i = 1,2,- - -) contains neither 
A nor B and has only a finite number of components. Consider the collection ` 
Gi (4 =1,2,°- +) of all elements each of which is the sum of A; and an 
element of G. By Theorem 7 there exists a finite number of elements of G; 
whose sum‘separates A from Bin S. Therefore, by a theorem ° of the writer, 
there exist 2r or less elements of G; whose sum separates A from B in 8. 
Denote these elements by git,- < *,g:. There exists a subsequence {in} 
(n=1,2,:- +) of the positive integers such that the sequence {9;,/} 
(j=1,---,2r) has a sequential limiting set R/. With the aid of con- 
dition (4) of the hypothesis it follows that RI is a subset of N +i, where 
vi denotes some element of G. Hence R= (R'-+----+ R”) is a subset of 
N + (+--+). But R separates A from Bin 8. Hence for H we 


may take the collection yt, + +, y?r. 
If G* + N is not compact, the proof can be made by an inversion of the 
plane. 


Theorem 9 is not true if condition (4) is omitted. 
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7“ Théorème sur trois continus,” Monatshefte fiir Mathematik und Physik, vol. 36 í 
(1929), pp. 77-80. 

® © Concerning two internal properties of plane continua,” Bulletin of the American 
Mathematical Society, vol. 41 (1935), pp. 670-674. 

® Loc. cit. : 


THE ANALYSIS OF CERTAIN CURVES BY MEANS OF DERIVED 
LOCAL SEPARATING POINTS. 


By G. E. ScHWEIGERT.: 


1. Introduction. It is well known? that the removal of the local sepa- 
rating points? from a regular curve leaves a set of dimension zero. This 
suggests that a similar result may be true for an hereditarily locally connected 
continuum, that is, a continuum having the property that every subcontinuum 
is locally connected. However an example by Gehman? shows that non- 
degenerate coraponents may remain in such a continuum after the removal 
of its local sevarating points. In this example a line segment is the only 
component that remains and if we remove in addition the local separating 
points of the line segment, the result is a set of dimension zero. Thus 
although it is clearly necessary to remove points other than the local sepa- 
rating points, the situation in this example suggests that given an hereditarily 
locally connected continuum, a set of dimension zero may be reached by a 
countable iteration of the process of removing the local separating points from 
the components that remain at each successsive stage. It is to this problem 
that sections 2, 8, 4, and 5 of this paper are devoted. 


2. Derived local separating points. For any subset M of a compact, 
metric, hereditarily locally connected continuum H, let Lo(M) denote the set of 
all local separating points of M. Then we may write H — Lo (H) = 30;' + Pı 
where the O, are the non-degenerate components in the set on the right and 
P, is a set of dimension zero. In doing this we make use of the fact* that 
an arbitrary subset of an hereditarily locally connected continuum is made up 
of non-degenerate components and a zero-dimensional set, with the former in 
the form of a (null) sequence. Now let L, (H) = SL,(Cw), and proceed to 
represent the set H — [Lo(H) + Z,(H)] in a similar fashion. This process 


+G. T. Whyburn, “Über die Strukture regulärer Kurven,” Wiener Akademie 
Anzeiger (1930), Nr. 6. . 

2 If p is a cut-point of a’ connected neighborhood R in a connected and locally con- 
nected space then p is said to be a local separating point, that is, R— p == R, + R: 
where ÊR, == 0 = R,R, and neither R, nor R, is vacuous. : 

3 Annals of Mathematics, vol. 27 (1926), p. 43. ' 

4G. T. Whyburn, “ Concerning hereditarily locally connected continua,” American 
Journal of Mathematics, vol. 53, no. 2 (1931), Corollary ¢, p. 379 and Theorem 4, p. 377. 
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continues under an inductive scheme of definition which uses the transfinite 

ordinal numbers. For this purpose we assume that the components Cy? have 

been defined as the components of the set H — > Lg(H) for every y < a, 
és B<Y 


and also that Ly (H) = 3I (0x) for every y <a. Then the general terms 
are H — > De(H) = SC; + Pa and La( H) = 3L£,(Ci*) where: (a) for each 
a 

pair Go 1,2,8,- - and æ transfinite, C;“is a component of H — $ Lg(H) ; 
(b) Pa is a set of dimension zero. on 

For each à the set Oj is said to be a derived component of index x 
relative to H. Similarly the points in the set La(H) are the derived local 
separating points of index a relative to the continuum H. Under this notation 
H is denoted by C,°. Due to a theorem by Wilder ® it is known that each 
derived component is a locally connected set. 

If we make use of the fact that the derived local separating points are 
dense in each derived component $ we may put the solution to our first problem 
in the form of the next proposition. 


THEOREM. If H is any compact, metric, hereditarily locally connected 
continuum there exists a number a of the first or second number class such 
that La( H) = 0. 


If a(H) is the first such ordinal number a, then a( H) is said to be the 
index of the continuum H. 

The above theorem * will be established with the aid of the work of Menger 
and Reschovsky on rational curves. a 


3. Unilateral and bilateral limit points. A generic member of the derived 
components of index a will be denoted by 0%. Whenever 0%, OP, OY, etc., 
are used they are to be thought of as members of a monotone sequence which 
terminates with the component of highest index. 

.The symbol R denotes any fixed neighborhood in H having a countable 
boundary and of such a nature that it is in diameter less than that of any 
component with which it appears. The boundary of any such neighborhood is 


ER. L. Wilder, Proceedings of the National Academy of Sciences, vol. 15 (1929), 
p+ 616. 

*This result is an easy consequence of the fact that any isolated point of an 
irreducible cutting between two points of a connected and locally connected set M is a 
local separating point of M. For the theorem quoted here see G. T. Whyburn, Monat- 
shefte fiir Mathematik und Physik, vol. 36 (1929). 

T À more elementary proof using only the material now at hand together with the 
fact that H is a rational curve could be given at this point. 
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a countable cutting of H for which we consider only the particular separation 
H—F(R) = E+ (H— È). Similarly for the cutting F(R) C* of C* we use 
but one separation C?-— F(R)C* = C¢R + C*(H — È). 

If X is a cutting of a set M and the point æ belongs to X, then a is said 
to be a unilateral limit point of M with respect to the fixed separation 
M — X = M, + M, provided v is a limit point of M, or M, but not of both 
these sets. If x is a limit point of both M, and M» then z is a bilateral limit 
point of M with respect to the separation. Since we are to be concerned only 
with cases in which there is a known separation (as in the paragraph above) 
the shorter terms unilateral and bilateral limit point of M will be used. 

It can easily be shown that if v is a unilateral limit point of C* then 
æ is a unilateral limit point of C8 provided that ee F(R)C and B >a. In 
regard to the bilateral limit points, what amounts to the converse is true, 
namely, if æ is a bilateral limit point of C* then x is a bilateral limit point of 
any component of smaller index. 

The a-th derivative of the boundary of any neighborhood N will be denoted 
by P(N)". A set E belonging to the cutting F(R)C* of C® will be said to be 
of type B* provided there exists for each point y e E a number a(y) < a such 
that y is a unilateral limit point of C*™. It follows that y is a unilateral 
limit point of all those derived components of index greater than «(y), 
including C*. Another most useful result in this connection is that y is a 
unilateral limit point of C** when œ is an isolated number. If W is a set 
of type B* we shall write #== B*. The only sets F to be used here are the 
particular type shown in the next paragraph. 

We now prove a lemma from which the principal proposition of this paper 
is to be deduced. The lemma is stated in terms of the symbols just developed 
and its second part is a direct consequence of the first. 


Lema. (1) [F(R)—F(R)f]O—B; (2) If æ is a bilateral limit 
point of OS and ee [F(R) — F(R)S*]CS, then x is a derived local separating 
point of index &. 


Proof. When £ — 1 it must be shown in part 1 that there is no bilateral 
limit point æ of C° (that is, of H) among those isolated points of F(R) which 
are in CT, In this connection we recall that the set F(R) is a countable 
cutting of H. This allows us to obtain a separation of H by means of its 
bilateral limit points alone and from this stage it is but an easy step to show 
that v is a local separating point of H. Thus æ is not a point of CT which is 
contrary to the hypothesis for the existence of that point. 

The point x described in part 2 must lie in F(R)*— F(R)? because 
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it is a bilateral limit point of C+ and therefore cannot be an isolated point in 
F(R). But this means that x is an isolated point of Xo, where Xe is the set 
of all bilateral limit points. of C+. Then by means of the same argument as 
was used above it follows that x is a point of L, (H). | l 

Now for the purpose of induction we assume that the Lemma is true for 
¢ < % and show that it holds for £ =y. ` 

. If we assume the contrary of what is to be shown, we have that some point 
æ is a bilateral limit point of CS for all £ < q where ve [F (R) — F(R)7]C7. 
It follows that if 9 is a limit number, there exists a number À < y such that 
æ non-eN(R)\ But then te[F(R) —F(R)*]C’, and furthermore æ is a 
bilateral limit point of C because that property holds for CS where £ < 7. 
This is impossible in view of the fact that [F(R) —F(R)*]C* = B holds 
by assumption and hence no point of the set on the left is a bilateral limit 
point of O^. If on the other hand » is an isolated number, we know that æ is a 
bilateral limit point of C7. Moreover g e [F(R) — F(R) ]C™, since x 07. 
Then by part 2 for ¢ =y — 1, we find that ve L,.1:(H). This is impossible 
when g e C1. 

It remains to be shown that if æ is a bilateral limit point of C7 and 
we [F (E) —F(R)™]C?, then te L,(H). Certainly such a point œ can- 
not belong to F(R)— F(R)” because of the results just above; hence 
ve F(R)1—F(R)™. Now let Xo be the set of all bilateral limit points of 07. 
Then X [F (R) — F(Rk)7]C7 = 0 because the last two factors form a set of 
type B”. It follows that x is an isolated point of X, and hence by the argument 
used earlier that z e L,(H). This completes the aaa that is, the proof 
of the Lemma. 


4. Relation between index and genus. A point p of a set M is said to be 
of genus a in M ° provided: (a) there exists arbitrarily small neighborhoods 
in M closing down on p in such a way that the a-th derivative of the boundary 
of each neighborhood is vacuous; (b) for some e > 0 and every 8 < « there 
exists no neighborhood in M which contains p, is of diameter less than e and 
has the further property that the B-th derivative of the boundary is vacuous. 
The genus of the point p will be denoted by g(p). 

Suppose there is a point p in a derived component C® such that g(p) S «. 
Then since p is also'in C9), there exists a neighborhood R in H such that R 
contains p and does not contain all points of C7. Moreover & can bè so 
chosen that F(R)9@ — 0 and F(R) is countable. It follows from the fact 
that C9 is connected that there exists a point « of F(Æ)C#® such that x is 
a bilateral limit point of C9. Thus ve [F(R) —F(R)9]C9™ because 


8 Geschlecht—definition due to Menger. See Kurventheorie (Teubner), p. 294. 
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F(R)9® —0. This is contrary to the Lemma in section 3, hence we have 
shown that the following proposition is true. 


THEOREM. If H is any compact, metric, hereditarily locally connected 
continuum and C* is any one of its derived components of index a, then each 
point of C* is of genus greater than a. 


5. Solution to the problem stated in section 1. It has been shown by 
Reschovsky ° that there is associated with each rational curve K a number g 
of the first or second class such that the genus of each point of K is less than 
or equal to @ The smallest number g(K) for which this statement holds is 
called the genus of the rational curve.” 

This classification applies to the hereditarily locally connected continuum 
H for it has been established by G. T. Whyburn * that each such continuum 
is a rational curve. Thus it is an obvious corollary to the Theorem immediately 
above that g(H) =a(H). This means that a(H) is also of the first or 
second number class, consequently the Theorem stated in section 2 is proven 
and thus we have a positive solution to our original problem. 


6. Regular and rational bases. A subset B of an arbitrary set M is said , 
to be a regular basis for M provided that, (1) each regular point of M is con- 
tained in arbitrarily small neighborhoods NV, in M which close down on p in 
such a way that F(N.) is finite and is contained in B, (2) when p is of 
order k, the neighborhoods Ne can be chosen so that F (Ne) consists of exactly 
k points of B. Similarly B is said to be a rational basis for M provided that 
each rational point of M is contained in arbitrarily small neighborhoods in M 
which close down on that point and have countable boundaries in B. Obviously 
a set of dimension zero remains on removing a rational (regular) basis from 
a rational (regular) curve. 

In the paper by G. T. Whyburn referred to in the introduction it is shown 
that B will be a countable regular basis for a regular curve K provided that 
B= T +D, where T is the set of all local separating points of order greater 
than 2 in K and D is a countable set which is dense on each free are in K. 
It is our purpose to establish a proposition which is analogous to this one in 
that it enables us to choose a rational basis for a curve H from its derived 
local separating points. The next Theorem is offered as a solution to this 
problem. | 


TurorEM. Let H be any-compact, metric, hereditarily locally connected 
® Reschovsky, Fundamenta Mathematica, vol. 15 (1930), p. 18. 


10 Loc. cit. | 
114 Concerning hereditarily locally connected continua.” 
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continuum and let B be any subset of H such that B = ST; + D, where D 


te 
is a countable set, and such that in regard to each derived component C;*: 


(a) Tic is the set of all derived local separating points of order greater than 
two in that component and of index equal to that of the component, (b) D is 
dense on each free arc. Then B is a countable rational basis for H and the 
part of B which is contained in each derived component is a countable regular 
basis for that component. 


In the statement of this Theorem we again follow the convention that H 
is uniquely the derived component of index zero; hence when H is a regular 
curve, this Theorem reduces to the one quoted in the above paragraph. The 
proof of this Theorem is an almost direct result of the following Lemma. 


Lemma. If C is any connected and locally connected set and B is any 
subset of C such that B =T + D, where T is the set of all local sepaarting 
points of order greater than two in O and D is a countable set which is dense 
on each free arc in C, then B is a regular basis for C. Moreover B is a countable 
regular basis provided the nodules in C form a null sequence. 

This Lemma follows from an argument based on the work of G. T. 
Whyburn.” 

Since each derived component Ci of the curve H is locally connected 
we may apply the Lemma to each of these components and obtain a regular 
basis B; — T;a + D,*. This basis is a countable set in each case because 
the nodules are certainly in a null sequence when the containing space is 
hereditarily locally connected. Let T and D denote the sets 2 74% and >> Dis 


respectively and denote their sum by B. From this approach it is oi 
that the part of B that is contained in each derived component is a regular 
_ basis for that component. Moreover there are but a countable number of 
derived components hence B is a countable set. Thus in order to complete 
the proof of the Theorem we have to show that B is a rational basis. 

It is first shown that the non-degenerate components of Ci B,* are 
exactly the components of 0:3 — Lo (044) = 3042" + Pan after which it is 
immediate that H — B is a set of dimension zero. For the purpose of com- 
paring the two sets, let C;*— B;* = 31j*** + Qarı where the Tj% are the 
non-degenerate components of the containing set and Qa: is a set of dimension 
zero. Now assume there exists a point p in some fixed component I'j* such 
that p non- e Cr for all k. Then p is either. a point of L,(C:*) —B; or a 
point of Pan. When p is in the former set, let geT;%*? be a point distinct 








12 See his papers “On the structure of connected and connected im kleinem point 
sets,” Transactions of the American Mathematical Society, vol. 32 (1930), pp. 926-943, 
and “ Über die Struckture regulärer Kurven,” Wiener Anzeiger (1930), Nr. 6. 
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from p. Then there exists a neighborhood R in C,* such that R contains p 
but does not contain q and such that F(E)—2,yeB;*. (The point p is of 
order two by hypothesis.)- However Ty% is connected and consequently F(R) 
contains a point z which is distinct from è and y. ‘This is a contradiction. 
When p is in the latter set Pan, the point p is contained in arbitrarily smali 
neighborhoods in C;%— Lo(C:*) each of which does not contain all of that 
set and has a vacuous boundary.’ On the other hand we have just shown that 
Ty** can contain no point of Lo(Ci*) — B,* hence F;%*— p is contained in 
a component Cx%*t for some k. These two situations are inconsistent and 
bring us to the result that H — B is a set of dimension zero. But it obviously 
follows that (H — B) + p, where p is any point of B, is also a set of dimension 
zero and consequently B is a rational basis. This completes the proof of the 
Theorem. 

It is to be noted that in each case where a basis is mentioned in this 
section, that basis is prescribed, except for a certain freedom in the choice 
of the sets which are dense on the free arcs, by the set which contains it. Thus 
it may be said that each basis is a natural basis. 





7. Conclusion. We are now in a position to demonstrate that any heredi- 
tarily locally connected continuum H is topologically contained in one which is 
of index 1. For this purpose we need the fact that there exists a locally con- 
nected Universal Curve in Three-space which contains a subset topologically 
equivalent to each compact, metric curve. Now let H be any hereditarily 
locally connected continuum and let T be a homeomorphism throwing H into 
a subset T(H) of the Universal Curve. Let T(B) =b, +b: + bst: 
be the image under T of a countable rational basis Bin H. Then add to T(H) 
a line segment L(1) of a length 1 having the point b, in common with T (H). 
In general L(n) is to be a member of a monotone sequence of disjoint line 
segments which meets T(H) in just one point b,eT(B) and has the length 
1/n. The curve T(H) + 3L(n) will then be of index 1. 

One can easily see that if the original curve H is contained in a space 
of a finite number of dimensions, it can be augmented in the manner described 
above and the resulting curve will have the same genus as the original curve. 
This suggests to the author that, while some examples of his (similar to the one 
by Gehman) showing plane curves with indices 2,3,4,-- :,w are cases for 
which «(H) == g(H), this method will alter those examples to show that 
there are cases in which «(H) takes the full range allowed by the inequality 
a(H) = g(H). In contrast to this we know that if H is a regular curve 
a(H) = g(H) =1. 


THE Jouns HOPKINS UNIVERSITY. 


13 Menger, Kurventheorie, p. 365. 


ON THE INDEPENDENCE OF HILBERT AND ACKERMANN’S 
POSTULATES FOR THE CALCULUS OF 
PROPOSITIONAL FUNCTIONS. — 


J. ©. O. McKinsey. 


Hilbert and Ackermann have given a set of postulates for the calculus 
of propositional functions,! but they state? that the independence of the set 
has not been investigated. In this paper I show that the postulates in question 
are independent. 

I first set forth the undefined marks and the postulates of the system. 
The undefined marks ê are: 


1) Propositional-variables: X, Y, Z, ©. 

8) Individual-variables: 2, y, z, >- 

8) Function-variables: F( ),@( },: ::. 

4) The signs (x), (y), ete. These can occur before a function-variable 
into which has been substituted an individual-variable: thus, (x) F(x), ete. 

5) The signs (Ex), (Hy), etc. Giving (Ex)F(x), etc. 

6) The sign v. 

7) The sign —. 


In the expression (@) 8 the sign («) is called the universal-operator; and 
in (Ha), the sign (Ha) is called the existential-operator. Universal-operators 
and existential-operators are together referred to as operators. In both opera- 
tors the «œ is always an individual-variable, and it is termed the operator- 
variable. B is called the scope of a. If an individual-variable + occurs within 
the scope of an operator having æ as operator-variable, then w is called an 
apparent variable, or a bound variable. Other individual-variables are called 
real variables, or free variables. 


1 D. Hilbert and W. Ackermann, Grundziige der Theoretischen Logik, Julius Springer, 
1928, pp. 53-54. . 

? Loc. cit., p. 68. Recently, however, a set of independence examples for a closely 
related set of postulates has been given by B. Notcutt, “ A set of independent postulates 
for propositional functions of one variable,” Annals of Mathematics, vol. 37 (1935), 
pp. 670-678. The similarity of Notcutt’s postulates to Hilbert and.Ackermann’s arises 
from the fact that both sets are modifications of the set given in Principia Mathematica. 

3 The undefined terms are not given by Hilbert and Ackermann in the usual mathe- 
matical form; that is to say, the authors speak simply of undefined “ marks,” instead 
of undefined “classes,” “operations,” and “ relations.” 
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The term “expression” (as used in the postulates) is precisely defined 
as follows: 


1. A sign for a proposition (as X, Y, etc.) is an expression. 

2. A sign for a propositional function in which each blank space is filled 
either by an individual-variable, or by the proper name of an individual is an 
expression. lieues i | 

8. If À is an expression, so is A; and, in case the free variable x occurs 
in À, so is (x) À and (#z)A. 

4. If A and B are expressions, so is Av B. 

5. But the restriction is to be understood that in an expression we never 
have overlapping scopes of a like-indicated variable. Thus, for example, 
(x) F(x) v (Ex) G(x) is an expression, but (2) (y)[F (x) v (He) G(x,y)] 
is not. 


The complex sign A — B is defined to be A v B. From 8 and 4, it is seen 
that A — B is an expression if A and B are expressions. 
On these undefined marks the following postulates * are imposed: 


a) Xv XX. 

b) XOXVY. 

c) XvyvY—>YvZ. 

d) (X > Y)> [@vX>ZvY]. 
e) (a) F(a} > Fy). 

£) F(y) > (#2) F(x). 


a) (Rule of Substitution). If in any correct formula we substitute any 
expression for a propositional-variable (making the same substitution, how- 
ever, wherever this one propositional-variable occurs) then the resulting formula 
is also correct; similarly, for a function-variable with arguments g, y,-* -,u 
we may substitute an expression which depends on a, y,: > -,u (or, if desired, 
on still more variables). An individual-variable may be replaced by an in- 
dividual-variable denoted by a different letter, or by a proper name from the 
range of the variable.® 


*Postulate a) may be understood as reading “Xv X >X is a correct. formula”; 
and similarly for b)-f). y 

5 Postulate a) is followed by the remark that it is to be understood that, when 
a substitution is made into an expression within the scope of an apparent variable, 
the expression substituted should not contain the apparent variable in question. Thus, 
for example, we cannot go from the correct formula Z v (#2) F(z) > (x) [Zv F(a)] to 
the formula G(x) v (2) F(a) > (x)[G(æ) vF(æ)]. 
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B) (Rule of Inference). If À isa correct formula and A — B is a correct 
formula, then B is a correct formula. 

y) Let B(x) be any expression which depends on +, and let A be any 
expression which does not depend on æ. Then if A— B(x) is a correct 
formula, A — (x) B(x) is also a correct formula. And if B(x) — À is a 
correct formula, (Ex) B(x) — A is also a correct formula. 

IT here add certain lemmas which will be used in the independence proofs. 


Lemma I. The following formula is deducible from Hilbert’s postulates: 
F(y) -> F(y). 


ee 
1) [o = =, 4, = (ZZ Ia (Xv¥X) n] 
(2) [a)] XvX¥ >x 
(3). [(1), (2), 8)] Xv (XvX) > (Kv) 
(4) [(3), Def. of >] Gsm sr 
. (5) [ »), =| srw x 
(6) [(4), (5), 8)] XX 
ee), 22 P(y) > F(y). 


LEMMA a If K, is independent of x, and K,(x) depends on x, and if 
K,— K.(x) is deducible from Hilberts postulates, then Kı — (Ex) Kala) 
is also deducible from Hilbert’s postulates. 


Lemma IIb. Similarly, if K:(x) — K, is deducible from Hilberts 
postulates, then («)K2(x) — K, is deducible from Hilberts postulates. 

Proof. I first show that if A — B and B — C are deducible from Hilbert’s 
postulates, where A, B, and C are any expressions, then À — C is deducible 
also. For substituting B for X, C for Y, and A for Z in postulate d), and 
applying the definition of —, we get 

(B>0)> [(4> B) — (A> C)]. 
Then since B — C is a correct formula, we have, by postulate B) 
(A>B)> (4—0). 


Then since A — B is a correct formula, we have, again by postulate 8), that 
A — C is a correct formula. 

Now suppose we have K, — K,(x) given as being deducible from Hil- 
berts postulates. Substituting K:(x) for F(x) in postulate f), we have 
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K(x) — (#x)K.(x). Hence by the first part of the proof, the formula 
K, —> (#2) K.2(2x) is deducible from Hilbert’s postulates. 

Similarly, if we have K,(x) — Kı, then, since by postulate e) we also 
have (%)K.2(x) — K.(x), it follows that (z)K.(2) — Kı is deducible from 
Hilbert’s postulates. 


Lemma III. The following formulas are not deducible from Hilberts 
postulates : 
a) (Hx) F(z) > F(y) 
b) F(y) > (x)F(a). 
Proof. The following example is given by Hilbert in another connection.f 
A formula is said to be satisfied if by the following process it is transformed 
into a correct formula of the calculus of propositions: First generalize all the 
free variables by putting the corresponding universal-operators at the left 
of the formula. Then? if A(x) is any expressions, substitute 4(0) & A(1) 
for («)A(), and substitute A(0)vA(1) for (Æx)A(x). Continue this 
process until all apparent variables have been eliminated. The formula will 
then contain only propositional variables and symbols of the form F(0) and 
F(1). Then substitute for F(0), wherever it occurs, the same propositional 
variable, for F{1) another, and so on. By this process, postulate e), for ex- 
ample, becomes successively : 


(y) [() F(a) > F(y)] 
[(#) F(x) > F(0)] & [(#) F(z) > F(1)] 
[F(0) & F(1) > F(0)] & [F(0) &F(1) > F(1)] 
[X & Y X]& [X&Y >Y]. 
The last formula is a correct formula of the calculus of propositions. Thus 
postulate e) holds for this interpretation. In a similar way it may be shown 
that all the other postulates are satisfied by this interpretation. 
Consider now the formula (Es) F(x) > F (y). This becomes successively : 


: (y) (Bz) F(x) > F(y)] 
[ (Be) F(x) > F(0)] & [(2e) F(z) > F()] 
[F(0) vF(1) > F(0)] & [F(0) vF(1) > F(1)] 
[Xv¥ 3X] &[Xv¥-Y]. 
That this is not a correct formula of the calculus of propositions may 


be seen by taking X and F of opposite truth-values. Hence the formula 
(Lx) F (x) — Fiy) is not deducible from Hilbert’s postulates. 


° Loc. cit., p. 66. 
TA &B is defined as [A y 8]. 
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Similarly, the formula F(y) — (x) F(x) becomes successively : 


(y) [F(y) — (2) F(2)] 
[F (0) — (z)F(x)] & [F(1) > (2) F(a)] 
[F(0) > F(0) & F(1)] & [F(1) > F(0) & F(1)] 
[X >X&Y]&[Y>X&F] 


and this also fails when X and Y have opposite truth-values. 

I now proceed to prove that Hilbert’s postulates are independent. The 
proofs are given, not in the exact order in which the postulates are listed, but 
rather fall into two groups, depending on the nature of the proof-methods used. 
The first group comprises examples for postulates a), b), c), d), 8), and «); 
and the second group for postulates e), £), and y). | 

For all the independence proofs of the first group, I interpret (Fa) in 
a formula as meaning £, and also (%)@ as meaning £; so that all apparent 
variables are eliminated from the formula. I then interpret all real variables 
as meaning a certain fixed individual, which I denote by the number 7; so 
that the formula now contains only propositional-variables, and function- 
variables with the argument 7; e.g. F(7), G(?), etc. I then interpret F (7) 
as meaning a propositional-variable. Thus all formulas reduce to formulas 
in terms of the undefined ideas of the calculus of propositions. For example, 
the formula 

(2) P(x) v (y)@(y) > F (2) v (Ew)G(w) 
becomes first 
F(z) v G(y) > F(z) v G(w) 
and then 
F(%) v G(?) > F(7) v G(7) 
and finally 
XvV¥ Xv. 


The operations Xv Y and X (and hence X — Y) are then defined by 
tables, in the usual way. And I say a formula is satisfied by the interpretation 
if it is such as to give the value 0 for all possible values of the propositional- 
variables. 

Tables * for Postulate a) 





ooo o 
VO He Oj e 
ow ol w 
mH ol m 
w © nl x 
wrol | 
ooo o 
wor] m 
o © w| v 


8 The tables used for postulates a), c}, and d) are given by Hilbert and Ackermann 
in another connection. Loc. cit., pp. 31-33. 
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(Here propositional-variables can take.on the values 0, 1, 2.) 


Postulate a) fails when Y—2. For 2v2— 2 becomes 0 — 2, which is 2. 
Postulates b), c), and d) are satisfied. 
Postulate e) becomes, successively: 


F(a) > F(y) 
(1%) > F(7) 
X—X, 


and we see from the table for X — Y that X — X always has the value 0. 

Postulate f), similarly, becomes X — X. 

Postulate «) is satisfied since any expression reduces to a complex in- 
volving only propositional variables and the signs v and —; and, since the 
tables define class-closing operations, such a complex cannot take on more 
(though, of course, it may take on fewer) values than the propositional- 
variable for which it is substituted. 

To see that postulate 8) is satisfied, we need say observe that the table 
for X — Y never gives the value 0 when X — 0 and Y= 0. 

Postulate y) is satisfied since A — B(x) and A — (xz)B(x) reduce to 
the same thing; and similarly for B(s) > À and (Ex) B(x) >A. 

Thus all the postulates except postulate a) are satisfied, so a) is in- 
dependent of the other postulates. 


Tables? for Postulate b) 


v}O 1 2 3 AS srw 12 3 
o0 0 0 0 03 “0 10 3 2 3 
110 3 0 3 1| 2 110 02 2 
2002 2 2 | 1 2/030 3 
310 3 2 3 8| 0 3 [0 0 0 0 


(Propositional-variables take on values 0, 1, 2, 3.) 

Postulate b) fails for X—V—1; since 1—>1v1 becomes 1—3, 
which is 2. 

The other postulates can be share’ to hold as in the discussion for 
postulate a). . 


®The tables for postulate b) are isomorphie to certain tables given by Wajsberg 
to show the consistency of C. I. Lewis’ system of “strict implication” (see Lewis and 
Langford, Symbolic Logic, p. 493, Group II), where x corresponds to ~p, X>Y 
to p ng, and Xv¥ to~p eq. Postulate b) pa one of the so-called ‘ “Paradoxes 
of material implication,” 
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Tables for Postulate c) ” 


v|0 12 ape 1012 
010 0 0 oi "00 1 1 
110 1 1 1j 2 110 0 2 
210 0 2 2] 0 2|0 0 0 
(Propositional-variables take on values 0, 1, 2.) | 
Postulate c) fails for X = 2, Y = 1. 
| Tables for Postulate d) 
viO 1 2 3 X | À — [0 1 2 8 
olo 0.0 0 of “0/012 8 
110 1 2 8 11 0 1/00 0 0 
210 2 2 0 21 3 2 10 8 0 8 
8310 8 0 8 8 | 0 3 | 0 0 0 0 
(Propositional-variables take on values 0, 1, 2, 3.) 
Postulate d) fails for X = 3, F = 1, Z =2. 
Tables for Postulate B) 
viol X|X — | 0 1 
“010 0 0] 0 00 0 
110 1 1] 0 1 [0 0 


(Propositional variables take on the values 0, 1.) 
Postulate @) fails. For the formula, 
(X—Y)-(X" T7) 


gives 0 for all values of X,Y; and the formula X — F gives 0 for all values 
_of X,Y; but the formula X v Y gives the value 1 for Y= Y —1. 
The other postulates are easily seen to hold. 


Tables for Postulate a) 





viO 1 2 xz | O28 
0/0 0 1 012. "0 F0 1 1 
do 1 1 110 t G0 À 
2|0 1 1 2| 0 21/001 


(Propositional-variables take on the values 0, 1. Propositional-variables do 
not take on the value 2.) f 

. Postulate «) fails. For it is easily seen that the formula X v X -s X is 
satisfied for X — 0, 1; and if postulate «) held, then the formula Ž v £ +X 
(got by substituting X for X in Xv X >X) should also be. satisfied. But 
Ž v Ē -> Ž is not satisfied; for if we take X — 0, it becomes 0 v0 — 0, which 
is 2v2— 2, which is 1 —> 2, which is 1. Hence a) is not satisfied. 
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The other postulates are readily shown to hold (remembering that the 
propositional-variables do not assume the value 2). 

I come now to the independence-proois of the second group. The general 
method used here may be described as follows. Suppose we had a set of 
postulates Py, Pa and another set Qı, Q2- If T represents a transformation 
of the undefined ideas of Pı, Pa, I designate the respective transforms of P, 
and P by T(P,) and T(P.). Suppose we are able to find a transformation T, 
such that T,(P,) is deducible from @:, Q2, while T,(P2) is independent of 
Qı Q2; then P, is independent of P;. For if P, were deducible from P,, 
then T,(Pz) would be deducible from T,(P;), and hence from Q,, Qe, contrary 
to hypothesis. This proof still holds, moreover, even if we suppose P, identical 
with Q, and P, identical with Qz. 

Thus, to prove the independence of postulate e), we describe a certain 
transformation Te to be applied to the undefined marks of the formulas of 
Hilbert’s system. If Te(4) is deducible from Hilbert’s postulates, we say 
that A is satisfied; if T.(A) is independent of Hilbert’s postulates, we say 
that A is not satisfied. (To avoid prolixity, in what follows I shall write 
“A is H” for “A is deducible from Hilbert’s postulates.”) The inde- 
pendence-proofs for postulates f) and y) are similar, except that transforma- 
tions Ty and Ty are there used instead of the transformation T'e. 


Independence of Postulate e) 


Transformation Te. Replace all universal-operators in the formula by 
the corresponding existential-operators. Thus, for example, the formula 


(x) (y) F (x, y) > (Hz) Ay) F (x,y) 


goes over into 
(Ax) (Ly) F(x, y) > (Ia) (Ty) F(a, y) 


Postulate e) fails. For, under Te the formula (x) F(x) + F(y) becomes 
(Hx) F (a) — F(y), which, by Lemma ITa, is not H. 

Postulates a), b), c), d), and £) hold, since they are invariant under Te. 

To show that postulate æ) holds: Let A be any formula which is satisfied, 
so that Te(A) is H. Let Æ be an expression of the sort specified by a) ; 
it is clear that T.(Z) is also an expression of the sort specified by &). Then 
a) states that if we substitute Æ in A (obtaining Ai, say) then T,(4:) is H. 
But 7.(A,) can also be obtained by substituting Te(E) in T-(A). Hence 
since Te(A) is H, and Te(ẸE) is an expression of the sort specified in «), 
it follows that Te(4,) is H. Hence A,-is satisfied. Hence postulate «) holds. 

To show that 8) holds. Suppose that A and A — B are satisfied. Then 
T.(A) and T.(4 — B) are H. But T.(A—>B) is the same as Te(4) >T.(B). 
Hence T,(B) is H, so B is satisfied. 
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To show that y) holds. Suppose A—B(z) is satisfied. Then 
Te(4 — B(x)), and hence Te(4) > T.(B(x)),is H. Hence by Lemma IIa, 
Te(A)— (#2)T.(B(x)) isH. But this is the same as Te(A) > 7'-((z)B(2)), 
so T.(A) >Te((x)B(z)) is H; so T.(A—> (x)B(x)) is H, A> (2) B(a) 
is satisfied, and hence the first part of postulate y) holds. To show that the 
second part of y) holds, we suppose that B(x) — A is satisfied. Then 
Te(B(x) — 4), and hence T,(B(x)) — Te(A), is H. So (Ex)Te(B(x)) 
—> Te(A), and hence T,((Ex)B(x) — A), is H. Hence (#z)B(z) >A is. 
satisfied. 

Independence of Postulate f) 

Transformation Ty. Replace all existential-operators by the corresponding 

universal-operators. 
` Postulate f) fails. For under T} the formula F(y) — (Hx) F(a) becomes 
F(y) — (2) F(x), which, by Lemma IIIb, is not H. 

Postulates a), b), c), d), and e) hold, since they are invariant under Ty. 

The proof that «) and 8) hold is the same as in the example for the 
independence of e). 

The proof that y) holds is very like the corresponding proof in the dis- 
cussion for postulate e) ; Lemma IIb, however, is needed instead of Lemma IIa. 


Independence of Postulate y) 


Transformation Ty. Replace all the free variables in the formula by a single 
free variable (which is not, however, to be the same as any of the bound variables). 
Thus instead of (2) F(x) — F(y) & F(a), we write (x) F(z) > F(y) & Fy). 

Postulate y) fails. For F(y) — F(a) is satisfied, since Ty(F(y) — F(x)) 
is F(y) — F(y), and this last is H by Lemma I; but F(y) — (x) F(x) is not 
satisfied, since it is invariant under Ty and, by Lemma IIIb, is not H. 

Postulates a), b), c), d), e), and £) are satisfied, since they are invariant 
under Ty. | 

The proof that postulates «) and B) are satisfied is the same as the 
corresponding proof in the discussion of the independence of postulate e). 

This completes the proof of the independence of the nine postulates.° 


UNIVERSITY oF CALIFORNIA, 
BERKELEY, CALIFORNIA. 


10 It is, however, perhaps worth mentioning that the postulates could be reduced | 
in number by introducing one of the following definitions: 


(Bx)F(x) —[(æ)l'(æ)] Def. 
or (2) F(a) —=[(Æx)F(x)] Def. 
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AN UNSOLVABLE PROBLEM OF ELEMENTARY NUMBER 
; | THEORY: 


By Atonzo CHURCH. 


1. Introduction. There is a class of problems of elementary number 
theory which can be stated in the form that it is required to find an. effectively 


calculable function f of n positive integers, such that f(a, %2,° - °, £n) == 2? 
_ is a necessary and sufficient condition for the truth of a certain proposition of 
elementary number theory involving 2;,%2,° - -,@» as free variables. - 


An example of such a problem is the problem to find a means of de- 
termining of any given positive integer n whether or not there exist positive 
integers x, y, z, such that z” + y” = 2". For this may be interpreted, required 
to find an effectively calculable function f, such that f(n) is equal to 2 if and 
only if there exist positive integers +, y, z, such that g” + y” =z”. Clearly 
the condition that the function f be effectively calculable is an essential part 
of the problem, since without it the problem becomes trivial. 

Another example of a problem of this class is, for instance, the problem 
of topology, to find a complete set of effectively calculable invariants of closed 
three-dimensional simplicial manifolds under homeomorphisms. .This problem 
can be interpreted as a problem of elementary number theory in view of the 
fact that topological complexes are representable by matrices of incidence. 
In fact, as is well known, the property of a set of incidence matrices that it 
represent a closed three-dimensional manifold, and the property of two sets 
of incidence matrices that they represent homeomorphic complexes, can both 
be described in purely number-theoretic terms. If we enumerate, in a straight- 
forward way, the sets of incidence matrices which represent closed three- 
dimensional manifolds, it will then. be immediately provable that the problem 
under consideration (to find a complete set of effectively calculable invariants 
of closed three-dimensional manifolds) is equivalent to the problem, to find 
an effectively calculable function f of positive integers, such that f(m, n) is 
equal to 2 if and only if the m-th set of incidence matrices and the n-th set 
of incidence matrices in the enumeration represent homeomorphic complexes. 

Other examples will readily occur to the reader. 


1 Presented to the American Mathematical Society, April 19, 1935. 
2'The selection of the particular positive integer 2 instead of some other is, of, 
course, accidental and non-essential. 
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The purpose of the present paper is to propose a definition of effective 
calculability * which is thought to correspond satisfactorily to the somewhat 
vague intuitive notion in terms of which problems of this class are often stated, 
and to show, by means of an example, that not every problem of this class 
is solvable. l 


2. Conversion and À-definability. We select a particular list of sym- 
bols, consisting of the symbols {,}, (,), A, [, |, and an enumerably infinite 
set of symbols a, b, c,- : + to be called variables. And we define the word 
formula to mean any finite sequence of symbols out of this list. The terms 
well-formed formula, free variable, and bound variable are then defined by 
induction as follows. A variable x standing alone is a well-formed formula 
and the occurrence of x in it is an occurrence of x as a free variable in it; 
if the formulas F and X are well-formed, {F}(X) is well-formed, and an 
occurrence of x as a free (bound) variable in F or X is an occurrence of x 
as a free (bound) variable in {F}(X); if the formula M is well-formed and 
contains an occurrence of x as a free variable in M, then Ax[M] is well-formed, 
any occurrence of æ in Ax[M] is an occurrence of x as a bound variable in 
Ax[M], and an occurrence of a variable y, other than x, as a free (bound) 
variable in M is an occurrence of y as a free (bound) variable in Ax[M]. 


3 As will appear, this definition of effective calculability can be stated in either 
of two equivalent forms, (1) that a function of positive integers shall be called 
effectively calculable if it is A-definable in the sense of $ 2 below, (2) that a function 
of positive integers shall be called effectively calculable if it is recursive in the sense 
of §4 below. The notion of A-definability is due jointly to the present author and 
S. C. Kleene, successive steps towards it having been taken by the present author in 
the Annals of Mathematics, vol. 34 (1933), p. 863, and by Kleene in the American 
Journal of Mathematics, vol. 57 (1935), p. 219. The notion of recursiveness in the 
sense of $ 4 below is due jointly to Jacques Herbrand and Kurt Gödel, as is there 
explained. And the proof of equivalence of the two notions is due chiefly to Kleene, 
but also partly to the present author and to J. B. Rosser, as explained below. The 
proposal to identify these notions with the intuitive notion of effective calculability 
is first made in the present paper (but see the first footnote to § 7 below). _ 

With the aid of the methods of Kleene (American Journal of Mathematics, 1985), 
the considerations of the present papér could, with comparatively slight modification, 
be carried through entirely in terms of A-definability, without making use of the notion 
of recursiveness. On the other hand, since the results of the present paper were 
obtained, it has been shown by Kleene (see his forthcoming paper, “ General recursive 
functions of natural numbers”) that analogous results can be obtained entirely in 
terms of recursiveness, without making use of A-definability. The fact, however, that 
two such widely different and (in the opinion of the author) equally natural definitions 
of effective calculability turn out to be equivalent adds to the strength of the reasons 
adduced below for believing that they constitute as general a characterization of this 
notion as is consistent with the usual intuitive understanding of it. 
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We shall use heavy type letters to stand for variable or undetermined 
formulas.‘ And we adopt the convention that, unless otherwise stated, each 
heavy type letter shall represent a well-formed formula and each set of symbols 
standing apart which contains a heavy type letter shall represent a well- 
formed formula. | 

When writing particular well-formed formulas, we adopt the following 
abbreviations. A formula {F} (X) may be abbreviated as F(X) in any case where 
F is or is represented by a single symbol. A formula {{F}(X)}}(Y}) may be 
abbreviated as {F}(X, Y), or, if F is or is represented by a single symbol, as 
F(X, Y). And {{{F}(X)}(Y)}(Z) may be abbreviated as {F}(X, Y, Z), or 
as F(X, Y, Z), and so on. A formula Ax,[Axe[- < : Axx[ M]: : -]] may be 
abbreviated as Axx, + + - +, M or as Axx. ` x,M. 

We also allow ourselves at any time to introduce abbreviations of the 
form that a particular symbol « shall stand for a particular sequence of 
symbols A, and indicate the introduction of such an abbreviation by the nota- 
tion « — A, to be read, “ « stands for A.” 

We introduce at once the following infinite list of abbreviations, 


1->dab-a(b), 
2 — ab : a(a(b)), 
3 —> Aab-a(a(a(b))), 


and so on, each positive integer in Arabic notation standing for a formula 
of the form Aab-a(a(- - -a(b): - -)). 

The expression Sz M | is used to stand for the result of substituting W 
for x throughout M. 

We consider the three following operations on well-formed formulas: 


I. To replace any part Ax[M] of a formula by Ay[S7M |], where y is 
a variable which does not occur in M. 

II. To replace any part {\x[M]}(N) of a formula by SZM |, provided 
that the bound variables in M are distinct both from x and from the free 
variables in N. 

IT. To replace any part SEM | (not immediately following À) of a 
formula by {Ax[M]}(N), provided that the bound variables in M are distinct 
both from x and from the free variables in N. 


Any finite sequence of these operations is called a conversion, and if B 
is obtainable from A by a conversion we say that A is convertible into B, or, 
“A.conv B.” If B is identical with A or is obtainable from A by a single 
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application of one of the operations I, II, IH, we say that A is ate 
convertible into B. 

A conversion which contains exactly one application of Deon II, and 
no application of Operation ITI, is called a reduction. : 

A formula is said to be in normal form if it is well-formed and contains 
no part of the form {Ax[M]}(N). And Bis said to be a normal form of A 
if B is in normal form and A conv B. 

The originally given order a, b, c,- - - of the variables is called their 
natural order. And a formula is said to be in principal normal form if it is 
in normal form, and tio variable occurs in it both as a free variable and as a 
bound variable, and the variables which occur in it immediately following 
the symbol A are, when taken in the order in which they occur in the formula, 
in natural order without repetitions, beginning with a and omitting only such 
variables as occur in the formula as free variables* The formula B is said 
to be the principal normal form of A if B is in principal normal form and 
A conv B. 

Of the three following theorems, proof of the first is immediate, and the 
second and third have been proved by the present author and J. B. Rosser: 5 


THEOREM I. If a formula is in normal form, no reduction of it is 
possible. 

THEOREM II. If a formula has a normal form, this normal form is 
unique to within applications of Operation I, and any sequence of reductions 
of the formula must (if continued) terminate in the normal form. 

Txsorex III. If a formula has a normal form, every well-formed part 
of it has a normal form. 


We shall call a function a function of positive integers if the range of 
each independent variable is the class of positive integers and the range of 
the dependent variable is contained in the class of positive integers. And 
when it is desired to indicate the number of independent variables we shall 
speak of a function of one positive integer, a function of two positive integers, 
and so on. Thus if F is a function of n positive integers, and ay, d2,° * *, Qn 
are positive integers, then F (a, @2,- * `, an) must be a positive integer. 


+ # For example, the formulas ħab . b(a) and Aw. a(Ac- b(c)) are in principal normal 
form, and Xac.c(a), and \ve.c(b), and Aa-.a(rAa-b(a@)) are in normal form but not 
in principal normal form. Use of the principal normal form was suggested by 8.’ C. 
Kleene as a means of avoiding the ambiguity of determination of the normal form 
of a formula, which is troublesome in certain connections. 

Observe that the formulas 1,2,3,. . . are all in principal normal form. 

ë Alonzo Church and J. B. Rosser, “Some properties of conversion,” forthcoming 
(abstract in Bulletin of the American Mathematical Society, vol. 41, p. 332). 
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. A function F of one positive integer is said to be A-definable if it is 
possible to find a formula F such that, if F(m) =r and m and r are the 
formulas for which the positive integers m and r (written in Arabic notation) 
stand according to our abbreviations introduced above, then {F}(m) conv r. 

Similarly, a function F of two positive integers is said to be A-definable 
if it is possible to find a formula F such that, whenever F (m, n) == T, the 
formula {F} (m, n) is convertible into r (m, n, r being positive integers and 
m, n, r the corresponding formulas). And so on for functions of three or 
more positive integers.® 

It is clear that, in the case of any A-definable function of positive 
integers, the process of reduction of formulas to normal form provides an 
algorithm for the effective calculation of particular values of the function. 


8. The Gödel representation of a formula. Adapting to the formal 
notation just described a device which is due to Gödel,” we associate with 
every formula a positive integer to represent it, as follows. To each of the 
symbols {, (, [ we let correspond the number 11, to each of the symbols 
}, ), ] the number 13, to the symbol A the number 1, and to the variables 
a, b, c,- + - the prime numbers 17, 19, 23,-- + respectively. And with a 
formula which is composed of the n symbols 71, 72,- * +, 7 in order we associate’ 
the number 243':- - - pr, where t; is the number corresponding to the symbol 
ri, and where Øn stands for the n-th prime number. 

This number 243'- - - pata will be called the Gödel representation of the 
formula tyT2* * ° Tn. 

Two distinct formulas may sometimes js the same Gödel representation, 
because the numbers 11 and 13 each correspond to three different symbols, 
but it is readily proved that no two distinct well-formed formulas can have 
the same Gédel répresentation. It is clear, moreover, that there is an effective 
method by which, given any formula, its Gödel representation can be calculated ; 
and likewise that there is an effective method by which, given any positive 
integer, it is possible to determine whether it is the Gödel representation of a 
well-formed formula and, if it is, to obtain that formula. 

In this connection the Gödel representation plays a rôle similar to that 


6 Cf. S. C. Kleene, “ A theory of positive integers in formal logic,” American Journal 
of Mathematics, vol. 57 (1935), pp. 153-173 and 219-244, where the À-definability of a 
number of familiar functions of positive integers, and of a number of important general 
classes of functions, is established. Kleene uses the term definable, or formally definable, 
in the sense in which we are here using A-definable. 

* Kurt Gödel, “ Uber formal unentscheidbare Sätze der Principia Mathematica und 
verwandter Systeme I,” Monatshefte für Mathematik und Physik; vol. 38 ue 
pp. 173-198. 
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of the matrix of incidence in combinatorial topology (cf. § 1 above). For 
there is, in the theory of well-formed formulas, an important class of problems, 
each of which is equivalent to a problem of elementary number theory obtainable 
by means of the Güdel representation.® 


4, Recursive functions. We define a class of expressions, which we 
shall call elementary expressions, and which involve, besides parentheses and 
commas, the symbols 1, S, an infinite set of numerical variables x, y, 2,° <, 
and, for each positive integer n, an infinite set fr, gn, bn,’ - of functional 
variables with subscript n. This definition is by induction as follows. ‘The 
symbol 1 or any numerical variable, standing alone, is an elementary expres- 
sion. If A is an elementary expression, then S(A) is an elementary expres- 
sion. If Aj, A2,---,An are elementary expressions and fa is any functional 
variable with subscript n, then fn(A1, A2," * +, An) is an elementary expression. 

The particular elementary expressions 1, S(1), S(S(1)),: - : are called 
numerals, And the positive integers 1, 2, 3,- + - are said to correspond to the 
numerals 1, S(1), S(S(1)),: : -. 

An expression of the form A= B, where A and B are elementary ex- 
pressions, is called an elementary equation. 

The derived equations of a set E of elementary equations are defined by 
induction as follows. The equations of # themselves are derived equations. 
If 4 =B is a derived equation containing a numerical variable x, then the 
result of substituting a particular numeral for all the. occurrences of œ in 
A =B is a derived equation. If A= B is a derived equation containing 
an elementary expression O (as part of either A or B), and if either C = D 
or D=C is a derived equation, then the result of substituting D for a 
particular occurrence of C in A = B is a derived equation. 

Suppose that no derived equation of a certain finite set E of elementary 
equations has the form k —1 where k and 1 are different numerals, that the 
functional variables which occur in # are fn,*, fn," © *, fn," with subscripts 
Ny, Na, * *, Mr respectively, and that, for every value of + from 1 to r inclusive, 
and for every set of numerals k,, kat, + + , k,,t, there exists a unique numeral kt 
such that fn,’ (krt, hot, - +, kn,?) = kt is a derived equation of E. And let 
F>, F°,- > +, F" be the functions of positive integers defined by the con- 


8 This is merely a special case of the now familiar remark that, in view of the 
Gödel representation and the ideas associated with it, symbolic logic in general can 
be regarded, mathematically, as a branch of elementary number theory. This remark 
is essentially due to Hilbert (cf. for example, Verhandlungen des dritten internationalen 
Mathematiker-Kongresses in Heidelberg, 1904, p. 185; also Paul Bernays in Die 
Naturwissenschaften, vol. 10 (1922), pp. 97 and 98) but is most clearly formulated 
in terms of the Gédel representation. 
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dition that, in all cases, F° (mt, mot, + -, mat) shall be equal to mt, where 
mit, Moi, + +, Mn, and mi are the positive integers which correspond to 
the numerals hy, kat, - -,kn,*, and kt respectively. Then the set of equa- 
tions Æ is said to define, or to be a set of recursion equations for, any one 
of the functions Fi, and the functional variable f,,* is said to denote the 
function Fi. 

A function of positive integers for which a set of recursion equations can 
be given is said to be recursive.® 

It is clear that for any recursive function of positive integers there exists 
an algorithm using which any required particular value of the function can be 
effectively calculated. For the derived equations of the set of recursion equa- 
tions Æ are effectively enumerable, and the algorithm for the calculation of 
particular values of a function F*, denoted by a functional variable f,,', 
consists in carrying out the enumeration of the derived equations of # until 
the required particular equation of the form fn,’ (k:t, leat, > 0) = ht is 
found. ' 

We call an infinite sequence of positive integers recursive if the function 
F such that F (n) is the n-th term of the sequence is recursive. 

We call a propositional function of positive integers recursive if the 
function whose value is 2 or 1, according to whether the propositional function 
is true or false, is recursive. By a recursive property of positive integers we 
shall mean a recursive propositional function of one positive integer, and by 
a recursive relation between positive integers we shall mean a recursive 
propositional function of two or more positive integers. 


® This definition is closely related to, and was suggested by, a definition of recursive 
functions which was proposed by Kurt Güdel, in lectures at Princeton, N. J., 1934, and 
credited by him in part to an unpublished suggestion of Jacques Herbrand. The 
principal features in which the present definition of recursiveness differs from Gödels 
are due to S. C. Kleene. 

In a forthcoming paper by Kleene to be entitled, “ General recursive functions of 
natural numbers,” (abstract in Bulletin of the American Mathematical Society, vol. 41), 
several definitions of recursiveness will be discussed and equivalences among them 
obtained. In particular, it follows readily from Kleene’s results in that paper that 
every function recursive in the present sense is also recursive in the sense of Gédel 
(1934) and conversely. Ê 

10 The reader may object that this algorithm cannot be held to provide an effective 
calculation of the required particular value of Fi unless the proof is constructive that 
the required equation fnt (kiki. .., k,,1) == ki will ultimately be found. But if so 
this merely means that he should take the existential quantifier which appears in our 
definition of a set of recursion equations in a constructive sense. What the criterion 
of constructiveness shall be is left to the reader. 

The same remark applies in connection with the existence of an algorithm for 
calculating the values of a À-definable function of positive integers. 
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A function F, for which the range of the dependent variable is contained 
in the class of positive integers and the range of the independent variable, 
or of each independent variable, is a subset (not necessarily the whole) of the 
class of positive integers, will be called potentially recursive, if it is possible. 
to find a recursive function F” of positive integers (for which the range of the 
independent variable, or of each independent variable, is the whole of the class 
of positive integers), such that the value of F” agrees with the value of F in 
all cases where the latter is defined. 

By an operation on well-formed formulas we shall mean a function for 
which the range of the dependent variable is contained in the class of well- 
formed formulas and the range of the independent variable, or of each in- 
dependent variable, is the whole class of well-formed formulas. And we call 
such an operation recursive if the corresponding function obtained by replacing 
all formulas by their Gödel representations is potentially recursive. 

Similarly any function for which the range of the dependent variable is 
contained either in the class of positive integers or in the class of well-formed 
formulas, and for which the range of each independent variable is identical 
either with the class of positive integers or with the class of well-formed 
formulas (allowing the case that some of the ranges are identical with one 
class and some with the other), will be said to be recursive if the corresponding 
function obtained by replacing all formulas by their Godel representations is 
potentially recursive. We call an infinite sequence of well-formed formulas 
recursive if the corresponding infinite sequence of Gödel representations is 
recursive. And we call a property of, or relation between, well-formed 
formulas recursive if the corresponding property of, or relation between, their 
Gödel representations is potentially recursive. A set of well-formed formulas 
is said to be recursively enumerable if there exists a recursive infinite sequence 
which consists entirely of formulas of the set and contains every formula of 
the set at least once." 

In terms of the notion of recursiveness we may also define a proposition 
of elementary number theory, by induction as follows. If ¢ is a recursive 
propositional function of n positive integers (defined by giving a particular 
set of recursion equations for the corresponding function whose values are 2 
and 1) and if a, @2,- * *, n are variables which take on positive integers as 
values, then (21, %2,° * *, Za) is a proposition of elementary number theory. 
If P is a proposition of elementary number theory involving æ as a free 


111t can be shown, in view of Theorem V below, that, if an infinite set of formulas 
is recursively enumerable in this sense, it is also recursively enumerable in the sense 
that there exists a recursive infinite sequence which consists entirely of formulas of 
the set and contains every formula of the set exactly once. 
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variable, then the result of substituting a particular positive integer for all 
occurrences of v as a free variable in P is a proposition of elementary number 
theory, and (x)P and (3x)P are propositions of elementary number theory, 
where (x) and (3) are respectively the universal and existential quantifiers 
of æ over the class of positive integers. 

It is then readily seen that the negation of a proposition of elementary 
number theory or the logical product or the logical sum of two propositions 
of elementary number theory is equivalent, in a simple way, to another proposi- 
tion of elementary number theory. 


5. Recursiveness of the Kleene y-function. We prove two theorems ` 
which establish the recursiveness of certain functions which are definable in 
words by means of the phrase, “ The least positive integer such that,” or, 
“The n-th positive integer such that.” 


Tasorem IV. If F is a recursive function of two positive integers, and 
if for every positive integer æ there exists a positive integer y such that 
F(x,y) > 1, then the function F*, such that, for every positive integer x; 
F* (x) is equal to the least positive integer y for which F(x,y) >1, is 
recursive. 


For a set of recursion equations for F* consists of the recursion equations 
for F together with the equations, 


i(i, 2) = 2, g2(x, 1) == te(fa(z, 1), 2); 

(S(s), 2%) =1, g2(v, S(y)) = i2 (f2 (x, S(y)), 92(%,9)); 
ia (x, 1) = 3, h(S (£), y) = £, 

ta (z, S(8(y))) = 3, ha(ga (x,y), ©) = ja (g2 (8, Y), Y)» 
Aly) =% fı (2) = h:(1, £), 


ja(8 (£), y) = z, 
where the functional variables fə and fı denote the functions F and F* re- 
spectively, and 2 and 3 are abbreviations for S (1) and S(8(1)) respectively.” 


THEOREM V. If F is a recursive function of one positive integer, and 
if there exist an infinite number of positive integers x for which F(x) > 1, 
then the function F°, such that, for every positive integer n, F°(n) is equal 
to the n-th positive integer œ (in order of increasing magnitude) for which 
F(a) > 1, is recurswe. 


13 Since this result was obtained, it has been pointed out to the author by S. C. 
Kleene that it can be proved more simply by using the methods of the latter in American 
Journal of Mathematics, vol. 57 (1935), p. 231 et seq. His proof will be given in his 
forthcoming paper already referred to. 
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For a set of recursion equations for F° consists of the recursion equations 
for F together with the equations, 


g2(1, 9) = gal(fi(S(y)), S(y)), 

g (8 (2), y) =y, 

gi (1) =k, 

g(S(y)) = g2(1 9:(9)); 
where the functional variables g, and f, denote the functions F° and F 
respectively, and where & is the numeral to which corresponds the least positive 
integer x for which F(s) > 1.1 


6. Recursiveness of certain functions of formulas. We list now a 
number of theorems which will be proved in detail in a forthcoming paper 
by S. C. Kleene ™ or follow immediately from considerations there given. We 
omit proofs here, except for brief indications in some instances. 

Our statement of the theorems and our notation differ from Kleene’s in 
that we employ the set of positive integers (1,2, 3,- - -) in the rôle in which 
he employs the set of natural numbers (0,1,2,---). This difference is, of 
course, unessential. We have selected what is, from some points of view, the 
less natural alternative, in order to preserve the convenience and naturalness 
of the identification of the formula Aab-a(b) with 1 rather than with 0. 


THEOREM VI. The property of a positive integer, that there exists a 
well-formed formula of which it is the Gödel representation is recursive. 


THEOREM VII. The set of well-formed formulas is recursively enumerable. 
This follows from Theorems V and VI. 


THEOREM VIII. The function of two variables, whose value, when taken 
of the well-formed formulas F and X, is the formula {F}(X), is recursive. 


THEOREM IX. The function, whose value for each of the positive integers 
1; 2, 3,: > + is the corresponding formula 1,2, 8,: > +, is recursive. 


THEOREM X. A function, whose value for each of the formulas 1, 2, 3, : :- 

„is the corresponding positive integer, and whose value for other well-formed 
formulas is a fixed positive integer, is recursive. Likewise the function, whose 

value for each of the formulas 1,2, 8,- - - is the corresponding positive integer 


18 This proof is due to Kleene. 

48. C. Kleene, “A-definability and recursiveness,” forthcoming (abstract in 
Bulletin of the American Mathematical Society, vol. 41). In connection with many 
of the theorems listed, see also Kurt Gédel, Monatshefte für Mathematik und Physik, 
vol. 38 (1931), p. 181 et seg., observing that every function which is recursive in the 
sense in which the word is there used by Güdel is also recursive in the present more 
general sense. 
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plus one, and whose value for other well-formed formulas is the positive 
integer 1, 1s recursive. f 

Taxorem XI. The relation of immediate convertibility, between well- 
formed formulas, is recursive. 

THEOREM XII. Itis possible to associate simultaneously with every well- 
formed formula an enumeration of the formulas obtainable from it by con- 
version, in such a way that the function of two variables, whose value, when 
taken of a well-formed formula A and a positive integer n, is the n-th formula 
in the enumeration of the formulas obtainable from A by conversion, is recursive. 


TurorEM XIII. The property of a well-formed formula, that tt is in 
principal normal form, is recursive. 

THEOREM XIV. The set of well-formed formulas which are in principal 
normal form is recursively enumerable. 


This follows from Theorems V, VII, XIII. 


THEOREM XV. The set of well-formed formulas which have a normal 
form is recursively enumerable.” 

For by Theorems XII and XIV this set can be arranged in an infinite 
square array which is recursively defined (i. e. defined by a recursive function 
of two variables). And the familiar process by which this square array is 
reduced to a single infinite sequence is recursive (i.e. can be expressed by 
means of recursive functions). 


Txsorem XVI. very recursive function of positive integers is 
d-definable.t® Ù 


Taxorem XVII Every d-definable function of positive integers is 
recursiwe. 

For functions of one positive integer this follows from Theorems IX, 
VIII, XII, XIII, IV, X. For functions of more than one positive integer 


15 This theorem was first proposed by the present author, with the outline of proof 
here indicated, Details of its proof are due to Kleene and will be given by him in his 
forthcoming paper, “ À-definability and recursiveness.” 

18 This theorem can be proved as a straightforward application of the methods 
introduced by Kleene in the American Journal of Mathematics (loc. cit.). In the form 
here given it was first obtained by Kleene. The related result had previously been 
obtained by J. B. Rosser that, if we modify the definition of well-formed by omitting 
the requirement that M contain x as a free variable in order that Ax[M] be well- 
formed, then every recursive function of positive integers is À-definable in the resulting 
modified sense. : 

#7 This result was obtained independently by the present author and S. C. Kleene 
at about the same time. : 
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it follows by the same method, using a generalization of Theorem IV to 
functions of more than two positive integers. 


7. The notion of effective calculability. We now define the notion, 
already discussed, of an effectively calculable function of positive integers by 
identifying it with the notion of a recursive function of positive integers ** 
(or of a A-definable function of positive integers). This definition is thought 
to be justified by the considerations which follow, so far as positive justification 
can ever be obtained for the selection of a formal definition to correspond to 
an intuitive notion. - 

It has already been pointed out that, for every function of positive 
integers which is effectively calculable in the sense just defined, there exists 
an algorithm for the calculation of its values. 

Conversely it is true, under the same definition of effective calculability, 
that every function, an algorithm for the calculation of the values of which 
exists, is effectively calculable. For.example, in the case of a function F of 
one positive integer, an algorithm consists in a method by which, given any 
positive integer n, a sequence of expressions (in some notation) Lui, En, ++, Enry 
can be obtained; where Em is effectively calculable when. n is given; where 
En, is effectively calculable when n and the expressions Enj, j < i, are given; 
and where, when n and all the expressions Zn; up to and including Fnr, are 
given, the fact that the algorithm has terminated becomes effectively known 
and the value of F(n) is effectively calculable. Suppose that we set up a 
system of Güdel representations for the notation employed in the expressions 
En, and that we then further adopt the method of Gödel of representing a 
. finite sequence of expressions Lui, Bno,: ` +, Eni by the single positive integer 
Remena- + - pent where Enr, Enr, * * * , ns are respectively the Gödel representa- 
tions Of En, Uno, * * * , Em (in particular representing a vacuous sequence of 
expressions by the positive integer 1). Then we may define a function G 
of two positive integers such that, if ~ represents the finite sequence 
Eni, Eno,’ * +, Un, then G(n, x) is equal to the Gödel representation of Eni, 
where i = k + 1, or is equal to 10 if k= r, (that is if the algorithm has 
terminated with Fas), and in any other case G(n,x) is equal to 1. And 
we may define a function H of two positive integers, such that the value of 
H(n, x) is the same as that of G (n, x), except in the case that G(n, x) == 10, 
in which case H(n,x) =F (n). If the interpretation is allowed that the 


18 The question of the relationship betwen effective calculability and recursiveness 
(which it is here proposed to answer by identifying the two notions) was raised by 
Gödel in conversation with the author. The corresponding question of the relationship 
between effective calculability and à-definability had previously been proposed by the 
author independently. ` 


‘ 
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requirement of effective calculability which appears in our description of an 
algorithm means the effective calculability of the functions G and H, and 
if we take the effective calculability of G and H to mean recursiveness 
(A-definability), then the recursiveness (A-definability) of F follows by a 
straightforward argument. 

Suppose that we are dealing with some particular system of symbolic logic, 
which contains a symbol, =, for equality of positive integers, a symbol 
{ }( ) for the application of a function of one positive integer to its argu- 
ment, and expressions 1,2, 3,--- to stand for the positive integers. The 
theorems of the system consist of a finite, or enumerably infinite, list of 
expressions, the formal axioms, together with all the expressions obtainable 
from them by a finite succession of applications of operations chosen out of 
a given finite, or enumerably infinite, list of operations, the rules of procedure. 
If the system is to serve at all the purposes for which a system of symbolic 
logic is usually intended, it is necessary that each rule of procedure be an 
effectively calculable operation, that the complete set of rules of procedure 
(if infinite) be effectively enumerable, that the complete set of formal axioms 
(if infinite) be effectively enumerable, and that the relation between a positive 
integer and the expression which stands for it be effectively determinable. 
Suppose that we interpret this to mean that, in terms of a system of Gödel 
representations for the expressions of the logic, each rule of procedure must 
be a recursive operation,?® the complete set of rules of procedure must be 
recursively enumerable (in the sense that there exists a recursive function ® 
such that ®(n, x) is the representation of the result of applying the n-th rule 
of procedure to the ordered finite set of formulas represented by æ), the 
complete set of formal axioms must be recursively enumerable, and the relation 
between a positive integer and the expression which stands for it must be 
recursive.” And let us call a function F of one positive integer ?? calculable 
within the logic if there exists an expression f in the logic such that {f} (x) =v 
is a theorem when and only when F(m) =n is true, u and y being the ex- 
pressions which stand for the positive integers m and n. Then, since the 


19 If this interpretation or some similar one is not allowed, it is difficult to see 
how the notion of an algorithm can be given any exact meaning at all. 

°° As a matter of fact, in known systems of symbolic logic, e. g. in that of Principia 
Mathematica, the stronger statement holds, that the relation of immediate consequence 
(unmittelbare Folge) is recursive. Cf. Gödel, loc. cit., p. 185. In any case where the 
relation of immediate consequence is recursive it is possible to find a set of rules 
of procedure, equivalent to the original ones, such that each rule is a (one-valued) 
recursive operation, and the complete set of rules is recursively enumerable. 

#1 The author is here indebted to Gödel, who, in his 1934 lectures already referred 
to, proposed substantially these conditions, but in terms of the more restricted notion 
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complete set of theorems of the logic is recursively enumerable, it follows by 
Theorem IV above that every function of one positive integer which is 
calculable within the logic is also effectively calculable (in the sense of our 
definition). 

Thus it is shown that no more general definition of effective caleulability 
than that proposed above can be obtained by either of two methods which 
naturally suggest themselves (1) by defining a function to be effectively 
calculable if there exists an algorithm for the calculation of its values (2) by 
defining a function F (of one positive integer) to be effectively calculable if, : 
for every positive integer m, there exists a positive integer n such that 
F(m) =n is a provable theorem. 


8. Invariants of conversion. The problem naturally suggests itself to 
find invariants of that transformation of formulas which we have called con- 
version. The only effectively calculable invariants at present known are the 
immediately obvious ones (e. g. the set of free variables contained in a formula). 
Others of importance very probably exist. But we shall prove (in Theorem 
XIX) that, under the definition of effective calculability proposed in § 7, 
no complete set of effectively calculable invariants of conversion exists (cf. § 1). 

The results of Kleene (American Journal of Mathematics, 1935) make 
it clear that, if the problem of finding a complete set of effectively calculable 
invariants of conversion were solved, most of the familiar unsolved problems of 
elementary number theory would thereby also be solved. And from Theorem 
XVI above it follows further that to find a complete set of effectively calculable 
invariants of conversion would imply the solution of the Entscheidungsproblem 
for any system of symbolic logic whatever (subject to the very general re- 
strictions of § 7). In the light of this it is hardly surprising that the problem 
to find such a set of invariants should be unsolvable. 

It is to be remembered, however, that, if we consider only the statement 
of the problem (and ignore things which can be proved about it by more or 
less lengthy arguments), it appears to be a problem of the same class as the 
problems of number theory and topology to which it was compared in § 1, 
having no striking characteristic by which it can be distinguished from them. 
The temptation is strong to reason by analogy that other important problems 
of this class may also be unsolvable. 


of recursiveness which he had employed in 1931, and using the condition that the 
relation of immediate consequence be recursive instead of the present conditions on the 
rules of procedure. . 

2? We confine ourselves for convenience to the case of functions of one positive 
integer. The extension to functions of several positive integers is immediate. 
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Lemma. The problem, to find a recursive function of two formulas 
A and B whose value is 2 or 1 according as A conv B or not, is equivalent 
to the problem, to find a recursive function of one formula C whose value is 
2 or 1 according as C has a normal form or not? i 


For, by Theorem X, the formula a (the formula b), which stands for the 
positive integer which is the Gödel representation of the formula A (the 
formula B), can be expressed as a recursive function of the formula A (the 
formula B). Moreover, by Theorems VI and XII, there exists a recursive 
function F of two positive integers such that, if m is the Gödel representation 
of a well-formed formula M, then F (m,n) is the Gödel representation of the 
n-th formula in an enumeration of the formulas obtainable from M by con- 
version. And, by Theorem XVI, F is A-definable, by a formula f. If we define, 


Z1 — Q(aAv-ae(J),D), 
Za > Q (Asy: S(x) —y, I), 


where 9 is the formula defined by Kleene (American Journal of Mathematics, 
vol. 57 (1935), p. 226), then Z, and Zz A-define the functions of one positive 
integer whose values, for a positive integer n, are the n-th terms respectively 
of the infinite sequences 1, 1, 2, 1, 2,3,--- and 1,2,1,3,2,1,---. By Theorem 
VIII the formula, 


{ray pan: 8(F (2, Z1(n)), f(y, Z2("))),1)} (a, b), 


where p and ô are defined as by Kleene (loc. cit., p. 178 and p. 231), is a 
recursive function of A and B, and this formula has a normal form if and 
only if A cony B. 

Again, by Theorem X, the formula c, which stands for the positive — 
integer which is the Gödel representation of the formula €, can be expressed 
as a recursive function of the formula C. By Theorems VI and XIII, there 
exists a recursive function G of one positive integer such that G(m) = 2 
if m is the Gédel representation of a formula in principal normal form, and 
G(m) = 1 in any other case. And, by Theorem XVI, G is A-definable, by a 
formula g. By Theorem VIII the formula, 


fra p(rn- 9 (f(a, 2), 1, 1))}(e) 


2% These two problems, in the forms, (1) to find an effective method of determining 
of any two formulas 4 and B whether 4 conv B, (2) to find an effective method of 
determining of any formula C whether it has a normal form, were both proposed by 
Kleene to the author, in the course of a discussion of the properties of the p-function, 
about 1932. Some attempts towards solution of (1) by means of numerical invariants 
were actually made by Kleene at about that time. 
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where f is the formula f used in the preceding paragraph, is à recursive func- 
tion of C, and this formula is convertible into the formula 1 if and only if 
C has a normal form. | 

Thus we have proved that a formula C can be found as a recursive 
function of formulas A and B, such that C has a normal form if and only 
if A conv B; and that a formula A can be found as a recursive function of a 
formula €, such that A conv 1 if and only if € has a normal form. From this 
the lemma follows. . 


TuEorem XVIII. There is no recursive function of a formula C, whose 
value is 2 or 1 according as C has a normal form or not. 


That is, the property of a well-formed formula, that it has a normal form, 
is not recursive. 

For assume the contrary. 

Then there exists a recursive function H of one positive integer such 
that H(m) = 2 if m is the Gödel representation of a formula which has a 
normal form, and H(m) —1 in any other case. And, by Theorem XVI, 
H is À-definable by a formula }. 

By Theorem XV, there exists an enumeration of the well-formed formulas 
which have a normal form, and a recursive function A of one positive integer 
such that A(n) is the Gödel representation of the n-th formula in this 
enumeration. And, by Theorem XVI, A is A-definable, by a formula a. 

By Theorems VI and VIII, there exists a recursive function B of two 
positive integers such that, if m and n are Gödel representations of well- 
formed formulas M and N, then B(m,n) is the Gödel representation of 
{M}(N). And, by Theorem XVI, B is A-definable, by a formula b. 

By Theorems VI and X, there exists a recursive function Ọ of one positive 
integer such that, if m is the Güdel representation of one of the formulas 
1, 2,3,-- >, then O(m) is the corresponding positive integer plus one, and 
in any other case O(m) —1. And, by Theorem XVI, C is A-definable, by a 
formula c. 

By Theorem IX there exists a recursive function Z of one positive 
integer, whose value for each of the positive integers 1, 2, 3,- > - is the Gödel 
representation of the corresponding formula 1,2,3,---. And, by Theorem 
XVI, Z+ is \-definable, by a formula 3. 

‘Let f and g be the formulas f and g used in the proof of the Lemma. 
By Kleene 15III Cor. (loc. cit., p. 220), a formula b can be found such that, 


b(1) conv Az: (1) 
5(2) conv au: e(f(u, p(Am : g(F(u, m)),1))). 


AN UNSOLVABLE PROBLEM OF NUMBER THEORY. 361 


We define, ‘ 
em b(H( (a(n), 3(n))), (a(n), 3(n))). 


Then if n is one of the formulas 1,2,3,---, e(m) is convertible into one 
of the formulas 1, 2,3,--- in accordance with the following rules: (1) if 
b(a(n),3(n)) conv a formula which stands for the Gödel representation of a 
formula which has no normal form, e(n) conv 1, (2) if b(a(n),3(m)) conv a 
formula which stands for the Godel representation of a formula which has a 
principal normal form which is not one of the formulas 1, 2, 3,---,e(m) conv 1, 
(3) ifb(a(n),3(n)) conv a formula which stands for the Gödel representation 
of a formula which has a principal normal form which is one of the formulas 
I, 2, 3,- - +,e(m) conv the next following formula in the list 1,2, 8,- : -. 

By Theorem III, since ¢(1) has a normal form, the formula e has a 
normal form. Let © be the formula which stands for the Gödel representation 
of e. Then, if n is any one of the formulas 1, 2, 3,- : -, € is not convertible 
into the formula a(n), because b(G,3(m)) is, by the definition of b, con- 
vertible into the formula which stands for the Gödel representation of e(n), 
while b(a(m),3(m)) is, by the preceding paragraph, convertible into the 
formula stands for the Güdel representation of a formula definitely not con- 
vertible into e(n) (Theorem II). But, by our definition of a, it must be true 
‘of one of the formulas n in the list 1,2,8,: : : that a(n) conv &. 

Thus, since our assumption to the contrary has led to a contradiction, the 
theorem must be true. 

In order to present the essential ideas without any attempt at exact 
statement, the preceding proof may be outlined as follows. We are to deduce 
a contradiction from the assumption that it is effectively determinable of 
every well-formed formula whether or not it has a normal form. If this 
assumption holds, it is effectively determinable of every well-formed formula 
whether or not it is convertible into one of the formulas 1,2,3,--- ; for, 
given a well-formed formula R, we can first determine whether or not it has 
a normal form, and if it has we can obtain the principal normal form by 
enumerating the formulas into which R is convertible (Theorem XII) and 
picking out the first formula in principal normal form which occurs in the 
enumeration, and we can then détermine whether the principal nérmal form 
is one of the formulas 1, 2,3,---. Let A, Áz, 4:,: : + be an effective enumera-, 
tion of the well-formed formulas which have a normal form (Theorem XV). 
Let F be a function of one positive integer, defined by the rule that, where 
m and n are the formulas which stand for the positive integers m and n 
respectively, F(n) = 1 if {A,}(m) is not convertible into one of the formulas 
1,2,3,-+-, and E(n) =m +1 if {4n} (n) conv m and m is one of. the 
formulas 1,2,3,---. The function Æ is effectively calculable and is there- 
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fore A-definable, by a formula e. The formula e has a normal form, since 


e(1) has anormal form. But e is not any one of the formulas Aj, Ae, 43, * +, 
because, for every n, e(n) is a formula which is not convertible into {4,}(n). 
And this contradicts the property of the enumeration A, 42, As, + - that it 
contains all well-formed formulas which have a normal form. 


COROLLARY 1. The set of well-formed formulas which have no normal 
form is not recursively enumerable.?* 


For, to outline the argument, the set of well-formed formulas which have 
a normal form is recursively enumerable, by Theorem XV. If the set of those 
which do not have a normal form were aslo recursively enumerable, it would 
be possible to tell effectively of any well-formed formula whether it had a 
normal form, by the process of searching through the two enumerations until 
it was found in one or the other. This, however, is contrary to Theorem XVIII. 

This corollary gives us an example of an effectively enumerable set (the 
set of well-formed formulas) which is divided into two non-overlapping sub- 
sets of which one is effectively enumerable and the other not. Indeed, in view 
of the difficulty of attaching any reasonable meaning to the assertion that a 
set is enumerable but not effectively enumerable, it may even be permissible 
to go a step further and say that here is an example of an enumerable set 
which is divided into two non-overlapping subsets of which one is enumerable 


_and the other non-enumerable.”® 


. 


Corottary 2. Let a function F of one positive integer be defined by 
the rule that F(n) shall equal 2 or 1 according as n is or is not the Gödel 
representation of a formula which has a normal form. Then F (if its definition 
be admitted as valid at all) is an example of a non-recursive function of posi- 
tive integers?’ 

This follows at once from Theorem XVIII. 


24 This corollary was proposed by J. B. Rosser. 

The outline of proof here given for it is open to the objection, recently called to 
the author’s attention by Paul Bernays, that it ostensibly requires a non-constructive 
use of the principle of excluded middle. This objection is met by a revision of the 
proof, the revised proof to consist in taking any recursive enumeration of formulas 
which have no normal form and showing that this enumeration is not a complete 
enumeration of such formulas, by constructing a formula e(n) such that (1) the 
supposition that g(n) occurs in the enumeration leads to contradiction (2) the sup- 
position that e(m) has a normal form leads to contradiction. 

% Cf. the remarks of the author in The American Mathematical Monthly, vol. 41 
(1934), pp. 356-361. 

20 Other examples of non-recursive functions have since been obtained by 8S. C. 
Kleene in a different connection. See his forthcoming paper, “ General recursive func- 
tions of natural numbers.” 
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Consider the infinite sequence of positive integers, F(1), F(2), F(3),:::. 
It is impossible to specify effectively a method by which, given any n, the 
n-th term of this sequence could be calculated.. But it is also impossible ever 
to select a particular term of this sequence and prove about that term that 
its value cannot be calculated (because of the obvious theorem that if this 
sequence has terms whose values cannot be calculated then the value of each 
of those terms 1). Therefore it is natural to raise the question whether, in 
spite of the fact that there is no systematic method of effectively calculating 
the terms of this sequence, it might not be true of each term individually that 
there existed a method of calculating its value. To this question perhaps the 
best answer is that the question itself has no meaning, on the ground that the 
universal quantifier which it contains is intended to express a mere infinite 
succession of accidents rather than anything systematic. 

There is in consequence some room for doubt whether the assertion that 
the function F exists can be given a reasonable meaning. 


Tuuorrm XIX. There is no recursive function of two formulas À and 
_ B, whose value is 2 or 1 according as A conv B or not. 


This follows at once from Theorem XVIII and the Lemma preceding it. 

As a corollary of Theorem XIX, it follows that the Entscheidungs- 
problem is unsolvable in the case of any system of symbolic logic which is 
w-consistent (w-widerspruchsfrei) in the sense of Gödel (loc. cit., p. 187) and 
is strong enough to allow certain comparatively simple methods of definition 
and proof. For in any such system the proposition will be expressible about 
two positive integers a and b that they are Gödel representations of formulas 
A and B such that A is immediately convertible into B. Hence, utilizing the 
fact that a conversion is a finite sequence of immediate conversions, the proposi- 
tion W(a,b) will be expressible that a and b are Gödel representations of 
formulas A and B such that A conv B. Moreover if A conv B, and a and b 
are the Gödel representations of A and B respectively, the proposition ¥ (a, b) 
will be provable in the system, by a proof which amounts to exhibiting, in terms 
of Gödel representations, a particular finite sequence of immediate conversions, 
leading from A to B; and if A is not convertible into B, the w-consistency 
of the system means that Y(a, b) will not be provable. If the Entscheidungs- 
problem for the system were solved, there would be a means of determining’ 
effectively of every proposition ¥ (a,b) whether it was provable, and hence 
a means of determining effectively of every pair of formulas A and B whether 
A conv B, contrary to Theorem XIX. - 

In particular, if the system of Principia Mathematica be w-consistent, 
its Entscheidungsproblem is unsolvable. 
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ASYMPTOTIC SOLUTIONS OF CERTAIN ORDINARY 
DIFFERENTIAL EQUATIONS ASSOCIATED 
WITH MULTIPLE ROOTS OF THE 
CHARACTERISTIC EQUATION. 


By Hues L. Turrirrin. | 


Introduction. A linear differential equation 


(1) e(y) =% Y 4 pP.(2,p) 2 FE CARERE A A Bea Jgn a “+ p” Palt, p)y = 


with continuous coefficients that may be represented po convergent series 
T: 
(2) Pils p) — 2 Piu (e)o, (i=1;2,: n; Seb; |p| >R) 


has under certain well known conditions! a fundamental set of solutions of 
the form 


O nee) =à Zuo + BP) expt f apa] 
E A S TE 


where € is a generic symbol for a uniformly bounded function. The particular 
form of the solutions as exhibited in (8) has been derived in the classical 
theory subject to the hypothesis that the characteristic equation possesses 
distinct roots throughout the fundamental interval (a,b). The object of the 
present paper is to generalize the theory and dispense in part with the above 
mentioned hypothesis. Schlesinger stated ? and the analysis below will prove 
that, if multiple characteristic roots occur, it is necessary to modify the right- 
hand member of (3) so as to include fractional, as well as full, powers of the 
parameter p. à 


1 The development of the theory concerned with solutions of type (3) may be 
traced through the works of H. Poincaré, Acta Mathematica, vol. 8 (1886), pp. 295- 
° 344; J. Horn, Mathematische Annalen, vol. 52 (1899), pp. 271-292; L, Schlesinger, 
Mathematische Annalen, vol. 63 (1907), pp. 277-300; G. D. Birkhoff, Transactions ofi 
the American Mathematical Society, vol. 9 (1908), pp. 219-231; O. Perron, Siteungs- 
beriohte der Heidelberger Akamedieder Wissenschaften, Mathematik Naturwissenschaften, 
Klasse 1919 (A. 6); J. Tamarkin, Thesis, Petrograd (1917), and Mathematische Zeit- 
schrift, vol. 27 (1928), pp. 1-54. 
2 L. Schlesinger, op. cit., p. 282. 
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The first part of the demonstration is devoted to the construction of 
n formal series solutions. The existence proof proper, which then follows, 
begins with the study of a differential equation satisfied by n functions z; (a, p) 
created from the formal series by cutting them short at some particular term. 
The asymptotic relation of these functions to actual solutions of the differential 
equation (1) is established by means of a } convenient integral equation and 
certain related inequalities. 


The characteristic equation. Previous investigators have shown that to 
each simple root of the characteristic equation 


(4) F($) == 6" + Pro (s) + Paola) gr? +: + + Pao(t) = 0 


there may be made to correspond a formal solution of differential equation (1). 
In order to procure n independent expansions when multiple roots are admitted, 
it would therefore seem necessary that with each k-fold characteristic root (x) 
there must be associated k formal series. This will essentially be done, not, 
however, with respect to the single characteristic equation (4), but with 
reference to a sequence of auxiliary characteristic equations. 

Throughout the text it will be convenient to indicate derivatives by super- 
scripts in parentheses. In particular reference will be made to the function 
F(p), the j-th derivative with respect to ¢ of the left memba of the 
characteristic equation (4). 


Hypotheses. It will be understood hereafter that a root which is distinct 
from all others throughout the fundamental interval (a,b) is to be called 
simple; while the term multiple will be reserved for all those roots, and only 
those, which coincide over the entire interval (a,b). Itis to be assumed that 
all roots, whether of equation (4), or of the subsequent auxiliary characteristic 
equations, are to be, in the sense just defined, either simple or multiple. This 
paper will not be concerned with roots of a more complicated nature.* 

Furthermore it is presumed that the functions P;;(x) im series (2) 
possess derivatives of all orders. 

Later on it will be assumed that certain Wronskians do not vanish. Such 
assumptions will be indicated by the letter (@). 

If a change of variable is made by setting y == ve’, where e is a small 
positive constant, the general form of the differential equation (1) remains 
unaltered. However, the characteristic equation is affected and the char- 


® See, however, in this regard R. E. Langer, Transactions of the American Mathe- 
matical Society, vol. 36 (1934), pp. 90-106. 
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acteristic roots are increased by an amount equal to e. Such a change in the 
equation can always be employed to avoid zero characteristic roots. It there- 
fore can and will be assumed without imposing an additional restriction that 


Paol) #0. 


The first change of variable and the Puiseux polygon. As an initial 
step toward procuring formal series solutions corresponding to a k-fold 
characteristic root (x), substitute in (1) 


y—vexpl f pedt]. 
The differential equation (1) then acquires the new form 


(5) 00 + p(z, p)00D + pala, p)00 +- + + pala, p)v—0 


where the leading term in the series expansion of the coefficient p;(a,p) is 
formally [p**/(n —i) !]F@-} (¢). Due to the k-fold multiplicity of ¢(<), 
For) (p) =0 if i—n,n—I1,--- or n—k+1. Consequently the coeffi- 
cients have the structure 


œ 
(6) Pile, p) = ppro (£) + pit E pin(x)p™ (G=1,:::,n) 
“ had 
with 
ET for i= 1,2, + -,n—k—1; 


ji (n—k)r for i=n— k, and 
jh £tw—1 for i=n—k+1,-+-,n 


Hereafter the leading term in an expansion of a function in descending 
powers of p will be called the principal term. 

The principal terms of the series (6) can be advantageously represented 
by a diagram in the following manner: . 

Let p;:0(x) correspond to the point with coürdinates (i,7;); join the 
origin to the point (n, 0) not only by a straight line-segment, but also by a 
broken line to form a convex polygon with vertices falling on points (1, 7;) and 
enclosing the greatest possible positive area. The result is an adaptation of 
the familiar Puiseux polygon.* By virtue of the construction the slope s; of 
the i-th line-segment (i.e. the slope of the i-th side of the polygon counting 
from left to right) is less than the slope s5, of the preceding segment, and 
the points (4, j+) will all fall on, or below, the broken line. The significance 
of the Puiseux polygon lies in the fact that there can be associated with each 


#V. Puiseux, Journal de Mathématiques Pures et Appliquées, vol. 11 (1889), p. 319. 
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of the line-segments formal solutions of equation (1) in number equal to the 
length of the projection of the respective segment, or side, on the z-axis. 


Case I. Formal solutions pertaining to segments with negative or zero 
slope are derived as follows: 

Let the codrdinates of the right terminus of the chain of segments with 
positive slopes be designated by (m, jm). Then replace the dependent variable 
v in equation (5) by the series 


Vo(x) + 01(%)/p + v2(%)/p?+° °°. 


Equate the coefficients of the various powers of p to zero; and thus derive a 
sequence of linear differential equations, each of order n—m from which 
the v;(x)’s may be successively determined. The first differential equation of 
this sequence is homogeneous, and therefore yields n — m independent evalua- 
tions of v(x). The other v:(x)’s may be determined by quadratures once 
the vo(x)’s have been found. Hence there exist for the differential equation 
(1) n— m formal solutions of the structure | 


C (role) Hoala) /p +") expt f Polde] G= 12 pnm), 
It will be assumed, (@), that the Wronskian 
(8) W(v,0(@),* * `, Unmo(t)) 05 


and the hypothesis (8) would be satisfied, it is to be noted, if pm o(«) were 
non-vanishing on (a, b). 


Case II. There remains for consideration only those segments of positive 
slope which lie between the points (n — k, nr — kr) and (m, jm), for the first 
segment pertains to characteristic roots other than ¢(z). Let attention be 
fixed upon any particular one of these segments, the o-th for instance, and 
let us denote the length of the projection of the segment upon the z-axis. 
To obtain formal solutions to the number yo, one, or more, transformations 
will be necessary. Let 


(9) v == wespl f ay (x) dz] 


with At = p%/®, where g/g is a fraction in lowest terms equal to the slope se 
of the segment in question. 

Transformation (9) modifies simultaneously the Puiseux polygon and 
the differential equation (5). Those segments up to and including the 
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(e — 1)-th remain unaltered. > The chain of segments to the right of the 
(o—1)-th is, however, replaced by a single segment of slope so. The dif- 
ferential equation (5) is reduced by (9) -to a form which, in so far as the 
last (lo + 1) terms are concerned, can be indicated as follows: 


-e + go, A)UMe? + gy (a, A)UMoP +--+ + quo (a, Aju = 0 
in which 


(10) qi (T, À) L AVG? (Yn) 


) aj S ~~ M 
> ; Ah == 0 1, RE 
(uo — 7) l + À È giae) Gj D po) 
with Ge (y) representing the (uo —j)-th derivative of the function 
(11) GG) {Ca wer + + + Cna(a)} = 0 


which, as is indicated, has been set equal to zero in (11)-to form the auxiliary 
characteristic equation. The coefficients Co(s) and Cyg(x) are equal to those 
functions p:,0(æ) of series (6) which correspond to the vertices at the left and 
right ends respectively of the o-th segment in the polygon. The intermediate 
coefficients of (11) likewise are equal to pi,.(x)’s which correspond to other 
points (4,7;) that fall on the o-th segment. These facts make it clear that 
transformation (9) has in effect shifted the o-th segment of the original 
polygon over to the extreme right of the figure. 

The portion of the auxiliary characteristic equation (11) which is con- 
tained within the braces is a polygon in 48. Hence there are at least 8 dif- 
ferent non-zero roots of the equation (11). If one root has been found, 
B— 1 others can be computed by multiplying the known of by the various 
B-th roots of unity. When in the subsequent discussion tie function y(x) 
which appears in substitution (9) is identified with a particular root of (11), 
it should be born in mind that 8 such roots can, be considered simultaneously 
by allowing the 8-th roots of unity to be absorbed into the parameter À. 

The function yı (s) of substitution (9), which as yet has not been speci- 
fied, will be selected as a non-zero x-fold multiple root of the auxiliary char- ` 
acteristic equation. Such a choice has an immediate effect upon the dif- 
ferential equation cauging the leading terms in those series of (10) to vanish 
for which 7 = po, wo—1,--- and zse—x-+1. The effect upon the polygon 
isteven more important to note. One of two things must take place. Hither 
the right-hand portion of the new diagram which corresponds to the old o-th 
segment is broken up into at least two smaller line-segments, or the right-hand 
segment is subject to a decrease in slope. The break-up certainly takes place 
if 8 > 1 and the decrease in slope occurs if 8 = 1. 
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Since « formal series are to be associated with yı, we need no longer be 
concerned with the original o-th segment, but must concentrate upon those 
segments between z = n— x and z= n, all of which have slopes less than sv. 
On the one hand certain of these segments may have zero or negative slope 
and to such segments formal séries will at once be associated by the method 
described in Case I, subject of course to a hypothesis (@) that a certain 
Wronskian, the counterpart of (8), is non-vanishing. On the other hand, 
if formal solutions are to be associated with those segments of positive slope 
between x == n-—x and s= n, further exponential transformations must be 
made. 

The Puiseux polygon which has undergone two changes, one brought about 
by substitution (9), the other by virtue of a special choice of yı, supplies the 
data for selecting the next exponential transformation; in fact the power of 
the parameter ‘which must appear under the integral sign equals the slope 
of the line segment to which formal solutions are eventually to be associated. 
For instance, if a segment between ¢==n—-« and ġ=n has a slope A, 
(0 < A < so), the proper substitution is 


(12) u—wexpl f p'x(2)de]. 


The effect of this transformation can be readily vis. ‘ized in as much as the 
effect of (9), a typical transformation, has already been described in detail. 
Transformation (12) introduces, as a rule, a new and smaller fractional power 
of p into the differential equation and the polygon is modified to the extent 
that the segment with slope A is shifted to the right side of the diagram. Then 
a second auxiliary characteristic equation is formed by equating to zero the 
principal term in the series expansion of the coefficient of w in the new linear 
differential equation. The function x(a) is definitely chosen as one of the 
non-zero secondary auxiliary characteristic- roots ‘with the result that the 
Puiseux polygon is either broken into smaller segments or the slope of the 
right-hand segment is decreased. Formal solutions are immediately asso- 
ciated with all those segments which have, as a result of the reduction, zero or 
negative slopes. (This reapplication of Case I calls, in general, for another 
assumption of type @.) To associate formal solutions with the segments of 
positive slope still further transformation are required, and hence, mutatis 
mutandis, the whole process is repeated. 

A succession of reductions, each involving a decrease in slope, unaccom- 
panied by a break-up of the segments, must give rise eventually to a segment 
of zero slope and the process is thereby terminated (Case I, @). That the 
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zero slope is ultimately attained is made evident by reexamining the typical 
reduction arising from (9) when the appropriate values B—1, A= p, and 
the integer æ = r—1 are substituted in (9). The reduction will result in-a 
slope <r—2 for the right-hand segment, because no new fractional power 
of the parameter has been introduced. A second reapplication of the process 
with a new exponent œ, S r— 2 will result in a slope =r— 3, ete., until 
with not more than r— 1 successive reductions, with 8 continually equal to 
one, a zero slope is attained for the right-hand segment of the polygon. On 
the other hand a series of reductions, accompanied by a succession of break-ups, 
must finally result in a short segment with unit projection on the a-axis. The 
auxiliary characteristic equation, which comes from a reapplication of the 
process to such a segment, is of the first degree and can not possess a multiple 
root. Therefore from this stage on only decreases in slope can occur when the 
proper exponential transformations are made. Finally a zero slope is attained 
and formal solutions procured. This reasoning establishes the fact that there 
exist # formal solutions for differential equation (1) of the structure 


(18) (zola) +20 + G) 4 --) opl ("a(t md Ls) 
where 0;(t, p) is an abbreviation for the sum 


pat) + pF, (t) + + PE Oargi (t). 


It is, moreover, allowable to attribute to p1/8 any one of its B; values. Further- 
more, if for some particular value of à, Q:(t, p) is different from all other 
0;(t, p), +547, then it follows as a specialization of (8) that 


(14) 24,0(%) Æ 0. 


The related differential equation. In order to obtain an asymptotic 
relationship between the formal series. (13) and actual solutions of the given 
differential equation (1), a study will be made of the differential equation 
satisfied by the functions z:(x,p) defined by arbitrarily terminating series 
(13); ie, 


ar) mr) pl f Oi ) at} (i=1, + +n). 
with l | | 
ni (2, p) = Zio (2) + Zia (2) /P Pt ++ + - + ziee (E) /pf. 


These functions z; (x, p) are solutions of the differential equation 


‘ ASYMPTOTIC SOLUTIONS OF ORDINARY DIFFERENTIAL EQUATIONS, 871 


gin se + gh z 
2,0 o 8 4 FA 

. (45) —0 
Sy o ORD Ss Zn D Zn 


which has been written as a determinant. This determinant becomes, when 
expanded in terms of the elements of the first row, 


(16)  M(2)=2® + Q(z, p) + + + + p™Qn(a, p)z =0 
where the coefficients are quotients of two n-th order determinants; i. e., 
(17) Qi (2, p) = (— 1) +4: (a, p) /p™ 4o (a, p) (i= 1, +5,0) 


In particular Áo (æ, p) is the Wronskian W(2,: + >, Zn). 

Since the various functions z;(«, p), which are associated with the intro- 
duction of a particular fractional power of p, may be permuted among them- 
selves in (15) without essentially changing the differential equation (16), 
it is evident that the expansions of the determinants A; (a, p) proceed according 
to decreasing full powers. Furthermore these expansions are finite, not in- 
finite series. 


Structure of the coefficients Qi(z, p). To make certain that Q:(x,p) 
can be expanded in convergent power series in p™, it will be sufficient to show 


that Ao(x, p) exp Hf > 0;) dt], which is later indicated by AAo(a, p), 
a i=l 


is bounded away from zero as p—> œ: The element in the i-th row and j-th 
column of Ao(x, p) is 


driz jdari — (di/de + 24 (2, p))" mu (2; p) exp f audf] 
= Dim (z, p) ep f Qidt]. 


The symbolic operators D; == (di/dx + Q(x, p)) and di/dx will be especially 
useful in ascertaining the character of Ao(z,p) as p-> œ. It should be 
understood, however, that, when the differential operator di/dx acts upon a 
function with subscript other than i, it is to be considered equivalent to 
differentiating a constant. For example this. notation permits one first to 
think of the Wronskian as a Vandermonde determinant; i.e., 
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qı Mn 
@) se pe D PE eee 
1 Nn (4 > 99 9h; 
— LL (@/de — dj/de) Jna mms j=l anei 
(wD... {n-1) 
yi An 


and secondly to write 
Dr <.. D el 


(18) Ado) =)... mem {TL (Ds — Dim mm 
< 
Dn TE Dn 1 
(i =1,: -+ n— i; j=2,- ` on) 


a convenient expression for A4, (x, p). A glance at the right-hand member 
of (18) shows, if we consider the principal terms in the expansions of the — 
various factors, that as p —> co. the behavior of AA,(x,p) is essentially the 
same as that of the product 


(19) {IT (Gi: — 95) H II (di/dx — dj/da) }e1,0%2,0° ` * %n0 
i<i i<j 

where all those combinations of à and j (i < j), for which Q; — Q; 540, are 
to be used in the first brace, and in the second all other combinations of 
4<jSn are to be used. The product (19) and likewise AAo(z,p) are 
‘bounded away from zero for | p | sufficiently large due to the fact that in (19) 
only non-vanishing factors occur, some of these factors are of type (Q;— 5), 
some of type (14), and others are non-zero Wronskians of type (8). Not 
only does the above argument establish the fact that Q: (z, p) can be expanded 
in convergent series in descending powers of p, but it also shows that. the 
functions 2,(@,p),° * +, Za (£, p) are independent. 

To demonstrate that Q:(x, p) is uniformly bounded in the neighborhood 
of p = œ, it is enough to show that 


(20) Qi (2, 0) = È Qual) Gate ya). 


Let E;(D1,---,Dxn) denote the j-th elementary symmetric function 
3D,D.---D; and By—1; and then, from the fact 5 that the determinant 


SE. R. Heineman, Transactions of the American Mathematical Society , vol. 81 
11929), pp. 464-476. f ` 
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D,» D,” roe Dix Gg 171 ss -Da 1 
E E or |= Fri (Da: Dn) TE (Di— Dn), 
i<h 
Dr" Dwr tei te Daft D x? ee Dna 1 
(j=0,1,:--,;n;i=1, :-,n—1; h—2,:::,n), 


it follows that 7 
(21) AA; (a, p) =E (D, a Da) II (D; a Didone’ X 
j<h 
dr Ey hr h=2,: ra 


If it is taken into account that the power of p in the principal term of 
E(D: + +, Dr) can not exceed p** and then if formulae (18) and (21) are 
compared, it will be evident that the quotients (17) must have the struc- 
ture (20). 


A comparison of the related and original differential equation. The 
discussion of the last section brings out the structural similarity of the given 
differential equation (1) and the related equation (16). The resemblance 
will be made more striking by showing (see inequality (24)) that the re- 
spective coefficients of these differential equations are to a certain extent 
identical; i.e., 

_ i=], ":,n 
Pi,;(&) = Qi; (2) for eae cree 
With this end in view consider the n differences 
(22) M(2:) — Æ (x). 
Since z:(x%,p) is a solution of (16) 


Max p)) =0. 


The substitution of 2;(z,p) in (1) must cause a number of terms to vanish 
by virtue of the fact that 2:(x,p) is a portion of a formal series solution; 
those terms which do not in general vanish may be indicated as follows: 


(28) L (zi (2p)) =p HP (Frola) + faa (0) / +> + 2) expl f Ode] 
(i=1i,.".,n). 


The fs are appropriate functions of a, and r: designates the power of p 
occurring in the principal term of the expansion of JI (Q; — Qi), where j =n 
j 
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ranges over all values such that Q;540;. The differences (22) may be 
rewritten by utilizing (23) as ` 


À (Pi — Qu = L (a) (i=: + +m). 
j=l 


These identities are treated as n simultaneous equations defining the 
unknowns (P:—Q:),--+,(Pn—Qn). Each of these unknowns can be 
expressed by means of Cramer’s rule as a quotient of two determinants. The 
symbolic operators D; are used to determine the nature of these quotients, 
just as was done for quotients (17), and it is found that 


(Pi (2, p) — Qi (a, p)) = pt? = gula) Ganda, 


A sufficient number of hypotheses have been made to assure continuity in the 
functions under consideration; hence it is possible to select the positive con- 
stants S.and Ra sufficiently large so that 


(24) | Pi (x, p) — Qi (a, p)| < S/phr* 
G=1, "in; |p| > E> R;a<z<b). 


Asymptotic approximations to solutions. To determine the way in 
which the functions z:(x, p) approximate solutions of (1), the original dif- 
ferential equation (1) is first rewritten 


My) =N(y) with N(y)= My) —L (y) 


and this formally non-homogeneous differential equation is then replaced by 
the equivalent integral equation ° 


(25) (ap) = X eves asp) + f° (Bela 0)Z(6 PN (yb p) db 


Here the ¢,’s are arbitrary constants and the adjoint functions Z; (a, p) are 
defined by the system of equations 


j=0,1,-- ee l 


n 0 
a (j) A `= 
Èa (2, p)Zi(%, p) { for j=n—1 


It is réadily deduced, after applying Cramer’s rule, that the adjoint functions 
have the structure 


Zi (a, p)— pie) exp[— fad] © G= + +), 


°Cf. L. Schlesinger, Handbuch der Theorie der linearen Differentialgleichungen, 
vol. 1, p. 78. 


} 
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The constants r; are the same as those appearing in identities (23) and the 
symbols H;(«,p) designate uniformly bounded functions. 
A positive constant H may be selected sufficiently large so that 


| Hi(a,p)| < H (aS sb; |p| >R), 
and also | 
| Diins(a, p)| < H | p* | (¢=1,--+,2;j=~0,1,---,n—1). 
Hence 
z 
(26) [a (@ p)Zi (6 p)| < HP | pire exp fadt] 


(i =1,:; <, n; j= 0,1, < 7, n— 1). 
A region defined by the inequalities 





aSeSb, ySargp 9, and |p| >R >R 


will be called a #-region, if it is possible to rearrange the subscripts on the 
Qs in such a way that the real portions of the functions Q;(x,p) can be 
ordered as follows: 


R (Mi (2, p)) < R (Qin (a, p)) 
unless Q(T, p) = Qi (£, p), and then R (Qi) = R (Qi) 
(im 9 -= ,n—1). 
Within such a region 


(27) | exp! f oai] = | exp[ [0461] T exp[ f adt] 


oe = let f, Ont] | 
for « = é. | : 
The integral equation (25) and inequalities (24), (26), and (27) all 
find their counterpart in a paper by Birkhoff." If we follow, therefore, Birk- 
hoff’s line of reasoning, we conclude that the integral equations 


y(t, p) (ep) + f (Sale, p) Zal 0) N (eC p) ) aE 


. g n 
+f." È Ce 0) Zale pN (yal p) dé 
(i=1, >n) 
define å fundamental set of solutions for the original differential equation (1) 
with the property that within a Z-region 





TG. D. Birkhoff, op. cit., formulas (32), (29), (43), and (7) respectively. 
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E(x, p) expl f(t, ») ae] 


(28), ys" (a, p) = a (2, p) + 
PET (ntj) 


(aS sS b; |p| > R; i=1, n; 7=0,1,-°+,n—1;£ > 2rn—2r—1). 


The constant r is the smallest of the set r1,r2,° * -,rn. It is relation (28) 
that is to replace (3) when multiple roots of the characteristic equation (4) 
are admitted. The functions 2:(x, p} are therefore asymptotic approximations 
to the solutions y: (2, p). 

The solutions indicated in (28) are dependent upon the integer €. This 
integer is fixed, it will be recalled, by the point at which the formal series are 
cut short. Tamarkin and Besikowitsch € have shown how a solution y, can 
be chosen to satisfy a relation of type (28) independently of the value of £. 
This solution is then used to reduce the order of the given differential equation 
to n— i and through mathematical induction it is found,’ provided the 
characteristic roots are unequal, that a set of n solutions exist satisfying (28) 
. independently of £& This line of reasoning can readily be adopted to the 
present situation in which multiple roots are admitted. It is possible, for 
instance, that Qu, Qnms2,* © *, and Qn (1S m5 n) are all identical. In 
this event m solutions Yams, Yn-ms2)‘ * `, Yn Would exist which satisfy (28) 
independently of £. The induction would proceed, therefore, even more rapidly 
than in the classical case, for the m solutions Ynms1,' ` `, Yn would be used 
to reduce the order of the differential equation (1) to n— m. Hence it is 
concluded that there exist n independent solutions of the original differential 
equation (1) which have within a #-region the asymptotic expansions 


g 
pP — De (as0(2) + zia (2)/pBt + > -to nt.) expl f” O(t, p) dt] 
(i=1,: n; j= 0,1,: + ,n— 1) 
where D, represents, as before, the symbolic operator (di/da + 0; (a, p)) here 


applied j times in, succession; and where the integers B:, and the functions 
Q, and 2:,; are the same as those appearing in the formal solutions. 
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BIHARMONIC FUNCTIONS AND CERTAIN. GENERALIZATIONS.: 


By Epwarp KASNER. 


In the following paper we study certain new characterizations of bihar- 
monic functions in terms of conformal transformations; and certain generaliza- 
tions connected with various subgroups of the total conformal group, and also 
with various subsets which are not groups. For example we deal not only with 
the six parameter inversion group, but also with the set of co? pure inversions. 
The main results are given in Theorems 1-8. I wish to acknowledge the 
vaiuable assistance of George Comenetz in writing this paper, especially in 
the proof of Theorem 5. 


Tse Porncaré EQUATIONS. 


1. Poincaré applied the term biharmonie to those functions of four real 
variables F(x, y, %:, y.) which can be regarded as the real part of an analytic 
function of two complex variables z = # + iy, zı = 2, + iyı The same word 
biharmonic is also in use to denote those functions of two real variables f (x, y) 
which satisfy the double Laplace equation AAf—0, of the fourth order 
{connected with the problem of the bending of a flat plate) ;? but the two 
meanings have nothing to do with each other. Biharmonic is used in this 
paper exclusively in the sense of Poincaré. 

If F(a, Y, %1, Y1) is biharmonic, then a conjugate function G (z, y, ta, Ya) 
exists such that F + iG is an analytic function of the complex variables 
æ + iy and 2, + iyı Hence F and G satisfy the Cauchy-Riemann differential 
equations with respect to each of the two complex variables; thus we have 
four equations of the first order: 


(1) PF, == Gy, Py = — Go; Fast By, = — Go 


If we differentiate these relations partially with respect to +, y, a, and ys, and 
eliminate G, we find that F must satisfy a system of four partial differential 
equations of second order: l 


(2) PLP = Fass + Fy = 0, P,P = Por + Fy, = 0, 
P,P = Foy — Fyz, = 0, PLP = Poe, + Fu = 0. 


(The symbols P4, Pa, Ps, P4 can be thought of as differential operators, which 


1 Abstracts in Bulletin of the American Mathematical Society, vol. 35 (1929), 
pp. 290, 444. 
a Love, Elasticity, 4th ed., p. 135. 
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we may call the Poincaré operators. In fact, P, is identical with the Laplace 
operator . A, taken with respect to the variables and Y, and P, is A with 
respect to tı, Y1.) Since 


(3) PF + PF = PF + 0F/0y° + PP dx? + PF /dy,? — 0, 


we see that a biharmonic function is necessarily harmonic in the four variables 
L,Y, Tı, Yı; but the converse is not true: a harmonic function of 2, y, Zu Yı 
need not be the real part of any analytic function of æ -+ iy and 2; + iy, 
(in contrast to the case of one complex variable), for equations (2) do not 
follow from (3). Equations (2) are sufficient as well as necessary for F 
to be biharmonic.? They were first given by Poincaré.* 


THE CONFORMAL GROUP. 


- 2. Ifin an analytic function of two complex variables z and zı, we replace 
2, by an analytic function of z, the result is an analytic function of z alone. 
If we consider the real part of the function of z and zı, we see that this remark 
implies the following theorem on biharmonic functions: 
Let 


(4) T: T, = $ (1, y), yı = Y(T, y) 


be a substitution replacing 2, and y, by functions of æ ‘and y. Then 
F(x, Y, %1, Y1) reduces to a function K depending only on æ and y: 


| (5) F(a, Y, Li, Yı) = F[a, Y, (2, y)» y(z, y)] = K (z, y). 


“Now replacing z, by an analytic function of z corresponds to using a conformal 
substitution T. Hence the obvious theorem we obtain is this: 


THEOREM 1. If a conformal substitution à, = $ (T, y), Yı = (a, y) is 
performed on a biharmonic function F(x, y, £1, Y1), then F becomes a harmonic 
function K (x, y). 


We now give two fundamental converses of this theorem: 


THEOREM 2, Biharmonic functions are the only functions of four real 
variables which are converted into harmonic functions by EVERY conformal 
substitution. 


3 Osgood, Funktionentheorie II, 1, p. 22. (The region of definition of F must 
satisfy a certain connectivity restriction.) 

# Comptes Rendus, vol. 96 (1883), p. 238; Acta Mathematica, vol. 2 (1883), p. 99; 
vol, 22 (1898), p. 112. 
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THEOREM 3. The only substitutions which convert ALL biharmonic 
functions into harmonic functions are the conformal substitutions. 


To prove Theorems 2 and 3 we need the expression for Kes + Kyy, OT 
AK, in terms of F, $ and y. This is found by differentiating (5) partially 


with respect to z and y (for example, Ky = Fs + Pads + Fe, ete.). The 
result is found to be 


(6) AK = Pag + Py + Rome + 2Foye + Fyedy + RFynbu + Pow, (hr + $y?) 
+ Fom (hate + pupu) + Fin, (Yo? + Wy?) + Fa Ad + FyAy. 


In the case of a conformal substitution T, the conformality conditions 
bo = Yy, oy =— Ye can be used to simplify (6) by the elimination of the 
derivatives. of y. When T is conformal, (6) in fact reduces to our principal 
formula 


(7) AK = P,P + 2¢¢P,F — 2¢yP3F + (ba + di?) PaF. 


Now in Theorem 2 we suppose that F is a function such that K becomes 
harmonic no matter what conformal substitution T is used.. That is, 


(8) [Px + RhaPa — RhyPs + (ba + oy?) Pal F(z, Y $, y) = 0 


identically in æ and y, for every conformal ¢, y. We must show that F is 
biharmonic. 

Since (8) holds for any conformal T, we may use, in particular, linear . 
conformal substitutions, or similitudes : 


(9) t, = ax — by + 0, yı = ba + ay + d, 


(where a, b, c, d are arbitrary constants). Then (8) becomes an identity in 

the six independent variables x, y, a, b, c, d. In place of c and d, we may 

introduce x, and y, as independent variables by solving equations (9) for c, d 
` in terms of 2, Y, a, b, #1, yi. Then (8) becomes 


(10) [Pi + aP + 2bP + (a? + 07) Pil F(a, Y, a, Ya) = 0, 


an identity in z, y, tı, Yı @, b. Varying a and b, we see that P F,: - +, PaF 
. must vanish at each fixed point v, y, a, Yı in the region of definition of F. 
Hence # must be biharmonic. This proves Theorem 2. 
For Theorem 3, we suppose that T is a substitution which turns every 
biharmonic F' into a harmonic K. We must show that T is conformal. 
Since the right member of (6) vanishes for any biharmonic F, it vanishes 
in particular when F is linear in z, and y, with constant coefficients (any linear 
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function of x, y, 2%, yı is of course biharmonic). In that case, all the terms 
of (6) drop out except the last two’; and the coefficients of these two terms, F's, 
and F,,, reduce to arbitrary constants. This shows that Ag = Ay = 0. We next 
employ the particular biharmonic functions F == a (zz, — yy,)— b (ay, + ya), 
where a and b are arbitrary constants (the real part of (a + bi)zz,). Sub- 
stituting in (6), we have 


(11) 24 (ba — py) — 2b (py + Ve) = 0. 


‘Hence ho — Wy = dy + Yo = 0, so that T must be conformal. This proves 
Theorem 3. 
SUBGROUPS AND SUBSETS. 


8. A function F(a, y, x,,y,) which is made harmonic by every conformal 
substitution T is necessarily biharmonic, by Theorem 2. The proof of this 
theorem shows, in fact, that F must actually be biharmonic even if we merely 
require F to be converted into a harmonic function by the subgroup of the 
conformal group consisting of all similitudes. 


THEOREM 2’. The only functions of four real variables which are con- 
verted into harmonic functions by every similitude are the biharmonic functions. 


If other subgroups or even subsets which are not groups, of the conformal 
group are used, however, we may expect that other functions of four variables, 
besides the biharmonic, will satisfy the requirement of becoming harmonic 
under every substitution of the subset. Larger classes of functions will thus 
be obtained, which we may then regard as generalizations of the biharmonic 
class. . 

We consider this problem in the case of the following subsets. (For 
completeness, we include similitudes in the list. The equations of substitution 
are given both in the complex form and in the equivalent real form (4). The 
letters a, b, c, d, 6 stand for arbitrary real constants; and À = 4 +- ib, and 


u= c+ id.) 


(I) The group of co“ similitudes: zı = àz + m, or equations (9). 
(II) The group of œ? magnifications: zı = az + m, Or 


(12) > Tı = 47 +06, Ys = ay + d. 
(III) The group of co? rigid motions: z, = ez + p, or 
(13) z, = g cos 0 — y sin 0 + c, y, =s sin 8 + y cos 8 + d. 


(IV) The group of œ? translations: | a —=2 -FH m OT . 
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(14) D=T+c, -$ y=y +d. 
(V)- The set of co? central symmetries: 2;—=—-z-+-p, or 
(15) © tebe h= ytd 


(VI) The group of 2%? translations and central symmetries: 
- Z = + 2+ p, or 


(16) tı = +g +0, n=+y+d. 


We state the answers obtained in these six cases in a single theorem (the 
symbol bih stands for an arbitrary biharmonic function, the symbol ® for the’ 
real part of an analytic function of complex variables, c for an arbitrary con- 
stant; Z= zx — iy and 2: = 2 — ty). 


Tarorem 4. The class of functions F(a, y,%1, 41) which are converted 
into harmonic functions of « and y by all the substitutions z, = (2,4), 
Yı =y (z, y) of a subset of the conformal group is, in the cases of the subsets 
I to VI, the following: 


(I) (Similitudes): F = bih(a, y, Tı Y1). 
(II) (Magnifications): F = bih(x, y, tı, y1) + C(TY — yr). 
(III) (Motions): F = bih(a, Y, 1, y) Helt + yr — a? — y). 
(IV) (Translations): F = g(x% + tı, t — T1, Y + Yu Y — Yı), where g 
is harmonic in the pair of variables x + a, | y + Yn- and 
l arbitrary in z — zı, y— y; or F= R[F (2, a, Z — 3) ]. 
(V) (Central symmetries): F = g (8 + ti, € — 1 Y + Yn Y — Y1)» 
where g is harmonic in t— t, y—y:, and arbitrary in 
s+ t, Yy +y; or F= R[F (z, z, 7+) ]. 
(VI) (Translations and central symmetr ies) : 
P =g (2+ ty €— tr Y + Yo Y — h)» 
where g is harmonic in the pairs s Lx, y +1, and 
tty y— y; oF i = 
F—R[f:(2, a1) + fe(z +a, 2—4)]; 
or Ses A S 
F= bihı (T, Y; Us, Y1) + biha (T, yr, ta Y) 5, 


5 Two other cases may be mentioned: ` the group of œ? similitudes leaving the 
origin fixed, z, = àz which gives F = RIF (2, 25 3/8) l; ; and the set of 08 ” reciprocations . 
g, = A/z which gives F = RIF (2, 2: 2%) J. 


382 © EDWARD KASNER. 


Proor or THEOREM 4. 


Case I has. already been settled in Theorem 2’. 

To prove Theorem 4 in cases II to VI we begin as in the proof of 
Theorem 2 (i. e., of case I). Equation (8) must hold identically in æ and y, 
for every. p, y of types (12) to (16) respectively. Substituting (12)-(16) 
into (8), we obtain identities in æ, y and some of the letters a, b, c, d, 6. 
If we solve (12)-(16) for c and d in terms of +:, Y and the other letters, 
we can eliminate c and d from these identities, introducing +, and y, as 
independent variables instead. Now if we think of +, y, a, y. as fixed, and 
vary a, b, 6, we find that the conditions which F must satisfy are, in the 
various cases, as follows: | 


(Il) P.F = P,F —P,F =0. 
(III) (P,+P,)F=P,F = PF =0. 
(IV) (Pi + 2P, + PAP = 0. 
- (V) (P= 2P, + P) F= 0. 
(VI) (Pi +P.) F= PF = 0. 


These can be looked on as systems of partial differential equations of 
second order, to be solved for the unknown F. Fortunately all these equations 
are linear, with constant coefficients, and can be solved explicitly. 

The solution, in cases II and III, can be carried out most conveniently 
with the aid of the general identities 


(17) (Pr) a, = (Pa)e— (Ps) (Pis = (P2)e.+ (Pa) ns 
(Pin = (Pe)y + (Pa) a, (Ps)u = (Pen — (Ps) m 
These are easy to verify from the definitions of P,,---,P, in (2). 

First, under the conditions of case II, we see from (17) that P,F is 
independent of z, y, a and y. Hence PF = P,F = P,F = 0, PF = 2c 
(an arbitrary constant). A particular solution of this non-homogeneous system 
is: F == c(#y,—ya,). The general solution of the corresponding homo- 
geneous system P F = PaF = PF = PF = 0 is: F = any biharmonic function. 
Hence the general solution of the equations of case II is: 


F = bih (x, y, ti Y1) + (agi — yt), 


which is the result given in Theorem 4. - 

In case III we find from (17) that P.F depends only on x and y, while 
P,F# depends only on x, and y. Since P.F + P,F —0, in view of the 
different variables in P,F and P,F we must have P,F = — P,F = 4e. The 
general solution of the non-homogeneous system of equations is now obtained 
just as in case IT. 
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The equations of cases IV, V, VI are simplified by the introduction of 
the new variables i 
(18) É =t F t, | 7 = y + y, 
&=t— ty, my —Y. 


Transforming the equations to these new variables, we find for IV: 
Pee + Py = 0, and for V: Fee, + Fym — 0. Hence in case IV, F is harmonic 
in é and y, and in case V, F is harmonic in £, and m1, in accordance with 
Theorem 4. . 

The first statement under case VI in Theorem 4 follows from the results 
in cases IV and V. Proofs of the remaining statements in Theorem 4 are 
omitted, We remark that the work is simplified by the use of the minimal 
codrdinates z, 2, 21, % instead of æ, y, #1, Yı F then being assumed analytic 
(see the proof of Theorem 5 below). In the proofs above it was sufficient to 
assume the existence of continuous third derivatives of F. (Actually all the 
results are valid without assuming analyticity.) 


ANTI-BIHARMONIC FUNCTIONS AND REVERSE CONFORMAL TRANSFORMATIONS. 


4. The real part of an analytic function of z and z, is, by definition, 
biharmonic ; and the real part of an analytic function of the conjugate complex 
variables Z and Z, is also biharmonic, since in the latter case equations (1) 
hold with G replaced by — G, and then equations (2) still follow. But the 
real part of an analytic function of z and Z,, or of Z and 2, is in general 
not biharmonic; we shall term it “ anti-biharmonic.” The sign of G is changed 
in only one pair of equations (1), and then instead of (2) we find 


PLP = Poe + Fy =0, PF = Fox, — Fy, = 0, 


(19) PF Poy + PO, PsP Po, + Fun =0 


as the defining equations of anti-biharmonic functions. 

A “reverse conformal” substitution T is one obtained by setting 2, equal 
to an analytic function of ž. It is easy to modify the proofs‘of Theorems 1, 2, 
and 3 so as to show that the same theorems still hold with “ anti-biharmonic ” 
and “reverse conformal” in place of “biharmonic” and “ conformal,” 
respectively. . 

The question considered in Theorem 4 can also be raised here: given a set 
of reverse conformal substitutions, to determine the functions of 7, y, a, Yı 
which are turned into harmonic functions of x, y by every substitution of the 
set. Theorem 5 answers this question for the following important sets of 
substitutions : 
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(VII) The total set of oo? line symmetries: zı = —~ 7 e? 1. aeth, or 
(20) Tı = — g cos 20 — y sin 26 + a cos 6, 
Yı = — x sin 26 + y cos 26 + asin 8. 
«2 
(VIII) The total set of co inversions: zı = = x +À, or 
7? (z — a) 

T = = H+ a 
a pa FFEA 


(y —b) 
n= Gray TE RS 
(Equations (20) represent a reflection in the line whose normal makes an 
angle 6 with the z-axis, and which is at the distance a/2 from the origin; 
(21) are the equations of an inversion in the circle of radius r, with center 
at the point 1=a+ib. This can be seen directly from the complex forms 
of (20) and (21)). . | 








SYMMETRIES AND INVERSIONS. 

THEOREM 5. The class of functions F(a, y, ti, y1) which are converted 
into. harmonic functions of x and y by every one.of a set of reverse conformal 
substitutions is, in the case of sets VII and VIII, the following: 

(VII) (Line symmetries) : F=Ñ |7 ( PR )] | 


2— 2 





(VIII) (Inversions) : FR [ Fe, À) -} const. - log =a , 
? ‘ & — ay 


that is, F = antibih(2, y, t 91) + c tan TE < 

These two problems seem important on account of their possible con- 
nection with automorphic functions. It will be noticed that in both cases we 
are dealing with subsets which do not have the group property. The analytic 
work is complicated since it turns out that we must solve linear partial dif- 
ferential equations with variable coefficients. 

. To prove Theorem 5 we first derive the condition, analogous to (8), for 
a.given function F(a, y, tıs Yı) to be reduced to a harmonic function of v and 
y by a reverse conformal substitution. This is found from (6) by using the 
reverse conformality conditions, ġe =— Wy, dy = Ya. The result is 


(2) PAR A eP + PhP + (be? +o7)PF—0. o, 


° The functions which are made harmonic by line symmetries include those made 
harmonic by inversions. This is because line symmetries are the limiting case’ of 
inversions, when the circle of inversion becomes a straight line. 
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Now following the procedure explained in the proof of Theorem 2, we 
substitute into (22) the special ¢’s of (20) and (21), and then eliminate 
a, b, 6 by solving (20) and (21) for these parameters. In case VII we find 
the single equation 


(23) [(@—a1)? +(y—41)*] (Pi + Pa) F—2[ (2—21)? —(y — 91) ] PoP 
—4(@— 2) (Y — yr) PF = 0. 


In case VIII, by varying the remaining parameter r we arrive at the system 
of three equations 


(24) P,P = PF = fée (y — J) ] PF 
+ 2(@— a) (y — y) PoP = 0. 


_ As before, these are all linear partial differential equations of second order 
in the unknown F(s, y, Tı, Yı), but the coefficients are no longer constants. 
However, it is still possible to integrate the equations explicitly. The first step 
is to simplify them by introducing the minimal variables 


(25) u= + iy, v =Tr— iy, Mn ty, V = 2% iy 


| (the notation u, V, u:, v, is more convenient than z, Z, Z1, Z1). When this change 
of variables is carried out (PiP = Foe + Fy = 4Fur, etc.), the equations 
assume the forms 


(26) (VII) (u— u)’ Fum —(u— u) (0 — 01) (Pav + Fax) + (v — v) Fon = 0, 
(27) (VIIL) Puo = Fam, (4 — 3) Pau (0 — 01) For, = 0. 


Now in case VII we find that equation (26) can be factored symbolically 
as follows: 


(28) [ (u—u) — (o — n) m1] Leu) an (v—n) | F—0. 


Hence if we denote by Æ the function obtained by applying to F the operator 
in the second pair of brackets, we may replace (28) by the pair of linear 


equations 
(29) (u— tn) Fu, — (v—%1) Fo = F, 
(0) (u— u) Eu — (v — 0%) Bo, — E —0. : 


The second of these is easily solved, with the result 


TLe., F is assumed analytic in the four real variables +, y, a, Yı and this analytic 
function is extended to complex values of æ, y,0, Yı Thus F stands for a function of 
complex variables from this point up to the last step of the proof, when 2, Y, 4, y, are 
specialized to real values again. 


10 


386 ‘ : EDWARD KASNER. 





(31) B= (u—u)f (vu =), 

where f, is an arbitrary function of three variables. Substituting (81) into 

(29) and solving this in turn (for instance, with the aid of a as an 
$ om WL 


independent variable in place of u), we find 


(32) F=f, (won EE) +h (our). 


U — Uy 





Here fz and f; are arbitrary, except of course that their sum must be real when 
we now restrict £, y, 7, Yı to real values. Since the three variables appearing 
in fs now become the conjugates of those in f:, an equivalent form of (32) is 


(33) F= [7 (« > )] 5 


where f is arbitrary (this follows from the fact that the real part of an 
analytic function of complex variables is also the real part of some analytic 
function of the conjugates of those variables). The result given in Theorem 5 
is identical with (33). 

In case VILI, Puy = Fu, = 0 by (27). This means that 
(34) F == fı (u, ta) + fe(u, 01) + fa (V, w1) + fa(v, %1), 


where the f’s are arbitrary. Substituting (34) into the third equation in (27) 
and noting the separation of variables, we have 


(35) (u— Ur)? (f2) uy = — (0 — 01)? (fa) oo, = A, 


“where À is a complex constant. Integrating (35) and substituting in (34), 
we find 


(36) F = fa (u, 01) + fs (v, 4) + A log 





u — Uy 
D—V ` 





The functions f4 and fs and the constant À in (86) are arbitrary, subject to 
the condition that when we now make v, y, #1, y. real, F also becomes real. 
Since the variables in fs are now the conjugates of those in fa, and since the 
coefficient of A is now a pure imaginary, it follows that a form of the answer 
équivalent to (36) is 


(37) P= R[f(u,v,)] +0 [are |, 
where the function f and the constant A are completely arbitrary. The results 


stated in case VIII of Theorem 5 are readily derived from (87). This con- 
eludes the proof of Theorem 5. 
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MIXED Groups. 


5. The previous theorems deal either with groups and sets of conformal 
substitutions, or else with sets of reverse conformal substitutions. There 
remains the case of mixed groups or sets, consisting of both direct and reverse 
conformal substitutions. In particular, we may ask: what functions are 
rendered harmonic by all the substitutions of the total (direct and reverse) 
conformal group? By Theorem 2 and its analogue for reverse conformal 
substitutions, the required functions are those which are at once biharmonic 
and anti-biharmonic; that is, they are those functions which satisfy equations 
(2) and also (19). Hence we must have 


(88) Fas + Poy = Fan = Fay, = Fya, = Py, = Faye, + Poy, = 0. 

The solution of (38) is 

(39) F = f(x,y) + 9(%, y), 

where f and g are arbitrary harmonic functions of two variables. This proves 


THEOREM 6. The only functions F(a, y, 4,41) which are converted into 
harmonic functions of « and y by every substitution of the total (direct and 
reverse) conformal group, are those which are equal to the sum of a harmonic 
function of x and y and a harmonic function of z, and y. 


Finally, we take up the question of determining what functions are made 
harmonic by all the substitutions of a subgroup of the total conformal group, 
in the case of these two mixed subgroups: 


(IX) The total group of 200% rigid motions, generated by the set VII 
of line symmetries (the group of ordinary plane geometry). 
(X) The inversion group, generated by the set VIII of transformations 
by reciprocal radii vectores. This consists of the 200° linear fractional trans- 
formations of z and linear fractional transformations of 2. 


À function F which is made harmonic by the total group of motions IX 
must satisfy the equations deduced in case III for direct motions, together 
with the corresponding equations for reflected motions. The latter equations 
are derived from the former by replacing Po, Pa by P'a, P'a, as we see by com- 
paring (22) with (8). Hence F is determined by the system 


(40) Poo + Fy + Faye, + Fun = Feo, = zn = Pye, = Py, = 0. 


The last four equations mean that F is separable in the pairs s, y and Ti Ys. 
Then using this separation of variables in the first equation, we see as in the 
proof of III that F equals the sum of a harmonic function of « and y, 
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a harmonic function of s, and y;, and a function of the special form 
GR + y — a? — y’). 

In case X, it is sufficient to recall that the inversion group contains all 
similitudes, both direct and reverse. Then by Theorem 2’ and its analogue 
for reverse similitudes, F must be both biharmonic and anti-biharmonic. 
Hence the answer for the inversion group is the same as for the total conformal 
group. We have now proved | 


Tazorem Y. The class of functions F(a, y, 21, y1) which are converted 
into harmonic functions of « and y by evèry substitution x, = (2, y),! 
Yi = y(x, y) of a mixed group of (direct and reverse) conformal substitutions 
is, in the case of the groups IX and X, the following: 

(IX) (Total group of motions) : 

F = f(x,y) + gas y) + ¢(2? + y? — t? — y), where f and g 
are arbitrary harmonic functions and c is an arbitrary constant. 

(X) (Lhe inversion group): F — f(x, y) + 9(%, 41), where f and g 
are arbitrary harmonic functions. 


Since the group of motions IX is generated by the set of line symmetries 
VIT, and therefore includes this set, the class of functions F which are made 
harmonic by the group IX must be included in the class of functions made 
harmonic by the set VII. The same thing may be said for the inversion 
group X and the set of inversions VIIT. That is, the answers in Theorem 5 
should include, respectively, the answers in Theorem 7. For VIII and X 
this is evidently so, for the answer to case X can also be written in the form 


(41) F—=R[f(2) + f(%)], 


and this is of the type VIII in Theorem 5. For cases VII and IX the fact 
is less obvious, but it follows from the relation 


2 ae Lie 2 i S| 8 
(2) hpn | —# a = |. 


QUADRATIC BIHARMONIC FUNCTIONS. 


6. By Theorem 2, not every (direct) conformal substitution can reduce 
a given function F(x, Y, £1, Yı) to a harmonic function of x and y (unless of 
course F happens to be biharmonic). But for a given non-biharmonic F, 
there may still be some subset of the conformal group which makes F harmonic. 


£ This relation can be derived by following the steps of the proof of VII, taking 
F to be æ? + y — g? — y’. Of course it can also be verified directly. 
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We determine. this subset in the case that F is a quadratic polynomial. There 
is no need for the subset to constitute a group, and we find that as'a rule 
‘groups do not appear. We first establish the following 


-Lemma. If F is a quadratic polynomial in four variables, and if a con- 
formal substitution T reduces F to a harmonic function, then T must be 
linear (unless F is btharmonic).. 


For (8) must hold, with the P;F reduced to constants since F is a 


quadratic polynomial. Differentiating (8) with respect to æ and y, and re- 
arranging terms, we have:. 

Par (Da Pa + Ps) F + hay(pyPa— Ps) F = 0, 

pay (bobs + P2)E + buy (byPs — Ps) F = 0. 
Now since T is.conformal, pea + pyy = 0.-If the determinant dradyy — bey” 
of (43) vanishes, then using pyy = — Dos, we have Dos? + ay = 0, so that 
oz = day — 0. Then #,, is also zero, and T must be linear. If the determinant 
of the homogeneous system (43) does not vanish, then 


bePF + PE = yP F — P3F =0. 


(43) 


This means that # and $y are constants, so that ¢, and therefore y, is linear; 
unless PF = P,F = P,F = 0. In the latter case we have from (8), P,F =Q; 
hence F is biharmonic. This proves the lemma. 

Now if a linear conformal substitution (9) makes F harmonic, the con- 
dition which the coefficients a,b in (9) must satisfy is, asin (10), 


(44) (a? + D?) PF + 2aP,E + WPP + PF =0, 


where P.F,:::,P,F are independent constants, not all zero unless F is 
biharmonic. If we interpret a, b as the cartesian codrdinates of a point in the 
plane, (44) is the general circle ° equation; its (real) graph is either a circle, 
or a straight line, or a point, or does not exist in the real domain. Oorre- 
sponding to each point (a,b) of the graph there are œ? similitudes (9), 
since c,d are unrestricted. We can state this result in the following way: 


THEOREM 8. If F is a quadratic polynomial in 2, Y, 1, Yı, the set of 
(direct) conformal substitutions which make F harmonic is one of four kinds, 
depending on the coefficients of F: | 


° This may be called the auwiliary circle and we shall use it elsewhere. The proof 
of Theorem 2 can easily be changed to yield this stronger form of Theorem 2’: If F is 
made harmonic by 400° similitudes situated “at four points” (a,b), and if these four 
points are not co-cireular, then F is biharmonic. For any given function F(a, y, 4, Y1) 
and any given bipoint (#, y); (2, Yı) we have a definite auxiliary circle. 
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(A) The entire conformal group (namely, when F is biharmonic). 
(B) œ? similitudes “on a circle” or “ on a straight line.” 

(C) oo? similitudes “at a point.” 

(D) None. 


We remark that (B) and (D) constitute the general case; (C) is special, 
and (A) is still more special. For (©) arises only when the constants PF 
satisfy a certain relation, expressing the fact that the radius of the circle (44) 
is zero; and (A) requires the four conditions P;F = 0. 

The only groups under (B) are the group of rigid motions III (“on the, 
circle” a? -+ b? = 1), and the group of magnifications II (“on the line” 
b = 0, excluding the origin); under (C) there is only the group of trans- 
lations IV (“at the point” (1,0)). To prove this we use the fact that if 
ay, bı and de, bs-are the coefficients of two similitudes (9), and if as, ba are the 
coefficients of the product of those two similitudes, then 


Qg + ibs = (a + iba) (az + ibs). 


This is evident from the complex form of (9), namely: 


a, = (a + ib)z + (c + id). 


Hence if the œ? similitudes corresponding to points (a,b) on a circle are 
to form a group, the set of complex numbers a + ib must form a group with 
respect to the operation of multiplication. Now it is easy to see that the 
successive powers of a complex number cannot lie on any circle, unless the 
modulus of the number is unity (or zero). Therefore the unit circle a? +- b? 1 
is the only one possible; and this circle does in fact correspond to the group 
of motions. Similarly, the only straight line group is the real axis b = 0 
(excluding 0); and the only point group (other than zero) is the point unity. 
These correspond, respectively, to the magnifications z, == az + (c + id), and 
the translations z, = z + (c + id). 


EXTENSIONS. 


7. We remark in conclusion that most of our theorems can'be extended 
to multi-harmonic functions connected with functions of n (instead of two) 
complex variables. There is also a somewhat analogous theory of the reduction 
of polygenic (non-analytic) functions of complex variables to monogenic func- 
tions by monogenic substitutions. | | 
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THE PROBLEM OF BOLZA IN THE CALCULUS OF VARIATIONS 
IN PARAMETRIC FORM. | 


By Maanus R. HESTENES.? 


1. Introduction. In a Riemannian space À as defined by Morse (X, 
pp. 107-108)? with local codrdinates (x) = (#°,2',---,a") the problem 


of Bolza can be defined as follows. Let (s!) = (2%, a4,---,a™) and 
(x?) = (x°, 21?,- - -, a") be respectively the end points 1 and 2 of the arc 
(1.1) at = zi (t) (ESSE; i—0,1,:::,n). 


We seek to find in a class of arcs (1. 1) and sets.of constants (a) = (a,--+, a"): 
satisfying the differential equations and end conditions 


(1.2) : e(z, &) — 0 (BS meen) 
(1. 3) vis = gis (at, + - ar) . (s= 1, 2) 


one which minimizes a functional of the form 


J= o a) + fF (aya 


The problem of Bolza in non-parametric form has, been studied by a number 
of writers.t The only treatments of the parametric problem known to the 
author are those of Eshleman (III) and Hefner (VII) in the problem of 
Lagrange. | ; 

Sufficient conditions for a minimum in the non-parametric problem with- 
out normality assumptions on the subintervals were first obtained by the author 
while he was a Research Assistant to Professor Bliss. These results were later 
extended (XIII) to the case in which no normality assumptions were’ made. 
This extension is a trivial one. More recently, Morse (XIV) and Reid (XV) 
obtained independently further sufficient conditions involving conjugate points 
which are equivalent to those given-by the author (See XVI). In the present 
paper we give similar sufficiency conditions for a minimum, in the para- 
metric case. 


1 Presented to the American Mathematical Society, September 6, 1934. 

3 National Research Fellow 1933-4. 

3 Roman numerals in parentheses refer to the list of references at the end of this 
paper, 

+ For references other than those given at the end of this paper see (XIII). 
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2. Preliminary remarks. In the present paper we shall assume that 
two systems of codrdinates (+) and (z) which-admissibly represent the same 
neighborhood of a point of our Riemannian space œ are connected by an 
equation of the form 


(2.1) z? = zt (2, a, > *, a) (i=0,1,:-:,n) 


in which the functions z+(z) are of class C* and possess a non-vanishing 
jacobian. Let (r) = (r°,71,: - -,r*) be a contravariant vector, that is, sup- 
pose that under the transformation (2.1) the vector (r) is transformed into 
a vector (a) according to the law © 


oy? eu i 
(2.2) ot = ri. (i j= 0,1, :-,n). 


The functions f(x, r), ¢s(z,7) appearing in equations (1.2) and (1.4) are 
assumed to be defined over Rœ for all sets (7) 54(0) and to be invariants 
under the transformations (2.1) and (2.2). Moreover these functions are 
assumed to be of class C? and to satisfy the homogeneity relations 


(2.8) f(e, kr) = kf (e,r),  ¢a(a,kr) bar) (> 0). 


By a regular arc is meant a set of points in R defined locally by equations 
of the form (1.1) of class C+ and having (t) (0). By a differentially 
admisssible arc is meant a continuous succession of a finite number of regular 
arcs satisfying the differential equations (1.2). By an admissible are is 
meant a differentiably admissible are (1.1) and a set of constants 
(a) = (at, @,- > : , a) which satisfy the end conditions (1.8). 

We are concerned with a particular admissible arc g without corners. 
As was noted by Morse we may assume without loss of generality that the 
arc g does not intersect itself. We suppose further that the matrix | ¢¢,* || 
has rank m along g and that the set (@) belonging to g is the set (a) == (0). 
The functions (a), x(a), O(a) appearing in equations (1.3) and (1.4) 
are assumed to be of class C° near (a) = (0). 

Our problem is then that of finding under what conditions the arc g will 
furnish a minimum to the functional J relative to neighboring admissible ares. 
These conditions must be independent of the admissible codrdinates (x) and 
of admissible parameters ¢ and («) used. Moreover, it can be shown that a 
neighborhood of g can be covered by a single coürdinate system. In fact this 


5 A function f(a°,æt,...,æ") is said to be of class C” if it possesses continuous 
partial derivatives of the first x orders. 
° The tensor analysis summation convention is used. 
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soôrdinate system can be chosen so that & > 0 along g. In our proofs we 
shall suppose that such a codrdinate system has been chosen. Our results, 
nowever, are valid for all codrdinate systems. 


3. First necessary conditions. If we consider our problem as a non- 
parametric problem in #x-space we obtain at once the results of this section 
from the non-parametric case (XIII). 


Taxorem 3.1. If g is a minimizing arc then there exists a function 
= AF + A8(4) bg such that the Euler-Lagrange equations 


(8.1) Py= (d/dt)F,*— Fz —0, og = 0 (i—0,1:-:,n) 
Fold at each point of g. Moreover on g the equation? 
13.2) [Fride]: + r°dé = 0 


is an identity in don when the differentials dx, dx”, dé are expressed in terms 
of dar. The multiplier A? is a constant. The multipliers 8(t) are continuous 
end the elements of the set M°, S(t) do not vanish simultaneously at any ` 
point of g. 


It is readily proved that under the transformation of admissible coördi- 
nates (x) the functions P; in equations (3.1) are covariant components of a 
yector and that the first member of the identity (3.2) is an invariant. It 
follows that the multipliers A°, A8 (t): belonging to g are invariants. Moreover 
the number of linearly independent multipliers of the form A° = 0, A£ (t) with 
which a subarc g, of g satisfies the equations (3.1) is clearly a numerical 
invariant and is called the order of anormality of g on g, relative to the 
equations (3.1). Similarly the number of linearly independent multipliers 
cf the form A? == 0, A8 (t) with which g satisfies the conditions (3.1) and 
(3.2) is also a numerical invariant and is called the order of anormality of g 
relative to the equations (3.1) and (3.2). If there are no multipliers of the 
latter type g is said to be normal and the multiplier X° in Theorem 8.1 can 
be taken to be unity and in this form the multipliers are unique. 

We come now to the necessary condition of Weterstrass (see Graves, VIII). 


THEOREM 3.2. If g is a normal minimizing arc then at each element 
(z, à, À) on g the inequality 
E(x, $, àr) 20 


"Here and elsewhere the symbol [ },2 denotes the value of [ ] at the point 2 
minus the value of [ ] at the point 1. 
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must hold for every set (x,r) =Æ (x, k£) (k © 0) which satisfies cnrs 
pe = 0 and gives the matrix || part | rank m, where 
(3.3) E(x, d, 2,7) = Far, À) —rtF*(2, dA). - 
The necessary condition of Clebsch is described in the following theorem: 


THEOREM 3.3. If g is a normal minimizing arc then at each element 
(x, &, À) on g the inequality 


(8.4) Fystmtri 2 0 (i,j=—=0,1,-:-,n) 
must hold for all sets (x) s4(r#) which satisfy the equations 
(3. 5) grit? = 0. 


The Weierstrass H-function (3.3) is clearly an invariant. So also are 
the first members of the relations (3.4) and (3.5) provided that (a) is a 
contravariant vector. | ' 

We shall now define a new analogue of the Weierstrass function Fa. 
In order to do so we first note that the determinant 


F1, prt 


(3.6) doi. “0 








is identically zero along g, as follows readily from the equations 
(3. 7) Fs,3ri = 0, obs = Tigr! 


which are found by differentiating the equations (2.8) for k and r° and 
setting k—=1. Let bpi (z,r) (p=1,:-+-,n7) be a set of n contravariant 
vectors homogeneous of order zero in (r) and having its determinant | bpt rt | 
different from zero. By the Weierstrassian function F, is meant the determinant 


bp Frtr!bg! — dbprtbp* 


(3. 8) F,(z,7,A) = bpriba 0 


- One readily verifies that the function F, is different from zero along g if and 
only if the matrix (3.6) has rank n + m on g. It can be shown further that 
the function F, here defined differs from the function F, used hitherto by a 
non-vanishing factor (cf. VII, p. 104; X, pp. 112-113). Moreover the func- 
tion F, here defined is an absolute invariant whereas the function F, used 
- hitherto is a relative invariant of the second order. 
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By an extremal arc is meant a differentially admissible arc and a set of 
multipliers, not vanishing simultaneously 


giai(t), X, B=) (#StSe) 


possessing continuous derivatives di, %*, À8 and satisfying the equations (3.1). 
An extremal is said to be non-singular if the function F, is different from zero 
at each point on it. 

If the are g under consideration satisfies the equations (3.1) with a set 
of multipliers 4°, A®(¢) and is such that F,(2,@,A) is different from zero 
on it, then g is an extremal arc. Moreover the parameter ¢ can be chosen 
so that the functions z‘(¢) defining g are of class O? and the functions A*(t) 
of class C? (cf. VIT, p. 108). 

In the sequel we shall assume that g is an extremal arc heen A = 1 and 
satisfying the transversality condition (3.2), unless otherwise expressly stated. 
It will be understood further that the parameter ¢ has been chosen so as to 
give the maximum number of derivatives. 


4 The second variation and the accessory minimum problem. By 
considering our problem as a non-parametric problem in fa-space with # and 
t? fixed it is found that along g the second variation of the functional J takes 
the form 


2 
(4. 1) Ja (m w) = Darwhw! + f 2o (m 7) dt, 
where | 
‘ 20 = Fototntn + Fatry inf + Prti, 
bar = bm + [Friet ];?, 


the subscripts h, J in the second member of the last equation denoting dif- 
ferentiation with respect to om, a, and setting («) == (0). The variations 
7'(¢) are assured to be continuous and to have continuous derivatives except 
possible at a finite number of values of ¢ on ¢*#? and to satisfy with the con- 
stants w* the equations 


(4.2) Pa(n) — paint + perty? = 0, 
(4.3) iE — Eriw == 0 (s==1, 2), 


where the coefficients of nf, 7 in (4.2) are evaluated along g and the sub- 
script À denotes differentiation with respect to æn at («) — (0). Such varia- 
tions (,w) will be termed admissible variations. As was seen by Morse 
(X, p. 123) the variations n°, 2%, mt? define respectively contravariant vectors. 
It follows that the condition (4.3) is independent of the coürdinate system 
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(z) used. Similarly the functions ®g(#) are invariants and the functional 
Ja(ņ, w) is an invariant subject to the condition (4.3), as can be seen from 
the way in which they were derived. The functions 2w and b however are not 
invariants, as one readily verifies. 

The following necessary condition follows at once from the non-parametric 
case (XIII, p. 797): 


THEOREM. 4.1. If g is a normal minimizing extremal arc the second 
variation (4.1) of J must satisfy along g the condition J(y, w) = 0 for every 
set of admissible variations (mn, w) having continuous second derivatives except 
possibly at a finite number of points on tt. | | 


The theorem.just described suggests the study of the problem of mini- 
mizing the functional J2(y,w) in the class of admissible variations yê, w*. 
The problem is a non-parametric problem of Bolza and will be termed the 
accessory minimum problem. The analogues of equations (3.1) and (8.2) 
are the following: 


(4. 4)... Li (9, e) = (d/dt) ht — nt =0,. . sg = 0, 
(4. 5) Pan — Can + bmw! = 0 (h,b=1,---,7), 
where 


Q = © + pP bg, i = Qt. 


Here we have taken the constant ° analogous to A° in (8.1) to be unity, 
which is permissible since the accessory minimum problem can always be made 
normal. The equations (4.4) are known as the accessory differential equa- 
tions, the equations (4.5) as the secondary transversality conditions. The 
extremals with u° == 1 for this problem will be called secondary extremals. 

By an argument like that given by Morse (X, p. 123) it is readily seen 
that on g the functions L;(7,u) are covariant components of a vector and that 
the first members of equations (4.5) are invariants subject to the conditions 
(4.8). The multipliers „f belonging to a secondary extremal nf, pf are there- 
fore invariants, the functions yt being contravariant as was seen above. 

If+(t) is a continuous function possessing a continuous derivative except 
possibly at a finite number of points on #4, then as is well known (VII, 
p: 114) the functions 


(4. 6) n? =z TŻ, ph TAB 


satisfy equations (4. 4). It follows that if ni, pê is a secondary extremal 
so also is nt —-7£+, u8 —7A* provided the function 7(¢) is of class C?. It 
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should be noted also that the ees (4. 4) -are not all independent since 
the equation . 


(4.7) BL (n, n) = Ag (7) 


is an identity in the variables nf, 4°, 4%, w®, 8, as one readily verifies with the 
help of known consequences of the homogeniety conditions (2.3) such as 
equations (3.7). 

The following formula will be useful in the next section: 


(4. 8) Jaln— rti, w) = J? (m w) + [Pti Es + 2rP ang | 1. 


This relation holds for all functions 9°, w, r having the continuity properties 
described in the above paragraphs and satisfying equations (4.2). In order 
to establish this relation we note that 


(4. 9) 2w(y— TÈ) = RQ (y — TË) 
= 20(9) + Ai y (re) + i (7a) ] + 80 (ré) 


the multipliers w® in Q being rÀf. Noting that by virtue of equations (3.7) 
and (3.1) 
(4. 10) Oy (7d) = +(d/dt) Pot = Fo 


and recalling that the functions (4.6) satisfy equations’ (4. 4) it is found that 
(4.11) at (rb) + montré) = (4/4) [n 0 (18)] = (d/dt) (ram). 
Similarly from the well known identity 


RQ = Ont + put + pRB 
ve find that | 
14. 12) 22 (rz) = (d/dt) (P Poth). 


The relation (4.8) now follows at once from the equation (4.9), (4.11), 
and (4.12). 


5. The second variation in normal form. Since the determinant (3. 6) 
is always zero it is clear that the accessory minimum problem described in the 
last section is singular. In the present section we shall set up an equivalent 
accessory minimum problem which is always non-singular whenever the func- 
tion F, is different from zero along g. The method used is essentially à 
generalization of a method due to Weierstrass (See I, pp. 224-226) and seems 
to be particularly adaptable to the present paper (cf. II, IV, VII, XII). 

Let a? (£) (p—1,:::,n) be a set of n linearly independent covariant 
vectors of class C? near g and satisfying the equations a,?@* — 0 along g. For 
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example we may choose these vectors so as to form on g a set of n mutually 
orthogonal vectors normal to g, as does Weierstrass in the two dimensional 
case. It is clear that the functions u” (t) defined along g by the equations 


(5.1). UP = Pq? (p==1,---,n) 


are invariants relative to transformations of admissible codrdinates (s). 
Moreover the variations „ê and 7'—-7%* determine the same functions w. 
If now we select a covariant vector a; (x) such that along g we have utt + 0, 
then there exist a set of n linearly independent contravariant vectors bp’ (s) 
of class O? with a,b,4 = 0 along g and such that the equations 


(5. 2) xt = btu? + rz, T= aint / aj? 


hold along g, whenever the equations (5.1) are satisfied. It follows that a 
set of admissible variations ‘(t), w* determine a unique set of functions 
uP (t), wh, r(t) of class D! satisfying the equations 


(5. 3) Da (u) = Da (byw + rb) — Ba (bru) = 0, 
(5. 4) uP? — Pw, 79 == dytwh 
where (s not summed) 


(5. 5) CPS = a Tnt, dns = asta PE D 
Tr? == bpt + drS Tts (s = 1,2). 
Conversely every set of functions 4? (t), wè, r(t) of class D? satisfying equa- 
tions (5. 3) and (5.4) determines by means of equations (5.2) a set of 
admissible variations i(t), wè. A set of functions u?(t), w? of the type just 
described will be said to be a set of normal admissible variations. 

Under the transformation (5.2) the second variation takes the form 


42 
(5.6) Ja (u, w) = br wtwt + f 2w (u, ü) dt, 
; a 
where 
Ro = 2w (bpt), 


(5. 7) bar? = bar + [2 Potdatdi? + Pot (aridis + aidé) |, 


as is easily seen. with the help of the formula (4.8). The expression (5. 6) 

will be-termed the normal form of the second variation. It is invariant subject 

to the conditions (5.4), although the functions br:°, 20° are not invariants. . 
The following result is immediate: 
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Lemma 5.1. The functional Jo(n, w) is positive (non-negative). for all 
admissible variations (q, w) =Æ (rt, 0) if and only if the functional Ja’ (u, w) 
is positive (non-negative) for all normal admissible variations (u, w) 4 (0, 0). 


In view of this last lemma it is clear that the accessory minimum problem 

is equivalent to that of minimizing the functional J,°(u,w) in the class of 

- normal variations (u,w). This new problem will be termed the normal ac- 

cessory minimum problem. It is of the type already studied by the author 

(XIII, p. 798) and its properties are known. It remains to interpret these 

properties in terms of the original problem. The analogues of equations (4. 4) 
and (4.5) are the following 


(5. 8) Lp (u, p) = (d/dt) O° — wù = 0, p — 0 
(5.9) Vp en? — Up Ont + brw! = 0, 
where 


Q = o? + pdg’, “Up = 0". 


An extremal (w,p) for the problem just described will be termed a normal 
secondary extremal. 


Lemma 5.2. Every secondary extremal (nu) determines a unique 
normal secondary extremal (u,p) and a function r(t) of class O? such that 
the equations (5.1) and 


(5. 10) nt = bpw + råt, ph == pê + TÂB, T = din? / aži 


hold along g, and conversely. The corresponding values of Či, Vp are connected 
by the formulas 


(5. 11) éi = APUp + rot, Vp = bpt (E1 — Fo‘). 


This result will follow at once if we note that under the transformation 
(5.10) the functions Lı, Lp of equations (4.4) and (5.8) are connected 
by the formulas 
(5..12) Lp = b Li Ly = aP Lp. 


This result is readily established by substitution. 

In view of equations (5.12) it is clear that the functions L,°(u,p) are 
invariants. Similarly the first members of equations (5.9) are invariants 
' subject to the conditions (5.4) since under the transformation (5.10) they 
are equal to the first members of equations (4.5), as one readily venies with 
the help of equations (5.5), (5.7), and (5.11). 
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Suppose now that g is non-singular. The determinant’ (3.8) is then 
different from zero along g and the normal secondary extremals (u,p) are 
therefore also non-singular. The following result is an immediate consequence 
of Lemma 5. 2 and known theorems concerning the solutions of equations (5.8). 


THEOREM 5.1. If the extremal g is non-singular then the rank of the 
matrix 














nit à | | 
(5.13) ti palo 9 = Oa sii m) 
formed for p secondary extremals nj*, p8 (j = 1, ++, p) is the same at each 


point on PE, Moreover every secondary extremal (n, p) 1s expressible linearly 
in the form B 
(5.14) nt = qta + rit, uÊ == pba + råb 


in terms of p = 2n secondary extremals n;°, p? whose matrix (5.18) has rank 
2n + 1, the a’s being constants and the function r(t) being of class O°. The 
corresponding value of £; is 

(5. 15) i = bajat + Fot. 


With the help of the last theorem and Lemma 5.2 one can readily estab- 
lish analogues of necessary conditions for the second variation to be non-negative 
as given by the author for the non-parametric case (XIII, pp. 801-803). 

We come now to the notion of conjugate points. A value ¢* = t will be 
said to define a point 3 conjugate to 1 on g if there exists a secondary extremal 
(m u) having (t) = pi (t) — 0 and (4) Æ (rt) on Pt. By virtue of the 
equations (5.10) this is equivalent to the condition that there exists a normal 
secondary extremal (u, p) with w(i) = w(t) =0 and (u) 54 (0) on #4. 
The following theorem is an immediate consequence of equations (5.10) and 
a theorem of Hestenes (XIII, p. 804). 


THEOREM 5.2. Suppose the extremal g is non-singular. If mi, yj? 
(j= 1,: + +,2n) form 2n secondary extremals whose matrix (5.13) has rank 
Qn + 1 then a value At defines a point 3 conjugate to the point 1 on g 
if and only if the matrix ; 


me) (CE) 07 
nE) 0 (E) 


has rank r < In — q + 2, where q is the order of anormality of g in its subarc 
determined by FE. 














6. The accessory boundary value problem. Let K;,(x,r) be a set of 
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functions of class C+ in-a neighborhood of the values (x, 7) = (z, ¢) on g, 
and such that along g we have Ki; = Kj, and 


(61) © Kir#>0 (m) a (rb), Kar = 0. 


Moreover these functions are assumed to be positively homogeneous of the 
first order in (7) and to be the components of a covariant tensor of the second 
order. For example, we can in general select Ki; = Fr. By the accessory 
boundary value problem is meant the system of equations 


M, (CA By o) = Li (7, #) + ok ijn) -= 0, Pg= ae 
(6.2) pis — a, == 0 (4,7 == 0, se ‘,n3s=1, 2) 
Een? — Étant + bmw? == 0 (h,t=1,---, 4), 


where Li(n, u), ®g, € are the functions appearing in equations (4.4) and 
(4.5). By a characteristic root is meant a value of o for which there exists 
a solution (7, p, w) of these equations having continuous derivatives 9, 4, gf 
and with (y) =£ (7%). In view of our remarks in Section 4 and the choice 
of the functions Ki; it is clear that the system (6.2) is independent of the 
coordinate system used. It follows wal the characteristic roots o are 
invariants. i 

The following theorem can be established by the usual method (See, for 
example, VI, p. 524). 


` 


THEOREM 6.1. If the second variation Ja(ņn, w) of the functional J is 
non-negative along g.for every set of admissible variations (n, w), then there 
san be no negative characteristic roots of the accessory boundary value prob- 
em (6.2). 

: The end conditions (1.3) will be said to be regular on g if the matrix 
obtained by deleting the last two columns of the matrix 
| mi (A) 0 


(6.3) tri? 0 a (2?) 














nas rank r. The are g will be said to satisfy the non-tangency condition in 
zase the last two columns are not linearly dependent on the first r columns. 
The matrix (6.3) accordingly has rank r -+ 2 if and only if the end conditions 
are regular and the non-tangency condition holds on g. 

The extremal g will be said to satisfy the Clebsch S-condition if the 
relation (8.4) with thé equality sign excluded holds along g for every set 
(r) Æ (rt) satisfying the equations (3.5). 

We can now prove the theorem: 


11 


402 MAGNUS R. HESTENES. 


.Tasorem 6.2. Suppose the end conditions are regular and the .non- 
tangency condition holds on the extremal g.. If g is non-singular, then the 
second variation J2(y,w) of J is positive (non-negative) for every set of 
admissible variations (q, w) Æ (7&,0) if and only if the Clebsch S-condition 
holds and all the characteristic roots of the accessory boundary value problem 
are positive (non-negative). | 


To prove this we first note that under the transformation (5. 10 the 


system of equation (6.2) are equivalent to the system | 


Uy (up,.0) = (up) + oK pout —=0, 8—0, 
(6. 4) UPS — Pw = 0 (pqg =1,: ++, n; s—=1,2), | 
ViOn? — veer + Bar? — 0 (h,l—=1,---,71), 


where the functions Lp? (u, p), ®g°, vp, cui, cn” are those appearing in equations 
(5.8), (5.9) and 


Ko = bp'Kijbgl, Kij = a? K payt. 


We may suppose further that the functions b,‘(æ) have been chosen so that 
Kp is equal to the Kronecker delta along g. The system of equations (6.4) 
.is then the boundary value problem usually associated with the functional 
J(u, w). Its characteristic roots are defined to be the values of o for which 
there exists a solution (u,p,w) having continuous derivatives w?, üP, pê and 
“with (u) 4 (0). It is clear that the functions M;, M,* satisfy equations (5. 12) 
with L replaced by M. It follows that a value o is a characteristic root of the 
-boundary value problem (6.2) if and only if it is a characteristic root of the 
system (6.4). Moreover the analogue of Theorem 6.2 is true for the 
functional J,°(u, w) in the class of normal admissible variations (u, w), as has 
‘been shown by the author (XIII, pp. 812-813). The theorem now follows 
from Lemma 5. 1. 


7. Sufficient conditions for relative minima. In this section we shall 
show that sufficient conditions as well as necessary conditions can be derived 
with the help of known theorems for the non-parametric problem. To, this 
end we introduce the notion of a Mayer field. 

. A Mayer field is a region Fin R together with a set of slope functions 
‘rt(æ) and multipliers 4*(2) with the following properties: 


_., (a) The slope functions ri(æ) are the contravariant components of a 
vector of class O” and with (r)4.(0). The multipliers Af(x) are invariant 
functions of class C”. 


é 
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(b) The elements (x, 7) satisfy the equations og = 0. . 
(c) The Hilbert integral | 


I* = fr es 


formed for tine se and À° = 1 is independent of the Te in . 

It is well known that a solution st = gi (t). of the equations &t—ri(x) = 0 
together with the a er AB Late) | define an extremal, called an extremal 
of the field F. 

` If g is an extremal of a field 3 then the conditions (3.2) for g can be 
written'in the form 
(7.1): Bs Lae le + d8= 0. 


In view. of ‘this fact it aie rady that the second differential 
(7.2) [dI*].? + d?6 


is a quadratic form in do, whenever the relation (7.1) holds identically in de. 
The Weierstrass #-function Æ(x,r, À, ¢) is defined by equations (3.3). 

By an argument like that used by Hestenes in the non-parametric case 
(XIII, pp. 805-806) we. can prove the following theorem: 


‘Tamorm 7. 1. If g is ‘an extremal of a Mayer field at each point of 
which the inequality 
(7.3) Blx,r(a),A(2),#] > 0 


holds for every set (a, à) =Æ (x, kr) (k > 0) satisfying equations pg = 0 and 
if the endpoints of g and the set (&) = (0) are such that the equation (7.1) 
is an identity in don and the quadratic form (7.2) ts positwe definite, then the 
are g affords a proper minimum to the functional J relative to admissible arcs 
C in F with sets (a) near (a) = (0). 


An extremal arc will be said to satisfy the Weierstrass S-condition if at 
each element (x, #, À) on it the inequality 


-(7.4) . Pia - H(#,%,A,r) >0-. 


holds for every set (x, r) +4 (x, ks) (k > 0) satisfying the equations op = 0. 
The Clebsch S-condition has been defined in the paragraph preceding Theorem 
6.2. 


Lemma 7.1. If an extremal g satisfies the Weierstrass and Clebsch 
_S-conditions then the inequality (Y. £). holds for all sets. (x, &, À) in a neigh- 
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borhood of those belonging tó g and for query: set (2,7) =. (x ké) (k > 0) 
satisfying the equations dg = 0. 


The proof is well known and can be made by the arguments like those 
used by Morse (X, p. 121) for the case in which there are no CRUEL als 
conditions, .: : t 


We come now to the following important result: 


THEOREM 7.2. In order that an admissible arc g without: corners and 
not intersecting itself afford a, proper strong relative minimum to the func- 
tional J it is sufficient that there exists a set of multipliers X° — 1, (x) with 
which g satisfies the Euler-Lagrange equations (3.1), the transversality con- 
dition (3.2), the Weierstrass S-condition, the Clebsch S-condition, and that 
the second variation (4.1) of J be positive along g for every set of admissible 
variations (m, w) Æ (tÈ, 0). 

In order to prove this theorem we shall construct an auxiliary non- 
‘parametric ‘problem’ of Bolza as follows: Let a'neighborhood of g be ‘repre- 
sented by a single admissible codrdinate system (x) with 2°(¢) > 0 along as 
‘described in Lemma 2: 1. “The codrdinates (4°, zt,- - +, "Y will also be termed 
(@,%1,° ` *,Yn). Since the Clebsch S-condition implies that g'is a non- 
singular extremal, the function £°(t) is of class C° for admissible parameters t. 
We can accordingly choose t = <° = v as the parameter ¢ defining g. The 
equations for g can then be written in the form _ | ie 


(4.5) Ha) (tS Sm p=h n). 
‘Moreover the functions $, f can be written in the form . | 


6 (23 Yr» *5 Yn; 1, os," Yn) = $g? (z, yY) ie 
AC ep LYS ears ae Pey y). 


This suggests the problem pi eae the functional 
— o(a) + Siren, yaa 


in the class of arcs (7.5) and'sets («) which satisfy the differential equations 
and end conditions 


ae be (syy) =0 | (8—1,:::,m<n),, 
Gta), ` Yol) = Yp (0) ` (s=1,2), , 

where 
: CO Re Yps (4) = 2° (a) à (ln) 


“thie problem is of the type already studied by the ‘author.’ Clearly g is also 
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an extremal for this new problem, its multipliers being A? = 1, Af (s). The 
analogue of the Clebsch S-conditions. also holds along g. Moreover if in 
Section 5 we select the functions a,? so that for the coordinate system here 
used the: ue OS (5.1) take the form 


uP = pa )p . $ PARTS (p=1,": =n) 


and the functions a; so that (do, a1,° * ',@n) = (1, 0,: - +, 0) then by setting 
t =c it is found that the functional (5.6) is the second variation of the 
functional J°, that the equations (5.3) are the equations of variation of the 
equations g? = 0, and that the equations (5.4) are the secondary end con- 
ditions for the problem just described. It follows from Lemma 5.1 that the 
second variation J (u,w) is positive for every pondi set of admissible 
variations (u, w). 

. As a second step in the proof of ieoa 7.2 we oe ‘that it is sufficient 
to prove the theorem for the case in which the end Coton de 8) and the 
function 6(«) are of the form 


git =e (at, - . <, 02), gi? = gi? (gprt, - . *, ar), 
6 (a) = 6 (oi, : : +, a) — 6? (art, + i ar), 


The proof of this statement is like that given by the author for the non- 
parametric case (XIII, pp. 815-816). The end conditions for the auxiliary 
non-parametric described in the preceding paragraph will also be in this 
separated form. It follows from the Clebsch S-condition and the positiveness 
of the second variation that there exists for this non-parametric problem a 
Mayer field F such that the analogue of equation (7.1) holds and that the 
quadratic form analogous to (7.2) is positive definite. But when these con- 
ditions are interpreted in terms of the parametric problem it is found that 
# is also a Mayer field for the parametric problem and that the condition 
(7.1) holds and that the quadratic form (7.2) is positive definite. By 
taking F sufficiently small the condition (7.3) will also be satisfied by virtue 
of the Weierstrass S-condition and Lemma 7.1. Theorem 7.2 now follows 
Theorem 7. 1. 
Combining Theorems 6. 2 and 7.2 we obtain the following result: 


THEOREM 7.3. Suppose the end conditions are regular and the non- 
tangency condition holds on an admissible arc g without corners and not inter- 
secting itself. If there exists a set of multipliers © = 1, A£ (t) with which g 
satisfies the Huler-Lagrange equations. (3.1), the transversality condition 
(3.2), the Weierstrass S-condition, the Clebsch S-condition, and if all the 
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characteristic roots of the accessory boundary value problem are positive, then 
g affords a proper strong relative minimum to'J. 


Similarly the analogues of the sufficient conditions of “Theorems 9. 1, 


9.3, 9.4” of Hestenes (XIII, cf. XVI) and also those of Morse (XIV) and 
Reid (XV) can be established without difficulty. 
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ON EXPANSIONS IN TERMS OF A CERTAIN GENERAL CLASS 
OF FUNCTIONS. 


By W. T. Marrin. 


Introduction. The object of this paper is to define certain generaliza- 
tions of Appell polynomials and to study the problem of expanding a given 
function in a series of these generalized functions. ‘A set of Appell poly- 


nomials {P,(x)} is defined by e77 3 Pre ~ $ P,(x)2* where the series Spnz" 
o o 


may or may not have a region of convergence. The functions {Pa (x) } are such 
that Pa(x) is a polynomial of degree n in s and P'a(s) = Pr (2), n> 0. 
Polynomials of this character were introduced by Appell and they, together 
with certain generalizations of them, have been studied by various writers.* 
When 3pn2" = z/ (e7 — 1), the polynomials {n! Pa (x) } are the Bernoulli poly- 
nomials {B,(x)}. The Bernoulli-Hurwitz functions Bar (x£) (n,r=0,1,2,-°-), 
are defined by 


2e) (er —1) = Ši Bnr (2)2*/nl, Bar < |2] < a(r +1). 


Carmichael has developed the theory of the expansion of functions in series 
of Bernoulli polynomials and of Bernoulli-Hurwitz functions.? Many of the 
ideas of the present paper were suggested by a study of his paper. 

Replacing the function e** by a function E (e,z) of a given character 
and denoting by g(z) an analytic function having specified zeros, we define 
functions An,r (x) by means of the Laurent’s developments of E(x, z)/g(z) 
in annular rings. In part I we study convergence properties of series of the 


oO 
sort © CnAÁn,r (£), where r is a fixed non-negative integer. 
0 


In part I we study the properties of the functions represented by con- 
vergent series of the above sort and determine necessary and sufficient con- 
ditions on a given function in order that it be expressible in a series of this sort. 


+P. Appell, Ann, Sci. Norm. Sup., ser. 2, vol. 9 (1880), pp. 119-144; H. Léauté, 
Journal de Mathématiques, ser. 3, vol. 7 (1881), pp. 185-200; G. H. Halphen, Bulletin 
des Sciences Mathématiques, ser. 2, vol, 5 (1881), pp. 462-468; A. Angelesco, Comptes 
Rendus, vol. 176 (1923), pp. 275-278; I. M. Sheffer, Transactions of the American 
Mathematical Society, vol. 31 (1929), pp. 261-280; I. M. Sheffer, American Journal 
of Mathematics, vol. 53 (1931), pp. 15-38. 

2 R. D. Carmichael, Annals of Mathematics, ser. 2, vol. 34 (1933), pp. 349-378. 
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In part IIL we introduce an operator B which is such that 
BAn (£) = Anr(x). The problem of expanding a given function in a 
series of the above sort may also be viewed as a problem of solving a certain 
functional equation. We give existence theorems for these associated func- 

. tional equations. When Æ(x,2) =e the function BF(x) is the derivative 
E (x) of functions F(s) of finite exponential type. For this case the theory 
furnishes solutions of exponential. type of differential equations of infinite 
order, yielding results previously obtained by Pincherle and Perron. As a 
corollary we obtain the solutions of a class of infinite systems of linear equa- 
tions in an infinite number of unknowns treated previously (by different 
methods) by Perron.‘ When E(x, z) == (1 -+ z)” the function BF(x) is the 
difference AF (x) = F (x + 1) — F(z) of a certain class of integral functions. 


I. CONVERGENCE THEORY. 


1.1. Definition of the functions An, (£). Let wo(#),u(z),-- +, be 
any infinite sequence of integral functions possessing the following two 
properties : 


1°. lim sup | ua(x) |" S1/f (0 < fS ©), for all a; 
n=00 
, Co 
2°. if a function F(x), representable by a series of the form $; entin(x) 
0 


for which 
lim sup | én |1” < f, 
n=O 


is identically zero, then en —0, n—0,1,- - +. 
Examples of such sequences with interesting connections are: 


{ar/nl},  {2"/ (ào *An)}, {a(z— 1)»: (a2 —n+1)/n}}, 
{z(2 — M) + + + (@—Ana)/(Ar* + And}; 
where An = 0, lim | An | == œ and in the fourth example | A, |= ||: - 


co 
Let us form the function E(x, z) = >) un(x)2" which, we see, is analytic 
o 


for all |z| <f and for all x Let g(z) = S$ Banz”, Bo 0, be an analytic 
0 


function regular for |z|'< p (0 <pÆf). Let g(z) have zeros® of multi- 
plitities s at points am, | @m | < p, (m =1, 2, : -). 


3 S. Pincherle, Acta Mathematica, vol. 48 (1926), pp. 279-304 (first published in 
. 1888); O. Perron, Mathematische Annalen, vol. 84 (1921), pp. 31-42. 

40. Perron, ibid., pp. 1-15. See in particular Satz 1. 

ë We will carry through the theory based upon the assumption that g(z) has an 
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As a matter of notation we assume that the zeros am of g(z) are arranged 
according to increasing absolute values and that those of the same absolute 
value are arranged according to increasing arguments, where the argument 6m 
of om is taken to be in the range 0 @m < 2m. Let there be &(1) zeros of 
smallest absolute value yı, &(2) of next smallest absolute value yz, etc. Let us 
denote by a(r) the sum &(1)+---+ (r). We define yo = k (0)= p(0)= 0. 
Let C, be a circle of radius O'r, yr < O'r < Yre about the origin as center. 

Let us consider the expansions ê 


E (2, 2) 
g(z) 
We see that the An,r (x) are expressible as 


(1. 1) = 2 Anr(@)2" Yr < | z | < Yri; (r =o 0, 1, sS -). 





1. E(x,:) dz 
(2) O 35 So, O 


Denoting by En(T, &m) am” the residue of E(x, 2)~"-*/g(z) at z = am, we see 
that Ra(@, %m) has the form 


1)* 


(1.8) Bean) =S CD (x) pmx(Dn) B02), (m= 0,147), 


where pm,z.(t) is a polynomial of degree sm—1— in ¢ and Dm is an operator 
defined by 


(1.4) Dwi Hl (2, 2) = Z Ha, 2) 





Rom 


1.2. Convergence theorems. Let us contemplate series of the form 


(1.5) À nd (2), 


where r is a fixed non-negative integer. Let us assume that this series con- 
verges [converges absolutely] for h points tı,’ -,2, for which the de- 
terminant A is non-vanishing. The determinant A contains h rows whose j-th 
one we indicate: | 


infinite number of zeros. No essential modification is necessary for the case where 
g(#) has a finite number of zeros «,,---,ap, R21. 

€ The functions Porte); (n,r=0,1,---), generated by ez/g(2) are Appell 
2olynomials (r==0) and associated Appell functions, Bird has introduced the func- 
vions. P onr(2), (mr = 1,2. - .), as the coefficients of the Laurent’s expansion of 
ee2/g(z) in a certain annular ring. See M. T. Bird, On generalizations of sum formulas 
of the Euler-Maclaurin type, Illinois dissertation (1934). 
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1) i ED ana go Eran) 
a= l LA DT Brera | ei LT LR cr, 4 b 
where ; ; ' 
‘ aCr#1) 
h= ZE Sm SFin, j = Drt E (23, 2), Elg) +1 = Surne 
m=plr)+i 


Let us assume temporarily that 


(1.6) lim sup | ¢n |1" SS yra. 
: n=00 3 
From (1.1) we see that 


(1.7) lim sup | An,r(z) [2 = 1/yras, 
n=% 
and hence in view of (1.6) each of the series 
Co 
(1. 8) Z CnAn rep () 5 ‘ (p — L, 2, Aa DP 


converges absolutely and uniformly in every finite region. Forming (1.8) 
for p = 1 and subtracting from it the series (1.5), we see that the difference 





Son we) À (ntl) 8, Sa = 1)* ntk j 
(1, 9) >c mm ee “2 TH (E) Pm (Dn) E (2, 2) 


n=0 Ya map (r)4+1, 


converges [converges absolutely] for £ = 2," ©, Ere 

The determinant A, obtained from A by replacing Fm, ; by Pm, k (Dm) E (23,2) 
is non-vanishing since it is obtainable from A by means of a finite number 
of elementary transformations of determinants. Since A, is different from 
zero the convergence [absolute convergence] of the series (1.9) for t = g1, **' , En 
implies the convergence [absolute convergence] of each of the series 


n=0 Y py 
CR CO ae yale edly, 


00 
(i, 10) So yma e 


FÎence'the series (1.9) converges [converges absolutely] and uniformly in 
every finite region. Using the absolute and uniform convergence of the series 
(1.8) for p= 1, we obtain uniform [absolute and uniform] convergence of 
the series (1.5) in every finite region. 

The preceding work depends upon the assumption that (1.6) holds. We 
show now that (1.6) must hold if the series (1.5) converges at the h points 
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2°. +, a. Assume for the moment that a ‘6) does not hold.” Let y be a 
zonstant such that 


Yra <a < Yr 9 < lim sup | cn |. 
Consider the series (1. 5) formed with ‘Cn replaced by Cn£n Where 
=l a= ln it || Sa, iar (n | on |) if | on] > 
It surely converges absolutely for T= t * -, æn and furthermore we have 
Lim | Sup | Cnbn [17 = q. 
From iess facts we see at the series (1.8) formed with Cn replaced by 
inn converge absolutely and uniformly in every finite region. Reasoning as 


before, we have convergence for each of the series (1. 10) ve cn replaced 
by ena. But 


eo 


30 we are led to a ee and (1.6) must hold. 
We have proved the following theorem and corollary: 


lim | Cnbny =" 


rel 


THEOREM 1.1. If the series (1.5) converges [converges absolutely] for 
a points £,’ ++, for which the determinant A is non-vanishing, then in 
every finite region of the x-plane each of the series (1.5) and (1.8) converges 
[converges absolutely] and uniformly. 


CorozraRy 1.1. Under the hypotheses of the preceding theorem the 
series 


(1.11) | 4) -=Š onemi 


converges [converges absolutely] for z = am (m = pfr) +1,-::,u(r +1)), 
and hence the series (1.11) converges absolutely for |z| > yrn. Indeed, 
sach of the series (1.10) converges [converges absolutely]. 


Let R be any finite region of the s-plane. We want to show that there 
exists in Æ a set of À points Tı, * > :,a for which A is non-vanishing. We 
8e a special case of the following lemma: 


Lemma 1.1. If ,:++,@, are any distinct non-zero constants, 
la| <f (¢=1,---,p), and if . 
me, ae 2 . p a . 
> > Csr (98/028) E (x, 2) | exo, ES 0, 
k=1 8=0 
then cou = 0, (s = 0,---,¢; E= 1, :-,p). 


"The fundamental ideas of this argument are due to H. J. Miles. I am also 
indebted to Miles for much of the notation of this part. 
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The truth of this lemma is an immediate consequence. of the property 2° 
of the functions {u,(z)}. Using this lemma and making an easy induction 
argument, we obtain the following lemma: 


Lemma 1.2. In every region R of the x-plane there exists a set h points 
Ts °°, En for which the determinant A is non- vanishing. 


Theorem 1.2 follows from the preceding lemma. 


THEOREM 1.2. The e of Theorem 1.1 are aa whenever 
there is any region in which the series (1.5) converges [converges absolutely]. 


II. EXPANSIONS IN TERMS OF THE FUNCTIONS An,r(&). 


2.1. A class of integral functions. Let F(s) be any integral function 
enjoying the property that it has an expansion of the form 


[se] 
(2.1) F(a) = X entin(2) 
n: 
with i 
(2.2) lim sup | en [gp 0Sg<F. 


We shall, in such a case, say that F(s) is of sort {un}, type q.. The proof of 
the following lemma relating to functions of sort {un}, type q is immediate. 


Lemma 2.1. A necessary and sufficient condition that a function F(a) 
be of sort {un}, type not exceeding q, is that it be expressible in the form 


F(a) = (1/2xi) IRC z)a(z) de, 


where a(z) is analytic for z in the annular ring q < |z| Ss S œ and C is 
a circle of radius q + e < s about the origin as center and e is a positive 
constant such that q + e < f. 


/ 


2.2. Properties of series of functions An, (x). Suppose we have a 
series l 


(2. 3) P(2) = z CnAnr(&), 


where r is a fixed non-negative integer, satisfying the conditions of Theorem 
1.1 as to convergence. We seek to determine the class of functions F(s) 
represented by such convergent series. Let us set 


(2. 4) : lim sup | ¢n |» =q. 
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Then, as we have seen, gS yru and the function ¢(z) defined by (1.11). is 
analytic for | z | >q. Let us form the function 


| E(,2) 
Cra 9(#) 
which by Lemma 2.1 is of sort {un}, type not exceeding yr. Integrating 


Serm by term the expression obtained by substituting the a (1.11) 
of (z) into (2. 5),.we see that 





(2.5) ne) = 4 (2) de 


LG, #4 H(s) = o È cd (2). , 


The difference H (x) —F (x) is given by the expression (1.9). By Corollary 
=. 1 the convergence of the series (2.3) implies the convergence of each of 
Fhe:series (1.10) and hence we may separate the sum in (1.9). intoa finite 
number of terms of the sort - 


5 : © CRT ee + 
x Cn kN o-itn#1)0 
D*E (2, 2) È yu ("5 ye 141) 0m. 





From the form of D,,*H (x, z) we see that it is of sort {un}, type | om |. Thus 
fhe function F (x), being expressible ‘as a finite sum of functions each of sort 
{Un}, type not exceeding yr:1, is itself of sort {un}, type not exceeding yry 


THEOREM 2.1. If a function F(x) has the convergent expansion (2.3) 
then. F(a) is of sort {un}, type not exceeding Vrais 


Expressing the series in (2. 3) as a series of the form (2.1) and using 
property 2° of the sequence {un (2) } we have the following theorem : 


_ ‘Treorem 2.2. No function F(z) can have two distinct expansions in 
series of the form (2. 3y for the same value ofr. | 


nied F(z): be a given function of sort {un}, type q, where yr = q-< Jet: 
‘We study the problem of expanding F(s) in a series of the form (2.3). The 
fanction F(x) does have an. hae of the form (2. 1) wih (2.2) holding 
and hence we may write 


LEO de, Fe) ie 2s) (2) Se, aide, 


ri Cr zg) g yo 
where Or = q +e < Yra and e is positive. Writing 


ET > Ont OE = 2. ri È engt + P(2), g<[el<p, 


we have 
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(2.8) Fhe nf. Fa [P() + Sour] ds. i 


Integrating term by term, we have (see a 2)) 


(2.9) F(a) = > PS aa DBD + Seadne(4), 


where thé c’s and d’s are uniquely determined constants. -If r == 0, the finite 
sum on the right of (2.8) vanishes since Cy contains no zero of g(z). 


THEOREM 2.3. Any given function F(x) of sort {un}, type q, such that 
YSE < Yru has an expansion of the form (2.9) where the c's and as are 
uniquely determined constants. 


We may also write F(x) in the form ©. si: with O; es by Onn 
where p is any positive integer. Since the Laurent’s series in (2.8) is valid 
for z in an annular ring which includes the circle, ne we have the following 
corollary : ; 


. COROLLARY 2.1. The function F(x) has an expansion in the form (2.9) 
with r replaced throughout by r + p, where. P is- ied positive integer. The 
constants Cp (n == 0,1, ee ee Sm—l; m==1,---,p2(r)), 
are the same * im every case. 


ns F(z) is a given faatae of sort | {un}, ipe Yra “Then, -by 
Theorem 2. 3, it has an expansion of the form ` 


iS 8m-1 


(2. 10) F(a) — E Sal PB (a, 2) + È nánra (a). 


2 ie 


If F(a) also has an expansion of the form (2. 9) it is easily seen Cat the 
coefficients cn be the same in the two cases. Since the series (1.9) represents 
the difference Zcnán,ra (€) — XGrAn,r(æ) the expansions (2.9) and (2.10) 
can coexist only ‘if the series (1.9) converges. In section 1.2 we proved that 
the convergence of the series (1.9) implies the convergence of each-of the 
series (1.10). From its form we see that if (1.9) converges it gives the 
negative of the terms for m = a(r} + 1,--*,#(r-+ 1) in the finite sum in 
(2.10); furthermore, when the series (1.9) converges the two expansions 
(2.9) and (2. 10) coexist. ., Z 
This completes the proof of the following theorem.: 


THEOREM 2.4. Let F(z) = Serur (2) be any- given function of sort 
{tn}, type yra Write 
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1 co co 
maid, EG #)g(z) & One vide —È Cnt (2). 


Then a necessary and sufficient condition that F(x) have an expansion of the 
form (2.9) is that each of the series (1.10) shall converge. 


These theorems give necéssary and sufficient conditions for the expansion 
of functions in series of the functions An, (2). 


II. FUNCTIONAL EQUATIONS. 


3.1. The operator B. We define the operator B to be such that if 
F(z) be any given function of sort un, type less than f, that is, if 


(3. 1) F(a) = Š un (2), lim sup | en | <f, 
then a . l 
(8.2) >’ B”F (s) = S CnumUn() . | (m =0,1,:°-). 


Expanding Anr (£) (r= 0,1, -3 n= 0, + 1, + 2,- +), in series of the 
form (3.1), we see that B An, (£) = Anir(t). ` 
5 CO : 
8.2. Existence theorems, ‘Let A(z) = $; bnz”, bo 540, be a series con- 
o 


vergent for |z]|'< o where 0<oSf. Let q be any positive number less 


than o. Let 6(2) = Cnin(&) be any given function of sort {un}, type not 
0 ARR 


+ 


exceeding q. Let us seek solutions 


(3.3) F(x) = 2 entin (2) 
n=l 
of the linear functional equation 
(8.4) boF (2) + b,BF(2) + BP (x) ++ = 0 (à), 


under the following hypothesis on the coefficients ; 
(3.5) lim sup | en |" Sq. 
n=00 


The trial solution (3.3) may be written in the. form 


(3. 6) F(2) = z f " B(@2) È as 


where C is any circle about the origin as center of radius q + e'< o and e is a 
positive, number such that (+). has no zero in the ring g < |2| Sg +4 € 
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Substituting the trial solution (3.6) into the equation (3.4) and performing 
an interchange of operations, we see that a necessary and sufficient condition 
that (3.3) or its equivalent (3.6) be a solution of (3. 4)-is that 


(3. 7) | o(s) = = Í, E (a, z)h(z) > Ent * dz, 


which holds if and only if the e’s satisfy the conditions 


z : 

(3. 8) D pun = Cn i | (n= 0, 1,° 3 “Ja 
H=0 | ; | 

A particular solution of (3.4) of sort {un}, type not exceeding q is obviously 

given by 


(3. 9) Fons ace es 


mije he) À 


and hence a set of solutions {en} of (3.8) of the character described by (3. 5) 
is given by setting en = dn (n—0,1,: : -),-where the 4, are defined by 


Le oo Oo ‘ ; 
BG See = Sd + She", q< lel Sge 


If we write the trial solution (3.3) (or (3.6)) in the form 





= E(a, 2) aid n 
Z [cGy [ÈS +È ‘dz, 


then we see that F(s) is a solution of (3.4) if and only if 8:—=cp. In such 
a case | 





F(x) —F,(2) toy ; ES È erda. 


If A(z) has no zero for | z| Sq, then F, (x) is the only solution of (3.4) of 
sort {un}, type not exceeding q. If h(z) has zeros of multiplicities om at points 


(38. 10) amy, | an| Sq (m=, +k), 


then by the theory of residues it follows that F(x) must be of the form 


(8.11) P(e) = F(a) +È PE LODSE 


Every solution of (3. 4) of sort {un}, type not exceeding g, is expressible 
in the form (3.11) where the d’s are constants. But each of the functions 
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(8.19) gy B22) lem = D nn) à + (m5 + Dan (e), 


(7 =0,- **,0m—1; m= 1,: a “is | 


constitutes a solution of the homogeneous equation, that is, of equation (3.4) 
formed for 6(z) ==0. These solutions are linearly independent (see Lemma 
1.1) and each is of sort {un}, type not exceeding gq. . 

This completes the proof of the following theorem: 


Co 
THEOREM 8.1. Let h(z) => bnz”, bo 0, be a series convergent for 


[e| <o Sf. Let q be any positive number less than o. Let 0(x) => Cnttn(2) 
0 


be any function of sort {un}, type not exceeding q. If h(z) has no zero for 
|z | Sq, then the only solution of the equation (3.4) of sort {un}, type not 
exceeding q, is given by (3.9). If h(z) has zeros of multiplicities om at the 
points (3.10) then.the most general solution of (3.4) of sort. {un}, type not 
exceeding q, is given by (3.11) where the d’s are arbitrary constants.® 


For the case where A(z) — g (z) the solutions F(x) are expressible in the 
form (2.9) where r is the integer defined by y Sq < yru. 

Noting that every solution F(x) of (8.4) of the desired character, when 
expressed in the form (3.8), furnishes a set of solutions {e,} of (8.8), 
verifying (8.5), we obtain as corollaries certain results relating to infinite 
systems of linear equations in an infinite number of unknowns. We state 
only the following one relating to homogeneous systems: ° 


| 5 
CorozLary 8.1. Let h(2) => bnz”, bo 2 0, be a series convergent for 
0 


|z| <o. Let q be any positive number less than o. If h(z) has no zero for 
|2| Sq, then the only set of solutions {en} of 


` wo 
(3. 13) sok 2 Oueuin = 0, | (n=0, 1,- . ), 
u= 


verifying (8.5), is the identically zero one. If h(z) has p zeros (multiple 


22 


zeros counted multiply), p > 0, for | z | Q, then there exist exactly p linearly 
independent seis of solutions {en} of (3.13) of the character described by 


8 Since 6(@) may be identically zero the theorem applies also to homogeneous 
equations. Sei ; 

° Perron (loc. cit.) by different methods has obtained the results contained in this 
corollary. 


12 
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(3.5). If these p zeros aresgiven by (3.10), where am is of multiplicity Om 
then p such sets of solutions are gwen by 


(3.14) en = n(n—1) >> (n— j + 1) an" 
(7 =0,° > -,0m—1; m—I1,---,h), 


or by a linear combination of these, namely 
\ 


(3.15) En = On" (j—0,: . -0m — 1; m= 1, <k). 


3.3. A particular case of the operator B. Let ào, Ma 2°", be an 
infinite sequence of non-zero constants such that 


(3. 16) lim | Aoh" + Ae |Y" = co, lim | An "= 1. 
© l n=O n=00 


The sequence {u,(x) = 2"/(AoA1‘ * ` A)} forms a sequence possessing the 
two properties 1° and 2° in the introduction. We give here a definition of the 
operator B associated with this sequence which is an extension of the one 
already given. If F(z) be any single-valued ue function regular at 
æ = 0 then we define 


F(z) & B Aoda = Anm e ar 
g gml a Be Coes TE 





(3.17) BF (x) "a — dz (m—0,1,:::), 
where C.is any circle about the origin as center 2 the region of analyticity 
of F(z) and x is any interior point of C. In view of (3.16) each of these 
integrals is defined for any point x interior to C and the Maclaurin’s expansion 
of B™F (a) has the same circle of convergence as has the one representing 
F(a). We note the following additional properties of the operator B: 


Bot = Maa", n>0;, Bc—0,c any constant. 


If 
ORA Rs R 
rhin. VUS 
then 
(3. 18) BOP (2) = Sum, || < B2 
7 + nim oki -Àn > g 





1° Pincherle and Hadamard have studied operators of this sort. See S. Pincherle, 
Giornale di Matematiche, vol. 32 (1884), pp. 62-74; J. Hadamard, Acta Mathematica, 
vol. 22 (1899), pp. 55-63. Hadamard introduced and used a contour integral representa- 
tion of the form (3.17) in his study of the Hadamard product, Carmichael suggested 
to me the above contour integral representation for the operation, 
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We may and will also consider (3.17) and (3.18) defined for m a nega- 
tive integer provided that we agree to replace by zero any term which contains 
a À or a à with a negative subscript. 

For the case Ào = 1, An = n, n > 0, the operation BF (2) furnishes the 
derivative of an analytic function regular at s == 0. For negative values of m, 
say m == — k, equations (3.17) and (3.18) represent generalizations of the 


multiple integrals 
z zı Zk- ? 
Í, f T f F (zx) du: + + dede. 
0 0 0 


We place a further restriction on the Vs, namely that 
(3. 19) POESIA ESENE 


Carmichael ** has obtained a general expansion theorem relating to a set of 
non-zero constants verifying (3.19) and such that lim | Àn | = œ. I state it 
here for future reference. 


GENERAL EXPANSION THEOREM. Let a(x), (x), +, be a finite or 
infinite sequence of functions each of which is analytic in the interior of the 
circle |s| =p. Let a be a positive number less than p. Denote by Mz the 
maximum absolute value of a(x) in the region |x| <a. Suppose the 
following series converges 


| a a? a 
3. 20 Sie aps SMe Ur 
ic a Tal Tol oles © 


Let F(x) be analytic for |s| <a. Then F(x) has a unique expansion in 
either of the following two forms: 





(3.21) F(s) = Soe a Os 
hag ci E 
` (8.22) F(a) ga Zra Zenta 
œo gente 
Taa a te ; 


HR. D. Carmichael, “A general expansion theorem with applications to certain 
integral equations of infinite order.” An abstract of this paper is given in Bulletin 
of the American Mathematical Society, vol. 40 (1934), p. 211. The theorem, although 
actually stated for the case of positive N's, carries with it the case of complex Ns, 
under the above conditions. 


420 : | W. Te MARTIN. 


Either of the expansions of F(x) converges absolutely and uniformly in any 
whatever circle- interior to the circle | x | = a, and is valid for every interior 
point of the latter circle. 


In the following paragraph we will use the operator B defined as in 
‘equation (3.17) where the Vs satisfy, the additional conditions (3.19). By 
a method analogous to that used by Carmichael (op. cit. ) we obtain theorems 
with reference to the operator B similar to those obtained by Carmichael with 
reference to the differential operator. Because of their similarity as to proof 
and statement we merely state one. : 


THEOREM 3.3. Under the hypotheses on F(x), a (x), a2(x),- > +, stated 
-in the General Expansion Theorem, the mixed equation 


(8.28) F(x) — Bru(r) + a.(z)B"tv(x) +°- : 

+ Gn (ejo (t) + Onis ()B*0(2) + an (2) B#0(2) + 7, 
where n is a positive integer, has one and just one solution v(x) which is 
analytic at æ—0 and which satisfies the initial conditions v(0) = čo 


Bu(0) = £a", Bt0(0) = baa where bo, 1," + `, En are any preassigned 
constants. This solution is analytic à in the interior of the circle |s| =a. 
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ON THE BOUNDARY OF THE RANGE OF VALUES OF 2(s). 


By RICHARD KERSHNER and AUREL WINTNER. 


In connection with his investigation of the. distribution of the values of 
the Riemann zeta function, Bohr?.has studied the vectorial addition? of 
convex, curves and has proven, among other things, that if the vectorial sum 
of a finite or infinite sequence of convex curves is a bounded set, then it is 
either a closed convex region or a ring-shaped region bounded by two non- 
intersecting convex curves. The method of Bohr is entirely geometrical and 
it is, therefore, impossible to apply it to a discussion of smoothness properties 
. of the boundary of the vectorial sum, at least if the sum is infinite. Following 
a suggestion of one of the present authors, Haviland + applied the supporting 
function (Stützfunktion) of Brunn and Minkowski to the study of Bohr’s 
problem, using the fact that the supporting function of the outer boundary 
of the vectoriai sum is the sum of the supporting functions of the added curves. 
Bohr and Jessen ® have recently. shown that, with the use of the supporting 
functions, it is possible to determine the set of those a > 1 for which the ~ 
closure of the values attained by the logarithm of the Riemann zeta function 
on the line oa» is a convex region; for the remaining values of cp > 1 
this closure is ring-shaped. It has been shown by one of the present authors € 
that a rule similar to the above mentioned rule for the supporting function 
of the outer boundary holds for the supporting function of the inner boundary, 
at least on ares of the inner boundary which are free of corners. 

In the present paper the method of supporting functions will be applied 
to the question of regular analyticity of the boundary curves of the infinite 
vectorial sum in cases of the type of the logarithm of the Riemann zeta func- 
_ tion. In particular, it will be shown that the outer boundary of the closure 


1 Of. E. C. Titchmarsh, The Zeta Function of Riemann, Cambridge, 1930, Chapter IV. 

2H. Bohr, “Om Addition af uendelig mange konvekse Kurver,” Danske Videns- 
kabernes Selskab, Forhandlinger, 1913, pp. 325-366. 

$ By the vectorial sum A; + A, of two sets A; and A, is meant the set of all points 
A= g, +2, where 4 C A, and z C A+ It is clear that this addition is associative 
and commutative. By an infinite vectorial sum A, + 4: +... is meant the set of 
points 2 which may be expressed in at least one way as a limit of points 
eV = 2, H ga tHo oga where 2, C Ay. 

tE. K. Haviland, “ On the addition of convex curves in Bohr’s theory of Dirichlet 
series,” American Journal of Mathematics, vol. 55 (1933), pp. 332-334. 

SH. Bohr and B. Jessen, “ On the distribution of the values of the Riemann zeta 
function,” American Journal of Mathematics, vol. 58 (1936), pp. 35-44. 

eR. Kershner, “On the addition of convex curves.” To appear later. For an 
abstract, cf. Bulletin of the American Mathematical Society, vol. 42 (1936). Record 
of the February, 1936, meeting. 
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of the values attained by log &(s) on a fixed line o = 09 > 1 is a regular 
analytic curve. Due to the explicit formula for the supporting function of 
the inner curve, the analyticity of the inner curve may be treated similarly.® 
The result is of particular interest in view of the fact that the density of the 
asymptotic distribution cannot be analytic at points of the boundary. The 
transition from the range of log ¿(o + it) to that of {(o + it) requires but 
a trivial exponential mapping. 
It is known that if the power series 


(1) p(w) = mw + aw? -+---, where a 50, 


is convergent in the vicinity of w — 0, then there exists an R > 0 such that 
p(w) is regular and schlicht in | w | SR and that” the curve z = p(re*), . 
where 0 & 6 < Pr, is, for every fixed positive value of r S&R, a regular analytic 


convex Jordan curve in the (+, y)-plane, where z = g -+ ty. Let fi, 72,° “> be 
an infinite sequence of positive numbers such that r, < R for every n and that 
Tı + Te +: +: is convergent, Let Ca denote the convex curve 

(2) 2 = Za (0) = p (Tne) . 


and T,,(6) the tangent to C, at the point z = p(rnet?). Then the equation 
of Ta (0) is | 


(@) é cos} + sin $ — n ($) = 0, 
where | 

(4) cos p =— Yÿn(0)/ | 2n(8)|, sin p = dn (0)/ | n(8)| 
and 

(5) hn(¢) = Tn (8) cos $ + yn() sin #, 


it being understood that 2, == 2» + iy» and that the dot denotes differentiation 
with respect to 6. Since 
et = {— Ün (0) + ibn (0) }/ | en(8) | = ièn (0)/ | (8) |; 
it is clear from (2) that 
(6) et =e — oly (rne?) | p (rae), 
where the prime denotes differentiation of p(w) with respect to w. On placing 
p(w) =ãw + dw? -+---, it follows from (6) that 
e ma op (Tuet) {P (Tnet) (rue tt) A, 
so'that 
(7) = Gn(0) =r + 80—ilog p (rnet) 
+ (3/2) log p' (raet) + (i/2) log p (rae). 


T Of., e. g, Q. Pólya und G. Szegö, Aufgaben und Lehrsdtze aus der Analysis, vol. 1, 
Berlin, 1925, p. 105, no. 108. ; 


ON THE BOUNDARY OF THE RANGE OF VALUES OF é(s). 423 
à 


Hence 





(8) d6 P (Tne) (tne) 20 (tae) 
Now p(w) and, consequently, p(w) are regular and schlicht in |w] SR, 
which implies that the absolute values of their first derivatives have a positive 
lower bound £ in this circle. The absolute values of the second derivatives 
of p(w) and (w) have in this circle a finite upper bound y. Consequently, 
since Ta = R, it is seen from (8) that 


dn (8) _ 1 nen” (Tnet) raetôp” (Tae) rep” (rne) 





den(0) > S 
TT | = 1— arn, 


where the positive number g — 2y/£ is independent of both n and 8. Thus, 
since fa —> 0, there exists a sufficiently large no such that 


(9) | de (0) =4 whenever n= no 





Now the equation (6) may be considered as defining @ as a univalued, 
continuous function 


(10) 0 = n ($) 


of the normal inclination ¢ of T,(8). In fact, since On is a regular analytic 
convex Jordan curve, the two angular parameters @ and ¢ are in a continuous 
one-to-one correspondence, so that (10) is the inverse function of the function 
(7). Finally, it is seen from (3) and (5) that the supporting function 
of On is 

(11) hn(p) = En (0n(p)) cos $ + y (a (b)) sin g. 


Let p > 0 be so small that the functions (2), where n = 1,2, > >, are 
regular and uniformly bounded functions of the complex variable 8 in the 
rectangle 
(12) —p<RO<rer+p, —p < II < p. 


The existence of such a p > 0, which is independent of n, is obvious from (2), 
since, on the one hand, every f» is chosen less than the convergence radius of 
(1) and, on the other hand, fn — 0 in view of the convergence of r, + rs +". 
Since p’(w) and p’(w) do not vanish in | w |S R, one may choose no so large 
that not only does (9) hold but also the functions œ ==n(0), when defined 
in the complex region (12) by the explicit formula (7), are regular and ïn 
absolute value less than a number M which is independent of n(= no). 

Let 6 == 0, be a fixed real angle in the interval 0 = 0, S 2m and let # be 
she corresponding angle ¢. Then, in the circle | 8—@ | < p, the functions. 
p = bn(6), where o = pn (00), are regular analytic and in absolute value less 


424 RICHARD KERSHNER AND AUREL WINTNER. 


den (8) 


6 = % by (9). Hence, 


0=00 





than M for every n = no. Furthermore, 





by the proof of the local theorem on the inverse function of an analytic func- . 


tion, there exists 8 a positive constant + which is independent of @ and of 
n (=m) and is such that the inverse function 6 = 4,(¢, 6o, po), where 
do = $n (9), is regular analytic and | @— | < p in the circle | ¢— ġo | < r. 
Now it is obvious from the monodromy theorem that 6n(¢, do, po) is independent 
of A and of po = pn (0o), SO that it may be denoted simply by @,(). Thus, if 
n = no all functions 6n(@) are regular analytic and 6—6n(¢) is within the 


rectangle (12), hence the functions 62(),%nu(¢),°~ > are uniformly 
bounded, if ¢ is in the rectangle 
(18)  m—1/2 E Rp Snt rtr 1/2 < Fo < 1/2, 


where m—#n(0) is the normal inclination of 7,(0). Consequently, the 
functions 6,(¢), which were defined for a = ġo S p + 2r by (10), are regular 
and uniformly bounded in the rectangle (13) of the complex ¢-plane for every 
n= No. Finally, since the intervals pS do S p + 2r and 04 S 2r are 
in a one-to-one correspondence, and since the derivative db/d8 is, for real 6, 
distinct from zero for every m, it is clear from the definition (10) of On() 
that there exists, for every fixed n, a rectangle Rn in the complex ¢-plane such 
that Rn» contains the interval » po S p + 2r in its interior and the func- 
tion (10) is regular and bounded in Æ». Consequently, there exists in the 
complex ¢-plane a rectangle Eo in which all functions 6,(¢) are regular and 
uniformly bounded and which contains the interval p S ġo S a + 2r in its 
interior. In fact, if Q denotes the rectangle (13), the common part of the 
finite number of rectangles Q; Ra, R2,- + +, Rn will be such an Ro. 
Now it will be shown that 


(14) H($) =È mo) ; 


is regular analytic in the interval u S D S p + a, i.e., in an open rectangle 
of the complex ¢-plane which contains this interval. It has been shown above 
that if @ is in the rectangle Ry, then | 6n(¢)| < L for some positive constant L. 
On the other hand, it is clear from (1) and (2), where Zn = £n + Yn, that, 
since 7, —> 0, one may choose a sufficiently large K — Kz and then a positive 
constan® 4 = Ax such that, if | 0 | < L and n= K, the functions +,(8) and 
yn(8) are regular and in absolute value not larger than Arn. Consequently, 
tn(On()) and yn(On()) are regular and in absolute value not larger than 


8 Of. e. g., E. Landau, “ Der Picard-Schottkysche Satz und diè Blochsche Konstante,” 
Kitzungsberichte der Preussischen Akademie der Wissenschaften, Physikalische-mathe- 
matische Klasse, 1926, p. 470. 
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Avr, if @ is in the rectangle R, and n= K. Hence, since rı + ra +: ° is 
convergent by assumption, the series : a 
S k . pi =. 
EC) = Dtn(Pa(h)), YCH) = E Ya lOa lH) ) 
have regular analytic terms and are uniformly convergent in the rectangle 
Eo of the ¢-plane. It follows, therefore, from (11) that the function (14) 
is regular in Ry. This completes the proof of the analyticity of (14) in a 
rectangle which contains the interval a S $ S p -+ 2r in its interior. 
Now H(¢) is® the supporting function of the outer curve. On intro- 


ducing into the regular analytic functions æ—zx(#), y—y(¢) ‘the new 
independent variable 


s= [Le + GET a 


instead oh ¢, it follows that the outer boundary of the region 0, fi Cs +: 
is a regular analytic curve. 
If p(w) is the power series . | 
p(w) =—log (1—w), where p(0) —0, 
then p(w) is regular and schlicht for | w | 1 and the image of the circle 
| w | = r is convex for every r < 1. Now it is known *° that the closure of the 
values of the logarithm of the Riemann zeta function, log £(s),'on a fixed line 
Rs =o > 1, is the region O, + Cz +- - +, where Cn is the curve 
z = — log de nce) 
and Pa is the n-th prime number. Since pa <1 for every n and 
pr? + pot +: > > is convergent for o >i, it follows that the outer boundary 
of the closure of the values of log £ (s) on a fixed line ø > 1 is a regular 
analytic convex curve. The inner curve, if any, is similarly treated up to its 
possible corners. 


THE JOHNS HOPKINS UNIVERSITY. 





ERRATUM. 


Professor H. Cramér has kindly pointed out to me that Theorem XVIII 
of my paper “ On a class of Fourier transforms” (pp. 45-90 of vol. 58 (1936) 
of this JOURNAL) is false unless one reads at the end of this Theorem “a Qauss- 
Maxwell law” instead of “the Gauss-Maxwell law of radial symmetry.” This 
change is necessitated by the fact that on p. 81 the statement “the matrix 
| — Spa || is C(eu) times the unit matrix” is erroneous., That Theorem 
XVIII becomes correct by omitting the restriction of radial symmetry is seen 
from the central limit theorem. ~ A. WINTNER. 


° Cf. E. K. Haviland, loc. cit. ` *° Cf, e.g, E. C. Titchmarsh, loc. cit., pp. 64-67. 


THE SAMPLING THEORY OF SYSTEMS OF VARIANCES, 
COVARIANCES AND INTRACLASS COVARIANCES. 


By S. S. WILKS. 


` 


It is well known that the type of data to which the method of intraclass 
correlation is applicable can be effectively and accurately treated by the method 
of the Analysis of Variance. The connection between the two methods has 
been given by. Fisher * for the case of one variable, and it is quite evident that 
the latter method has the greater practical value in determining, statistically, 
the relative importance of two groups of factors causing variation. However, 
the method of intraclass correlation has theoretical value in that it provides 
estimates of the parameters which characterize the distribution of the variates 
which constitute a “family.” For example, under the assumption of nor- 
mality, if the mean and variance of each of the variates Ur, La, © + ty is 
m and o? and the coefficient of correlation between any pair is p, then the 
distribution of this k-variate “family ” is the normal multivariate distribution 
characterized, however, by only the parameters m, a° and p. p is called the 
intraclass correlation coefficient for the k variates. The method of intraclass 
correlation consists essentially in estimating m, o° and p and making a signif- 
cance test appropriate to the hypothesis under consideration. 

In the present note we shall demonstrate a general method for handling 
the sampling theory of systems of variances, covariances and intraclass co- 
variances, and illustrate the method on the generalized intraclass correlation 
problem. ars: a 

In order to present the essentials of the method, we shall consider 
the following general .problem. Let a system of variates Yp = Lp — Mp 
(p = 1,2,: - +m) be distributed according to the law 


| Aan |1/2 = 
(1) Un( Apes Yo) = link exp (— 2A rapa) ul dy» 


where the-matrix | Apa | is positive definite with determinant | Apa |- The 
clfaracteristic function of the quantities pg = Yp¥q is given by 


(2) ` p = E (exp (tXtnefpg) ) = f exp (t3tpokpa) ` Un (Apa Yp) 
| | = | 4,9 [72 | Apa — itng [7 4/2 


1R. A. Fisher, Statistical Methods for Research Workers, 4th edition (1932), p. 205. 
Also see R. A. Fisher, Metron, vol. 1, no. 4 (1921), pp. 3-32. 
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where tpg == tgp and the integral is taken over all values of the yp. Now suppose 
¢ factors into determinants of order m as follows 


(3) p= Il | Bass [#2 | Bey [-a/2) 
ai 


where the kg are positive integers, | Buy | is positive definite and 


g 2 g 
(4) y = À CapAF un, Bry = B%yy— i À Capt? ‘Ws | Cap | #0 
=1 = 


the Afw (where As = A) being elements of the matrix | Ara ||- The 
corresponding elements in | tpg | will be denoted by fu. {A4 uo} and {fur} 
will be the sets of distinct elements in | Apa || and ‘|| ta || respectively. There- 
fore, since the pg are all distinct, we have 


(5) = LpaËpa = 5 anna 
Be WVB 


where 78,» = Sép, summed over all values of p and g for which tpg = tPuv. 
Now if we let $ cast = stw we find Pa -f Caps*u» Where || Cag || is 

the reciprocal of || cag |. To find the system of quantities of which 

(6) a = | By |¥a/2 F | Bluu — i8%yp |- a/2) 


is the characteristic function, we express the tuy in the right side of (5) in 
terms of the w. Accordingly, we find that $ is the characteristic function 
of the quantities 


(7) buy R > CaprP uv. 


` 


, 
Since ¢ = JT ¢a the systems {6%} (« = 1,2, + -,g) are independently dis- 
a= 


zributed. If ka >m + 1, the distribution of the quantities {btw} can be 
shown ? from # to be 


18) Vin (Btu, Our ka) ` 
| Btu |¥0/2 | Beye | %a-m-/? exp(— Y Bryrb%ye) 
= mt T II dD yy 
qm (m1) /4 Tl L-THar1-i)/2] uv . 
4-1 





The distributions given by (8) for all @’s for which ka >m are the basic 


? J. Wishart and M.S. Bartlett, Proceedings of the Cambridge Philosophical Society, 
vol. 29 (1933), pp. 260-270. 
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distributions from which distributions of systems of variances, covariances and 
intraclass covariances can be found by transforming the bws. The foregoing 
` method can be conveniently summarized in the following 


THEOREM. If the characteristic function | Apa |12 | Apa — tpg |7 4/2 
(p,9==1,2,--+,23 || Ang | positive definite) of a system of second order 
products Ypyq = fq factors into the form 


g : $ 
TI | E cagAbun [0/2 | D cap ( Alu — it8yn) |- 20/9 
ai. $ 8 


where u, v = 1, 2,* - +m; | cag | Æ 0, and | Cag || = || cag |7, and the quanti- 
ties Auv, Puo and uy are defined as in (4) and (5), then the systems 
{b tuv = È Casta} are andepentent of each other in the probability sense 


oe af be >m+i1, the distribution of the system {btw} is gwen by 
m ( Z CapAFun, Dur, ka). 


Now, as an illustration of the method, let us consider an interrelated 
system of families F4, Fo, © + Fm of k variates each, where Lur, tue," * * Lux are 
the variates in F,. Suppose the system is normally distributed such that m, 
‘ and oy? are the mean and variance of each variate in Fy, pu» the correlation 
(cucvpuy the covariance) between Zui and ty; (i= 1,2,---%) and p'w the 
intraclass correlation (cyovp’u» the intraclass covariance) between Tu; and Toj 
(i, j = 1,2,- : +h; i547). Here, of course, pur = pou, P'uv = pou puu = 1. 
The elements in the symmetric and positive definite matrix A of correlations 
can be arranged so that A will consist of m? square blocks of k? elements each 
such that if dv; is the general element in the matrix then 


i : =], ` i=j, u=, 
(9) Ouvi =pu, i=j, 
= p'um, co a 


If we let the reciprocal of the matrix || ouowuvi; || of variances and covariances 
be | Auvis | whose determinant is | A |, then the distribution of the Tui is 


(10) Vink (4 Auvis, ui — Mu) 
a | 1/ 


= teh exp (— $2 Auvis (Tui — me (Tv = Mo) ) n si 


where ie sum and product are to be taken tor all subscripts. Tt can þe readily 
verified that Au; is of the form 
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. 


== Áw, i=j 
1) rk T 


where the Aw and A’w are functions of the o’s and p’s which need not be given 
for our purposes, Now suppose observations have been made on N sets of 
families distributed according to (9). Denoting the values of the. 2’s for the 
r-th set of families by tur (u—1,2,: + -m; i=1,2,- - -k) the probability 
of obtaining such a set of observed values of the 2’s is 


X : 
(12) Ê -P= H Umr (Auviis Tuir — Mu) . 
Now let us consider the product sums ` 


doy => Tuir — À | Rte | 
aa 7 + ( Pom Deemi inner) 
buvij = N (Bui = Mu) (Zvj = My) 7 
where Zu = (1/N) 2 Tuire It is known from the. sampling properties o 
normally distributed mie that the distribution of the system of means is 
independent of that of the second order’ product moments of deviations from 
means. The CRaTACHEHEHG: oe of the as and pe is piren By: the ki 


(14) ¢=F# [exp anne + SBwvisbuous)] | 
= | $4 |X? | ZAuvij — cuis TND] Lois — Büvis | 2/2. $ 


To adhere to the usual definition of a characteristic function the œ’s and f’s 
will be purely imaginary numbers; all other numbers will be real. We now let 


= Quv, 1= } 


: Zuvij La, à ` 

(15) : ici == Q uvy 1%] 
a Buvij = Bue, rE 

== Bu iE. 


Making use of (11) we find that ¢ becomes the characteristic function of the 
quantities in the square brackets in the following expression. 


(16) g’ = E{exp( S uel È davis] + D Cul 2 tuvi] 
WV UT tA} 
+ 5 Bol È Duvii] + > B'ul 2 Puvis]) } . 
Using equations (11) and (15) in (14) we find that ¢’ factors into the form 


(17) | 44 [ee l 40u — yuv JEN 49/21. | 4Cuv —y. is |z E Ck-1)/2] 
-| Duv — 8uv |- -[(N-1)/2] . | 4Duv — duo jam, 
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where 
(18) ° Yuv = Xuv — g uv uv = Auv + (b — 1) @w, Oio = Åu — A’uy 


= Buo— f Us Suv = Buv + (k—1)g UVI Duy = Åu + (k — 1) A’w. 


In terms of the Ou; puy and p'u» the matrices | C | and | Du» | are the 
reciprocals of || ouce(puo — p’uv) | and || curo(puv + (k —1)p’uo) || respectively. 
Let the æs and fs in (16) be transformed to the y’s and §’s by the equations 
(18), afterwards setting y'av — yav. ’ becomes 


(19) $” = E {exp ( = [yueCun + Suedue + S'uveuv] ) } 
where | | 
k—1 
Cun = | > (auvit + buvii) —; > (Guvig + buvi) 
Aj 
(20) duy = > > Quvij 


1 
Cyy == A 2 buvss- 


` Thus, the value of ¢” in (19) is given by (17) with the yu» replaced by yuv. 

Since the characteristic function of the systems {cuv} and {du} is the 
product of the characteristic functions for the two systems, each having the 
form of $a as given by (6), the distributions of {cw} and {dw} are therefore 
Vin ($C uv, Cun, N(k—1)) and Vin($Duv, dur, N — 1) respectively. If we let 


1 k 
(21) . u= D Ëu 
kia 


then euo = Nk (u — mu) (Zy— my) and the quantities VNK(Z,— ma) are 
distributed according to the normal law Um(4Duv, V Nk (Eu — mu)) whose 
functional form is given by (1), and independently of the cu and dur. 
Let the values of the a’s and b?s given by (18) be substituted in (20), 
and let 
Suv = 2 (Tuia — Eu) (Tria — Tv) 


(72) S'uv = ag > (Tuia — y) (Zoja Fe Tv). 


Then ` 
° a 
(23) ` 

duo =; moe + Suv). 


The anple values of the variance oy”, covariance ouowpuv and intraclass 
covariance ouovp’us are given by 
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24 papel el -Sw 
e mep Swe ea 


The sample values of pu» and puy are respectively 


Suv’ Suv 
Vous” Tuy = (l —1) VSuuSov * 

Incidentally, it should be remarked that Zu, sy?, ru, and rx are the 
optimum estimates of the parameters mu, ou°, pur, and p'u; that is, the values 
of the parameters which maximize P in (12) for a given set of 2’s. 

The distribution of the Sw and Fu» will be given by the product 
Vin ($Cuv; Cuv, N (k — 1) ) + Vin($Duv, dur, N — 1) after applying the trans- 
formations (23) and (24). The result is 





(25) | Tuv = 


ey Vin ($Cuv, N (k —1) (Suv — uv), N (k —1)) 
Vm (4Duvy N (Suv + 618 a), N — 1) [NA — 1) J TT dyed Sur 


where V’m( ) denotes Vm( ) with differentials omitted. Similarly, the dis- 
tribution of the sy’, fuv and 7” can be found by applying the transformations 
(24) and (25) to (26). 

The problem of testing from the sample, that is, the information contained 
in the Sy, and uv, that the intraclass correlations p’ are all zero can be solved 
by considering the Neyman-Pearson® criterion for this hypothesis. The 
criterion is 
(27) N'o) = | Suv — Fw a Lint (k — 1) Su |Y 


and is the ratio of the maximum of P in (12) for variations of the parameters 
Mu, Cu? and puy (with the p’uv = 0) to the maximum of P for variations of all 
parameters. (27) is clearly a function of generalized variances. The sampling 
moments and the distribution of A, under the assumption of zero intraclass 
correlations, can be found by a method discussed by the author elsewhere.‘ 
The criterion actually used in the one variable problem (u= 1) to test the 
hypothesis that the p” = 0 is 
Su bk — 1515 

28 0 = —— . 
( ) Fu Re Su 
The analogous criterion for m variables is 


2J. Neyman and E. $. Pearson, Philosophical Transactions of the Royal Society of 
London, Ser. A, vol. 231 (1932), p. 295. 
4 Annals of Mathematics, vol. 35 (1934), p. 323. 
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` 


| Sw — Fw | 
| Sw | 
which is a generalization of a . The moments and distribution of the 
expression in (29) can also be found by the methods just cited. 

The methods used in this paper can be applied to problems of finding the 
general sampling distributions of systems of variances and covariances asso- 
ciated with Latin Squares, “equalized” random blocks, and various other 
lay-outs used in experimental agriculture. 


(29) 
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. TOTALLY DISCONNECTED LOCALLY COMPACT RINGS. 


By N. J ACOBSON. 


Introduction, 

1. Miss Taussky and I? have recently considered the theory of locally 
compact separable (1. c. s.) rings and shown that it could be reduced for the 
most part to the consideration of two essentially different topological types, 
the connected: and ‘the totally disconnected. Furthermore the connected 
1. c. s. rings satisfying mild algebraic conditions were shown to be hypercomplex 
systems with finite bases over the field of real numbers and hence their struc- 
ture could be given by means of the classical results on hypercomplex numbers. 

In this paper I consider the totally disconnected (t.d.) lies. rings 
restricting myself in the main to simple rings and particularly to fields. The 
work is divided into two parts which are quite independent of each other. 
Part I is concerned with the nature of the additive abelian group of a locally- 
compact separable totally-disconnected (1. c. s. t: d.) simple ring €. © may 
be non-commutative and non-associative. It is necessary to distinguish two 
cases: (1) the characteristic of ©, x(S) = p a prime and (2) x(©) — 0. 
In (1) the additive group of © is a direct sum of cyclic groups of order p. 
(The precise meaning of this type of direct sum usually involving an infinite 
number of summands is given below (§5).) In (2) © is additively a finite 
dimensional vector space over the field of p-adic numbers Pp. It follows that 
3 is a hypercomplex system with a finite basis relative to Pp. 

Now if © is associative and x(S) = 0, the above result together with the 
known theory of hypercomplex systems over a p-adic field gives a complete 
solution of the problem of determining the algebraic structure of ©. For, 
_ dy Wedderburn’s theorem © is a system consisting of all matrices of a fixed 

Anite degree with coefficients in a p-adic division algebra Ẹ. By the results 
of Hasse? } is cyclic over its centrum @ and the precise nature of the latter 
can be described. 

On the other hand there is no such well-developed theory which will apply 
directly to solve the structure problem for the case x(S) = p. It is necessary 


+ Presented to the Society, April 19, 1935. 

2 Locally compact rings,” Proceedings of the National Academy of Sciences, vol. 21 
1985), pp. 106-198. 

SH. Hasse, “ Über P- -adische Schiefkörper ete.” Mathematische Annalen, vol. 104 
(1931), referred to below as H. 


13 | 433 


be 


Boy 


434 N. JACOBSON. 


to develop new methods for the solution of this problem. This has been done 
in part IT under the further assumption that © — Ẹ is a field (not necessarily 
commutative). Moreover the.methods apply at the same time to fields of 
characteristic 0 and thus afford a new treatment of p-adic division algebras. 
‘The main idea underlying this treatment is that the orders (Ordnungen) of a 
p-adic division algebra are compact and open (c. 0.) subrings and conversely. 
Since the existence of c. o. subrings of § can be shown directly the procedure 
is as follows: We first consider the ideal theory of any.c.o. subring R of à 
and then prove the existence of a unique maximal c. o. subring Ro. By means 
of Rao a valuation (Bewertung).of & is defined. We then use the methods of 
Hasse to show that Ẹ is a cyclic algebra over its centrum €. ‘The structure 
of the valued commutative field © can be determined as, indeed, it has been 
by v. Dantzig * and by Hasse and Schmidt. 


2. Fora comprehensive account of the foundations of topological algebra 
the reader is referred to the paper by v. Dantzig (D. 1. c. in footnote 4). We 
recall a few of the important definitions at this point. 

` By a space © we shall always mean a Hausdorff space. © is said to be 
compact if every infinite sequence of points in it has a limit point. © is 
locally compact (L.e.) if every point has a neighborhood whose closure is 
compact. © is separable (s.) if it contains a-denumerable set of neighborhoods 
which generate all the open sets by logical addition. © is connected if it is 
impossible to decompose it into a logical sum ©, v ©; of the open and non- 
intersecting sets ©, and ©. © is totally disconnected (t.d.) if for every 
pair of distinct points a1, a, there is a decomposition of the space into a 
sum of non-intersecting open sets ©, and ©, such that ©; a. If © isle. 
and t. d. then it is zero-dimensional, i. e., every point has arbitrarily small open 
and closed neighborhoods.” 

A locally compact separable ring © is a l. c.s. space in which there is 
defined two binary operations + and - such that 


1. © is an abelian group under +. 


tD. van Dantzig in Studien over topologische Algebra, Dissertation, Amsterdam, 
H. J. Paris, 1931, determines the structure of all 1. c. commutative and associative fields. 
The foundations of topological algebra may be found in this paper (in Dutch) or in 
van Dantzig, “Zur topologische Algebra,” Mathematische Annalen, vol. 107 (1983), 
referred to as D. be 24s 

‘5H. Hasse and F. K, Schmidt, “ Die Struktur diskret bewerteter Körper,” Journal 
f. d. reine u. angew. Math., vol. 170. (1933), pp. 4-68. 
' SF. Hausdorff, Grundzüge der Mengenlehre, 1914, p. 213. 

TK. Menger, Dimensionstheorie, Teubner, 1928, p. 207. 
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2. a(b +6) =ab+ac, (b + cha = ba + ca. 

3. +, —,:, and — (when it exists) are continuous operations: If a, — a 
(converges to a) and by — b, then dp + buat b and es ab. If a 
and a™ exist, then ay — a. 


I. The additive group of a simple ring. 


3. A Le.s. t.d. ring © is a L.c.s. t.d. abelian group under addition. 
It is therefore natural to begin our investigation with an account of the theory 
of Le.s. t.d. abelian groups (§ 3 and § 4). It may be noted in the sequel 
that for our present purpose (the classification of simple rings) only a portion 
of the group theoretic results are needed. However, we may justify the more 
` complete discussion on the ground that it shows up the precise extent to which 
the ring restrictions effect the structure of its additive group, and it should 
be useful for future generalizations. The main results on l. €. s, t. d. 
abelian groups are due to v. Dantzig (dissertation) and independently to 
Alexander and Cohen.® 
In the remainder of this section © will denote a 1. c. s. t. d. abelian group 
with addition as the group operation. 


Tasorem 3.1. © is complete. 


The completeness is meant in the following sense: if @,@,° : < is a 
Cauchy sequence, i. e. has the property that for any given neighborhood U of 0 
there exists a positive integer N(U) such that a,—aeU if p andy >N, 
then a, az, * - converges. To prove this property suppose U is compact, i. e., 
has a compact closure. Since @y+ı — dy, Gxse — Qy, ` ` ` all belong to U, they 
have a limit b. It follows easily that au — ay + b. | 


THEOREM 3.2. If U is an open and closed compact neighborhood of 0, 
then there exists an open and closed compact subgroup GC U? 


Denote the set of elements {— u} where ue U by — U and V =U» (— U) 
(logical intersection). Since —U and U aré open and closed, so is their 
intersection V. We denote the complement of V in © by & | F. 


SJ. W. Alexander and L. W. Cohen in “A classification of the homology groups 
of compact spaces,” Annals of Mathematics, vol. 33 (1932), pp. 538-566, deal with 
groups with generators, which may be Fun by virtue of Theorem 8.2 to include 
the c.s. t. d. groups. 

2 This theorem is due to v. Dantzig cf. his dissertation, p. 18, and also E. R. 
v. Kampen, “ Locally compact abelian groups,” Proceedings of the National Academy 
of Sciences, vol. 20 (1934). - 
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If DU DU: D U: D: - : is a decreasing sequence of neighborhoods of 0 
whose intersection is 0 (Up—> 0) then for p sufficiently large (Ua + V)° (S| V) 
is vacuous. Otherwise we have for every u a une Un and vue V such that 
Up + Vu —=hyeS|V. Suppose vu, —veV. Since wp, 0, hp, —>v which is 
impossible since ©|V is closed. 

Let Œ denote the set of elements g of © such that g+ VCF. Gisa 
group C V and by the above remark © D Up for y sufficiently large. Hence 
G is open. Being a group G is also closed.1° 

By Theorem 3.2 there exists a sequence of compact open and closed sub- 
groups Gu—>0. The cosets of Gy constitute a fundamental set of neighbor- 
hoods for ©. In the rest of I we will therefore mean by a neighborhood of 0 
a compact open and closed group neighborhood. 


oo 
COROLLARY. $, dp exists if and only if au — 0. 
#=1 


co 
Set > Qu = Sy. By the completeness of ©, J; a exists if and only if {sn} 
B=1 “=i 


is a Cauchy sequence. Let U be a (compact group) neighborhood of 0. If 
p> N(U), ape U and hence also for n, m > N | 


Ams + Omet Han if n>m 


Sn — Sm = 2 0 if nm 


Ony F Anse +f an if n<m 


is contained in U. Thus {s,} is a Cauchy sequence and Xap exists. The con- 
verse is obvious. 


4, A group © is called a p-group (p a prime) if for every ae ©, pa — 0. 
Let & be a compact t. d. group and 
GP — T(G) = Go pG na p’Go---. 
& 


4 


Lemma 4.1. A necessary and sufficient condition that an element he @™ . 
is that there exist a sequence of integers pi—> œ such that ph — h. 


(1) Suppose p4th-—>h. Since phe p*G for pı Zp and p#6 is closed, 
we have p4@ Dh. Hence he Ip*G = GP. 
. & 


(2) Let he @® so that h=p’gy (v= 1,8," : +). If gr,—>g then 
h= lim pg. For if k is sufficiently large (gy,—g)«U where U is an 


Xk->00 


arbitrary (group) neighborhood of 0. Hence 


30D. p. 609. That ( is closed may also be seen directly. 
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F9» — 9) = = (h — pg) e U 
or lim n peg =h. Set pr = vr — v By ae enough terms of the 


aena; {vz} we may suppose that mx —> 0. We assert that phon. If 
k is large enough, (h — p’*g) e U and hence 


Ph — pg) = (ph — pag) e U 
| (h — pth) = (h— pag) — (ph — pg) e U 
Le. ph — h. 


LEMMA 4.2. If pg— 0 then peg —>0 (nu —1,2,: : -). 


If k is large enough so that p"*geU then pëg eU also for p= pm 
According to this lemma we have that the elements g for which the 
sequence {pg} has 0 for limit point form a closed subgroup Gp. 


Lemma 4.3. G= G6 O 6. 


Let g be an arbitrary element of G and ng h. Since <a — h where 
bk = ven — vx be GP, Suppose px9 > h’e GW, Then ph >h. For if U 
is a neighborhood of 0 and k > K,(U), (h—p#ig) eU and hence also 
(ph — pag) e U. Jfk > K.(U)-we have besides (p”*»g—h) « U. Hence 


(h—p’*h’) eU, or ph >h. 


Thus p”’*(g —h’) — 0 and by Lemma 4.2 p’(g —h’) > 0. 

Set g=—h’ + (g—h’). hh’ eG and (g—h’) «Gy. Evidently this 
decomposition is unique, i. e., GP a @,— 0 and so G = GP D G. (This 
shows that h’ determined, above is unique and in particular p“g h not 
merely pig). 


Lemma 4. 4, There exist primes p such that GP G and hence such 
that ©, FF 0. 


If $ is an open subgroup of © then Œ — $, is compact and discrete and 
hence it is finite. Let p be a divisor of its order. @—, has a subgroup 
Ö— ğı of index p. Hence ¥—H= (G — H) — (H — Ho) has order p 
and p&/JCH<G (< means properly contained in). It follows from 
Lemma 4. 3 that G, = 0. 





THEOREM 4.1. @ ts a direct sum of p-groups. 


11 Alexander and Cohen, loc. cit.,8 p. 557. 
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Let p, be a prime for which ©), 40. We have 6 = G, © 6%. Since 
G is closed, it is compact and may be treated as G, i.e. di eae Gr D Gr. 
Continuing this process we obtain 

G ex Gp, B Ge. @ HE an) DRE B Ga ++ Pn) 

where Ga: Win 0 for i < n if GP- -m 540, ‘We must show that this 
process is uniformly convergent in the sense that G-- C U where U is any 
neighborhood of 0 and n > N(U). Choose N so that {p,, Pz’ * *, pn} for 
n > N includes all the distinct prime factors of the order m of G—U. Let 
. he Œ: 2, Then there exist sequences of integers {ux}, {ve}, © *, {px} such 
that ph — h, ph h, ` ` , ph —> h. It follows that sE > Pah —> h. 
If px, vi ©, pr are sufficiently large ppa: > > Pah = pape: + pr? *mh e mO 
and hence he mE C U or EM. CU. Hence we may write 


G—G, D 6% p Gor p: KA 


The components ŒP- - “Fe „are characteristic ‘lige oups of G, i.e. they . 
are carried into themselves by every automorphisms of G. 


5.…Let © be a Le.s. td. simple ” ring (not ai associative or 
commutative). Since © is homogeneous it is either discrete or dense in itself. 
The first case is, of course, uninteresting for the present considerations and 
hence we restrict ourselves to the second. 


THEOREM 5.1. © is a p-group. > 


Let ©, denote the subset of elements a of @'süch that p'a—0. Sp, is an 
ideal ** and hence either ©, = © or ©, = 0: © contäins a compact and‘ open 
subgroup ©. Since © is not discrete G40. By Lemma 4.4 & contains 
elements g =£ 0 such that p’g — 0 for some p. Thus ©, s4 0 and so Gp = €. 

pis unique. For, suppose that p,”a — 0 and p."a — 0 where (pı, pe) = 1. 
Integers a, and By can be determined so that avp,” + Brp = 1 (v=1,8,8,: +). ` 
If Ọ is an arbitrary neighborhood of 0, there exists an N (U) such that pa 
and pala eU forally2=N. Then a= ie T Pa eU. Since Ọ is arbi- 
trary a must be 0. ` 

We now distinguish two cases: 


(1) Characteristic p. pS =0. 
“Let BG > G > G>- -bea sequence of compact and open subgroups 


of © whose intersection is 0. Gp — Gnu has order a power of p and hence 


12 A ring © is said to be simple if (0) and (1) = © are its only (two-sided) ideals. 
18 The term ideal will refer exclusively to two-sided ideals. 


TOTALLY DISCONNECTED LOCALLY COMPACT RINGS. 439 


by inserting a finite number of compact and open subgroups between G, and 
Gy and changing the notation, we.may. suppose that ©, — Gu, has order p. 
If £y is an element of G,|Guu then Gu — (2). Gun where (eu) denotes the 
group of order p generated by Zp. Hence ©, =(21) D (a2) D * : Dani ee (CM 
and since &, — 0 


G, = (21) D (2) @ (a) O° 


Suppose 41, Y2 Yat +- is à denumerable dense set in ©. Then 

= (G+ 71) v (Gi + ye) v.4 If yy is the first yx O, set Ym = Tu 
and form G, = (#1) © Cı. Again if yy, is the first y.x GO, set Yu, = z-a and , 
form ©. = (#2) @ G.. Continuing in this way. we obtain the theorem: 


THEOREM 5. 2. S has a denumerable set of gener ators Ti, He, * © and 
Duty Boy" * - such that every element is expr essible uniquely as an infinite linear 
combination of the xs with coefficients mod p and in which only a finite number 
of the xs occur. Every such expression is an element of ©. 


(2) Characteristic 0. pS s0. 


Lemma 5.1. © is a hypercomplex system over the field of rational 
numbers P15 . 


If m is a positive integer, then m© is an ideal and hence is either — © 
or =0. But mS = 0 is impossible: If m = kl, mS = k (1&) — 0 and hence 
either k6 == 0 or JG —0. We obtain in this way that a prime g exists for 
which gS—0. Since p is the only prime such that p’a— 0 for every a in ©, 
p = q and we have a,contradiction of the assumption pS 54 0. 

The elements of order m form an ideal 4 ©. Hence this ideal is = (0), 
i.e., every element of © has infinite order. From m© = © follows that for 
every ù there exists a unique a’ such that ma’ =a. We denote a’ by (1/m)a 
and define (n/m)a— na where n is any integer. If n/m = n,/m,, then 
(n/m) a = (n;/m)a. Using the fact that © has no elements of finite order 
we can easily verify the following rules: 


a(a + b) = aa + ab 
(*) (a+ Bja— aa + Ba  (aB)a—a(Ba) 
alab) == (au)b = a(ab) 


where œ and £ are rational numbers. 


44 This is the only point in the entire discussion at which the assumption of separa- 
bility seems to be necessary. In the rest of the paper it may be replaced by the weaker 
Hausdorff first denumerability axiom. 

"as © does not have a finite basis over P, however. 
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Let Œ be a compact and open subgroup of S. Then G > pG > pë >» 
and Z(p°6) —0. For otherwise by Lemma 4.1 @ would contain an element 


h 40 for which the sequence {p’h} has h for a limit point. Let p“@ denote 
the compact and open subgroup of p#-th parts of the elements of @ and 
Ty = PG pG (w= 0, 41,+2,-°°). Then © < pb<pb<::-. 
Since p'a —>0 for every a, there exists an integer N such that pNae@ and 
hence aepNG. Thus Gv p” v pG v: =S. 

If a e Ty, evidently p’a e Tv for any integral v. Ifo is a rational number 
prime to p (numerator and denominator in the reduced form of « are prime 
to`p), then gacTy. For, if æ is an integer prime to p, «a e Twe where e Z 0. 
But e > 0 is impossible since in this case aa e p#**@ contradicting the fact that 
the order of the coset of a in p*@ — p##16 is p. The result for reciprocals of 
integers follows from symmetry and hence it follows for all rational œs by 
combining the two special cases. 

If ae Ty we denote the real-valued function p of a by [a]. We have 
then: 

[a+b | Smax (Naf, 161) 
| pa | =p” |a | 
lea] =la] if (æ p)=1. 


If we set dist (a, b) — | a—b ||, we obtain a metric which gives the topology 
of S. 


Lemma 5.2. If {av} is a sequence of rational numbers, {ava} (a540) 
converges if and only if {av} converges in the p-adic topology. +° 


Because of the completeness of © and of the p-adic field P, it is necessary 
to show only that ava — 0 if and only if «y — 0 (in the p-adic topology). This 
Pp 


is evident from the above considerations. 
Lemma 5.3. © is a hypercomplex system over the field of p-adic numbers. 


If & is a p-adic number, say g == lim ay where the ay are rational numbers, 


Pp 
then we define aa = lim oa. This is independent of the particular sequence 
{ay} approaching «œ. From the continuity of addition and multiplication we 
obtain the validity of equations (*) for all p-adic a, 8. Finally, if {ay} is a 
sequence of p-adic numbers converging to & and ay—>a then avav — aa, ice. 
aa is a continuous function of &.and a. 


1° For a definition of the p-adic field P, and the p-adic topology of P see v. d. 
Waerden, Moderne Algebra I, Springer, 1930, pp. 218-220. — 
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We denote the p-adic vector space determined by the elements Gi, ds, * --, Gr 
of © by (a, 42, * +, ar). 


LEMMA 5.4. (ai, @,: * *, ar) is closed. 


We may suppose that a,-- -,a,.are linearly independent (with p-adic 
coefficients). Let by= Ba +: +--+ Ba. —b We must show that 
b e(t, n` * *,@r). For each v choose A(v) —1,2,: : -,r such that. 
I Bv,rwy@rcry || = | Bvuau | for pz). Since A(v) has only a finite range one 
of its values, say A(v) = 1 occurs infinitely often. By restricting ourselves 
to a subsequence we may suppose that | Bu || = || Bvuau || for all v and p. 
Then | (| Bria: |) Bruay || SS 1 and hence we may suppose that lim || Bi | Bypau 


exists and = Ypdp. Since | ( I Bids |) srt | = 1, yE 0. If lim I Brit | = ©, 
P? 


then || By:a. || b — 0 and hence y1a; + Y24042 +` ` ` + ya = 0 contrary to the 
linear independence of the œs. Thus lim | £va, | exists and since 
? 


| Bvit | & | Bvuau | we may suppose that Bruay —> Buoy. Then 
b = Bids + Bode ++ + * + Brûr € (dy, d2,° * +, Gr). 


THEOREM 5.3. © is a hypercomplex system with a finite basis over the. 
field of p-adic numbers. 


Choose a, in Ty. If GA (a,), then there exists an deÙ, such that 
aas (a1) + p&. For if every b in To, e(a) + p@ then every by in 
Tye (%1) +p". Thus | $ 


b = Qt + bi bi e Tm, m > 0 
ba = Koby + be be E Ding Me > Ma 


by = aa, + brn bvar € Taye Mv D My 

and hence b == (%1 +: > -F &v)@ı + brs. Since lim by = 0 and (a) is closed, 
b e (a) contradicting (m) =Æ ©,. Now choose a, { oe + p0 The ne 
group generated by a, and a mod p& then has order p°. If © Æ (a, a), 
we repeat the process and obtain an ds eT such that the order of the group 
generated by a), ds, a mod p& is p? and so on. Since Œ — p6 is finite this 
- process breaks off and we obtain a finite basis for ©. 

Before leaving this part we note that the above methods are applicable 
to cases other than the one we have considered. We shall not attempt to give 
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the maximum generality of this group-theoretic method but mention certain 
extensions which are readily made. | 


A compact t. d. ring & is a direct sum of p-rings. 


This follows at once from the remark that the Gt... sone in Theorem 4.1 
are characteristic subgroups. For, then they are ideals and the sum is direct 
in the sense of rings as well as of groups. _ 

Theorem 5,3 may be stated under the more general assumptions that © 
is a hypercomplex system over P and is a p-group. | 


` IX. The structure of associative fields. 


6. Let beal. c.s. t.d. associative field (not necessarily commutative). 
For the present we may drop the distinction between the two types characteristic 
0 and characteristic p. We assume, of course, that Ẹ is not discrete. 

There exists a y =< 0 sufficiently near 0 such that yÜ < U where U is a com- 
pact neighborhood of 0 and U is its closure. Hence U >yU >yU>---. 
Suppose y’ > 2540. Then y#*—> 1 where ye = ve — vwe. If wis any element 


of U, y"u e y*Ū for u = p, and hence u — lim yw is contained in the closed 
400 


set yÜ. Thus U C y“Ü which is impossible. Hence y — 0. 
We require the existence of such a y in proving 


Lemma 6.1. If av— œ then ayt — 0." 


Evidently {at} can have no limit point other than 0 and hence it is 
sufficient to show that 0 is really a limit point of this sequence. Let y540 
be an element such that y — 0 and U a compact neighborhood of 0. If in- 
finitely many ayy) for v = 1,2,--- and 7 fixed were contained in U, then 
the corresponding ay would be contained in the compact set Üy? and hence 
would have a limit point. It follows that a sequence {by} may be extracted 
from {dy} so that by’ e§|U. Since y*—+0 we may determine for each’ y 
an integer ky such that byy e |U but byy% eU. Evidently ky (=v) — oo. 
Because of the compactness of U we may suppose that by, Then 
by — zy = we §|U and hence is 0. From y”by*— w and y — 0 
follows by — 0. | 

Let Œ be a compact and open subgroup of # and R(G) the set of 
elements a of Y such that a C G. 


He, means that {8} is absolutely divergent, i.e. has no convergent sub- 
sequence. Lemma 6.1 is the “ Perfektisierungsaxiom ” for fields of van Dantzig 
(D, p. 612). The present proof holds for all locally compact fields satisfying the first 
denumerability axiom. 


a 
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Lemma 6.2. R(G) is a compact and open domain of integrity (d. 0. i.). 


That R(G) is a ring may be verified directly. Since % is a field M has 
no zero-divisors. By the continuity of multiplication we have that contains 
a neighborhood of 0 and hence is open. If {ay} is an infinite sequence of, 
elements of ft and g s4 0 belongs to Œ then {avg} is a sequence in 6 and hence 
has a limit point h. Thus {av} has hg as limit point and W is compact. 


7. In this section we consider-the ideal theory:of a compact and open 


(c.0.) d. o.i. R contained in ÿ. The existence of such subrings has just been 
shown. 


THEOREM 7.1. R satisfies the chain conditions for left-(right-) ideals. 


Tf 3 is a left-(right-) ideal then $ D Mb where be F. If b0, MB is 
open and hence X = > Nb is.open. Let Fi < Be <$ <- - vbe an increasing 
v0 


sequence of ideals and 1, vz, vs," ~- the orders of the finite quotient groups 
R— J, R—FJ., N— Zo -. Then vy, > ve > vs >` * -. Hence the sequence 
of Ys is finite. Similarly, every decreasing sequence of left-(right-) ideals 
Ju > 2 > >: "> Bo containing a fixed ideal Su is finite. 

Let P be the totality of elements b of N for which bR < N. We propose 
to show that $ is a prime ideal in R and that P > P? >- - - 0. 


Lemma 7. 1. R|P contains arbitrarily small ideals. 


If U is any neighborhood of 0, there exists a z4 0 sufficiently near 0 ` 
such that Rzft CU. Reh is evidently an ideal. 


Lemma 7.2. WIR is a compact group relative to multiplication. 


RİP consists of those elements a,a’,--- of % which satisfy aft = R, 
d'R— R,---. It follows then that a’aft — R, aR = R, i. e., aa’, a™ e RIP. 
Hence R|Y is a group. Since RİP is closed and contained in K it is compact. 


Lemma 7.8. An element b of R belongs to P if and only if b > 0. 


Since b has an inverse and M > bR we have R>bR>BVR>---. If 
b: —> cÆ 0, then b4*—>1 where pp = vk — vse But this is impossible for 
the reasons given in $ 6. The converse is obvious. 


28 The conditions referred to are the “ Teilerkettensatz ” and the “ eingeschrankte 
Vielfachenkettensatz” of E. Noether, cf. “ Abstrakter Aufbaue der Idealtheorie in 
algebraischen Zahl-und Funktionsenkorper,” Mathematische Annalen, vol. 96 (1926), 
p. 26. | 
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If P is the set of b’s such that Rd < N, we may show as in Lemma 7. 3 
that P, consists of those elements b of R whose power sequence b” — 0. Hence 


Ri = F. 


Lemma 7.4. If Wis a finite ring, its radical N consists of the properly 
nilpotent elements, i.e., the elements z such that za and az are nilpotent for 
all a in À. 


This lemma is well known for rings with a finite basis over a field and 
it may be proved in exactly the same manner for our case of finite rings.** 


THEOREM 7.2. P is a prime ideal in R and IP” = 0.” 
v 


If beP and ae Mt then ab and bac $Y. Hence P is invariant. Since P 
contains a sufficiently small neighborhood of 0, it contains an ideal $ of R. 
Consider the finite ring X — R — J. In the isomorphism R ~ M the elements 
of $ are precisely those elements of §t which correspond to properly nilpotent . 
elements of W. Hence P corresponds to the radical X of M. It follows that 
© is an ideal and P” = 0 (3) for sufficiently high n. Since Ÿ is arbitrarily 
small, IP” = 0. $ is evidently prime. | 

y 


From this theorem and Wedderburn’s theorem on finite fields ** we obtain 
THEOREM 7.3. R—P is a commutative field. 


8. Let N, be a c.o. d. o.i. contained in F and P, its prime ideal defined 
as in the last section. (It is easily seen that $ is the only prime ideal in §t,). 
Consider Ra = M (Pı) the largest d. o. i. in which $; is contained as a left-ideal, 
i. e., R consists of the elements a of # such that as, C Pı. Evidently R: -> M 
and is c.o. Determine Ra — R (P) where P- is the prime ideal of Rə and so 
‘on. We thus obtain a sequence of c. o. d. o.i. Ri C Ra C Ra C++ +. Then 
R — lim Rr = M v Ro v Ng v - + is an open d. o.i. 

We wish to show that % is compact. This will follow from the following 
definition and lemma. 


Definition. An element ac % is integral if its power sequence {a’} has 
no divergent subsequence. 


19 For a proof for hypercomplex systems with a finite basis see I. E. Dickson, 
Algebras and their arithmetics, Chicago, p. 47, or German edition, p. 97. 
*° Rv is the smallest ring containing all the products b,b,» - +b, where b, e$. 
. =J. H. M. Wedderburn, “A theorem on finite algebras,” Transactions of the 
American Mathematical Society, vol. 6 (1905), pp. 349-352. 
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0 


Lemma 6.1. A subring R of Y containing only integral elements is 
“compact. 


If {ay} C R and a, — œ then ay t—0. Hence for a sufficiently large N, 

ay te, and so limay“==0. But this implies that lim ay*— œ which is 

E00 #00 ‘ - 

impossible. : 

Since ft — lim Rr as well as the À, contains integral elements only, it is 

compact. Since À is c.o., it follows by the argument of Theorem 7.1 that 

R= Ny for N sufficiently large and hence J($) — N where P is the prime 
ideal of K. 


Let $* denote the set of inverses of the elements of P. 
THEOREM 8:1. F= Mv B*. 


If b eN = F|R(B), then there exists an element c, of P such that 
bı = bcc YP. If bı «F/M, we may repeat this process and obtain a c in $ 
‘such that bic —bece|® and so on. Since Pr—>0 the sequence . 
Ci CaC2, C1020s, * * *, if infinite, converges to 0 contradicting bac: + -cv e |P. 
Thus the sequence of c’s breaks off after, say, r steps and we obtain 
Beco + ` Cr =u e RIP. Hence d= = cc: > * crue P, since ute R[F. Thus 
SIN = Be. | 

This thecrem shows that % may be characterized topologically as the 
totality of integral elements of 7. We have then | 


THEOREM 8.2. M is the only maximal c.o. d. 0. i. in §. 


If fe P|P, we say that f has exponent v and if f+ «WP, f has 
exponent —-v. Define the value |f|—y*P/ where f-£0 and 0 <y<1 
and | 0 | == 0. 


THEOREM 8.3. |f| gives a non-archimedean valuation (Bewertung) 


of &: |f-+g|Smax (lf [lg]. lfol=lfl-lgl. 


We choose an element v in PIB? and we shall show that if f has exponent y 
then f = fox” where foe R|P. First if f and g have exponent v, fg and g“f 
have exponent 0. It is sufficient to prove this for v > 0. Now fg te implies 
fe Bg C YW which is contrary to exp f =v. Similarly fg% e P* is impossible 
and hence fg*eN]|$ and exp fg—0. For the same reasons exp g1f = 0. 
We observe next that exp æ” =v. For if » > 0 expe Æ y and if > y then 
a == Sie": ` Yu Where y e P and p >v. Then 1 = %a-y,y.- - - yp and since 
ay eÑ this implies that 1 e P which is impossible. Thus exp (fx? == fo) == 0 
and f = foe”, foe RIP. a 
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Supposé f = fot”, g = gow” where fo, Joe R|B and v & u. Then 
FE g = (fo + goa"”) a” (fo + gort”) eR. 


Hence 
exp (f +g) Z min (expf,exp.g)  |f+g|Smax({f|,|g)). 
| fg = (for”got ”)2"*# (Forgot) e R|P 

and so j 


exp (fg) — exp f + exp 9 lfgl=Ifl-lgl- 


S is a fractional left-(right-) ideal in § if it is a subgroup and 
RIT ¥ (IRC). It follows easily that Y is open. The inverse F4 of 
© is the set of elements a such that a C R, or FSC M.- J is evidently 
a fractional left-ideal. If = (0), s41 then J is called proper. 


TEOREM 8.4. Hvery proper fractional left-(right-) ideal is two-sided, 
principal and a power of $. 


If be ¥ and c has exponent = exp b, then expcb+=0, and ch* eM. 
Hence ceRtbC J. If Ÿ contains elements of arbitrarily small exponent, 
3=%: Otherwise let b have the smallest exponent ‘of the elements of à. 
It follows that 3 is the set of elements of Ẹ of.exponent = exp b = k and 
hence $ = Pr = (b). 

It follows directly from this theorem that 3 SN: — À as well as FLY. If 
® has characteristic 0, pR is an ideal 54 0 and ian is == Pe where e = 1. 


9. In this final section we shall apply the arithmetic results obtained 
in § 8 to obtain the structure of %. 

Let p” be the order of the finite field À — g of characteristic p. R-—P 
contains a primitive q-th root of unity where q = p” — 1, i.e., there exists 
a Ue Rt such that us ==1() and g is the smallest power for which such 
a congruence holds. Let c==0($) but =£0($*). Then the correspondence 
a <> wax where ae St determines an automorphism of the Galois group of 
R— P. It follows that 


TUL = Uo (P), where s= pt. 
THEOREM 9.1. % contains a primitive q-th root of unity. 


We shall determine we R/$ such that u—1 and u= u ($): Since 
u is a primitive q-th root of unity mod $ it will follow that u is primitive. 
Let r be the exponent of s mod q, i. e., 7 is the least positive integér for which 
s==1(q). Then r is also the least positive integer satisfying 
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Ce) suos" = Uy (P). 


If wts41, suppose us == 1(P%), s 1 (P). Then Ut — 1 = vT” where | 
vo e RB. Since Voto = uovo (P) and (uo? — 1) thy = to (Uo? — 1), we have 
aya == u, (P) and hence by (**) k==0(r), say k =r]. Thus ` 


=1 + wat? (Pr) w 52 0($). 


Set u, = Uo + ye”? where y is to be determined e R so that w1 = 1(Brh) for 
1, > 1. This requires in particular that 


(ea) wi = 1 + (w p quctty) at! = 1 (+t) 


by (**) and the commutativity of uo and y mod $. | Since q and Ut £0 (P), 
y may be chosen so that (w + quot y) = 0 (P) and will then satisfy (4*4). 
But then we will necessarily have w%s=1($"4) for hL > 1. If u is not a 

g-th root of one we may repeat this process with it in place of uo. In this 
way we either obtain a q-th root of one after a finite number ‘of steps or else 
an infinite sequence {uy} such that f 


3 uy = Uy- i (Br) Ut = l (Pr) 


where 1 < p <h S -. The {w} converge wa limit uù having the desired 
properties: | ' 
© u= J Uw (Pe) surt =u (P). 


THEOREM 9.2. « may be normalized so that cux* — us, x e PIP. 


This theorem has been ‘given by Hasse for p-adic fields. Moreover his 
proof (H. p- 511) goes over word for word for the pee more general case. 


Tiia 9.3. Every element “of g may be represented uniquely in the 
“orm v == (Vo + ve + ven +--+ -at where k Z0 and wy =u" or 0. 


If v = 0 (P7) for k = 0, then vast = 0 (R) and hence ve = v, (P) where 
-J = U% or 0.. Now. (v — vo) T = v (B) where v, = ui or 0 and so on. 
We obtain thus a sequence vy — ut or 0 such that 


oak == Vo + Vie Es vat? fee eh ose (B) | ° 
and hence as 


=e (Mo + n + vag? m Ea 


If (= va” ak == ( > v’ vt”) a", evidently k = 1 so that Sova” = Sv" va”, Hence 
pad 
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vo = v (P) and so vo = v, since vo and v'e are members of the complete set 
of incongruent residues 0, u, u?,---,u?mod P. Likewise v, = 1,02 == 02," "7". 
7 : 


THEOREM 9.4. The centrum € of § consists of all elements of the form 
(Co + eva" + con®? ++ + a kr where cy = 0 or uw and commutes with à. 


5 ; 
If c= Ÿ ca”, u'cu—c implies w—cu’. Hence if #0, 
vale 


u” = 1 and # = 1 (q) orvs=0(r). Further ext = c implies that cy? = cy 
and hence cy commutes with æ. Thus the two conditions that c commutes with 
oo 
æ and with u imply that c has the form $, cw", cve == tcv. Since these two 
v=-k 
conditions insure that c belongs to the centrum ©, we have the theorem. 
The above proof shows also that the elements of Ẹ commutative with u 


oo 
- are all of the form >) vx” where vy =u or 0. These elements form a 
v=-k k 


commutative subfield €’ D ©. Since €’ = Eu) it has a finite basis over ©. 
Tamorem 9.5. G is a cyclic field of degree r over ©. | 


The automorphism a<>zaa-* of § leaves @ invariant (though not 
element-wise) and hence induces an automorphism S in @. The elements of 
_ @ invariant under $ are precisely the elements commutative with 2 and hence 
belonging to ©. Since g” is'the smallest power of æ commutative with u, 
the order of S isr. Hence W is cyclic of degree r over © with S as generating 
automorphism of its Galois group relative to ©. 


THEOREM 9.6. % is a cyclic algebra over its centrum. 


For, by Theorem 9.5, u satisfies an irreducible equation of degree r, 
pr(u) = 0 having coefficients in ©. Thus 


pr(u) = 0 ru we (s = pt) r =2e€ 


gives a description of the algebra ṣẹ relative to its centrum ©. 

To complete the description of it is necessary to give the structure of €. 
Since © is closed it is a 1. c. s. t. d. commutative field and hence as mentioned 
in the introduction its form has been described by v. Dantzig and by Hasse 
and Schmidt. We shall merely state the results here and sketch briefly their 
derivation. 

| For the case x(%) — 0 we have seen that Ẹ and hence also © has finite 
order over the p-adic field P}. From considerations analogous to those of 
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Theorems 9.1 and 9.2 it follows that. € is generated-by a p”— 1 (m=1) 

root of one‘and a second element z (= g"). Certain additional normalizations 

may be made. The reader is referred to Hasse’s paper (H. p. 514) for these. 
If x(%) = p, we have 


THEOREM 9.7. The powers of u and 0 form a finite field Kp" of p™ 
elements. | 


It suffices to show that v = ui + ut — ut or 0 and — ut = u”. Suppose 
v=£0. Since v is algebraic mod p (satisfies an algebraic equation whose 
coefficients are in the field K, of residues mod p), it is a root of unity and 
hence e RIP. If v= u! (mod $), v — ut is algebraic mod p and = 0 (mod $). 
This is impossible unless v — u = 0. Similarly we may show that — uë 
is = some u”. , 

By the same argument we see that « is transcendental mod p. Thus ÿ is 
uniquely determined by the field Kp» and its automorphism a<>a* (s = p'). 
For when these are given we have Ẹ determined as the set of integral power 
series in v with a finite number of negative powers and coefficients in Ky 
where the multiplication is determined by 2a = as (a e Kp”). - 
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ON SINGULAR FOURIER-STIELTJES TRANSFORMS. 


By RICHARD KERSHNER. 


Let o(x), where — œ < x < + œ, be continuous, bounded and mono- 
tone non-decreasing and not a constant. If »(S) denotes the measure of the 
set S of points x at which o(z) is actually increasing then (8) > 0 is a 
necessdry condition for the absolute continuity of ee) If o(z) is absolutely 
continuous, then | 


. œ 
W Th see 0 -f citado (2). 
-00 i 


The question, under what additional condition does (1) imply the absolute 

continuity of o (x), is related to the problem of sets of uniqueness in the theory 

of trigonometrical series;* hence it is to be expected that the absolute con- 

tinuity of æ must depend on arithmetical details. The present note furnishes 

among other things, an illustration to this situation. 

It is known? that there exists for every positive a< 1 a | continuous 
monotone o(æ) = ca(x) such that 


(2) L(t, oa) — ÎI cos(a"), —aoci<c+t+o, 


and that the measure »(8) of the corresponding set S — Sa is zero whenever 
0<a<1/2. Now it will be shown that if a is a rational number in the 
latter interval, then (1) is satisfied by o—o if and only if at is not an 
integer. More precisely 

(B) L(t 06) = OL og | £1), y= ae GE > 0, to à ce 

if 0 < a = p/q < 1/2, where p and q are relatively prime and p > 1. In 
particular there exist continuous monotone bounded functions o which satisfy 
(1) and p(S) = 0 and are not absolutely continuous. This implies a result 
of Menchoff + who considered the corresponding question for the case of the 
Fourier-Stieltjes coefficients where t-> + œ through integral values, rather 
than continuously. | 


1Cf, A. Zygmund, Trigonometrical Series (1935), p. 291 et seq. 

2Cf, B. Jessen and A. Wintner, “Distribution functions and the Riemann zeta 
function,” Transactions of the American Mathematical Society, vol. 88 (1935), pp. 48-88. 

*Cf, R. Kershner and A. Wintner, “On symmetric Bernoulli convolutions,” 
American Journal of Mathematics, vol. 57 (1935), pp. 541-548. 

*Cf. A. Zygmund, ibid. 


450 


ON SINGULAR, FOURIER-STIELTJES TRANSFORMS. 451 


If a = 1/3, then o is the Cantor function for which it-is known that 
(1) does not hold That (1) does not hold for e = oa (a = 1/4, 1/5, - -), 
can be shown in exactly the same way as is usually done for the Cantor func- 
tion.© Hence it may be assumed that p > 1. In the proof of (3) it will not be 
necessary to assume that 0 < a < 1/2 but only 0<a<1, Le. g>p. Itis 
clearly sufficient to consider ¢ > 0 since: L(t, oa) is an even function. 

Let à denote the set of all points ¢ > 0 which are within a distance /2q 
of an integral multiple of + so that 


| cos t | > cos x/2q 


if and only if ¢ is in À. Let ¢>-m and let ho—=ho(t) 20 be the unique 
integer for which 
(4) | got >t Jr = gr. 


Now either ¢ is not in À or there is a unique integer k = k(t) such that 


(6) > : t == ker + 8, 13 | <r/2q 
where # < gi? by definition of ho. In the latter case write 
(6) _ k= gl 


where J = J (t) is the exponent of the highest power of q contained in k, so 
that 0 SJ S ho +1 and q does not divide 7. By (5) and (6) we have 


t(p/q)! = p/q + 3(p/q)"". 
Since p and q are relatively prime and g does not divide J then p/*1/q must 
differ from an integer by at least 1/g. And since 
18/2) "#1 < [8] < r/2q 


we see that s/n differs from an integral multiple of m by at least 
n/q¢ —T/2q == 2/2q and hence that t(p/q)’** is not in À Thus: for any ¢ 
satisfying (4) we know that ¢(p/q)™ is not in A for some mọ such that 
0m Z=ho+1. Furthermore from (4) we get 


(7) P/a > t(p/q)?/ax = pg. > l 
Now let ¢ be chosen so large, for a fixed n > 2, that ho = ho (t) cranes 


ho +- 2 Z = (2 log g/log p)” 


5 Of. B. Jessen and A. Wintner, ibid., where further references are given. 
‘Note that this proof breaks down in the case a = 1/2 singe cos w/2 = 0 and in 
fact in this case (1) holds. Cf. B. Jessen and A. Wintner, ibid:’ 
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this choice of ¢ being possible in view of (4). Then 
(ho + 2) (log p/log g) = 2(2 log g/log p)” > (2log g/log p)" +1. | 
Hence we can find an integer g= g(t) 20. such that 
(Iho + 2) (log p/log 9) = g + 2 Z (2 log q/log p)" 
The ‘first of these inequalities may be written 
| P/P Eg 


and comparing this with (7) we see that there is a unique integer h, = h (t) 
such that 
gè > t(p/1)/r = qm 
and 
(hey + 2) Z (g + 2).& (2 log g/log p)**. 


Applying to ¢(p/q)**? the argument that we applied above to ¢ we see that 
t(p/q)™ is not in À for some m, such that ho + 2S m, Sho + hı + 8 and 
that f 

g = t(p/q) hothatt Jap = g'e 
where - 

he +R & (2 log g/log p)*”. 


Applying the above argument n—1 times it follows that if 

(8) t/r >q” where h > (2 log q/log p)” 

then there are at least n — 1 distinct values of m such that ` 
0S m S hot hit: + Ans + atl 


and that t(p/q)” is not in A and consequently 


(9) | L(t, 0a)| < cos"1(x/8q). 
Let 
(10) t/r = q4” where A = Áp = (2 log g/log p) > 2. 


Then certainly there is an À satisfying (8). 
` Let n(t) be the largest integer satisfying (10). Then 


n(t) > {log[log t — log x] — log log 9 — 2 log A}/log A 
and substitution into; (9) gives the required appraisal (3). 
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THE RELATION OF THE CLASSICAL ORTHOGONAL POLY. 
NOMIALS TO THE POLYNOMIALS OF APPELL. 





By J. SHOHAT. 


Introduction. The classical orthogonal polynomials (== COP) of Jacobi 
- (J), Laguerre (L) and Hermite (H) all satisfy a differential equation of the 
following type: 1 


A(a)y” + B(&)y + Cry = 0, | | 
(J) in (0,1): (1—2) T," + [a— (a+ B)alT à ‘ 
a + n(n + a+ B—1)Tx +0, 


Ta= Talara 8), f r (1 — 0) PTT ide = 0; 
| tL” + (a — ) Le! + nin =0, 
(L) Les tiles); f “2192 Lm Dade = 0; 
(H) Hp” — 22H + nH, — 0, H= H,(2), 
f CH yHyde = 0; 
is (4,8 >0; mn=—0,1,---3 mn). 


* They all enjoy the property that their derivatives again form orthogonal 
systems of polynomials, with the new weight-function 


(2) p(z) = A(x) p(2); p(x) = (1 — s)! (J), ate (L), e*(H). 


Thus, taking the coefficient of æ” equal to unity and using for orthogonal 
polynomials (= OP) with the weight-function p(x) the notation 


(3) Paz; p) = &, (T) Lune an — 8,01 + dn,n-20"* + M ioe 
0,1: >), 

we have for COP 

(4) Par; p) = nBr (2; Ap) (n= 0,1," ++). 

For Hermite polynomials (4) takes the simplest form, 


(5) i ‘ ®’, (2) = nn (2) i (n=0,1; °°). 


2 The notations here employed are the same as those in my work: “ Théorie générale 
des polynomes orthogonaux de Tchebichef,” Mémorial des Sciences Mathématiques, Fasc. 
66. The reader is referred to this work for further details concerning theorems and 
formulae. | : 
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(4,5) naturally lead to the study of the relation between COP and Appell? 
polynomials (= AP) for which the general definition is! | 


(6) 4 + Aa) = nna (2) | 
(An(æ), a polynomial of degree n = 0, 1,: : -; thus An(w) =a" +: +). 


This study is the main object of the present paper. It is based upon the 
difference equation characteristic for OP (see Theorem I below) : 


(7) o Da(2) = (@ — cn) Baa (2) —AnPn-2(2) 
(n 2 2; P = 1, B (TY =T — 61; Cn, An-const.). 


Tn this connection we give some interesting properties of the constants Cn, Àn 
in (7), also some limitations of the zeros of ®,(%). We conclude with a new 
simple proof that Hermite polynomials form the only sequence of polynomials 
which are at the same time AP and OP. 


I. The difference equation for OP. 


THEOREM I. A necessary and sufficient condition that the sequence of 
polynomials | 


(z) = 1, ®, (x) = T — C1, ®, (x) = g” — Sno" + dn,n-28"? + au 
, (n = 2, 3, >) 


form a sequence of OP is that they satisfy a difference equation of the form 


(7) Bat) = (8 — Cn) Bra (8) —AnBno(2) 
(n = 23 cn, An are constants) 
with positive An. 


‘Proof. The necessity of (7) is well known. Its sufficiency, in view of 
the importance of the theorem, will be proved in extenso as follows.” (7) implies 
that {ðn} are denominators of the successive convergents Q,(x)/®,(x) 
(n=0,1,---) of the continued fraction 


eM we MS _... Anf  ... 
re) =a /%— 0 ~ /&@— en l 
(M > 0, arbitrary), 





(8) 


whence the characteristic property : 


2 Appell, “ Sur une classe de polynomes,” Ann. He. Norm., 2, vol. 9 (1880). 

3 We have been in possession of this proof for several years. Recently J. Favard 
published an identical proof in the Comptes Rendus (“ Sur les polynomes de Tchebicheff,” 
Comptes Rendus, vol. 200 (1935)). Cf. also, O. Perron, Die Lehre von den Ketten- 
brüchen, 2 ed., 377-ff., and J. Sherman, “ On the numerators of the convergents of the 
Stieltjes continued fractions,” Transactions of the American Mathematical Society, vol. 
35 (1933), pp. 64-87. 
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Q, (x ow 
OC ET 
It follows that i 
Qn Qn (@) Gon B 
| ®, (x) = +4 a? oe ss ee + genet F ; 

(9 bis) ( ) (to = M), 

Qu (@ œ Gon Cong. Cons: 

tay = oo gn rin + aaa + ere +: 


and the formal ee of F(x) in ascending powers of 1/x is 


F(z) == +2 ae +2 ajar - (Go =à > 0). 


gr 


The theory of continued fractions enables us to conclude from the existence of 


convergents for (8) of all ranks n = 0, 1,: - -, that all determinants 
Go 1° * * Ona 
AL On "an 


(10) Ars]. l... 550 (n=—=0,1,: + -; Ap =1; A, = o). 


Moreover, 
An-2A . 
(11) i= A (n= 2; À = % = À). 


Since, by hypothesis, all An > 0 (n = 2) and Ay (= A,) is also chosen posi- 
tive, we see at once that all A, are positive (n—0,1,---). But this is 
Hamburger’s * condition for the existence of (at least) one monotonic bounded 
function #(x), non- -decreasing in (— œ, œ), a solution of the Moments 
Problem 


eo 
(12) On (= moment of order n) =f a'dy(z)  (n—0,1,2,: : :). 
-0 
(9), rewritten as 


(13) by (@) F(x) = (x) + (1/21) 
(a(t) =a" + fier? +: + fn), 


leads tothe system of equations 


f fna; + fn-1%isa spas ee fiGisn-1 + Giin = 0 (i= 0,1,-::,n— 1), 
which, by virtue of (12), can be written in integral form as 
` 4Ħ.. Hamburger, “Ueber eine Erweiterung des Stieltjesschen Momentenproblem, 


I, II, III,” Mathematische Annalen, vols. 81, 82 (1920-1921), pp. 235-319, 120-164, 
168-187. 
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(14) JL aa(a)atay(e) ce (0Si <n=1,2,-°°), 


which is one of the expressions of the orthogonality property of {&,(2)}. 


Remarks. (i) The interval (— co, œ) in (14) may be reduced to a 
subinterval (a,b), if (x) remains constant outside (a,b). The “true” 
interval of orthogonality is given by the limiting values (finite or infinite, but 
always existing) of the two extreme zeros of ®,(2), as n—> œ. Hereafter, 
“interval of orthogonality ” means the “true” interval. (ii) The Moments 
Problem (12) may have more than one solution. All such solutions evidently 
generate the same sequence {®,(2)} of OP, so that from this standpoint they 
are all equivalent. We shall write ` 


(15) Da (2; dy) = Ba (2) = Di. 
2. Symmetric OP. By this we mean {&,(x)} with the property 
(16) by (—2) = (—1)"8, (x) (n=1,2,- °°). 


(Legendre or Hermite polynomials are illustrations.) We have the following 
obviously necessary and sufficient condition that the sequence {®,(2)} be 
symmetric, namely: all cn (n 22) in the recurrence relation (7), also cı, 
vanish, and this is equivalent to the vanishing of S,— sum of the zeros of 
{®n(x)} (n==1,2,:--). In fact, 


(17) Émndedinds € (Sn — Saat = Cn). 
The following remark will be used later: if in (7) 
(18) Cy = Cg" = On = = C, 


then {&,(æ) } is reducible to a symmetric sequence by the linear substitution 
(e—c)|«. Itis of interest to interpret the symmetric property (16) in terms 
of the moments {¢,}. This is given in 


THEOREM II. The sequence {Pn} is symmetric if and only if all odd 
moments Qı, @s,* “> vanish. It is generated by y(x) with the property: 
y(— 2) =—y(z) in (— ©, w). 

Proof. Assuming (16), we conclude that the continued fraction (8), 
for which Qn/®, is the (n + 1)-st convergent, takes the form 


M/ def A 
sæ | ee i 


so that Q,(x), of degree n— 1 (satisfying the same recurrence relation (7), 
with Q = 0, Q, = M) is also symmetric. Hence, | 
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Pani (2°) Qonsr (zx) = P, (2?) 
Pon(Z) Que) ? Bmu(z) — #8n(2*) 
(Pi, Qi, Si are polynomials of degree i), 
4 
and this, by virtue of (9, 9 bis, 12), shows that 








(n= 1, 2,°- ` ‘), 


oo 
(19) Gon-1 =f vd (x) = (n pan, 1; 2, Le ‘) ‘ 
-0 


Moreover, ` 
(20) am f atdy(2) =— S. ardy(— s); 
Conei - (© andy (2) = i gedy (— a). 


Now consider the function 


which is also monotonic non-decreasing in (— œ, œ). From (20), 


ww 


f ~ atnd$ (2) = f ” atdy(2), f l adg(t) 0 (w=0,1,- 


It follows from (19), that ¢(z) has the same moments as y(x). Thus 
{®n(x)} may be considered as {Gn (2%; dp)}, where evidently 
(21) $(—@) =—¢(x) in (— 0,0), - 


and the necessity of the condition stated is established. That it is also suffi- 
cient, we prove as follows: If all @on = 0 (n —0,1,: : -), we conclude as 
above that ©, (x) == ® (x; dy) with y(—x)=—y(x). The orthogonality 
property 


J 5460) Gus (@) dp (a) =0 (n=1, Aye J 


where G,(x) generally stands for an arbitrary polynomial of degree = 5 
gives now 


J 2) Gaee) = 0, 


and this shows (in view of the uniqueness, to within constant factors, of se 
sequence {B,(x)}) that 


&,(— a) = Const. - &,(x) = (— 1)", (2) 


5 Another proof of Theorem IT, based on the determinant-representation of &,(æ) 
was communicated to me by Mr. G. Milgram. 
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3. Some properties of the constants cn, An. Itis interesting to note that; 
given an arbitrary sequence of real constants {Cn An} (n = 1,2," > +) subject 
to the single limitation À, > 0 for all n, we get, by means of (7), a sequence 
of OP. Thus we get a new approach to the theory of OP through the study 
of the sequences {cn}, {An}. This is clearly shown in the discussion which 
follows. 


THEOREM ITI. (i) The interval of orthogonality for {®,(x)} is finite 
if and only if both sequences {cn}, {An} are bounded; in other words, if any 
one of these sequences is unbounded, the interval of orthogonality is infinite: 
(ii) Both sequences are unbounded, if the orthogonality interval is (0, œ). 
(iii) If only ‘one of the sequences {cn}, {An} is bounded, the orthogonality 
interval is then (— œ, œ). [(a, co) or (— w,a), a finite, can be reduced 
to (0, ©) by a linear transformation]. 


Proof. (i) Necessity follows from the inequalities 
&< En Lb; An < (b—a)?/4, 


and sufficiency—from the fact that the zeros of the sequence {®&,(æ)} all lie 
within finite limits. We prove the latter statement by making very simple 
use of the recurrence relation (7) as follows. We have 


(s) =s— i > 0, for >a, 














(z) Àz > 
HT IG =>, 
for z > Y, — Ca + Ce + ka 4- V (ci + Ca + le)? — 4 (0il2 + C162 — dro) 
— ER A e a G 
and g >c, 
D(z) _ _As _ 7 _ > 
Det) ý f2/ ox amas ke T ae oe 
for so + + ks, 
and >, tÈ Xa 
Pla) >} LA D, 
Ba) = kn > 0, for z > max (c, Xs, ci + las + ki), 


. p (i =2, 3, n). 
Similarly we treat the values of æ for which 

2 (x) Ba (T) 
? (x) ? na (T); 





(2) <0 < 0. 





< 0,5" 


We thus conclude that the zeros tin < Ton <` ` ` < Enn Of a(x) lie in the 
following interval: à 


CLASSICAL ORTHOGONAL POLYNOMIALS AND POLYNOMIALS OF APPELL. 459 


(min [ C1, Xa Ci + ki +> ze : “1, max i, Xə; Ci + ki + —— -]) 
(a 4-1 











(22) ki > 0, hs <0, arbitrary; += 2, 3,- - 
oes Gy + Ce + ka — V (a a + he)? —4 (ek's + SE TN Ces k'a) ; 
X C1 + Ce — zh + vV - =X; (0 Cas ka). . f i 


Taking : 
meg Via li = 3, 2 — 1), — kn m len = Vim 
we conclude that 
min (6r Xi ti — Vai — Vist; Ca —2 Vn) < Bin < Ena 
(23) < max (61, Xa Ci + Vai + Vaiss On + 2V An) 
(4 = 2,38, -,n—1) 
X, = X, ( C15 Cas — Was), Xo = Xa (01, Co, VAa) asin (22). 


In particular, in the-symmetric case, 


(24) 0< — in ann < mar (VA EVE ERS VX + Vinn? Vi) 
(¢==2,3,--+,2—1). 
We thus obtained bounds for the zeros of &,(2) applicable to any sequence 


of OP. Leaving aside the discussion of the best possible choice of the constants 
ki, k'i in (22), we clearly see that (23) proves (i). (ii) We have in (0, œ) 


An = bon-2b2n-13 Cr = bon-a + Don (n = 8; à = bi; y= be), 


where the positive sequence {bn} is unbounded.’ (iii) This is an immediate 
consequence of (i, ii). In particular, in the symmetric case corresponding to 
(— co, 0), the sequence {àn} ts unbounded. 


Remark, The preassignment of the sequence {An} determines all An 
(see (10, 11)). 


4. Construction of the corresponding sequence of AP. The differential 
equations (I, J, L) determine polynomials of degree n= 0,1,2,+ °°, 


° Cf. our Mémorial Fasc., p. 41, where the same method, applied to the symmetrie 
case only, leads to 


Bin = Ta, n < max (2VA;) (i=1,2,...,n). 


(an obvious misprint gives 2,,>..--). Cf. also: O. Bottema, “Die Nullstellen 
gewisser durch Recursionformeln definierten Polynome,” Amsterdam Acad. Ke., Proc. 
Sect. Se., V, vol. 34 (1931), pp. 681-691, where the sufficiency of (i) (bounds for 
the zeros of &,(æ})} is established by means of the theory of quadratic forms, also 
a proof of a part of (iii) is given, different from the one below. 

* Stieltjes, “Recherches sur les fractions continues,” Oeuvres, vol. 2, pp. 402-566. 
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(J): In=Tn (x; 2, 8) gm Oe ai 





In +a+ B—2 
at. n(n—1)(n+a—l1)(n+a—2) ne... 
(25) @n+a+R—2)(m+a+B—8) + 


(L): b=h(z; a) = qu OR qu 
ti itai) (n + a — 2) 
TA 





gn? +. oe 


for all a, 8, unless a coefficient in (25,7) has a vanishing denominator, while 
its numerator is different from 0 (if both vanish, we take this coefficient 
as == 0). Furthermore, 


(26) Jar; a, B) =Tn(@; a, B) ; (x; a) = Ln (2; a) (a, B > 0). 


(7) Palt; a B) se nna (054+ 1,8 + 1); ln(e; a) = nha (25 a +1) 
(for all &, 8). 


Assuming again a, 8 > 0, we start with a certain J,(x; a, 8) or ln(x; a) and 
construct correspondingly infinite sequences of polynomials 


(I): Jo Sa(asa+ n—1,8+n—1),: : +, Jilt; B), 


(28) Ina (@3a%—1, 8 —1),- rest, 
(L): lyh(t;a+n—1),"-:,h(x; a), buts a — 1), 
of degrees 0, i; 2,: ++. It is readily seen, from (25), that they are all well 


determined. By virtue of (27), each sequence (28) is an AP sequence. For 
Hermite polynomials we have an AP sequence without any additional con- 
struction [see (5) ] 


(28 bis) ` H, H, (2), . +, Ha(z), Hnn (2),° oe 


We now proceed to find the generating functions for (28). We recall from the 
theory of AP that the formal power series expansion 


h hr 
(29) alh) =y tynyt Ht 
gives rise to an AP sequence {A,(x)} through the expansion 
h h” 
(30) ath) el = Ay + A (2) + j + Arle) zt: or 


Conversely, given a sequence of constants yo(5£ 0), Yn’ °°» Yn `, constructs 


(31) An(z) = yor” + (°) ya 4 (5) yc"? je eh Ya 
m | (n= 0,1,2,- +). 
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The sequence {4,(x)} is then an AP sequence, and a(h), defined by the 
expansion (29), (assumed to converge for | À | sufficiently small), is said to 
be its generating function. We may write (81) symbolically (this will be 
designated by =) as 


(32) An(z) = (x +7)" (n —1,2,: 775 Ao = Yo) 
where y means that we agree to replace each y? by yi, (i= 0,1, <, n). 
Regarding the sequences (28), we read at once from (25) 
n+a—l1 
bd = me ee J] —— ——————————— 
COURS Yee trent 


no n(n—1)(n+a—1)(n+a—2) | 

j nat) @n+ats—3)? 

| (L): yom d, ym — (n+ a— 1), y= + (n+ a— 1) (n+ a— 2) 
whence, | 


(J): a(h) = G(—n— a + 1, — 2n — a — B + 2, — h) 
(33) (Ga, Ba) 14+ et ED 


Te tregeri 
(L): a(h) = (1 —h)mas 


A direct application.of (33) is the expression of z” in terms of the polynomials 
(25). By the general theory of AP, if the sequence {Bn(x)} is generated by 
l/a(h) = Bo + Bih/1! + Bh?/2! +- - +, then 


(84) aæ(4+8)" (= (AB)n=(BA)n), where Bn(x) = (x + B)" 


[the symbolical expressions (À + 8)", (a + B)" being interpreted as (£ + 7)” 
is in (32)]. The application to Laguerre polynomials is particularly simple, 
since here 1/a(h) = (1—h)-™*», Thus, 


(35) =$ (ait (7 MEAO) reati. 


Consider (84) for the special case 


(36) . 1/a(h) =a(—h). 
A glance at (29, 31) shows that here 
Bi (— ii (i=0,1,: +); — Ba(2) = (z —7)", ‘ 
and the following very simple reciprocal relation results 
(37) An(2) = (@-+7)", m= (A—¥)™ (n= 1,2,- °°). 


8 Cf. Appell, loc. cit., where (33, L) is derived, without, however, indicating its 
relation to Laguerre polynomials. 


462 | J. SHOHAT. 


This is the case of Hermite polynomials.? 


5. The sequences (25) and orthogonality. In (25) each term, by virtue 
of (26), belongs to a distinct sequence of OP, as long as the parameters & + v, 
B + v remain positive. We ask now: can (25, J) and or (25, L), taken as a 
whole, form a sequence of OP? That this is conceivable follows from the fact 
that if we take in (7) ci, M (i—1,2,---,n) from one “permissible ” 
sequence (i.e. all An > 0), and Cns1, Ans, * * from another such sequence, the 
first OP thus derived belong to two sequences of OP. 

The answer to our question is based upon Theorem I-and does not utilize 
the properties of the zeros of the polynomials under discussion, which will 
be denoted by = 

Ag; dy ° "Åm en . +). 


Making use of (6), rewrite the differential equation (1) as 
(38) An = — Gq Anra — 


((J): B= B(a, B),Cn=Cn(a,B); (L): B=B(«),Cn=Cn(a)). 
If {An} is a sequence of OP, then 


An = (T — Cn) Ån-1 — AnAn-e (Cn; An are constants), 


(ca + TE) Ans (as see) Anz. 


But two successive OP’s cannot have common zeros; hence, necessarily, 
n(n—1)A 
Cn 
which holds for Hermite polynomials only. 7 

We indicate in passing some relations for A, B, C in (1). Differentiating 
(37) and using (6) once more, we have 


Ay (One BY) Ln—1)4 (A + B) + ave: 


.On the other hand, by (38), changing n into n —1 and increasing a, B by 1, 
(which is indicated by writing B, Cu), we have ` 


whence, 


o— om + m0; An — 


=0, i.e. Á= const., 








? We have: 
H, = H,,(@; e-2°/4) i 
= on — D gy -2 p 2O20 en =) re eae | er 
so that f 
m=H, ET on zj eS) EE ity 


2! 
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AntGn1 + (n—1)An2B + (n—1) (n — 2) AAns = 0.° hs 
Hence, the following relations must be satisfied for all COP: 
GER 0.32=0,. Aw B=— B=: 


We see once more, that for Hermite polynomials, where no parameters are in-, 
volved, so that B = B, we must have A’ — 0, A = const. 


6. The sequence {H;(x)} as an AP sequence. We close our discussion 
by proving a very general 


THEOREM IV. The only system of OP{®n(a; dp) } which is at the same 
time an AP sequence is that with dy(x) =e)” (h, c-const.), i.e. that 
which is reducible to Hermite polynomials by a linear transformation.1° 


Proof. Assume that 
(39) "a(z; dy) = nBr- (2; dp) (n = i a 


Combining (39) with the relation obtained by differentiating (7), we get, 
with the notations (3), 





Sn __ Sa 2dn-1,n-3 
(40) rae n— À > NÀn-1ı — (n— 2) =— zr 
Combining this with 
Cn = Si — na (see (17)) 
leads to the fundamental result : 
Cr = Sn = Sra = Cn- Le Cn = Cn- =: " ` = C, = constant c. 
n n—Il - ~- - - 


By the remark made above, the linear substitution (x —c)|x reduces the system 
{8n (x; dy)} under discussion to the symmetric case. 

Assuming this reduction to have been made and keeping the old notations, 
we have now 
(41) "én —=Sn—0, tena = 0 (n—=1,2,--*). 


10 Meixner, “ Orthogonale Polynome mit einer besonderen Gestalt der erzeugenden 
Funktion,” Journal of the London Mathematical Society, vol. 9 (1934), pp. 6-13, derites 
a similar theorem for polynomials satisfying a more general relation than (6), by con- 
siderations different from those developed below. A different proof of Theorem IV 
is to be found in the Thesis of my pupil Dr. M. Webster. Our proof is a straight- 
forward one, applicable to similar problems. Cf. also the interesting article of I. M. 
Sheffer, “A differential equation for Appell polynomials,” Bulletin of the American 
Mathematical Society, vol. 41 (1935), pp. 914-923. 
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Making use of the expression of ®n (x) in terms of the moments &n, we rewrite 
(39) as follows: 


Zo A On Lo Oy Ont 
Qı Qz Cnt G1 Ge Op, 
+(42) + ae ' "li Ansan > 0 0 = Ana 
Œn-1 Un * ° * Cena An-2 t ‘ * Bong 
0 1 g» nar - 1 Tr. gel 
(n = À, 3, ) 


Writing (42) for n = 3 and making use of (41,11), we get successively 


(43) Ga = Bay, Qe == 15aoy*, where a/% =y > 0, 
(44) As zae Go: A; = 2a°y*, Ag — R4ao*y®, 
(45) . À mp 2 Ag = 2y, Àr = By. 


It remains to prove that 
(46) àn = (n— 1)y: for all n. 


Here we use mathematical induction in the following manner: The recurrence 
relation (7) shows in the symmetric case, by comparing coefficients, that 


dnm-2 = — (àz + As + AS M); 


so that the second relation (40) gives, assuming that (46) holds up to Any 
inclusive, | | 


n(n — 2)y— (n—2)An = (n—2)y;  An=(n—1)y. 


The induction is complete, and Theorem IV is established, for the sequence 
{en = 0, An = (n—1)y} gives rise to the system of Hermite polynomials 
An (a; e). 
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ANALYTIC FUNCTIONS STAR-LIKE IN ONE DIRECTION. 
By M. S. Ropzrrson.t 


Introduction. Let (S) denote the class of functions f(z) which have 
one or the other of the following sequences of properties: g 


Either (A): 1. f(z) =z + Sanz is regular for | | <1. 
2 


2. There exists a positive 8 = 8(f) so that for every r in the 
open interval 1—8 <r <1 f(z) maps |z| =r into a 
contour O, which is cut by the real axis in two, and not 
more than two, points. 


or (B): 1. f(z) =z + È anz” is regular for |z| 1. 


2. f(z) maps |z| —1 into a contour which is cut by the real 
axis in two, and not more than two, points. 


If f(z) is a member of (8 ) we shall say that it is star-like in the direction 
of the real axis with respect.to the unit circle. A function f(z) which is 
star-like in a direction other than that of the real axis can be reduced to a 
function of the type considered above by taking e#f(e-**z) with a suitable : 
choice for the real parameter «. If f(z) is a member of (8) satisfying (A) 2 
there will exist two, and only two points 2, = retmi P and g = rehi D at 
which the imaginary part of f(z), or If(z), is zero. Moreover, if 


f (re?) = u(r, 8) + w(r, 8) ` 
then i | 


(1.1) v(r, 6) > 0 when (r) < 0 < 62(r) 


v(r,9) <0 when 6(r) < 8 < 6,(r) + 2z. 
We may define 4, (r) = 6:(r;f) and 8,(r) = 02(r;f) so that 
(1.2) 0S0,(r) Sex, 0< oalr) —&(r) < 2. 


When f(z) is real on the real axis (a, real) then f(z) belongs to the sub-class 
of (S), consisting of typically-real functions defined by W. Rogosinski.2 In 
this case, 


4 National Research Fellow. 
2 See W. Rogosinski, “ Über positive harmonische Entwicklungen und typisch-reelle ` 
Potenzreihen,” Mathematische Zeitschrift, Band 35 (1932), pp. 93-121. 
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We shall show in this paper that if f(z) is a member of (9) then the 
coefficients a, of f(z) satisfy the inequalities 


|ar| Sn for all n 


and the equality is attained for any fixed n by only one function of class (9), 
namely (z -+ «2?)/(1—ez)*, (e= + i). If further, f(z) is an odd function, 
then | 

[an| Sn for all n. 


and the equality sign is attained by the function (z + 2*)/(1—2?)*, If f(z) 
is not necessarily odd but is real on the real axis then 


{a |<Sn for all n, 


and the equality sign is atttained by z/(1—2)?. We shall show also that if 
f(z) belongs to (S) lim f (re?) exists and is finite for almost all 6. 
r-l . 


oo 5 
If g(z) =z + È cnz” is regular and univalent for |z| < 1 then it has 


been conjectured è that | cn | Zn. This is known to be true in case g(z) is 
star-like in the unit circle, or when EV g(z)/z = $ for | z | < 1, or when there 
exists a complex constant « so that Razg’(z)/g(z) = 0 for | z | < 1, or, finally, 
when g(z) is real on the real axis. We shall show here that the conjecture is 
also true when g(z) has the property that it maps | 2|—7r < 1 for every r 
near 1 into a contour which is convex in one direction, i. e., every straight line 
parallel to this direction may cut the contour in not more than two points. 
The equality sign is attained for any fixed n for essentially only one function 
of this class, < 
2/(1—eïz)?, (a real). 


2. À representation for functions of class (S). Suppose f(z) is a 
member of (S) satisfying A (2) and hence (1.1) and (1.2). Let 


o(r) ez — OLA, Tove ee4, 
F,(2) = f (rez) [ Le + pisin { = GE A }] 


If — . fire tte) = P(r, 8) + iQ (r, 6), z= e, 


s'See L. Bieberbach, Sitzber. kgl. Akad. Berlin 1916, pp. 940-955, 
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then from (1.1) 
(2.1) Q(r,9) > 0 when Z — POTA Ce ct DER 
Q(r, 0) < 0 when so eo Ce — 040) 


Fei?) — {P(r, 0) + iQ (r, 0)} | — 26 sin 8 + 2i sin G a CD ENT 
RE, (ei) =2Q(r, 0) | sin 6— sin G ` 8a (r) — 0, (r) )] 


2 
© Æ0 for all 6 by (2.1). 








Hence @RF,(z) = 0 for |z| = 1; F,(2) is regular on |z |= 1, F,(0) 40; 
and since the minimum of a harmonic function occurs on the boundary we have 


(2. 2) RF,(2) 20 for [z|S1. 
Let {7:} be a sequence of values of r tending to 1 so that 


(2.3) lim 6:(7:) =a,  limé(ri) =£ 
a rqol 


rıl 
` On account of (1.2) we have 


SaS Rr, 0S B—aS Rr. 





Let pat tk ger with x so chosen that 0 S p < 2r. Let =E, 


Then 0&Sv& r. Let 
P, (2) = lim Fr (2) = f (— i*a) - eS) 


F,(z) is regular for |z | < 1, and by (2. 2) 
RF(2) 20 for |z| <1, F,(0) = sin p— i cos u, whence sin a = 0, 


equality holding only when F(z) reduces to either +i or —i. In this case 
f(z) has the form z(1— 2z cosy ++), In any case we have 0S pSr, 
0Zv'£r. If sin p 0 we let 


F(z) = (sin p)+- [F; (iez) + i cos p]. 


‘If sina = 0, we may take F(z) =1. In both cases F(z) is regular Yor 
|a| <1, F(0) =1, RF (z) > 0 for |z| <1, and 
(2. 4) f(z) = hy (erz) --(cos p + isin y: F(z)) 
where ae 
hy(z) =2(1 — 22 cos v + 27) +, OS eSr. 
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Since F(z) 20 the function {1 + F(z)}“ is bounded in the unit 
circle, and so tends to a limit, different from zero, for almost all values of @ as 
t= 1 (z = ret). Hence lim F (rett) exists, and is finite for almost all values, 


of 8. Therefore lim T(r oi) oie and is finite for almost, all values of 6. 
ri 


° 3. Univalent functions convex in one direction. Let 


(3. 1) i g(2) =2 4 Zonet 


be a member of a class (F) of functions regular for | z| < 1 which are uni- 
valent and convex in one direction. Without loss of generality we may assume 
that this is the direction of the imaginary axis. We suppose then that there 
is a positive 8 == 8(g) so that for every 7 in the open interval 1— 8 <r < 1 
g(z) maps |z| =r into a contour C, such that every straight line parallel 
to the imaginary axis cuts C, in not more than two points. If g(2) is regular 
on |z|—1 we may take = 0 in our definition. It is readily seen that a 
necessary and sufficient condition that g(z) map each circle | z | = r on con- 
tours C, which are of the type described above is that for every r in the 
interval 1— 8 <r < 1 there should exist two real numbers 6,(r) and 62(1r) 
satisfying (1.2) so that @ g (ret?) is a monotone decreasing function of @ in 
the interval (8:, 8) and a monotone increasing function of 8 in the comple- 
mentary interval (62,6, + 2r). But since 


Leg (y) —— Eee) 


it follows that g(z) is a member of class (F) if, and only if, zg’(z) belongs 
to class (S). If zg’(z) belongs to (8) then g(z) is univalent. For if not, let 


g (21) = g (22) = Wo 


for two points 2, and Za (215422) lying within |z |= r where r is in the 
interval 1—8<r<1. Then as z describes the circle |z | =r enclosing 
a and Ze g(z) describes a continuous closed contour O, which must consist of 
at least two loops * about the point wo. If this were the case a straight line 
parallel to the imaginary axis would cut C, in more than two points, which is 
a contradiction. Hence g(z) is univalent for |z] < 1. 

We may then represent g(z) in the form ` 


dz 


(3. 2) g(z) -= ee 


1 — 2267 cos y + e 2422 


4See for example Titchmarsh, The Theory of Functions, 1932, p. 201. 
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* 


where @F(z) 20 for |z| <1, 0Sa Sr, 0 Sv & r. Conversely, if F(z) 
is an arbitrary function with positive real part and regular for | z| < 1, and 
p any parameter satisfying the inequalities 0 S » Sa, then the function g(z) 
formed by the expression (3.2) is univalent for |z| < 1 and is the limit of 
. functions gn(z) each of which is regular and univalent for | | < 1, has at 
most either a simple pole or two logarithmic singularities on | z| —1, and 
which map | z | = 1 on a contour convex in the direction of the imaginary axis. 
For let {rn} be a sequence of values of tending to 1 as n—> co and define 
Gn(z) by the equation 

: Celt te sin p{F (rue) —1 

(3.3) Qn(z) = f -I oziu cos, eT ee H > : a } dz 


(3.4) g(z) = lim g,(z) uniformly in any region interior to the unit circle. 
n~?00 


P (raz) is regular for | z| <1, zg’n(z) is regular on | z| — 1 save for either 
one pole of multiplicity 2 (v = 0) or two simple poles. From § 2 we see that 
zg'n(z) maps | z | = 1 into a contour which is cut by the real axis in not more 
than two points. Hence gn(z) maps |z |==1 into a contour convex in the 
. direction of the imaginary axis and gn(z) is univalent for | z | < 1. It follows 
by the theorem of Montel 5 that g(z) is also univalent for | z| < 1. 

If in particular g(z) is also real on the real axis, then u = 1/2, v = 2/2 
and (8.2) takes the form 

g 

(3.5) TOR f° PO) ae 


0 





We may employ here the Stieltjes formula due to Herglotz $ 


-1 27 + geit 


where «(6) is non-decreasing in (0,27). (8.5) can then be written in the 
form 


Sath gee 1 — ze) da(0) 
(9:7) ge) à tog | sin 4 
when the fact is used that g(z) and F(z) are real on the real axis and an 
integration is performed. 


4. The coefficients of functions of classes (S) and (F). If in the repre- 
sentation (2. 4) 


F(z) =1+ > bnz” 


5 See P. Montel, Bulletin de la Société Mathématique de France, t. 53 (1925), p. 253. 
€ See G. Herglotz, Leipziger Berichte, vol. 63 (1911), pp. 501-511. 
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since @ F(z) 20 for |z| <1 we have |b, | & 2 for all n. If 


fla) 2 + aa" 


a comparison of coefficients on both sides of equation (2.4) yields 





3 sin ny ; R #2 sin ky : 

4.1 Qn == —— eindin L isin u- TT. eih, y. 
0 * siny + m = sin y tek 
(4.2) lan |S sin ny i Gain 1+5 sin kv ] 

ose sin 2 B k=2 sin Vv 














where sin u = 0, sin v = 0. 


(4. 3) [oy | Smt 2sin pe DL n(1 — sin p) +n? sin p 
(4. 4) | an | SS n? for all n. 
The equality sign | än | = n? is attained for a fixed n only when v =0 or r, 


pp==7/2. In this case 
i eek cera (e= 4) 
n? = | dm | = | dna + Rebn-2 +: x -F ke ban +: . + net |, 


Equality can occur only when by = 2e (k—1,2,- : :,n—1). In this case 
f(z) must have the form 


(6,5) fa) = $ kitz | anat tees, 
k=1 
However, since 
g(2) = (D deme teat +: eA 
9 
is univalent and | c|—2, g(z) must be of the form 
g(z) =2/(1— e##z)*, à real 


as L. Bieberbach has shown." 
Hence (4. 5) reduces to 

a+ ez? . 
(4.6) KES, (x. 


Hence | a, | = n? for a fixed n only for the function (4.6). 
Again, if f(z) is any odd function of class (8) then 8 — a = v, v = 7/2. 
Consequently, from (4.2) we have 


7 See L. Bieberbach, loc. cit. 
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(4. 7) | aon | <1+ênsinu = n +1. 
I£ v40 or a, we also have from (4.2) 


ia 
n 


lim 
n- 


s222. wy) 
sin y 








where 
aa ES 
M (v) =lim — Y | sin kr |. 
n0 1 k=1 


Ts will follow from the following lemma, due to T. Gronwall,® that 





(4.8) Hier 
2->00 n m SIDy 
Lemma. If l 
M, (0) =} 3 | sin #9 | 
n k=l 
then 
M(6) = lim M,,(8) 
. NPOO 
exists and 


M(0) =2/r 
if 6/9 is irrational; 


M € r)= RE < R/m, k and r (b <r) 
positive integers prime to each other. 
If 
co 
g(2) = 4+ È cnz” 
n=2 
is a member of class ($) then, as we have seen, zg’ (2) belongs to (8). Hence 
(4. 9) | co | Sn for all n 


and equality is attained for any fixed n only by the one function of class (3), 
namely 


a(1—ez)*, (ei). 


Fer this particular class of univalent functions this constitutes a proof of the 
Bizberbach conjecture for the coefficients of a univalent function. 


8 See T. Gronwall, “ On a theorem of Fejér’s,” Transactions of the American Mathe- 
matical Society, 1912, pp. 445-468. 
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If g(z) is an odd function of class (F) with coefficients cons then from 
(4.7) and the fact that zg’(z) belongs to (S) we have 


(4.10) ` | ena | £1. 


All the members of class (F) which are real on the real axis and convex 
‘in the direction of the imaginary axis (a direction perpendicular to the line 
on which the coefficients lie) are given by (3.7) and conversely. The coeffi- 
cients cy, of g(z) in this case are then given by the formula 


sin nô 


1 T 
(4. 11) ms f ng O 


whence | cn | S1 and equality is attained by 


z/(1 =z), 2/(1— 2°). 
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ON NON-HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS 
OF INFINITE ORDER WITH CONSTANT COEFFICIENTS. 


By R. D. CARMICHAEL. 


Introduction. The methods of this paper are suggested by the stimu- 
lating memoir of A. Hurwitz t in which is proved the theorem of C. Guichard ? 
that for every integral function (x) the equation y(x + 1) — y(x) = (x) 
has a solution which is itself an integral function. The method also owes 
much to the remarkable contributions of S. Pincherle * to the theory of func- 
tional equations, contributions which now extend over a period of nearly 
fifty years. 

In $ 1 a formal solution of the differential equation (3) is given and a 
sufficient condition is set forth (Theorem I) to ensure that it shall be an 
actual solution. The remainder of the paper consists mainly in presenting 
effectively workable hypotheses under which this sufficient condition is certainly 
' realized. The maximum simplicity in the formulation of these hypotheses is 
attained in Theorem VII of § 8, and this theorem is effectively supplemented 
by Theorem VIII. Auxiliary classifications of integral functions are indicated 
ir $$ 3 and 4. The former is classic, but the latter seems to be new. It is a 
classification which appeared to be demanded by the course of the argument; 
it seems to be of interest for its own sake. Attention is called particularly 
to the invariant point property of integral functions indicated in this con- 
nection in § 4. 


1: The first general theorem. Let F(z) and ¢(x) denote two given 
integral functions, neither of them being identically equal to zero, and write 
their power series expansions in the forms 


(1) P(e) = Sa’, 
(2) (z) — D sert. 


We consider the problem of constructing integral functions y(x) satisfying 
the linear differential equation 


(3) doy + ay’ + ay” ++ = p(x) 


1A. Hurwitz, Acta Mathematica, vol. 20 (1897), pp. 285-312. 
2 ©. Guichard, Ann. He. Norm. Sup. (3), vol. 4 (1887), pp. 361-380. 
3 S. Pincherle, Acta Mathematica, vol. 46 (1925), pp. 341-362. 


473 


4T4 R. D. CARMICHAEL. 


of infinite order with constant coefficients. We shall say that F(z) is the 
characteristic function belonging to equation (3). | 
Let r be a given positive number. Let {Av} and {ww} coms =0,1,2,--°) 
be two infinite sequences of positive numbers such that r SS yy SS Av for every v. 
For each particular value of y let Cy be a closed contour of finite length en- 
circling the point O and lying in the ring pS |z| & àv, and let Cy pass 
through no point at which F(z) vanishes. Let Ty denote the sum of the 
(convergent) series in the relation 


(4) Ty = F | ay | AA. 
k=0 


It is obvious that Ty is bounded away from zero. 
We introduce the functions 





e**dz 
(5) Pral) = 25S ea FE | 
where v and n take independently the values of the set 0, 1, 2,- © :. For their 
k-th derivatives with respect to v we have 
tele 
(he) D ieee 
ZR ES 2? (s) = Cn ZR (z) ` 
e have 
= er*dz 1 p di x 
@) = k as pith as PR RE 
(7) Sare (2) Ca 2 ane a (z) T Qri J. grit vl° 
From (6) we have 
Antela lAn | dz | 
8 P (k) = e f x 
(8) | ®© (s)| = Pr Ca | F(2)| 
Let us define y(x) by the relation 
2 X Sy er* dz 
(9) y(x) = 2 svPy,v(2) =2 a PA ZR (z) ? 


subject to appropriate conditions of convergence to be indicated later. 
Using the notation thus described, we shall prove the following general 
theorem : 


- ‘Yusorem I. A sufficient condition that y(x), as defined by (9), shall 
be an integral function satisfying (8) is that the series 





(10) > env | Sy | Typy” f, j en 


shall be convergent for every positive number p. 


ss NON-HOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS. 475 


Let S be any preassigned finite closed region of the æ-plane. Let p be 
the maximum value of | «| for s in §. Since by hypothesis series (10) is 
convergent and since Try is bounded away from zero, it follows that the series 
obtained from (10) on replacing Ty by 1 is convergent. From this fact and 
from relation (8) with n — and k = 0 we see that for all x in S the series 
in (9) is dominated term by term by a convergent series of constants. Hence 
that series is absolutely and uniformly convergent in S and y(x) is an integral 
function. Moreover, y™(2) may be formed from (9) by term-by-term 
differentiation. 

If we proceed formally we have by aid of (7) the relations 


oO co © 
(11) È ay (x) =F D axsvP © (x) 
k=0 k=0 y=0 ù 


= Ÿ 8, Ÿ aP® (z) 
0 


p=0 
oo a 
— ss T = ¢(z). 


From (8) it follows that the series in the third member of (11) is dominated 
term-by-term by the series 


> |a| 
cy | F(2)| 7 
From the fact that F(z) is an integral function it follows that the series here 


denoted by the second summation sign is convergent. Employing (4), we 
may then write the series denoted by the first summation sign in the form 





COS È| sv p au | Auf elavpy Í 


(13) 3 el#lAv | Sy | Tuwa f aa 7 

1 p50 c | F(z)| 
For all x in § this series is dominated term-by-term by the series in (10). 
It follows that the repeated series in the third member of (11) is absolutely 
and uniformly convergent in S. Therefore the repeated series in the second 
member of (11) is absolutely and uniformly convergent in § and its sum is 
equal to that of the series in the third member. Thence it follows readily 
from (11) that y(x) is a solution of (3). | 

These results imply Theorem I. 


COROLLARY. The k-th derivative of y(x) is dominated as follows: 





: co 
(14) |y® (s)| S Sele | sy | dares D | dz | (k= 0,1,2,: °°). 
y=0 


Cy | F(z)|? 
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2. Consequences of Theorem I. We shall now prove the following 
. thecrem, retaining our previous notation and employing additional hypotheses: 


THEOREM II. Let F(z) be a function of exponential type. Let dv be 
further restricted by the condition y¥Sa(v-+1) (v=0,1,2,-- +), where a 
gs a given positive constant. Let the defined elements be so related that a 
postive constant B exists for which the relations 


y d „tl y+l : 








are satisfied. Then the function y(x), defined in (9), is an integral function 
satisfying equation (3). 


It is sufficient to show that the series in (10) is convergent. Since F(z) 
is of exponential type, say of type q, we have for every positive e a constant Ke 
suc2 that 


foe} 
| F(z)| = > | av | | z lg < Ket lA, 
À v=0 
Then, since À» < a(v-+1), we have 
Ty < Kerto mn, 


‘Thence, by aid of (15), we see that series (10) is dominated term-by-term 
by the series : 


S K: lsi epatvx1) galate) D prit, 

y=0 v! 
From (2) and the integral character of (a) it follows that the last foregoing 
ser.es is convergent for every positive number p. Hence the same is true of 
ser.es (10). Therefore Theorem II is established. 

Let a, œ, b, c be given constants, aa, and take uv =a(v + 1), 
Av=a(vy-+1). Then, if for every v of the set 0,1,2,- : - the length of Cy 
does not exceed b”* and if | F(z)| > c> for every point z on Cy, it is easy 
to show that the hypotheses of Theorem IT are satisfied. It is obvious that a 
suitable constant b exists whenever the paths C\ are circles about 0 as center 
arf] having radii limited by the implied conditions. This yields one of the 
simplest special cases of the theorem. 

For the case when F(z). = e* — 1 we may take the path Cy to be a circle 
of radius 7(2v-+1). Then it is easy to show (by aid of the periodicity 

_ properties of F (z) ) that a constant M exists such that | F(z)| > M whenever z 
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is on a circle Cy. By taking py = Àv = r (2v + 1) one may readily show that 

the required conditions are satisfied for the application of Theorem IT and 

hence that the corresponding equation (3) has a solution (x) which is an 

integral function. This implies that the equation y(x + 1) — y(x) = (x) 

has a solution y(x) which is an integral function, the proof in this case being 

essentially that of Hurwitz (loc. cit.). s 
In a similar way it may be shown that the difference equation 


gr +n) + ay(e-+m—1) +: ++ enye) = $(2) 


with constant coefficients has a solution y(#) which is an integral function 
-provided that ¢(z) is an integral function. Here the function F(z) may be 
written 


F(z) == ene + cere + ss à + Cn = IL (e? — pr) te, 
k 


where the pz are constants and the ¢ are positive integers. Suitable contours 
Cy may be readily defined such that F(z) is again bounded away from 0 for 
all z on all Cy and such that Theorem II becomes applicable. In fact, the 
same method may be extended, but with increased difficulty, to the more 
general case of the equation 


Coy (£) + ery (@ +a) +: + + + CnY(T + am) = (x) 


where the c’s and œs are constants and (x) is an integral function. 


8. Integral functions of class C(t, q). With a view to the extension 
of Theorem IT itis convenient to separate certain integral functions into 
classes and to note some properties of the several classes. 

Let ¢ be a given positive number. Let g(z) be an integral function having 
the power series expansion. 


Lo 
g(2) = 2 ova’. 
We shall say that g(z) is of class C(t, q) if and only if 
lim sup | (v!)?/*ey |” =q < o. 
v=00 


We shall need the following known theorem * concerning these functions: 


4See R. D. Carmichael, Transactions of the American Mathematical Society, vol. 
35 (1933), pp. 1-28. 

5 This theorem belongs to the classic theory of integral functions of order ¢ and 
normal type or minimal type. For more general results of a similar character see a 
forthcoming paper on invariant point properties of integral functions under the joint 
authorship of R D. Carmichael, W. T. Martin and M. T. Bird. 
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Necessary and sufficient conditions in order that an integral function g (z) 
shall be of class C(t, q) are the following: 


(a) numbers o (zero or positive) shall exist for which it is true that for 
every positive number e there exists a positive number Nes, depending on « and 
o but independent of z, such that for all (finite) values of z we have 


| g(2)| < Meo e0 lelt; 
(b) the least possible value of such numbers o is q. 


4, Integral functions of class K(s). Let s be a given positive number 
not less than 1. Let y(x) be an integral function having the power series 
expansion 


oo 
y(t) = È ova". 
We shall say that w(x) is of class K (s) if and only if 


lim oy” = 0. 
p=0 
It is obvious that the class K(s,) contains the class K (s2) if 1ZÆ 81 < sa 
If y(x) is of class K(s) then for every positive number e there exists a 
positive number Le, independent of v, such that 


| Ty | < Lee”. 
Hence, from the relation 
sa n) ! 
y M (a) /n {= È oven ore) x” 


we have 


(v+n)! 


vin! LA 


o 
| yo (x) /n! | < Le > em)? 
p=a 
Now, since s = 1, we have 


otn tne, CES 1p aye poy, 


vin! 


when n + y = 1, where 8 is any positive number whatever. Therefore if we 
take e less than 1 (as we shall) we have 


Lu (e)/ni | < Le (1 + Dea 484)” | 2 p, 


whence it follows that 
lim | y™ (x) /nt |1 = 0. 
n=O 
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This property, for v = 0, is the defining property for the class K(s). 
This defining property associated with the point 0 therefore persists for all 
other finite points. Moreover if it holds for x — x, it clearly holds also for 


æ==0. It therefore exhibits an invariant point property of the functions of 
class K(s). 
We shall now prove the following theorem: ° 


A necessary and sufficient condition that the integral function y(x) shall 
be of class K (s), s 21, is that the series 


oO 
| ov [a |" 
y=0 Le 
shall converge for every finite value of x. 
In the proof of this theorem it is convenient to use the following lemma: 
Lemma. Lets be a positive number not less than 1. Let 
Us + Up Ug Fs + 
be a series in which us = 0. Define p by the relation 
lim sup (w)”™ = p. 
P=00 


Then the given series is convergent if p < 1 and divergent if p > 1, while for 
p==1 there is no test. 


The usual proof for the classic case s = 1 of the lemma holds without 
essential modification in the general case: it is therefore left to the reader. 

From the lemma it follows at once that the series in the theorem con- 
verges for all finite æ if y(x) is of class K(s). On the other hand, if the 
series converges for all finite æ it follows from the lemma that 


lim sup | ov |e] S1 
y=00 


for all finite x, whence we see that y(x) is of class K(s). The theorem is 
-therefore established. 


5. Generalization of Theorem II. We shall now use the notation of 
$ 1, with the implied hypotheses, in proving the following generalization of 
Theorem IT: 
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Tsxorem II. Let F(z) be an integral function of class C(t,q). Let 
(x) be an integral function of class K (s). Let Av be further restricted by the 
cond-tion A» S a(v +1)% (v—0,1,8,: -), where a is a given positive con- 
stant and o verifies the relation 1 SoS min(s, s/t). Suppose that s = t and 
s= 1. Let the defined elements be so related that a positive constant B exists 
for which the relations 


l dz | p Bor: O REY: 
(16) f | F(z)| < DE TER (v= 0, 1, 2, | Jo 





are satisfied. Then the function y(x), defined in (9), is an integral function 
satistying the differential equation (3). 


In view of Theorem I it is clearly sufficient to prove that the hypotheses 
here involved imply the convergence of the series in (10). 

From the hypothesis on F(z) and from the theorem in § 3 it follows that 
for every positive number e there exists a positive number Ke such that 


|F| s D Fay] Jal? < Keroli, 
v=0 ‘ 


Thea, since Ay < a(v + 1)%, we see from (4) that 
Ty < Ke gato tost, 


Thence, by aid of (16), we see that series (10) is dominated term-by-term 
by the series 
3 K.: [sv] grawn) eM! Cate) t (v+1)3/t Bor’, 
p=0 vi 
.From (2) and from the fact that ¢(a) is of class K (s) and from the theorem 
. of 34-it follows that the foregoing series is convergent for every positive 
nuriber p. Hence the same is true of series (10). Theorem IIT is therefore 
esteblished. 
By specialization of the hypotheses in Theorem III we obtain the fol- 
lowing theorem which is often more convenient in use than the more general 
theorem: 


Tunorem IV. Let F(z) and (s) be integral functions of classes O (t, q) 
‘ane K(s) respectively, where s is not less than t and not less than 1. ‘Let © 
be such that 1= o S min(s,s/t). Let a, a, b, c be given positive constants, 
aca. If for every number v of the set 0,1,2,- + - there exists a contour Cy 
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encircling the point 0 and lying in the circular ring a(v +1)S|2|Sa(v+1)° 
and having a length not exceeding b&* and if | F(z)| > c%* for every 
point z on Cv, then the function y(x), defined in (9), is an integral function 
satisfying equation (3). 


To prove this theorem we show that the hypotheses imply those of Theorem 
III. We take py==a(v-+1), Av=@(v +1) Then, since the hypotheses 
in Theorem IV imply that 


| dz | PDE 
fs OTS ee 


it is sufficient to observe that a positive number 8 obviously exists such that 
(be) (v+1)s < gett (v + Lge yy, 1, (v LE 0, 1, 2, EC Jy 


in order to recover all the hypotheses of Theorem III. Hence Theorem IV 
is established. 


6. Another a of Theorem I. We shall now prove the fol- 
lowing theorem: 


THEOREM V. Let F(z) and p(x) be integral functions of classes C(t, q) 
and K (s), respectively, where s is not less than t and not less than 1. Let o be 
such that 1= o & min(s, s/t). Let Co, Ci, Ca © > be a sequence of circles 
about 0 aè center and of radii oo, 01, 02,° ` `, respectively, and let them be 
such that no one of them passes through a point at which F(z) vanishes. 
Moreover, let us suppose that positive constants a and a exist such that 
a(v +1) Sm Sa(v+1)% Then, if a positive constant K exists such that 
the relations 
(17) f _| az | < Kew (vm 051,23," >) 

| o | F(z)| Ree 
are satisfied, the function y(x), defined in (9) is an integral function satis- 
fying equation (3). 


We shall show that this proposition is a consequence of Theorem I. We 
take pv = Àv = ov. Then Theorem I implies the truth of V provided that 
_the series 


(18) 3 | sy | error Ty f | dz | 
p=0 





cy | F(z)| 
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converges for every positive value p, the symbol 7, being defined by the relation 
ee oO 
Ty = > | ay | ov’, 
k=0 


But series (18) is dominated term by term by the series 


= | sv | 
>> | = gt EDS g-v-1 (v + 1)! PKO", 
p=0 Vi 

Now take the [(v + 1)*]-th root of the v-th term of this series, noting that 
for Ty we have from its definition and the theorem of § 2 a relation of the form 


Ty < Ke eM! Care) (w+) 8/t 


and employing the usual asymptotic form for v!; as y becomes infinite this 
root approaches the limit 0. Hence from the lemma in § 4 it follows that 
series (18) converges for every positive value of p. Therefore the theorem is 
established. 

We shall now show that the following theorem is a corollary of. the 
preceding : 


Tasorem VI. Let F(z) and (x) be integral functions of classes O (t, q) 
and K (s), respectively, where s is not less than t and not less than 1. Let o 
be such that 1SoSmin(s,s/t). Let m(r) denote the minimum value of 
| F(2)| on the circle |z| =r. Let co, 03,02: >+ be a sequence of positive 
numbers such that a(v + 1) SovSa(v-+1)%, where a and a are given posi- 
tive constants and asSa. Let Oy denote the circle | z | = ov. Suppose that a 
positive number L exists such that the relations 


(19) mov) oe Phi (v= 0, 1, 2,° . yy 


are satisfied. Then the function y(x), defined by (9), is an integral function 
satisfying equation (3). 


_ This theorem is seen to follow from the preceding by observing that con- 
ditions (19) imply conditions (18) and also imply that Cv passes through 
no.point at which F(z) vanishes. 


7. Auxiliary properties of integral functions. Let F(z) be an integral 
function of class C'(t,q). In case F(z) has zeros away from the point 0 we 
denote these by @,, %2,- - - in order of increasing moduli. If the number of 
zeros is infinite, then it is a classic result that the series 
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CO tte 


(20) 








L 
wt | An 
converges for every positive number e. Moreover, we have the following well- 
known theorem: ° 

Let k be any positive number. For each à inclose the zero &; by a circle 
with a; as center and of radius | æ; |-*. Then in that part of the finite plane’ 
which is exterior to all these circles we have for every preassigned positive e 
and for |z | sufficiently large, the relation 


(21) | F(z) | > ete 


Moreover, it is known,’ and indeed is implied by the convergence of the 
series in (20), that for every positive e there exists a positive number Me such 
that | an [rte < M./n. If we write k = k,(t + e) we then. have the existence 
of Ma such that | on |¥ < Man™. If we take kı > 1 (and this we do) and 
write 

oo 
La = RM er 5 n*i 


n=1 
we have 


co 
25 | Gn Fe < La. 


n=l 


Therefore from the proposition associated with (21) we have the following 
theorem : 


If F(z) is of class C(t,q) and e is a positive number, then a number L 
exists (L = La) such that in every interval of length L sufficiently far out 
on the positive axis of reals there exists a value r such that 


(22) | | F(z)| > el for 2] —r. 


8. Two additional existence theorems for equation (3). We shall 
now employ the theorem at the end of § 7 in obtaining from Theorem VI the 
following more simply formulated proposition : 


Tasorem VII. Let F(z) and $(x) be integral functions of classes 
C(t, q) and K(s), respectively, and let t be less than s (s=1). Then the 
differential equation (3) has a solution y(x), defined in equation (24) below, 
such that y(x) is an integral function. 


ê See Encyklopüdie der Mathematische Wissenschaften, Band Il, p. 436. 
T See Encyklopädie der Mathematische Wissenschaften, Band II, p. 434. 
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Let the positive number e be such that t-}-e < s. Let a and æ be two 

positive numbers such that æ < æ. Then from the result at the end of the 
| preceding section it follows that for sufficiently large values of y we have on 
each interval (a(x + 1), a(v + 1)) a number oy such that | 


| 23) [FO > ek, || = o 


We denote by Cy the circle | z | = ov, defining oy conveniently for values of v 
smaller than those involved in (23). We write 


X sv er dz 
Le V0) Era), PPO 
For o in Theorem. VI we take the value o=-1. Then the hypotheses of 
Theorem VI are satisfied when v is sufficiently large, and hence for all values 
of y when oy is suitably defined for an appropriate finite number of values of v. 
Therefore Theorem VII is established. 


COROLLARY. If (x) is an integral function and if F(z) is of class 
C(t,q) with t < 1, then the differential equation (3) has a solution y(x) 
which is an integral function. 


Whether the corollary holds when ¿= 1, and more generally whether 
Theorem VII holds when t==s, I have not been able to determine. That 
there are cases when ¢=s and when the conclusion holds is shown at once 
by the theorems for difference equations cited in the latter part of §2. These 
involve cases in which f—s—1. But our method does not seem to yield 
the conclusion of Theorem VII when t= s unless some additional hypotheses 
are placed on F(z). The result associated with (21) seems not to be suff- 
ciently restrictive for this purpose, since we seem to need an inequality more 
effective than (22). The nature of the additional information required is 
indicated by the further hypotheses on F(z) introduced in the following 
theorem. ` 


Tarorem VIII. Let F(z) and p(s) be integral functions of classes 
O(t, q) and K (t), respectively, where t = 1. Let co c1, 02,° * + be a sequence 
of positive numbers such that a(v +1) Sov £ a(v + 1), where a and « are 
given positive constants and a <a. Let Cy denote the circle |z| = ov. 
Suppose furthermore that F(z) is such that the ov may be chosen (subject to 
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the named conditions) so that a positive constant M and a non-negative con- 
stant N exist such that 
(25) ; | F(z)| > M enl 


for all z on the circles Cy. Then the function y(x), defined by (9), is an 
integral function satisfying the differential equation (3). . 


This theorem is an almost immediate corollary of Theorem VI. In the 
latter theorem we take s = ¢, whence we must have o — 1. Then in the two 
theorems the constants ov belong to the same intervals. Using the symbol 
m(r) of Theorem VI, we see from (25) that 


m (ov) > M eNort = M erNattvxnt > Lens, 


where L is a sufficiently large positive number. Hence we have recovered all 
the hypotheses of Theorem VI. Therefore Theorem VIII is established. 


9. Further properties of the solution of Equation (3). In all the 
cases treated we have shown that the solution y(x) is an integral function. 
The corollary to Theorem I gives upper bounds to the values of | y% (s)|, 
(k= 0,1, 2,:--), valid in the general case of § 1; and this may obviously 
be specialized so as to yield more precise inequalities under the additional 
hypotheses involved in the less general theorems. We shall now show that 
there is a class of cases, depending on the nature of the characteristic function 
F(z), in which additional information concerning y(x) may be obtained 
directly from the convergence of the series in the left member of (3). 

Let us suppose that F(z) is of class O(t, q) with q greater than 0 and 
let the coefficients do, a1, 2, * > > have a certain character of regularity implied 
by the required condition that 


(26) lim | (v!) ay |P =q, 
p=00 


the superior limit in the defining condition of the class C(t,q) being thus 
replaced by an actual limit. Then the condition 


lim sup | wy (s)| S 1, 
p= 


necessary for the convergence of the series in the left member of (3), may be 
written in the form 


lim sup [0D av: (vt y” (x) | <1. 
v= 
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Then from (26) we see that for any solution y(#) of (3) we must have 
lim sup | (v1) y” (2)| Sqr. 
r=00 


When ¢ = 1 this does not yield any information beyond that implied by the 
fact that the given solution y(x) is an integral function. But when ¢ > I 
it does give such additional information; in fact, it implies that the solution 
must then be of class C(1— tt, qı) where 0 S q, Sq. Under the named 
conditions every solution of (3) must be of the class indicated. 


UNIVERSITY OF ILLINOIS. 


ON GENERALIZATIONS OF SUM FORMULAS OF THE 
EULER-MACLAURIN TYPE. 


By Marion T. BIED. 


Introduction. We seek solutions F(a) of the difference equation 
(0. 1) A P(2) = [F (2 + o) +F(2)]/o=$(2) 


where (x) is a known function. By the method of symbolic operators intro- 
duced by Lagrange? (see also Pincherle)? we see that a formal solution is 
afforded by the expression 


Fa + ay) = wer? (eP — 1) (x). 


Carmichael * has emphasized the fact that by this procedure classes of solutions 
of the equation (0.1) may be made to depend upon suitable FRANS of the 
expression 

g(D) = wer? (ev? — 1)", 


Such considerations lead to the introduction of the function Av r(y) by 
means of the Laurent expansion (see Von Koch)‘ 


A +00 - 
(0.2) aetv (eer— 1) 1 E oA r(y)2’, Pre < | oz | << 2(r+1)z, 
pE~OO 
(7 = 0, 1,2," °°). 


It is convenient to define $C” (x) by means of the equation 


9 (a) — f “por (pdt (12,8), 


where æ is in the region of continuity of (x). We may transform $" (x) 
into the alternative form 


po = fe ET ooa (y= 1,2,8, +). 


1J. L, de 45, L. de Lagrange, “ Sur une nouvelle espèce de calcul, rélatif à la différentiation 
et à l'intégration des quantités variables,” Nouveaux Mémoires de L'Académie Royale 
des Sciences et Belles-Lettres a Berlin (1772), pp. 185-221. 

25. Pincherle, “ Funktionaloperationen und -gleichungen,” Encyklopädie der Mathe- 
matischen Wissenschaften, IT A 11, pp. 761-817. 

*R. D. Carmichael, “ The present state of the difference calculus and the prospect 
for the future,’ The American Mathematical Monthly, vol. 31 (1924), pp. 169-183. 

. * Helge Von Koch, “On a class of equations connected with Euler-Maclaurin’s sum- 
formula,” Arkiv för Matematik, Astronomi Och Fysik, vol. 15 (1921), N:o 26. `, 
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With the foregoing definitions in mind one is led to contemplate 
. +00 * D e AE 
(0.3) F(s + oy) = BoP Aves (y) (z) (r Fr: 0,1,2,° -:), 


as a possible solution of equation (0.1). In the following sections this will 
be exhibited as an actual solution. However, we shall need to know more 
properties of the function Av,-(y) and the expansions associated with it. 

From the generating equation (0.2) it follows that the function dv,-(y) 
satisfies the following relationships: 


0, v==—1,—2,—3,:-:- 

(0.4) AAvur(y) = <1, v=0. (r—0,1,2,:--); 
y/vi, v=—=1,8,8,: :-- | 

(0.5) DyAvisr(y) = Av,r(y) (y= 0, +1, +2, r= 0,1,23); 


(0.6) Av.(1—y)=(—1)"Avr(y) (v= 0, = 1, + 2,°++, r= 0,1,2,°°°). 
Furthermore, if we introduce the symbol [y] to represent the largest integer 


that does not exceed y we have 


p-1 
(0.7) = Avr (y + sp) = pr Avas, tro (py) 
(v= 0, 4,42, --,r=0,1,2,° °°). 


If O, denotes a circle with center at the origin and of radius 2rr + ð, 
0<8< 2a, then it follows from (0.2) that Av,(y) has the alternative 
definition : 


(0. 8) Avr(y) = (Pi) À ent (et —1)24-dt 
Cr 
(yma 0, +1, Bp? pm D Bee 


This latter equation enables us to relate the function Av,(y) with the 
Bernoulli-Hurwitz * function and enables us to deduce the relation 


À (Qhkai) verri = 2S (Bk) cos (Sky — v/2), 
k=-r k=1 
(v =— 1,—2,— 3, aa +), 


< i Z sin (2r + l)ry 

2hryt —— 
(0. 9) Avr(y) = = ene 1+2 2 cos Bery = = a - | A 
(x =0), 


Avo(y) +2 = (2l) cos (kay — vr/2), 
(v= 1, 2,3,°- . J 
(r= 0,1,2,: +). 


5 A. Hurwitz, “Sur l'intégrale finie d’une. fonction entière,” Acta Mathematica, 
vol. 20 (1897), pp. 285-312; vol. 22 (1899), pp. 179-180. 
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The equation (0.8) also permits us to deduce the following lemma in the 
_ manner of Carmichael ° or Lindelöf: 7 ” 


Lema. For every positive 8 less than 2m there exists a constant Ko, 
depending on § alone, such that 


| Avar(y) | < Ka(2re + 8) el) (y= 0, + 1,4+2,---,r—0,1,2,---),’ 
for all finite y. 


In the study of the given difference equation for real variables it will be 
convenient to associate with A,-(y) for real values of y the periodic function 
Ay,r(y). It is defined by the equation 


Av, r(Y) = Áv r (y — [y]), (v = 1, 2, 3,- r= 0,1,2, > oe 


In order to proceed with rigor we shall have to discuss separately the situa- 
tions in the real and the complex domains. 


I. REAL VARIABLES. 


1.1. The modified Euler-Maclaurin expansion formula. Let us assume 
that x, y, z are real variables and that œ is positive. Furthermore, let us use 
m, n + 1 to represent positive integers. Let us consider a function $(z) 
‘ which together with its first m derivatives is assumed to be continuous for 
bSeSe,b+oSe. 

Let us contemplate the function 


Popo" f Ave(y—t +2) 6 (r + of) dt, (v= —n,—m +1, + +m), 


where r is a fixed non-negative integer and z, v, y are such that 0231, 
bS2eSe—o,bS2+oySc. Integrating by parts we have at once from 
(0. 5) the relationship 


Pop = Prr + 0 {Ayr (2) pO (@ + wy) — Avr(y)o?™ (x + wz) }, 
(v=—n+1,—n4+2,--+,m). 


If we replace vy by — n + 1,—n + 2,- - -,m—1,-m successively in this last 
equation and add the resulting equations we have 


SR. D. Carmichael, “Summation of functions of a complex variable,” Annals of 
Mathematics (2), vol. 34 (1933), pp. 349-378. 

7 Ernst Lindelöf, Le Calcul des Résidus, et ses Applications a la Théorie des Fonc- 
tions, Paris 1905. ‘ ` 
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(1. 1) Par = Pur $ Sor (Avae(2) 6 (z +oy) — Avar (y) p” (z + oz) }. 


If we difference both members of this equation with respect to z and set z equal 
to zero in the result we have as a consequence of (0.4) an expansion which 
we incorporate in the following theorem: 


THEOREM 1.1. Let d(x) together with its first m, m = 1, derivatives be 
continuous for x in the interval b Se Seo,b+oSec. Then (2) has the 
expansion ` 


(L2) g(a + oy) = So Avar(y) AG (2) — En + En 


for w positive, r and n non-negative integers, and for x and y such that 
bS rS c—o and b Ser -p oy Se where 


Raa" S| Enr (— 14 (2 + oy + of) dt 
_. a f” Amet = t) [pm (x + © + wt) a pom (a + ot) jdt, 
Rn = om f Anelia —t+ wy}/o)o™ (t) dt. 


We shall designate the expansion (1.2) the modified Fuler-Maclaurin 
expansion formula (see Euler Maclaurin °). This expansion is true in- 
dependently of the value of n and so n may be taken equal to zero without 
loss of generality. i 

Derivation of expansion formulas by integration by parts was studied by 
Darboux +° but the ideas presented by Nörlund ™ suggested the foregoing 
derivation. 

If z is positive and m is a positive integer all the hypotheses of Theorem 
1.1 are met if O(a) = e, — © Æx£c—w. In that case we have 


pP (a) = er, (v= 0,1, 2,-- +). 
Furthermore, if a is taken to be negative infinity we have 


go (x) = g Per, (p — 1, 2, 3, LE à ; 


” SLeonhard Euler, “Methodus generalis summandi progressiones,” Commentarii 
Academiae Scientiarum Imperialis Petropotitanea, vol. 6 (1732-83), pp. 68-97. 
? Maclaurin, A Treatise of Fluxions, Edinburgh 1742. 
10 G, Darboux, “ Sur les développements en série des fonctions d’une seule variable,” 
Journal de Mathématiques Pures et Appliquées, Paris (3), vol. 2 (1876), pp. 291-312. 
uN, E. Nôrlund, “ Mémoire sur le calcul aux différences finies,” Acta Mathematica, 
vol. 44 (1923), pp. 71-211. à 
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Consequently, we have as a special case of Theorem 1.1 the expansion 
(1. 3) wee? (gee — 1) — S Avn, (Y) + Bm + B-n 
pz- 


for w and z positive, for r, n, m — 1 non-negative integers and for real finite y 
where | š 


ty LAS #1 
Bn = gimtigm Amr (9 se t) eeted¢ — wmtiym (e% — Dj Amr (y exis t) edt, 
0 


2kmi\" erkiryt 
we — Qkri 





1 
By = omiga (gor 1) f A-nrly—t)eettdt = 0 > 
0 ke 


= wz 


1.2. The modified Euler-Maclaurin sum formula. The formula (1.3) 
might be used in place of (0.2) to suggest a solution of the difference equation 
(0.1). Using the suggested expansion we are led to contemplate the function 


(1.4) Fe +ogle) = E Avar (y) $a) 
aa Y . . 
+ ont f Amr(y —t)gom™ (a + wt) dt 
+ om f? Anr(— them (x + wy + wt) dt 
+ at f ° Anr({2—t + oy}/o) $6 (t)dt 


` 


as a consequence of the usual interpretation of the symbolic operators involved. 
As a result of equation (1.1) it can be shown that F, (s + wylw) is actually a 
function of z + wy ‘and, furthermore, that it is independent of the value of n 
so long as n is a non-negative integer. Moreover, we can prove the theorem: 


THEorrEM 1.2. Let (x) together with its first m, m= 1, derivatives 
be continuous for x such that x = b and, moreover, such that for a par ticular 
non-negative integral value of r the integral 


f ire (— t) pm (x + wt) at 


converges for x in the interval b = x =D +o. Then the function F,(x + wy|w) 
exists and affords a solution of the difference equation (0.1) for positive w 
and non-negative n and for x and y such that x = b and x + oy Èb. 


It is readily seen that the hypotheses imply the existence of F,(x + wylw). 
That F,(x + wy|w) satisfies the given difference equation is a RAR 
of Theorem 1.1 all of whôse hypotheses dre satisfied. 
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We shall designate the solution (1.4) the modified Euler-Maclaurin sum 
formula (Clearly some distinction must be made between formula (1.2) and 
formula (1.4)). This formula is true independently of the value of n and 
witaout loss of generality n may be taken to be zero. For extensive references 
to fhe literature of the Euler-Maclaurin formulas one might see Burkhardt, 
Runge-Willers,# Nérlund, and Walther.” 

If we Roque the function 


Qt + oy) =o” f “Anr({o— tH ay}/o) P (D dE 
HE Anar (y) (a) +o f Amey —1)6 (2 + ot at 


it is clear that we may write the function F,(x + ey|o) in the form 
(1-8) F(z + oylo) = Q(x + oy) 
—o Z {4 (a + oy + su) —A Q(z + wy + sw)} 


so that the modified Euler-Maclaurin sum appears as a particualr modified | 
` pregressive sum of ¢(z). It is the only solution of (0.1) having the property 


lim {F; (£ + oy + holo) — Qr (2 + wy + ho) } = 0. 


Let (+) together with its derivatives of all orders be continuous for æ 
such that x = b and, moreover, such that the integrals 


S DDt w+ ot a, (= N + 1,N+2,: ý 5 


converge for v in the interval b= 2b Low and possess finite limits as w 
approaches zero. Then, considered as a function of w, F;(x + wylw) is such 
that 


Feet oyle) ~u me Au (et + fe) 6° (ta 
i +5 Avar (Y) (a), > 0. 


12H, Burkhardt, “ Restglied der Euler-Maclaurinschen Summenformel,” Encyklo- 

püdie der Mathematischen Wissenschaften, II A 12, Nr. 105, pp. 1324-1337. 
wc. Runge-Fr. A. Willers, “Die Eulersche Formel,” Encyklopüdie der Mathe- 

metischen Wissenschaften, II C 2, Nr. 9, pp: 91-96. 

14 N. E. Nôrlund, “ Einfache Summen,” Encyklopüdie der Mathematischen Wissens 
scaaften, IL C7, Nr. 10, pp. 711-716. 

a Alwin Walther, “ Numerische Integration,” Pascals Repertorium der Héhern 
Mathematik, 2 Auflage 1929, I 3 XXIII, 4, pp. 1200-1210. | 
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As a consequence of the property (0. 7) of the Bernoulli-Hurwitz function 
the modified Euler-Maclaurin sum enjoys the relation 


pA 
(1.6) 2 F(a + osp|o) = pF rp (2lop) 
8= z 
whenever the left member exists. F 


Let (x) together with its first m, m = 1, derivatives be continuous for v 
such that x = & and, moreover, such that for a particular non-negative value 
of the integral 


f * Zme(— to (a + ot) dt 


converges uniformly for æ such that b = x Sb + w. Then we have 


(1.7). ot (UF (Ho)dt— f oat 


Let ¢(«) together with its first m, m = 1, derivatives be continuous for x 
such that « = b and, moreover, such that the series 


> 4 (a + so) 


converges uniformly in the interval b Ss Sb +o. Then, if F"(x|w) denotes 
the modified Euler-Maclaurin sum of $# (x), the first m derivatives of the 
modified Euler-Maclaurin sum of p(x) exist and are such that 


(1.8) Fr (alo) = Fre (zlo) $+ Serdar (@ + oy —a}/w)p@? (a), 
| (H—0,1,:::,m). 


Under the conditions named in the foregoing paragraph together with the 
condition that (x) have a zero of order m at some point a, a = b, the modified 
Euler-Maclaurin sum of (x) equals the th derivative of the modified 
Euler-Maclaurin sum of ¢(2). 

The proofs of the theorems listed above follow from Theorem 1.2 and the 
properties of the Bernoulli-Hurwitz function by allowing y to be the variable 
of integration, sammation, and differentiation. i 

As an example of the modified Euler-Maclaurin sum let us take $(#) 
equal to z#/p!, p = 0. It is clear that all the conditions of Theorem 1.2 are 
satisfied if m is taken to be u -+ 1. Then if a is taken to be zero we have 


F,(2|o) = Apr (2/0) 
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and the Bernoulli-Hurwitz function itself is seen to be the sum of g” afforded 
by the modified Euler-Maclaurin sum formula. This leads us to expect the 
Euler-Maclaurin sum is intimately related to a modification of Nôrlund’s ™ 
principal sum. We propose to indicate this relationship more precisely in the 
next section. 


1.8. Modified principal solutions. Under suitable hypotheses $(2) 
has the expansion 


beth) es f MEOE + Qui > J cost2kr (2 — 2) /w]o(t)dé 


and consequently ¢(z + sw) is approximated by the quantity 


otf EOCEEN M “cos[2kn (2 — t) /w}o(t) dé 
ae ae Aor( {a — t}/u)6(t) dt. 


Now a solution of (0.1) is afforded by the series 


(9) —0 À 6(0-+ so) 


if it converges; if it diverges one might naturally contemplate the difference 


Lara 1/0) 6(8)dt—0 È ple + sa) 


in order to find a valid solution of (0.1) (see Kronecker) .’* _Norlund* has 
contemplated the difference for the special case where r is zero. 

If we follow the procedure which Nérlund has given for the special case 
we would define the modified principal solution F,(ælw) to be the limit of 
PIS 57) as 7 approaches zero where 


Fr(tlo5n) = f “dor ((0—t}/0) 66 (i) di—o re 150. 


The relations (1.6) and (1.7) which held for the modified Euler- 
Maclaurin sum are seen to hold for the modified principal solution as a 
consequence of this definition. 

' Furthermore, the procedure of Nérlund leads to the theorem: 


16 Leopold Kronecker, “ Ueber eine bei Anwendung der partislten Integration nütz- 
liche Formel,” Sitzungsberichte der Königlich Preussischen Akademie der Wissenschaften 
gu Berlin (1885), pp. 841-862; Leopold Kronecker’s Werke, vol. 5 (1930), pp. 267-204. 
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` THEOREM 1.3. Let (x) together with its first m, m 21, derivatives 
be continuous for x = b and such that for a fixed value of r the integral 
Er ; 
f Amr (— t)d™ (x + wt) dt 
0 


converges uniformly for x such that bSaSb+o. Then the modified 
principal solution exists as a continuous function of x and is afforded by the 
modified Huler-Maclaurin sum formula 


F,(@ + wylo) = f "Aaret + wy} /w)¢ (tat + > Ay,r(y) 0%? (x) 
+ oma [Enr (y = t) pr) (z + wt) dt 


for cZ b, 0& yS 1 provided a= b. 
Solutions valid for z  b would be obtained by proceeding from the series 


°c 
oS $(2— sw) 
szl 
rather than from the series (1.9). 


II. COMPLEX VARIABLES. 


We shall confine attention to integral functions. A classification of in- 
tegral functions developed in an napabyabet papar by Carmichael, Martin, 
_ and Bird is used. 


2.1. A classification of integral functions. If the sequence of positive 
numbers to, t, te," : : has, in addition to the property that 


(2.1) lim (ta) = co, 


NID 


the property that for every analytic function F(x) we have 
lim sup | HF (a) /n!|¥/* == lim sup | nf ™® (a3) /n 1]2/™ 
n->00 n00 


for any two regular points z, and z, of F (xy, then we shall say that {ta} is an. 
I-sequence. If {tn} is an I-sequence and F(s) is an analytic function such 
that at the regular point x) we have . 


lim sup | tr (zo) /n! |37 =, | 0=q< ©, 
RCO 


then F(z) is an FAR function and we shall say it is a function of sort {ta}, 
type q. 
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It is convenient to introduce the particular function Æ(x) of sort {tn}, 
type 1,-defined by the expansion 


(x) So /h. 


It is also useful to introduce the sequences {An} and {pn} such that 


Ao = toy Aa = bh, An = tr/tn-a, (n = 2, 3,4,°° ‘), 
po = to, Pr = (in), (n=1, 2, 3,° ` ‘). 


We have the following theorems: 


THEOREM 2.1. À necessary and sufficient condition that a sequence {tn} 
shall be an T-sequence is that it shall satisfy condition (2.1) and the condition 


lim (tn (a) /n!)¥" = 1, 
n->00 d i 


CoRoLLARY. A necessary condition that {ty} be an I-sequence is that 


lim Pr = co. 
n->00 


A sufficient condition that {tn} be an I-sequence is that 


lim An = ©. 
nO | 
THEOREM 2.2. Let F(x) be any integral function. If F(x) is a poly- 
nomial then F(a) is of sort {tn}, type 0, for every I-sequence {tn}. If F(x) 
is not a polynomial then there is associated with F(x) an I-sequence {tn} such ` 
that F(x) is of sort {tn}, type 1. 


COROLLARY. In order to classify all integral functions it is sufficient to 
consider only the I-sequences {tn} for which pn is monotonic. 


THEOREM 2.3. Let {tn} be an I-sequence such that pn is monotonic. 
Then tf F(x) is of sort {tr}, type q, we have for every positive « an Me such 
that i 

| aE ™ (x) /n!| < Me(q + e)” (1 + 1/8)"E (Lg + JE + 8] lel) 


for every finite x and positive à. 


Turorem 2.4. Let F(x) be a function of sort {tn}, type q. It is neces- 
sary and sufficient in order that the derivative of F(x) be a function of sort 
{tn}, type Q; that 

lim (An)? = 1. 
n00 
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2.2. The generalized Euler-Maclaurin expansion formula. We con- 
sider z, y, z and w as complex variables. We shall assume the line integrals 
are taken along straight line paths. Let us assume that m and p are non- 
negative integers such that » equals or exceeds m. 

As in Section 1.1 let us consider the function ` 


Pire (Ane(y—t+2)$ (ef ot)dt, (v=, 1,2,°++,7=0, LR) 


If we integrate by parts and then replace y by m+1,m+2,---,n-+1in 
the result we have upon addition | 


h 
Pasar = Pmr + 2 o” {Avar (2) 6™ (x + wy) — Avrr (y)p” (x + 02) }, 
vem 
(7 =0,1,2,* + -). 
Let us difference both members of this equation with respect to z and then 
set z equal to zero. For abbreviation we use 
By, — [AP v,r] x05 (v= 0, 1, 2,° ME r= 0, 1, 2, ase -). : 


Then we have the formula 


L 0 0, 
> o Ar (y) A pa (x) + Basar = Bm,r = { ? ER \ 
vom W : 


p(z + oy), m = 0 
ARR D 


Let the integer r depend upon y for its value and let us designate this 
relationship by the notation Tv, y = 0,1,2,» -. If we have 
Ty = Tm, (v=m,m-+1,---,2), 
the preceding formula assumes the form 
_ { 0, m > 0, 
| b(a@+ oy), m= 0. 
Let us arrange successive values of ry which are equal in groups. Let us 


designate the number in successive groups by vı, ve — v1, vs — vs," * *. It is 
eonvenient to adopt the convention that 


th 
È Avar, (Y) A pP (x) + Runr, — Bmrm 
v=m (a . E 


0 r : 
SHH =-TH—VIH, rp. 
kzr+1 k=0 k=0 
Now let us'take m equal successively to 0, vu * - *, v; where 


EN < vn 
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and let us take y equal successively to vı —1,v2—-1,---,n. If we add the 
resulting expansions we obtain as a consequence of the properties of the 
Bernoulli-Hurwitz functions the expansion 


OS E Tae ot! > oP Avesire(y) AG” (2) + Eure 


where | | 
(2.8) Barr m= ot [Ann (y t+ 16 (0+ ot) dl 
= S Arenal — ter (a -+ wt) dé}, 
9 


1 
(2.4) Lan f {$ + ot) 
+E 3 La (Ben) * cos [2r (y — t) — vr/2160 (a -+ at) jdt. 
In this latter integral y runs over the values 0,1, v2,- * * ,v; with r equal 
to zero. 
We shall refer to (2.2) as the generalized Euler-Maclaurin expansion. 
Let us assume that (x) is of sort {tn}, type q, where {tn} is an J-sequence 
such that p» is monotonic. Let us assume that w is held fixed while + and y 
` are confined to the finite regions X and Y of the complex plane. Then the 
lengths of the paths of the integrals in (2.2) as well as the absolute values 
of each of the quantities y — t + 1, y— t, x + wt are dominated by the 
constant a. Furthermore, as a consequence of Theorem 2.3 and the Lemma 
in the Introduction we have 


lim sup (Rms) <1 
n->00 
if ra is suitably restricted. Indeed it is sufficient that we have 


q lo | (1-+7)/@repna) S (tm + 1)/ (m+ 1) S [log peal 


where & is any positive constant less than 1 and y is any positive constant. 
The proof is facilitated if a division of cases is made at 


tm +1= (n+ 1)é . 
where é is any positive constant which satisfies the inequality 
rag — log(1 + y) < 0. 
If we restrict the sequence .{#,} to be such that 
lim (An) = 1, 


00 
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under the conditions named above we also have 


lim sup | © Ans, r (y) A po (x) [VOD <1, Š 


#00 
Consequently, we have the theorem : 


THEOREM 2.5. Let b(x) be a:function of sort on type q, where {in} 
is an I-sequence such that pn is monotonic and 


lim (dy) = 1. 


Then for x,y confined to finite regions X,Y and "e a fixed value of w, 
(7) has the expansion 


t [o9] 
(2.5) b(@ + oy) = lim Innra + È Avar (y) Ap” (2) 
n->00 v=0 w 
where for all n greater than some fixed value we have 


q | w | (+ y)/(2repn) S (tn + 1)/(n + 1) S [log pm:]*, 
0<a<1, 0 < y, 


and where the integral Insr, is defined in the preceding remarks. This ez- 
pansion converges uniformly in the regions indicated. Furthermore, this 
expansion is unique for any particular sequence {rn}. 


In particular, one may choose r, to be n. This is the choice Hurwitz * 
made in his study of the equation (0.1) for integral functions. > 

For functions of exponential type q (see Carmichael), i.e., Àn == n, 
it is sufficient according to Theorem 2.5 to define r, by the inequalities 


(q | o |/2r) —1<mSq|o ]/2r. 


In such a case Theorem 2. 5 recovers the theorem of Carmichael ° for expansions 
of functions of exponential type q in series of Bernoulli-Hurwitz functions. 
For the case where Ay» = n/t, 1 St < co, it is sufficient that 


(q | o |/2a) nit sna (a pe aeea, (n = 1, 2, 8,° - k 


When g is different from zero this gives expansions of functions of order, t, 
‘normal type g (see Bieberbach) .18 


IR. D. Carmichael, “Functions of exponential type,” Bulletin of the American 
Mathematical Society, vol. 41 (1934), pp. 241-261. 

18 Ludwig Bieberbach, “ Gr undbegriffe,” Encyklopädie der Mathematischen Wissen- 
schaften, II C 4, Nr. 29, pp. 429-431. 
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2.3. The generalized Euler-Maclaurin sum formula. In this section 
we propose to modify the results of Guichard, Appell,° Hurwitz Weber,” 
Barnes,? Carmichael ** so that instead of finding an integral solution of the 
equation (0.1) when the known function is integral we shall find an integral 
solution of the same character as the known function. 

e We state the result in two theorems: 


THEOREM 2.6. Let (x) be an integral function of sort {tn}, type q, 
0<q< ©, where {tn} is an I-sequence such that ` 
lim An = ©, lim sup (Ansi/An)” = be < e. 
n> n00 


Then there exists a solution of the difference equation (0.1) which is of sort 
{tn}, type q, and indeed one such solution is afforded by the function 


© R $ 
(2. 6) F (ejo) = È p” (0) Avr (3/0), 
v=0 
where rn is the integer defined by the relation 
Ta = [q | œ | 0/2], l (n—0,1,2,: ++). 


THEOREM 2.7. Let g(x) be an integral function of sort {ta}, type q, 
0 <q < %, where {tn} is an I-sequence such that 


lim n/An =r < 0. 


n> 


Then there exists a solution of the diference equation (0.1) which is of sort 
{tn}, type q, and indeed one such solution is afforded by 


(2.7) F(ele) = À 4° (0) Arar (2/0) a”? 


19 G. Guichard, “Sur la résolution de Véquation aux différences finies G(# +1) 
— G (£) =H (æ), Annales Scientifiques de l’École Normale Supérieure (3), vol, 4 | 
(1887), pp. 361-380. ` 

20 P, Appell, “Sur Jes fonctions périodiques de deux variables,” Journal de Mathé- 
matiques Pures et Appliquées, Paris (4), vol. 7 (1891), pp. 157-219. ; 

21 Heinrich Weber, “Uber Abel’s Summation endlicher Differenzenreihen,” Acta 
Mathematica, vol. 27 (1903), pp. 225-233. 

22 E. W. Barnes, “The linear difference equation of the first order,” Praceedings 
of the London Mathematical Society (2), vol. 2 (1904), pp. 439-469. 

2R. D. Carmichael, “On the theory of linear difference equations,’ American 
Journal of Mathematics, vol. 35 (1913), pp. 163-182. 
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where r is the integer defined by the relation 


r= [q | o | 1/27]. 


Tt is clear that Theorem 2.6 for the special case À, = n/t, 15S t < 00 
refines the result which Whittaker 74 has given for functions of order t. 
Obviously, if the series (2.6) converges it defines a solution of (0.1). 
It follows from the hypotheses of Theorem 2.6 that we have 
lim n/An = ©. 
n0 
Consequently, rn becomes infinite with n (although not necessarily monotoni- 
cally) and for any positive numbers ô, 8’ we have the inequalities 


Rata +8 < (q|o|n/rn) + 28 < (¢+28)| o | n/àn 
Qa (tn +1) —8 > (q |o | n/n) —¥ > (¢—%)| o | 2/rn 


for all n after some fixed value. This together with the Lemma of the Intro- 
duction and Theorem 2.3 enables us to prove that the series (2.6) converges 
absolutely and uniformly for + confined to a finite region X. 

Consideration of the successive derivatives of the integral function defined 
by the series (2.6) proves that the function is of sort {tn}, type not exceeding 
q. We are leù to a contradiction of our hypotheses if F(x|w) is of sort {tn}, 
type less than g. This establishes Theorem 2. 6. 

The proof of Theorem 2. 7 follows the same method. 


_ COROLLARY. The solutions F(xlw) defined in Theorem 2.6 and Theorem 
2.7 are such that we have 


F(x s= w|— o) = F(zlo). 
This is an immediate consequence of the relation (0.6). 


2.4. Modified principal solutions. In a manner analogous to that found 
in Section 1.3 we may modify Nôrlund’s definition of principal solution in 
the complex domain. With this modification many of Nôrlund’s results may 
be extended. In particular, we have the theorem: 


THEOREM 2.8. Let (x) be an integral function of exponential type q, 
09 < w. Then the modified principal solution F,(x|w) exists as an analy- 
tic function of x for all finite x and of w for all w in the interior of the circle 


2 J. M. Whittaker, “ On the asymptotic periods of integral functions,” Proceedings 
of the Edinburgh Mathematical Society (2), vol. 3 (1932-33), pp. 241-258. 


4 
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with center at the origin and of radius 2 (r + 1)r/q with a neighborhood about 
tha origin deleted if r > 0 (If q = 0, the region of validity is the o-plane with 
a neighborhood about the origin deleted). Furthermore, if w is confined to 
the annular ring l 

Qrr Slolg<2(r+ 1)r, 


the modified principal solution is of exponential type q. 
COROLLARY. Under the conditions named in the preceding theorem the 
modified principal solution may be exhibited in the forms: 


Palo) = [TT Aan (o—#)/w) (6) a 
d of ee + ot)errrti (1 — erti) -dt 
—a-00i . 
=e of (a + of) et (1 — erti) dt, 


Pr (elo) = Br +1) (rit ff” Aan (2 —1)/0) 6(u) du 
X {a ese(2r + 1) at}? dt, | 


2.8) Fou) = fAor({e—1}/0)$(t) dt — of (2) 2" 
+ io [Ce + tot) ~$ (r — iot) Jor" (1 — et) 344, 
F(ale) = f“Aar({e—1}/o) (4) at | 
— 06 (2)24 + È Anar (009 (2), 


hess 
(2.9) Fr (alo) = > wh? (0) Avar,r(2/w), 

pol 
where a is an arbitrary constant, œ is a positive constant less than one, and 
C2 is the contour through the point — à along a line parallel to the axis of 
imaginaries and traversing it in the negative sense. In the last formula we 
have taken the arbitrary constant equal to zero. 


We might refer to (2.8) as the modified Abel sum formula (see Abel,” 
aso Plana) .?¢ | 


25 Niels Henrik Abel, “ Solution de quelques problèmes à l’aide d’intégrales définies,” 
Kagazin for Naturvidenskaberne, Christiana (1), vol. 2 (1823), pp. 55-63: Oeuvres 
Complètes de Niels Henrik Abel, Ed. 2, vol: 1, Christiana (1881), pp. 11-27. 

29 Plana, “ Note sur une nouvelle expression analytique des nombres Bernoulliens, 
propre à exprimer en termes finis la formule générale pour la sommation des suites,” 
Lemorie della Reale Accademia delle Scienze di Torino, vol. 25 (1820), pp. 403-418. 
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The formula (2.9) was exhibited as a solution of the difference equation 
(0.1) in Theorem: 2.:7..:-In- this connection one-is led to- contemplate as a 
possible solution of equation (0.1) the function defined by the series : 


F(t oylo) = fl Aor((e—t + ap}/o)d(E)dt +E Ane(y) 06° (2), 
(r=0,1,2,"°°). 


If (x) is of exponential type q this function exists as an analytic function 
' of x, y, w. If we restrict w to the annular ring 


x 


Qtr S | olg <8(r+1)r | 


it is seen that F,(x + wy|w) affords a solution of exponential type q con- 
sidered as'a function of œ or of y. This can be established independently of 
the definition of principal solution. 

It is well to note that the modified principal solution extends the range 
of validity of solutions in the w-plane. This is rather nicely exhibited by 
consideration of the particular function (x) = e*. 

The extension of our results to functions of two or more variables in the 
way in which Nérlund,?* Baten,” and others have led is direct but the results 
become very involved. 


SOUTHWESTERN COLLEGE, 
WINFIELD, KANSAS. 


21N. E. Nôrlund, “ Mémoire sur les polynomes de Bernoulli,” Acta Mathematica, 
vol. 43 (1922),-pp. 121-196... - . ; RC RS 

28 W, D. Baten, “ A remainder for the Euler-Maclaurin summation formula in two 
independent-variables,” American Journal of Mathematics, vol. 54 (1932), pp. 265-275. 
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ON A FUNDAMEN PAL THEOREM IN MATRIC THEORY. 


By C. C. MAcDUFFEE. 


1. The following theorem was first proved by Muth ? when A is a bilinear 
form in 2n contragradient variables. It was given for a general matrix by 
Kreis,* and by a number of later writers.* It is believed, however, that the 
present proof is the shortest. f 

Let A be a matrix of order # with elements in a field Ẹ* having the single 
elementary divisor (A — a)” where a is in §*. Let ¢ be any polynomial with 
coefficients in Ẹ*. 


THEOREM 1. If the first number of the sequence 
p (a), $7 (a): + +, 8% (a), 1 
which is not 0 ts the i-th, define q and r by the relations 
or Sri | 


Then (A) has the elementary divisors [À — (a) ]1? taken r times and 
[A — 6(a) ]2 taken i—r times. 


Let A be taken in the Jordan normal form. Then 


Go Gi Ue Qn- 

0 £ 
(1) T © +... 

0 0 0 s D * Ag 


where ao = (a), a; = (1/1!) (a). Using the notation of Turnbull and 
Aitken,’ write 


$(A) = al + a,U0 + QU? +--+ + aU" 
where 
U = (mis) Uti = Ui, Un — 0. 


1 Presented to the American Mathematical Society, April 10, 1936. 

2 P. Muth, Journal für reine und angewandte Mathematik, vol. 125 (1903), p. 291. 

3H. Kreis, Contribution a la théorié des systémes linéaires, Zurich, 1906, p. 47. 

4A number of other references are given by N. H. McCoy, American Journal of 
Mathematics, vol. 57 (1935), pp. 491-502. 

5 Turnbull and Aitken, Canonical Matrices, Blackie and Son, 1932, p. 62. 
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If a = a =: -= ti =, a; 0, then 
(A) — al = uUi H, [¢(A) — al]? = a UE p. 


The nullity (order minus rank) of U* is h, so the nullities of the powers of 
$(A) — aol are 

i, 24, Bi, + +, gi, n, 
and the Weyr characteristic® of (A) relative to the root a—¢(a) is 
(it, © -+,%7r). The Segre characteristic of ¢(A) is the conjugate partition 
of n, namely (q + 1,- - -,q + 1,gq,: © *,q) where the number of qg + 1’s is r. 
This proves the theorem. 


2. McCoy” has recently extended this theorem to matrices having ele- 
ments in a general field. The following proof, using results from algebraic 
number theory, is more direct. 

Suppose that ÿ is any field, and that the matrix A of order n has elements 
in Ẹ and that the polynomial ¢ has coefficients in %. In the polynomial ring 
SLA], let A have the single elementary divisor [p(A)]* where p(A) is irre- 
ducible of degree h, n = hk. 

Let (A) — 0 be the equation of degree h obtained by applying $ as a 
Tschirnhausen transformation to the roots of p(A) —0. That is, the roots of 
© —0 are the functions $(d) of the roots of p(A) —0. Then 


(2) (a) = [¥Q)]”, 
where ¥(A) has coefficients in %, is irreducible in #, and À = mt. 
THEOREM 2. If the first function of the sequence 
PO), p” (A) 7, HEP (A), 1 
which is not divisible by p(A) is the i-th, define q and r by the relations 
k=q+r 0Z<7r<i 


Then (A) has the elementary divisors [p(A) 19* taken mr times and [y(A) }¢ 
taken m(i— r) times, where y(A) is defined by (2). 


Consider ÿ extended to a field $* in which . 
PQ) = (Ax) (A Aa) + (Aa). 
° Turnbull and Aitken, loc. cit., p. 80. 


TN. H. McCoy, loc. cit. McCoy’s treatment is more explicit in actually exhibiting 
the transforming matrix. 
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Then A has the elementary divisors (Aà— Aà;)*. Since p(A): is irreducible, 
p (Aj) — 0 if and only if p(A) divides (A). Thus for each elementary 
divisor (A—A,)*, the same i, g and r are obtained. Then by Theorem 1 the 
elementary divisors of (A) relative to #* are [A — $(A;) ]%* repeated r times 
and [A — (A;) ]¥ repeated i — r times, (j =1,2,---,h). 

« It may not be true that the (ài) are distinct, but if they are not, they - 
fall into ¢ sets of m — h/t equal values each, and the product 


yQ) =D — g(a)], 


where $(A;) ranges over ¢ distinct values, has coefficients in Ẹ and is irre- 
ducible in }. 

‘The invariant factors of (A) are the same for # as for %*, and by the 
usual rule for forming them from the elementary-divisors there are mr of them 
of the form [y(A)]% and m(i—r) of them of the form [y(A)]% Since 
(A) is irreducible in Ẹ, these are the elementary divisors of $(A) relative to %. 

The function y(A) is readily calculated as follows. Let B be the com- 
panion matrix of. p(A) —0. Then (A) =| ¢(B)—AI|.2 Then (A) is 
(A) divided by the g. c. d. of (A) and # (A). 


Tue UNIVERSITY OF WISCONSIN. 


8 See any standard work on algebraic number theory, as E. Landau, Einführung in 
die elementare und analytische Theorie der algebraischen Zahlen und der Ideale, Teubner 
1918, p. 11, Theorem 33. Or L. W. Reid, Elements of the Theory of Algebraic Numbers, 
Macmillan 1910, p. 273. l 
i °C.. C. MacDuffee, “The theory of matrices,” Ergeb. Math., II, vol. 5, Springer 
1933, p. 24. | | 


A GENERALIZED LAMBERT SERIES. 


By Mary CLEOPHAS Garvin. 


I. Introduction. In 1771 Lambert ? introduced the series 


La n o n 
NZ 
——— and = 
Piper 2x 


It seems probable that he made a complete study of the more general series 
now known as the Lambert series: 


Eases! 
(2) = 2 Te 


About a century later Weierstrass * treated the series 


w% gh 
ZT: 


He showed that its region of convergence consists of two distinct parts, the 
interior and the exterior of the unit circle, in each of which the series repre- 
sents a function which cannot be continued over the boundary | z| —1. 

In 1907 Hansen * set up the series 


It reduces to the Lambert series with coefficient unity when r = 1 and t = 0, 
while the difference of two series of this type gives that of Weierstrass. 

Knopp, in 1918, published an extensive treatment of the Lambert series, 
in which he discusses its region of convergence and shows that under certain 
restrictions placed on the coefficients an, the function represented by the series 
cannot be continued beyond the unit circle.” 


2 This paper was presented to the American Mathematical Society on June 20, 1934 
under the title, “On the convergence of a generalized series and the relation of its 
coefficients to those of the corresponding power series.” 

2 J. H. Lambert, Anlage zur Architektonik, vol. 2, Riga, 1771. . 

3 L, Weierstrass, “Zur Functionentheorie,” Monatsberichte der Berliner Akademie 
(1880), pp. 719-743. 

1C. Hansen, “ Démonstration de l'impossibilité du prolongement analytique de la 
série de Lambert,” Oversigt over det kgl. danske videnskabernes selskabs fordhandlinger 
(1907), pp. 1-19. 

5 K. Knopp, “ Ueber Lambertsche Reihen,” Journal für Mathematik, vol. 142 (1913), 
pp. 283-315. | 


507 


503 MARY CLEOPHAS GARVIN. . 


The purpose of this paper is to present a series which includes the three 
abeve mentioned as particular cases and to show how some remarkable proper- 
ties of these series can be extended to a much larger class. 


II. Definition of the series; its convergence. The series which we shall 
study is: f 


(2 1) = is — 


where À and y are any positive integers. We shall refer to it briefly as the 
F-series. It reduces to the Lambert series L(z) when à = p = 1, or to L(2*) 
when à = p = k. The series of Weierstrass is the difference of two series of 
type (2.1): | 

co n CO n oO 3n 
(2 2) D DS 


n=l 1 -}- gn rs te 1—2** Se 1— 2%" 
Finally, if a, is any constant c, we obtain 


Le] cz CO pglnt (A-a) 


(2 3) ee 


nai L — gen nat L — gent-a) © 


Tis is Hansen’s series if c = 1. 
It is important at the outset to determine the exact region of convergence 
of the F-series, and for this we have the following | 


THEOREM 1. (A) If Sa, diverges, and (i) p > À, the F-series and the 
power series Sanz converge and diverge at the same points within the unit 
circle, while for values of z beyond the unit circle the F-series and the power 
series 3an2™ converge and diverge together. 

“If San diverges and (ii) pS À, the F-series and Sting converge and 
dicerge at the same points when |z] < 1, but the F-series diverges for every 
| |> S , 

(B) If 3an converges and (i) m =à, the F-series converges s for every z 
wkose modulus is not equal to unity. 

If Sa, converges and (ii) p < à, the F-series converges for all |z| <1, 
but converges and diverges at the same points as Sanz" when |z| > 1.7 


The proof of this theorem is left to the reader. It is easily shown that 
ite results can be extended to series in which À = 0 or y < 0 or both.’ 


¢ Throughout the remainder of this paper all summations, unless otherwise specified, 
are to be taken from n = 1 to n = ©, 1 

TThis theorem does not exclude the possibility of convergence at some points on 
the unit circle, but such cases will not be considered. 

8 In establishing further properties of the series it will not be necessary to take into 
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By means of Weierstrass’s M-test the uniform convergence of the series 
is established, so that we have 


THEOREM 2. The F-series converges uniformly in every closéd sub-region 
lying completely within one of its regions of convergence and including no 
point of modulus unity. é 


Whenever the F-series converges for values of z such that | z | > 1, a relation 
can be set up between the sum of the series for a point z outside the unit circle 
and the sum of some typical F-series at a point 1/z inside it. IfA < p we have: 


gàn (1/2) {a-Dn 


(2. 4) San [ope iin I= (1/2)? 


while for » =A this becomes: 


2 o Oo - (1/z2)a" 
(2. 5) Zan q yan Sdn — Žan I (1/z)e" (Layer * 
When À > p we can use a lemma similar to that developed by Ananda-Rau ° 
for the Lambert series, and obtain the relation : 
gàn (1/2) (qu-k)n 


(2. 6) an -—, = — Sian 


J] — gen aae SA P-DE], 


where k == à — y, f (2°) == Sanz, and q is the smallest positive integer for 
which gu > k. 

Hence we may limit our considerations to the region of convergence of the 
F-series which lies within the unit circle. The radius of this region is r S 1. 


III. Expansion as a power series; inversion of a power series. Every 
term of the F-series is analytic in |z| < r and the series is uniformly con- 
vergent in |z| Sp<r. Therefore the theorem of Weierstrass? on double 
series may be applied to obtain the expansion in power series of the function 
represented by the F-series in | z| <r. The result is: 


gan 


(3.1) Ban Tan = Anz", 


consideration any but positive values of À and y since a series in which \=0, or u <0 
ean be transformed in such a way that the theorems developed for positive values will 


be applicable. 
? K, Ananda-Rau, “ On Lambert’s series,” Proceedings of the London Mathematical 


Society, ser. 2, vol. 18 (1920), p. 3. 
1 K. Knopp, Theory and Application of Infinite Series, Blackie and Son, Ltd., 
London and Glasgow, 1928, p. 430. 
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where A, is the sum of all the coefficients a, whose subscript k is such a divisor 
of n that n = Ak (mod uk), or, to borrow a notation from Knopp, An = > ax. 
kin 


In order that a power series may be expressed as an F-series it is necessary 
and sufficient that the coefficients a, be known in terms of the A’s appearing in 
the power series. If we consider the case in which À and y are relatively prime 
or are multiples of relatively prime integers, we shall find by expanding the 
series that the as of the F-series are not in general uniquely expressible in 
terms of A’s. Similar results are obtained when A is a multiple of p. But if 
po md (m—1,8,8,---) every a, is a unique sum of certain A’s in the 
power series $A)n2*”. Thus we have 


THEOREM 3. The necessary and sufficient condition that a power series 
Sd be expressible as an F-series is that p be a multiple of À. 


To determine the form of the.relation which expresses any given a, in terms 
of A’s, we shall introduce an inversion function denoted by R(n). Let {n} be 
a set of positive integers defined by n== 1 (mod m), where m = 1, 2,3,---, 
each value-of m determining a particular set {n}. We shall call the &-divisors 
of any integer n those divisors which satisfy the congruence n/k ==1 (mod m). 
For the elements of the set {n}, R(n) is defined to be an integer, positive or 
negative, such that 


(8.2) ZRG) RG) + RC) +E) + + RCo) — nes. 


where 1, kı, kz: © +, n are the k-divisors of n. 

When m = 1, R(n) reduces to the Möbius function p(n), for then {n} 
is the complete set of positive integers and the k-divisors are all the factors 
of n. When m—2, R(n) may be defined similarly to the Möbius function, 
{n} being the set of all the odd positive integers whose k-divisors are the odd 
factors of n. 

We can now show that if Ayn = >! ax, the inverse relation is given by 

[z 
kln 
Sitce Aux = > ax, it follows that 
k|k à 
= E(n/k)Ax =2 R(n/k) 2 ak. 


11 A, F. Mobius, “ Ueber eine besondere Art von Umkehrung der Reihen,” Journal 
für Mathematik, vol. 9 (1882), p. 105. ` 
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+ 


For a fixed x, the coefficient of ax is 





n/k 
ER) -Z2@): 


Kin/x 
since a given ax will have as coefficient only those terms of the sum 2 E(n/k) 


for which & has the factor x, that i is, k = xK.. But by the definition of R(n), 
the sum 2 R(X) vanishes unless n/«— 1, that is, n = x, in which case the 
K|n/« ` 


coefficient of a, is unity, since $, R(K) =R(1) —1. Hence 
Kit 
(8. 3) > E(n/k) Axe = On. 
kin 


Thus any power series 3Aynz” can be expressed as an F-series in which 
pis a multiple of À and a, is given by (3.3). à 


IV. Existence of natural boundaries. Knopp has shown that when an = 1 
in the Lambert series the function represented by the series cannot be continued 
beyond the unit circle. This property can be extended to series having a =à = k 
and also to those in which » 2 À, as given in the following theorem, the method 

. of proof being that of Landau as presented by Knopp.” 


THEOREM 4.. If in the F-series an = 1 and (i) w SA, the series repre- 
sents a function F(z) which cannot be continued beyond the unit circle; 
(ii) u > A, it represents two functions in |z| < 1 and |z| > 1 respectively, 
both of which have the unit circle as a natural boundary. 


The proof of this theorem consists in showing that F(z) becomes infinite 
„aS Z — Zo, Z being one of a set of points everywhere dense on the unit circle. 
If we take. z to be a rational point, namely, 2 = e?7il/t, where l is any 
positive integer except one of the finite number -of factors of y, and I’ is rela- 
tively prime to 1, Landau’s method can be applied. 

For values of a, other than unity, Knopp has demonstrated that under 
certain restrictions placed upon an, Lambert’s series represents a function for 
which | z|—1 is a natural boundary, and a parallel to his theorem can be 
developed for the F-series. 


. THEOREM 5. If the coefficients a, of the F-series are such that the radius 
of convergence of San? is unity, and also such that for an integer | (except 
the finite number of factors of p) the series 


12 K. Knopp, Ueber Lambertsche Reihen, p. 291. ` 
19 Tbid., p. 292. 
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Sie, [ me eee (I—1)] 
= w+q : q = ano Dé) ? 
converges, and if for such an l and an V relatively prime to 1, zo == eiti, 
then for all positive values of À and p 


. | . 4 zàn } Qir 
lim { (1-5) Ea 
; v=0O 

If this be true for an infinite number of Vs and if Saw/lv5<0, then the 
poh 


function represented by the F-series cannot be continued beyond the unit circle. 


Proof. We wish to determine 


An 


n 
1— zën 1— zin’ 


Zo 


2-20 


or lim (1—p)3an 
pl 


Following Knopp’s procedure at this point, let us break up the series into 3, 
and $, according as n==0 or #0 (modJ). Then if n = lr, 


pr 
he pit š 


œ 
lim (1— p) 31 = lim (1 —p) > aw 
pol p1 yal 








N 1 — p 00 pr 
Te pas A) Sov 
ple . 
-3m 0o) Sav LT (y=) 
a i 


Lin Sa 


Se aa ym W l+y+y¥4: val yet * 


= CO 
Since 2 aiv/lv is convergent, it follows that the entire series on the right is 





avian convergent in SyS 1 if vyW/4/(1 +4 y + gp + + gt) is 
uniformly bounded for every 0S y S1 and for every y=1.4 Now for 
0<y<landforyv=1 | 


ve Sere) SMS), 
deka yee a gr 1— y” l—y 
== p/u < k, 





since v(y/#)” is a null sequence and therefore bounded. For y = 0, 


yy" E 


=0 
Lak a t ty 





1 K, Knopp, Theory and Application of Infinite Series, p. 346. 
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and for y = 1 it is equal to unity. Thus for every 0 < y <1 and for every 
v1 
vy desu 
eae ne Me y 
where K is the larger of the two quantities 1 and k. Hence the series is 
uniformly convergent in 0S y<1 and 





<K, 


AD 
lim (1—p}3, = = lims oe i 
prt 


Byam Ifyt+yt o Hy 


_ 1S... dy npn LS ay 


lim 
Bo yt wv l+ytyte ty? aah 
Knopp’s method may be applied to show that 


lim {(:—4) 3, \—o, 
220 Žo 


or that for every g = 1, 2,- + +, (1—1) 


. grCreg) 
lim { ie À dine pare das =Q. 


220 p=0 


An 1 © ay 
ij r2 x}; daca 
par {( 2) aer ae 


If this be true for an infinite number of ls and S aw/v =A 0, then all 
v=1 





Thus we have 


the rational points defined by 2 are singular points and the function repre- 
sented by the F-series cannot be continued beyond the unit circle. 

We have taken into consideration the radial approach of z to z) from 
within the unit circle, and have therefore shown that when the F-series con- 
verges for |z| < 1 the function which it represents has the unit circle as a 
natural boundary. However, whenever the F-series converges for |z| > 1 
it can be expressed in terms of some other F-series convergent for |e] <1, 
to which the theorem applies. Thus, if the series converges for | z | < 1 and 
also for values of z such that | z | > 1, it will in general represent two func- 
tions, neither of which can be continued across the unit circle. 


Norre DAME COLLEGE, 
Sourx Evuciip, ONIO. 


GEODESIC CONTINUA IN ABSTRACT METRIC SPACE. 


By ORRIN FRINK, JR. 


Menger has treated the subject of geodesics in abstract metric space. 
(Mathematische Annalen, vol. 103 (1930), pp. 466-501.) In Menger’s work, 
a geodesic is an arc whose length, properly defined, is less than or equal to the 
lengths of comparison ares. Existence theorems for geodesics, with more 
general end conditions than those of Menger, can be proved by showing that 
the length or linear measure function is lower semicontinuous. 

This method of approach to the subject of geodesic arcs by means of lower 
semicontinuity is subject to the difficulty that the limit set of a convergent 
sequence of arcs is not necessarily an arc. Such a limit set of arcs is, however, 
always a continuum, which suggests generalizing the notion of a geodesic arc 
to that of geodesic continuum. A geodesic continuum may be defined as one 
whose length, or linear measure, is less than or equal to the linear measures of 
comparison continua. 

Menger has shown (loc. cit:, p. 477) that one of his dgnnttiona of he 
called “ Längeninhalt,” which is defined for continua as well as for arcs, is 
lower semicontinuous. However, this particular definition of length, while 
satisfactory for arcs, has disadvantages when applied to continua in general. 
For, as can be seen from an example given by Menger (loc. cit., p. 476), the 
Längeninhalt of a set consisting of the two diagonals of a e square is 3, 
while each diagonal by itself has a Längeninhalt equal to V2. Menger does 
not use his theorem on lower semicontinuity i in proving his existence theorems. 

In the present paper a form of the Caratheodory definition of linear 
measure, applicable to metric sets in general, is used, rather than any special 
definition of length suitable only for ares. It is shown that for continua, the 
Caratheodory linear measure is lower semicontinuous. This, taken together 
with some results on the compactness of collections of continua, leads to 
existence theorems for geodesic continua with rather general end conditions. 
(See Theorems 4, 5, and 7 below.) Aside from the gain in generality due to 
the end conditions, it is interesting to note that many of the functionals of the 
calculus of variations, defined in terms of an integral J, become cases of the 
Caratheodory linear measure function when the metric of the space is redefined 
in terms of J. (Morse, Calculus of Variations in the Large, p. 208; Menger, 
Fundamenta Mathematica, vol. 25, p. 441.) 


514 


. GEODESIC CONTINUA IN ABSTRACT METRIC SPACE. 515 


DEFINITIONS. 


Two sets A.and B are said to be adjacent if they have a point in common, 
or if either contains a limit point of the other. Note that a set is connected 
if it is not the sum of two non-empty sets which are not adjacent. 

The distance AB between two closed sets A and B is the greatest lower 
bound of numbers e such that A C U (B, e) and B C U (4A, e), where U (4, €) 
means the e-neighborhood of A. (Hausdorff, Mengenlehre, 2nd ed., p. 146.) 

An e-partition of a set A is a collection of a finite number of subsets 
A;,42,° © *, An of A, whose logical sum is A, the diameter d(4+} of each 
subset being less than e. The subsets 4,,: - -,An are called the subdivisions 
of the partition, and their number, n, is called the degree of the partition. The 
sum of the diameters of all the subdivisions is called the diameter sum of the - 
partition, and is less than ne. 

The (Caratheodory) linear measure m(A) of the set A is the ee 
lower bound of numbers J such that for every e > 0 there exists an «partition 
of A whose diameter sum is <1. If there is no such number 1, then m(A) 
is said to be infinite. (Caratheodory, Göttinger Nachrichten 1914, pp. 404- 
426.) A more general form of the Caratheodory definition, where the number 
of subdivisions is allowed to be countably infinite, is not needed for continua, : 
with which this paper is chiefly concerned. ? 


LEMMAS. 
The first five lemmas are stated without proof. 


Lemma 1. Every subdivision of a partition of a connected set is adjacent 
to at least one other subdivision of the partition. 
Lemma 2. If A and B are adjacent, then d(A + B) S d(A) + d(B). 


Lemma 3. The diameter sum of a partition is not increased if the parti- 
tion is altered by replacing two adjacent subdivisions by their logical sum. 


Lemma 4. d[U(A,«)] € d(A) + 2e - 


Lemma 5. If the sets By, Bs,- + +, Bn are each adjacent to A, and are 
each of diameter less than e, then | 
d(A + Bit Bet: + Ba) <d(A) + 2e : 


The next lemma states a property of partitions of connected sets that does 
not hold for disconnected sets. This accounts for the fact that the linear 
measure function is not a lower semicontinuous function of sets in general, 
but only of connected sets. 


516 ORRIN FRINK, JR. . à 


ae 6. If Ais condo. and-m{(A) < 1, then for every e > 0 there 
exists an e-partition of À of diameter sum < l, every subdivision of which is of 
diameter = «/4. 


Proof. Since m(A) < 1, by definition of linear measure there exists-an 
</2-partition of A of diameter sum <1. The idea of the proof is to combine 
adjacent subdivisions of this partition, using Lemma 3, until all subdivisions 
are of diameter = e/4. Accordingly, let two adjacent subdivisions of diameter 
< ¢/4 be replaced by their logical sum, and let this step be repeated until 
no two adjacent subdivisions are each of diameter < «/4. It follows from 
Lemmas 2 and 3 that the new partition is still an ¢/2-partition of diameter 
sum < l. 

The new partition may still have subdivisions of diameter < «/4, but by 
Lemma 1 each such subdivision must be adjacent to one of diameter = e/4. 
The next step is to replace such a subdivision of diameter = «/4, together with 
all subdivisions of diameter < </4 adjacent to it, by the logical sum of all 
these subdivisions. This step is repeated until no subdivisions of diameter 
< ¢/4 remain, which is one of the things to be proved. The resulting partition 
is an epartition by Lemma 5, although it may no longer be an e/2-partition. 
By Lemma 3, its diameter sum is still <J. This completes the proof of 
Lemma 6. | 


Lemma 7. If A is a connected set, and m(A) < l, then for every e > 0 
there exists an e-partition of A whose diameter sum is < l, and whose degree 
is < Al/e. i 


This follows from Lemma 6. For if the partition provided by Lemma 6 
were of degree = 4l/e, then since the diameter of each subdivision is = 6/4, 
the diameter sum of the partition would be = a e/4—1, contrary to 
Lemma 6. 

THEOREMS ON LOWER SEMICONTINUITY. 


Turorem 1. In a metric space, if A is any set of linear measure = l, 
then for every 8 > 0 there exists a 8 > 0 such that if C is any connected set 
for which A C U (C, 8), then m(C) > 1—8. 


+ This theorem states that connected sets sufficiently close to a fixed set 
‘have a linear measure not much less than that of the fixed set. 


Proof. Since m(A) > l, it follows from the definition of linear measure 
that for 8 > 0 there exists an « > 0 such that no e-partition of A has a diameter 
sum <1— 6/3. For otherwise m(A) would be =1— 6/3. 
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Now choose the à required by the theorem such that è< «/4 and 
ô < (e-68)/481. For this choice of § it must be shown that if C is any con- 
nected set such that A C U(C,8), then m(C) >1—6@. Suppose on the 
contrary that m(C) S 1—80. Then by Lemma 7 there exists an (e/2)-partition 
of O whose diameter sum is < 1— 26/3, and whose degree is < 8l/e. Let 
{Ck} be the subdivisions of this partition, and n its degree. 7 

By hypothesis A C U(C, 8), hence the sets {A - U (Cx, 8)} form the sub- 
divisions of a partition of A, also of degree n. To estimate the diameter sum 
of this «partition of A, note that from Lemma 4 it follows for any particular 
subdivision À : U (Or, 8) of this partition that d[A-U (Cr, 8)] S d(Cx) + 28. 
Hence the diameter sum of this partition of A exceeds the diameter sum of the 
partition of © by at most 2n8, there being n subdivisions. Since n < 8l/e, 
and 8 < (e: 0)/481, it follows that 2n8 < 6/3. 

That is, the diameter sum of the partition of A exceeds the diameter sum 
of the partition of C by less than 0/3. But the diameter sum of the partition 
of C was <1— 26/3. Hence the diameter sum of the partition of A is 
<1—6/8, contrary to the assumption above that no such partition exists. 
This contradiction proves Theorem 1. 


THEOREM 2. In a metric space whose elements are continua of some 
other metric space, the Caratheodory linear measure function is lower semi- 
continuous at every element of the space. 


Proof. To prove lower semicontinuity at an element A it must be shown 
that if m(A) = 1, then for every 8 > 0 there exists a 8 > 0 such that if C is 
another element (continuum) of the space, for which the distance AC < 6, 
then m(C) >1—6. Theorem 1 supplies just such a value of 4, since if 
AC < 8, by definition of the distance AC it follows that 4 C U (C, 8), which 
is the condition of Theorem 1. Since the sets À and © are continua, C is 
connected, and beth A and C are closed, so that the definition of distance 
between closed sets applies. 


APPLICATIONS OF LOWER SEMICONTINUITY. 

To derive an existence theorem for geodesic continua from Theorem 2, 
it is sufficient to show that the collection of admissible continua, among which 
one of minimum linear measure is to be found, is closed and compact, in which 
case the theorem applies that a function lower semicontinuous on a closed and 
compact set attains its minimum value for some element of the set. 

Hausdorff has shown (Grundzüge der Mengenlehre, 1st ed., p. 302; 
Mengenlehre, 2nd ed., p. 150) that the space of all continua of a compact 

. D 
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metric space is itself a compact metric space. Hence the collection of all 
continua of a compact metric space which satisfy given end conditions is closed 
and compact provided the limit element of any convergent sequence of the 
collection also satisfies the end conditions. 


” Turorem 3. Ina metric space, if the closed set A is the limit of the 
sequence of closed sets {C;}, and every set C, of the sequence has at least one 
point in common with the closed and compact set B, then A has at least one 
` point in common with B. 


Proof. Suppose A and B have no common point. Then, since A arid B 
are closed, and B is compact, there exists a S-neighborhood U(A, 8) of A which 
contains no point of B. Since A is the limit of the sequence {C;}, there exists 
a C, such that C, C U(A, 8). But this is impossible, since O, contains a point 
of B, and U(A, 8) does not. This proves Theorem 8. 


COROLLARY. All continua of a compact metric space which have at least 
one point in common with each set of a collection of closed sets, constitute a 
compact metric space. 


This follows from Theorem 3. For, the collection of all continua having 
at least one point in common with one fixed closed set C, of the collection of 
closed sets {C+}, is closed by Theorem 3. Hence the logical product of all such 
collections is closed. But this logical product is just the collection of continua 
mentioned in the corollary. Being a closed subset.of the compact metric space 
of all continua, its elements constitute a compact metric space. Similar results 
may be found in R. L. Moore’s Foundations of Point Set Theory, Chapter 5. 

- As a consequence of the corollary, together with Theorem 2 and the 
property that a function which is lower semicontinuous over a compact space 
assumes its minimum, we have 


THEOREM 4. In a compact metric space, if there exists a continuum of 
finite linear measure which has at least one point in common with each set 
of a collection of closed sets, then there exists a continuum of minimum linear 
measure having this property. 


Each closed set of the collection mentioned in Theorem 4 corresponds to 
an end condition on the geodesic continnum. If the closed set consists of a 
single point, it is a fixed end point condition; otherwise a variable end point 
condition. In particular, if each closed set of the collection consists of a single 
point, the end conditions amount to requiring that the continua being con- 
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. 


sidered all contain the set A (consisting of all these single points). The set A 
is arbitrary. This proves 


THEOREM 5. In a compact metric space, if theré exists a continuum of 
finite linear measure containing the set A, then there exists a continuum of 
minimum linear measure containing A. 


A more general type of variable end condition, corresponding to the end 
conditions of Morse, The Calculus of Variations in the Large, pp. 19 and 65, 
is obtained if in addition to the condition that the continuum have a point, 
say Cr, in common with each set C, of a collection {C+} of closed sets, it is 
required that certain relations hold between the endpoints {cr}. Such relations 
between the endpoints are most conveniently described in terms of the notion 
of the product space P of the closed end sets {C;}. 

Suppose in the compact metric space M there are given n such end sets 


Cy, e, Cr + +, Cn, no two having a point in common. To every selection 
(Cist © °, Cry” * * , Cn) of points, one from each of the end sets C,, corresponds 
a point + of the product space P. The points (¢,,- > *, Cn) corresponding to x 


will be called the codrdinates of m. The notions of neighborhood and distance 
in the product space are defined in the usual way. 

Now let Q be any closed set of the product space P. A continuum K of 
the original compact metric space M is said to satisfy the end condition Q if 
K contains all the codrdinates (c1,* - -,¢n) of at least one point x of Q. This 
type of end condition is stronger than that of Theorem 4, since K is still 
required to have at least one point in common with each end set, and in 
addition the end points must satisfy the condition of being the codrdinates of 
some point r of Q. What is now needed is the result-that the collection of all 
continua satisfying an end condition Q is closed and compact. 


THEOREM 6. If Q is a closed set of the product space P of n mutually 
exclusive closed sets C1,- - +, Cn of the compact metric space M, then the space 
of all continua of M which contain all the codrdinates (c:,- ` +, €n) of at least 
one point w of Q, is a compact metric space. 


Proof. Suppose the continuum K is the limit of the convergent sequence 
of continua {Km}, and suppose each continuum Km of the sequence satisfies 
the end condition Q. It must be shown that K also satisfies the end con- 
dition Q. For each m, let mm be the point of Q corresponding to Km. Then | 
Kn contains all the codrdinates of mn. Since Q is closed and compact, the 
sequence {am} contains a subsequence {r,;} converging to a point r of Q. 
It will now be shown that K contains all the coôrdinates of +. Let cp be the 
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p-th coordinate of x, and cp; be the p-th codrdinate of mmj. Since the sequence 
{mj} converges to v, it follows that for every p the sequence {c,;} converges 
to cp. Now since K is the limit of the convergent sequence of continua {Kmi}, 
every 6-neighborhood of K contains all except a finite number of the continua 
{Kmi}, and hence every &-neighborhood of K contains all except a finite number 
of the points {cp;}. Since K is closed, it follows that K also contains the limit 
Cp of the sequence {c;}. This is true for every p, hence K contains all the 
coordinates {cp} of r, and therefore satisfies the end condition Q. This proves 
that the collection of all continua of M which satisfy the end condition Q, 
is closed, since any limit continuum of the collection also satisfies the end 
condition Q, and is therefore a member of the collection. Since the collection 
is a closed subset of the compact metric space of all continua of M, it is itself 
a compact metric space. 


THEOREM 7. If Q is a closed set of the product space P of n mutually 
exclusive closed sets (Ci,- + +,Cn) of the compact metric space M, and if 
there exists a continuum of M of finite linear measwre which contains all the 
coërdinates of at least one point of Q, then there exists a. continuum of mini- 
mum linear measure having this property. 


This follows from Theorems 2 and 6. 

In the existence Theorems 4 and 7, if there are more than two end sets 
Cr, it cannot be expected in general that the geodesic continuum whose 
existence is asserted will be an arc. However, it is interesting to note that 
in the important case where there are just two end sets C, and C2, the geodesic 
continuum must be an arc. To show this, it is sufficient to show that the 
geodesic continuum is locally connected and irreducible between its endpoints 
(Hausdorff, Mengenlehre, 2nd ed., p. 222). It follows from a theorem of 
R. L. Moore (Foundations of Point Set Theory, p. 95, Theorem 8) that a 
continuum of finite linear measure is locally connected. For Moore’s theorem 
asserts that if the continuum K is not locally connected, then K contains 
infinitely many mutually exclusive subcontinua, each of diameter greater than 
a fixed constant. From this it follows that the linear measure of K is infinite. 
That a geodesic continuum with two end conditions is irreducible between its 
endpoints follows from the fact that it is geodesic. For, any proper sub- 
coritinuum of K is necessarily of smaller linear measure than K. This proves 


THEOREM 8. A geodesic continuum with two end conditions is an arc. 
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PROOF OF THE IDEAL WARING THEOREM FOR EXPONENTS 
7-180. 


By L. E. Droxsow. 


1. If q denotes the greatest integer < (3/2)”, then 2"q — 1 is a sum of 
I = 2” + q — 2, but not fewer, n-th powers (Lemma 1). The ideal Waring 
theorem states that every, positive integer is a sum of I n-th powers; for ex- 
ample, 4 squares, 9 cubes, 19 fourth powers. Proofs for squares and cubes are 
classic. For n = 20, proof has been found, but not yet published, by use of a 
“constant” far exceeding our new constant N in Theorem 1, and the use of more 
or less extensive tables. ` 

Using the new N, we here prove without any tables the ideal Waring 
theorem for 9 = n= 180, and by use of tables also for n = 7 and 8. For 
n= 6 we cannot attain the ideal 73, but reach 115. (the best earlier result 
being 160). 
Part I. Asymptotic THEORY! 


2. If (x] denotes the distance from x to the nearest integer, let 


k 


<> > t = y* — y", t0. 


RL n=l ca | 


This sum is double of that obtained when ¢ > 0. When ¢ and y, are fixed there 
is a single real positive y. Thus y”— y," has at most Y sets of integral solu- 
tions y, Yı, each chosen from 1,---,¥. Hence 


Y S Y31/ (at, 


summed for certain integers t = 1, SY". Let 1 be the absolutely least 
residue of at modulo q. By A, §13, 1/(at]’< 2q/i, where 1—|1| and the 
values of à are in (1,1) correspondence with those of t > 0. In ascending 


order of magnitude, the values of à are 21,22,:-+-, terminating at or 
before ¥".. Hence 
yn 
OS 2¥q > (1/j) S 2Yq (1 + log Y”), . 
jal 


as is shown by comparing the sum (for j = 2) of the rectangles under the 
curve y == 1/e with the area = integral from 1 to F*. 


*We avoid the divisor function in § 13 of our exposition and generalization of 
Vinogradow’s theory, Annals of Mathematics, vol. 36 (1935),.pp. 395-405, cited as A. 
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Since we are dealing with intervals of the second class, q < T == 2mnP"4, 
Hence (92) of A becomes 


| Z VySy |? < XRY (a2"R" + 4mnP*4(1 + log Y*)), 
re which we have dropped the subscript k + k, of a. By (9), A 
(1) Ya = OPH, C = m/(a2""), 
(2) 1+ log YF” 31+ log C + (n—1)f log P 
will be later octets be SP*. By (7), 4, RSP. Hence 


| SV ySy |? < ZRF {a2 PrP + Amn Pet} 
< X,RY x Bman Pent, 


since the latter exponent of P exceeds n(1— f) by more than z in view of 
fÆ $v, v= 1/n. Hence by A, (103), and the line below it, we see that (88) . 
gives | 

(3) | H | < DP**PX(X,RYP*"4)4, D = 3(8mn)i, 


By (A), (7), (9), (19), (24), 
(4) R> VI/2PM, Y > VIZ CPE, X Z genep, 


while X, exceeds the last product with P replaced by R, and x by «1, since we 
assume that kı = k. Note that 


(5) | p=0o—n +1, o=n(i—yv)*. 


Multiply and divide (3) by X(X,HY)? and apply (4). Thus 


er 4D2ta-1-07/4 
(6) | H | < O,PIX?X RY Pen, Cy = ni (en ah? 
(7) RT = 0(8—f) —9, g =z —z>nf + (1—v)f. 


The Waring theorem is true for every integer = No, if the integral 
I(N:).> 0. By the above and A, (89), the condition is 


(8) PY > Ci/co. 
For P large, this holds if J < 0. This is true by (52) if 


(9) rd—vk<cl, r= (8 —f)n/g. 
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But r increases with f since 
| dr/df = (n/g?) (8n — 7/2 + 8v +2) > 0. 
Since (91) is equivalent to 
(10) k > log r/{— log’ (1—v)}, 
k will be a minimum if r and hence f is. But f= 4v. Hence we employ the 
minimum f, viz., 
(11) fm}. 
The resulting value of r in (9) is 
(12) r= n?(6n—1)/(n— d), d = 1 + 2n’z. 


For a small z, say v°/24, let k be the least integer & satisfying (10). 
Then all sufficiently large integers are sums of 4n — 2 + 3k, n-th powers. 


3. Results which are better for universal theorems are obtained by taking ? 
k == 2ko, whence k exceeds the double of the second member of (10). By the 
definition (5) of « and (10), logo is just < logn—2logr. Hence 


(n— d)? _ 6n—1 aes (n— d)? 
ns (6n — 1)?’ Dont a 3 D < ion —1) 


Take z = 1/84, Then1<d<2. Thus 


o< 


(124—1)n > lln > 24 > 64, (n—d)?/(6n—1) <n/6, 


T= 58-1) 3H 0A > aati 
if (3n — 9)? = 90 and hence if n = 10. Thus (8) holds if 
(13) logio P = 2n loge 01/Co, n= 9, 
since it is readily verified if n = 9. 
4, Evaluation of cy. Let S denote the singular series and 
n = 4, s = 4n, b = (1 + n8)*/6-5), 


Then * 8 > ba, where, if the products range over the primes p indicated, 


2? We discard (119) of A, whose object was to make e very small, a property first 
used in $ 18, which is to be omitted now. We may omit the condition s = 70. 

? Landau, Vorlesungungen über Zahlentheorie, vol. 1, p. 303; James, Transactions 
of the American Mathematical Society, vol. 36 (1934), pp. 408, 434-435. 
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5 nn) > 2 
MTL) D a, Wp) > {Ent 227 


PE 


The second factor exceeds the like product over all primes. Hence its 
reciprocal is 


ow Co 
ON RES! +f gids = 8. 
æ=1 1 


The reciprocal Æ of the first factor is 
E < Qnsn-v) TT prend . gnn, 


pb 
log R < 2n? log 2 + (2m —1)8(b), #(b) < (6/5) ab +8 log? b +8 logb +5, 


where* #(b) is the sum of the natural logarithms of all primes = b, and 
a == .92129- : +. „Let n = 9, s = 36. We increase 2n — 1 to 2n, which more 
than compensates for dropping term 1 in b. Then 


log n S n/9M, log b S 72/31- n/9M < bn, M = .4343. 
Thus log R will be < n? — 2n? if, after cancelling n°, 
1.3863 + 2{(6/5)an™/* +. 1.08 n? + 4.8 n + 5} < në — 2. 


Multiply the combined constant term by 1S = n/) 9 and likewise for the 
resulting terms in n and n°. It suffices to verify 


2.4. an < 62312 n°, log 2.4a—.3446 < .4410 = log(.62312 : 9/31), 


When s increases, the exponent of m in b decreases, whence log R decreases. 
Hence, if n= 9, s24n, then log R < n®'—2n?, By A, ¢o—v(1/3)"by. 
Hence 


— log tg < A + n° — 2n?, A = log n + n log 3 + log 3 < .18184 n°. 


5. Evaluation of Cı. Restrict attention to the classic Waring problem. 
Then k = x, = 1, m = 3", a= 1. We increase O, by suppressing terms 
— 9. Thus 

Ci < 12(8n ; 82-1) 1/28/43 (n-1)/2 / (3/2) a=v)/2, 


We increase O, by suppressing the denominator. Thus 


logio Ca < 1.53073 + (1/4) (n —1)1.25527 + ((3/2)n — 1) log n. 


4 Landau, Handbuch . . . Verteilung der Primzahlen, vol. 1, p. 91. 
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Take n= 9. Then logn=n/9. Multiply the combined constant term by 
1 7/9 and likewise for the combined term in n. Hence 


logo C1 < 20420 n°, loge 0, < (1/2)n?, nD. 


6. The constant N. - Hence loge C:/c < në if n= 9. Thus (13) holds 
if logo P= 2n°. To verify that (2) is S P7, it suffices to use our least P. 
Then (2) is <3n°< Pz=— 10", Finally, P is the greatest integer = (1/3) No. 
Thus (13) holds if logio No Z 2n’. 

In A, (120), logy tis < (1/2) n, c1 = (1/2) e158, log © < 2n*. Hence in 
(85) the term ¢,P is insignificant. Likewise for cP in (87). 


TxEorEM 1. Let ko be the least integer exceeding (10) with r as in 
(12). Take k == 2ko, logio N == 2n". If n 29, every integer = N is a sum 
of 4n — 8 + 3k integral n-th powers = 0. 


Part II. Tre IDEAL WARING ‘THEOREM. 
7. Write 8° = 3ng +r, 0OS7r< 2". Then q = [(3/2)*]. 


Lemma 1. All positive integers SS 2%q are sums of I == 2" + q—2 in- 
tegral n-th powers = 0. But 2"qg—1 is not a sum of I — 1 n-th powers. 


Let BS2q—1. Then B=? +y, OS yS2*—1, and x < 4. 
Thus B is a sum of s + y S 2" — 1 + q — 1 = I powers. 


Lemma 2. All integers in the interval (2g, 2"¢ + 2") are sums of 
E n-th powers, where E == max(q+7—1,2"—r). 


First, 2"q,- - +, 2"q-+ r— 1 are sums of g + r—1 powers. Second, the 

integers Zaq + r= 8",- + -,2"q¢ 4 2%—1 = 38%-—_r-+ 2"—1 are sums of 
© gnr powers. Third, 2*g + 2" is a sum of g+1 powers. But if r==1, 
n would be divisible by 2"? since 3 belongs to the exponent 2%? modulo 2*, 
whence n = 4. 


Lemma 3. Let L, p, n, 2 be positive integers. If all integers in the 
interval (L, L + pz) are sums of m integral n-th powers = 0, then all in 
the interval (L, L + pz + p”) are sums of m + 1 powers. 


Proof is needed only for integers g satisfying ; 
L+pe<gSb+petp,  LHp(r—1) <g— p S L pe. 


Since g — p” is in the first given interval, it is a sum of m powers. Hence 
g is a sum of m -+ 1 n-th powers. 
| By induction on v, Lemma 3 yields. 
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Lemma 4. Let L, p, n, z, v be positive integers. If all integers in 
(L, L-4 p"z) are sums of m integral n-th powers 20, then all in 
(L,L + p”(2 4 v)) are sums of m +v n-th powers. 


Taking p = 2, z = 1, and applying Lemma 2, we get 


e LEMMA 5. All integers in (2"q,2"(q + y)) are sums of E+ y—i 
n-th powers. 


Take y = 1 +q. Then y > (3/2)”, 2"y > 8". This proves 


Lemma 6. All integers in (2%q,2"¢ +3") are sums of E+ q n-th 
powers. 


This and Lemma 4 with p = 3, z = 1, yield 

Lemma Y. All in (2%, 2"q + 3"(1+0)) are sums of E + q + v. 
Take v = [(4/3)"]. Then 1+ > (4/3)". This proves 

Lemma 8. All in (2"q, 2"q + 4") are sums of E + q + [(4/3)*]. 
By induction, we get 


THEOREM 2. All integers in the interval (2"q,2"q¢ + (n-+1)") are 
sums of 


CT CH CCR 
n-th powers, and hence are sums of E + q + (n—2)[(4/3)"] powers. 


8. Ascent. Let v = (1—1/L)/n, "Lo 21. If all integers between 
l and Z, inclusive are sums of Q n-th powers = 0, then 5 all between } and Ly 
inclusive are sums of Q -+ ¢ n-th powers, where 


t 
(15) log Ly = (=) (log Lo + n log v) — n log v. 
The interval in Theorem 2 includes (l, Lo), where 1 — 3” and 
L, = (n +1)". The above inequality reduces to v(n + 1) 21 and hence to 
n + Nr _ 
(=) =s 


which holds if n= 4. Let n 211. Then v—1/n to seven decimal places. 
By the series for log(1 + x), log Lo —n log n is the product of n by 





5 Dickson, Bulletin of the American Mathematical Society, vol. 39 (1933), p. 711. 
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log(1 + 1/7) > M(1/n—1/2n?), M == 4343, 


where (as henceforth) we use logarithms to base 10. 
We desire that L; > N, for N in Theorem 1. This holds if 
J'ai) > amr, n= 11. = 
Qn 





(16) G = 1 | 


Let n Æ 14 Then (16) follows from the like inequality with the de- 
nominator 27 replaced by 28, and hence if 


t log — i> 67904 + 7 log n. 


The coefficient of ¢ is the product of the modulus M by 


1 1 
log. (1 + = —)> 4 E a à (n > 2). 
Hence L; > N if 
(17) t > Mn(.67904-+ logn), n214. 


9. First, let H=-2"—r. By Theorems 1 and 2, all integers = 2"q 
are sums of 


t+ 2e—r + g + (n—2)[ (4/3) 


n-th powers, where ¢ is the least integer satisfying (17). This number is 
Sl=—2+ q—2, if 


(18) 1/2 F(n), P(n) =t/2"+ (n—2)/g. 
But if E = g 4+- r— 1, the like conclusion holds if 
(19) 7/2" S 1 — F (n) — q/2". 


For n = 14, t == 281 and these limits are F (14) = .058388 and .923851. 
Since F (n) decreases when n increases, the ideal Waring theorems holds for 
any n = 14 for which 7/2” lies between these decimals. Now q is the integral 
part and 7/2” the decimal part of (3/2)". By adding the latter to one half 
of itself we get (3/2)%%. In this way we form a table of values of (3/2)* 
for successive n’s. The above condition is seen to hold for n = 15-21, but 
not for n == 14, 

When n = 14, g = 291, r = 15225, 2” == 16384, t= 281, 


0- [09-» [Q] 
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Hence (14) is < 16104. Adding ¢, we get 16385 < I = 16678. 

Hence the ideal Waring Theorem holds for n = 14-21. 

For n=216, the decimal in (17). reduces to .677034.. We get 
F(R1) = .00403868, g/2** = .00237799. Hence the ideal Waring theorem 
holds for any n = 21 for which the decimal part of (3/2)" lies between 
90403868 and .99358333. This is true if 21 = n = 162. Be for n = 163, 
the decimal part is .9955. 

For n = 163, F(n) begins with 28 zeros, while ge begins with 19 zeros, 
and hence (19) with 19 nines. Our condition holds on to n — 180. 


THEOREM 3. The ideal Waring theorem holds for exponents 14-180. 


10. When n—11, the least integer ¢ satisfying (16) is 184. Since 
11 — 2048, q = 86, r — 1019, we have # = 1104 The final sum in Theorem 
2 5 1397. This plus ¢ is 1581 < I = 2182. 


11. When n = 12, t = 228. The limits (18) and (19) are .18318 and 
82533. For n = 12 or 13, the decimal part of (3/2)" lies between these limits. 


12. When n = 10, log v = 2.9999990 and (15) gives 
0457575 t = 7.684117, t= 168. 


Since q == 5%, r = 681, we get E — 737. Then (14) is < 842. This plus 
t 5 1010 < J = 1079. 


13. When n = 9, q = 38, r = 227, E — 285, 


log v = 1.045673,  .0511525¢ = 7.366816, t= 145, 


I(4/3)°]=13,  [(5/4)°]=7, (14) < 323 -+ 13 + 6 X 7 — 378, 
t + 378 — 523 < I — 548. 


14. For n= 7 and 8, it is not possible to prove that J — 143 or 279 
pcwers suffice by the preceding method, but is possible by use of results from 
tazles. 

When n = 7, s = 28, we perform the calculations in § 4 (without approxi- 
mations) and get | 


loge 1/b4 < 21589.453, logio Co = — 9380.362. 


Choose z = .00001. By (10) and (12), k = 38. We take k == 39, which gives 
4r — 28 + 3k = 143 = I. By (5) and (6), o= Je log Cı = 11.848357. 
Tien (7) and (8) give ~* 
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— J = 0055, loglog P > 6.2324, loglog N = 7.0775. 
But ê 44 seventh powers suffice from ! — 14 782 969 to Do, where 
log Lo = 13.8435104. 


Here v = 1/n to 7 decimal places. By (15) with t — 99, log log L: — 7.52688, 
- Thus Le > N. Hence every integer = 1 is a sum of 143 seventh powers. The 
same is true for integers S 1 (Bulletin, loc. cit., p. 718). 


15. Ifn È 6, s = 24, we find as in $$ 4, 5 that 
log 1/b4 < n° — 2n? + log 3, log O, < .6n?, log Ci/es < n°, 


where the logarithms are natural. 
Let n = 8 and take z = .00002. By (10) and (12), k = 46. We take 
k == 838, for which 4n — 2 + 84 = 279 = I. Then . 


log o == 4.089754,  —J = .0271581, log log N = 6.92353. 


Every integer’ between I= 2 460 866 and 2851491 is a sum of 81 eighth 
powers. By ascent, all from 7 to Ly = 2 235 617 X 10° are sums of 102. By 
(15), LE N if 

.057992 £ + .909806 = 6.92353, t= 104. 


Hence all integers = Z are sums of J eighth powers. But (Bulletin, loc. cit., 
p. 718), I powers suffice from 1 to far beyond 1. 


16. For n = 6, take z = .00002. Then k = 31. For k= 31, 
o = .0210535, — J = .0039946, log log P > 6.2280972. 


Adding log 6 to the last, we get log log N. In his Chicago Doctor’s thesis, R. 
C. Shook proved that every integer between / == 2120044 and Ly) — 516798 X 108 
is a sum of 83 sixth powers. Apply (15), where v = 1/n to 7 decimal places. 
Thus L;2N, if t= 71. Hence 110 powers suffice from l to N. But 
4n —2-+ 3k = 115 suffice after N, while (Shook) 86 suffice before J. 


e Dickson, Researches on Waring’s Problem, Carnegie Institution of Washington, 
1935, p. 81. ` 
TA, Sugar, Chicago Master’s dissertation, 1934. 


SOLUTION OF WARING’S PROBLEM. 
By L. E. Droxson. 


e I shall prove the Waring theorem in its original sense, in contrast to an 
asymptotic result. For every n > 6 I shall evaluate g(n) such that every 
positive integer is a sum of g(n) integral n-th powers = 0, while nos all are - 
sums of g— 1. Since this paper is a sequel to my preceding one, I shall 
continue the numbering of formulas, sections, theorems and lemmas. 


17. If [x] denotes the greatest integer = x, write 


q=[(3/2)"}, f=[(4/8)"], g=[(5/4)"], s=ft 29, 
[== 2* + q—2. 


LEMMA 9. If all integers in the interval (L, L +2") are sums of m 
n-th powers, then all in (L, L + (n+ 1)") are sums of 


(20) m+g+f+g t+ [(6/5)"] +: °° +[(a+1)"/n"). 
This follows from Lemma 4 as in the proof of Theorem 2. 


Lemma 10. If » 2385 and all integers in the interval (L, L + 2") 
‘are sums of m n-th powers, then every integer = L is a sum of m + q + s—2 
n-th powers. 


Apply? $8 with n= 35. We get (17) with the decimal replaced by 
.66950. Let ¢ be the least integer satisfying (17). We shall prove that the 
sum of ¢ and (20) is <m +g -+s—1. Cancel m, q, f, g and multiply by 
(4/5)". In the resulting inequality every term decreases when n increases since 
this is true of p”, np", nlog np", if 0 <.p < 4/5 andn 26. Hence it suffices 
to verify the initial inequality when n = 35, whence {== 912. S. S. Pillai? 
stated Lemma 10 with an undetermined limit for n, which exceeds 3€0 for his 
constant 8, and is about 180 for our smaller constant N. We have 


(21) 3” = 20g +7, lSr< ar 


- 1With I= 3n replaced by L= 4n, whence in the inequality displayed below (15), 
8 is replaced by 4. The new inequality holds if n=5. To explain these replacements, 
note that, in the proofs of Lemmas 12 and 14, L < U3n, U < 1 + s/4ÆRh, whence 
L < han == (3/4)4n. For Lemma 11, L < 3n. Hence for all three lemmas, the second 
interval in Lemma 9 includes (4n, (n + 1)*). 

2 Annamalai University Journal, vol. 5 (1936), pp. 145-166.- mg auxiliary Lemma 
13 must be altered as to the definitions of the r;. 
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Lemma 11 If n2 35 and sSrS2—q—-s, every positive integer 
is a sum of I n-th powers. 


The integers 2"g,- + +, 2%q +r are sums of q +r & 2” —s n-th powers. 
The integers = 2"q + r = 3" and < 2"(q-+1) and hence Æ 87 + 2"—-r—1 
are sums of 2"°— yr 2" — s powers. Finally 2*(q + 1) is a sum of g +1 
powers. Applying Lemma 10 with L = 27g, m = fs, we see that evety 
integer = 2"q is a sum of I n-th powers. Apply also Lemma 1. 


Lemma 12. If n235 and r< s, every positive integer is a sum of 
I n-th powers. 


Since 3 belongs to the exponent 2%? modulo 2", r==1 in (21) would 
show that n is divisible by 272, whence n & 4. If r = 8, then 8741 — 492" + 1, 
which was seen to be impossible unless n— 1 S4. Evidently r is not even. 
Hence r = 5, : 

For «=0,1,- + +, u(3"— 2"q) —1—ur—1, qu + x is a sum of 
qu +- s S qu-+ ur—1 n-th powers. If 2” > ur, there exist integers = 37u and 
S agu + 2" — 1 = 3" + 2” — 1 — wr, and each is a sum of u + 2%— 1 — ur 
n-th powers. The latter and qu + ur — 1 will both be S 2" —s if 


(22) s/(r—1) Sus (8 —s)/(g +r). 


We decrease r to 5 on the left and increase r to s on the right and obtain the 
subinterval 
(28) s/4 Su (2%—s)/(q + 8). 


Thus any u satisfying (23) will satisfy (22). The last fraction in (23) is 
< 2*/r since q +s > s >r, whence our former condition 2” > ur is satisfied. 

18. There will exist an integer wu satisfying (23), if the difference between. 
the limits is = 1 and hence, if 


REP, P—9s+s/4+ (14+ 4s)¢. 
But q < (3/2)", s < 3(4/3)". Hence 2” =P, if 
2" > 24(4/3)” + 9(16/9)” + 4(38/2)”. 
Multiplication by (9/16)” yields the equivalent inequality 
(9/8)" > 9 + 24(8/4)" + 4(27/388)". 


This holds if n = 20 and hence if n = 20. 
Thus all integers in (2"qu, 2"qu + 2") are sums of 2" — s n-th powers. 
By Lemma 10, every integer = 2”qu is a sum of J n-th powers, 
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19. To complete the proof of Lemma 12, it remains to prove that every 
positive integer < 2"qu is a sum of I n-th powers. By, Lemmas 1 and 2, 
this is true for integers < 3”. It remains to prove it for integers between 3” 
and 8°U, where U is the least integer u satisfying (28). 


Lemma 18. All integers in (3"w, 38"w + 2") are sums of M n-th powers, 
where M is the maximum of À — 2% — wr + w —1 and B=w(q+r). 


For, those 5 w8” + 2" — wr — 1 are sums of A powers, The next integer 
is equal to 2"(qw-+1). To this we have to add 1,: - - ,wr— 1, and obtain 
3°w + 2” — 1 as the final sum. | 

When w S U — 1, we shall prove that BS A, viz., 


(24) 2" > wq + Qwr—w +1. 


By definition of U, U—1 <s/4 Employ W = [A], h = #(4/3)". Then 
W>U—t1it 
W+1>h21+3/4, 


which holds since n = 35. In (24) we replace w by h, increase r to 3(4/3)” 
and g to (3/2)", and suppress 1— w. Thus (24) holds if (9/8)* 218, 
which is true for n = 25. 

. We may therefore take M — A in Lemma 18. Hence by Lemma 4, all 
in (38"w, 3"w +- 2"(v + 1)) are sums of A + v n-th powers. But Ao SI 
if v S wr —w +g— i. For the largest such v, 


rap + 2"(y 41) = 3r (w + 1) + 2 (wr — w) —r > 8" (w + 1). 


But (24) implies the like inequality for a smaller w. Hence all integers in 
(8"w, 3”(w + 1)) are sums of J n-th powers for w = 1,2, - -, U —1. 


Lemma 14. If n = 85 and 2"—-q—s < rS2"—q—B5, every positive 
integer is a sum of I n-th powers. 


For g = 0,-- +, 3% — 2"(ug + w—1) — 1 = 2* — u(2" — r) — 1, 
(uq + u—1) +z is a sum of O = 27>—u(2"—r — q — 1) —2 n-th 
powers. The integers = 3%u and S2"(ug + u) —1 = 3u + u(2"—r) —1 
are.sums of D = u + u(2%— 7) — 1 n-th powers. Then C and D are both 
S 23r —s if ; 


(25) s/(2"—r—g— 1) Su S (2 —s)/ (27 —r + 1). 


We increase r to 2" — q— 5 on the left and decrease r to 2” —q—s +1 on 
the right and obtain (23) as a subinterval. 
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Note that the greatest x is positive if u = (2"—1)/(2*—r), which 
follows from (25). The discussion in $ 18 applies also here and shows that 
every integer = 3"u is a sum of I n-th powers. 


20. We shall prove that the latter is true also'of the integers in 
(3w, 8°(w-+1)) for w =1,:: -, U — 1, where U is the least integer u 
satisfying (23). We shall later restrict so that ni 


(26) a = wq + (w + 1)s. 
Then 2” > wg + ws, whence 
| wr > w(2"—q—s) > (w—1)27, w(27— 7) < 2% 


As explained in various recent papers, my method to obtain the minimum 
decompositions of integers in J = (3"w, 3"w + 2”) is here based on the 


equations 
Diff. Wt. 


j+ (Qt D) jer) Br jg (JL wD). 
w{— 8" + (q + 1) 27} = w(2"—r) 2"9— w(2"— r) wy 

To Diff. + Wt.—1 we add w (since w3” must be added to get decompositions). 
For j S w — 1, the largest sum is F = 2*—r + (w—1)(g +1). For our 
final equation, the sum is G=2"—w(2"—r)+wq+w—ti1. Then? 
G=F if (w+1)r = 2"w—gq. By an hypothesis in Lemma 14, this follows 
from (26). This proves that every integer in the interval J is a sum of G n-th 
powers. Hence all in (3"w, 8% + (y + 1)2") are sums of G-+ y powers. 
Use the largest y for which G -+y I. The interval now ends with 


Bw + 2"{w(2"—r) + (1—w)q—w} = (w + 1)3" 
if the number in brackets is Æ 1 + q and hence is = (3/2)". The condition 
is w(2"—r—g—1) > 0 and is satisfied. 

For W below (24), W > U—12w. Hence (26) follows from the like 


inequality with w replaced by W, and q increased to (3/2), and s increased to 
(4/8)" + 2(5/4)". Division by 2”/4 yields 

12 4(2/3)" + 8(5/8)* + 3(8/9)" + 6(5/6)". 
The second member evidently decreases when n increases. But the inequality 
holds if n = 23 and hence if n = 23. 5 


This proof of Lemma 14 is readily extended to r = 2" — q —i, t = 3 or 4, 
by employing (25) instead of (23), and using s < (4/3)" + 2(5/4)” in § 18. 


3 Expressed untechnically, the minimum decompositions are free of terms 32, 


6 


& 


584 L. E. DICKSON. 


©‘: Lemmas 11-14 yield 


THEOREM 4. If n = 35 and r = 2% — q —3, every positive integer is a 
sum of I n-th powers. 


This inequality has been verified for 4 n < 180. 


> 21. Letr 2 2"—gq. Ifr= 2” — 1, (21) gives 3? = 1 (mod 2"). Since 
3 belongs to the exponent 212, 2n is divisible by 22, but is less than it if 
n= 6. Next, if r—2"—3, (21) gives 8#1—1(9+1)2%— 1, whence 
n—1%5. Sincer is odd, we conclude that r= 2"—5. Thus 


(27) SSkSq KR=2—7, 


Since many integers < 4” require more than J summands (§ 22), we 
shall make our ascents from an interval containing 4”. Let 


(28) 43 +245, OX2*4+5 <3, OS5 <2, 


Then f = [ (4/3)”]. Fortunately we can determine h and j in terms of q, r, f. 


In (28) replace 3” by its value (21). Then j + fr == 0, j — fR == 0 (mod 2"). 
But fR S fq < (4/8: 8/2)”. Hence gR and 7 are numbers x for which 
0S2¢< 2. Thus |j—/fR| <2”. The multiple j— fR of 2” is therefore 
zero. Eliminating 3", j, r from (28) by use of (21) and (27), we get 
4% = 2"(fg-+h+f). Hence 
(29) j=fR, . h = 2" — fg — f. 
For these values, the first inequality (28) is satisfied. 

If -E = max (A = 2" — f (q — R) — 1,2” — fE), every integer in the 
interval (3”f + 2"h, 3"f + 2” (h + 1)) is a sum of E n-th powers, as shown by 


Baf + 21h + 2, (z =0,1,: > -,fR— 1), 
a + y, (y = 0, 1,: E +, 8” — fR — 1). 


By Theorem 2, all in (4*, (n +- 1)*) are sums of (14) n-th powers: 
Let n = 35. Let ¿be the least integer satisfying (17) with the decimal 


replaced by .66950. | 
First, let # = 2” fR. Then all integers = 4” are sums of 


E+ RM—FREG+F4+K, K= [06/4] + + (+1). 
Since K < (n—3)(5/4)", this sum is < I if | 
R—12 (t 2) (8/4)" + (n—3) (15/16) 


The latter decreases when n increases. For n= 35 it becomes E = 4.3816 
since ¢==- 912. Hence it holds when n = 85. 
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Second, let F A. Then all integers = 4” are sums of¢+-A+q+f+K 
powers. This will be SZ, if f(g —R—1) =t+1+K. If n= 35, this 
holds if q— R — 1 Z .21. Hence if n = 35, it holds if RSq — 2. 


THEOREM 5. If n= 35 and r = 2"—-q+ 2, every integer Z4” is a 
sum of I n-th powers. 


22. Minimum decomposition of integers between 3" and 4" when r = 2” —%. 
My general theory (§ 20) here has the peculiarity that there is no effective 
equation. For, such an equation is a multiple of (q + 1)27 = 38" + 2” — r, 
The weight g + 1 of the left member is = the weight 1 + 2” —r of the right. 
Expressed otherwise every minimum decomposition of an integer < 4" is a 
normal decomposition 3x -+-2"y-+-z2 in which x, y, z are integers =0 and 
z is a maximum, so that 2"y +z < 3", g < 2". Comparison with (28) and 
(21) gives s & f, y & q. Write S =s + y +2. 

If y =q, then 2 <r. But rS2"—5 (§20). Hence S<I+f—3. 

Let z =f. Then y Sh. Buth Sq. If y =h, then z < fR < 2%, and 
8 SI + f, with equality only when h = q, fR = 2” — 1. Next, if y S&S h— 1, 
SSfth+2*—2S5I+4+f, and S =I + f only when y =h — 1, h=q. 

Finally, if eS f—1 and y S g — 1, then SSI +f—1. 

Hence if r = 2% — q, every integer = 4” is a sum of I -+ f n-th powers. 
The integer 3°(f — 1) + 2”(q — 1) + 2” — 1 is a sum of I + f— 1, but not 
fewer, n-th powers. Only in the ee case h = q does there exist an integer 
requiring I + f powers. 

These results and Theorem 5 sh” 


THEOREM 6. If n=35 and rÆ 2” —q 4+2, then g(n) =I-+f or 
I4-f—1 according as 2%=—f¢a+ft+gqor2<fa+f+q. 


23, To prove Theorem 6 also when r= 2"— q + 1, whence R = g — 1, 
we permit J + f — 1 summands instead of I in the second case E — A of § 21. 
The condition is now f(g—R) 2t+2+K, which holds if q — R Z 21 
and hence if RSS q — 1. 

For r= 2"— 9 (or R =q) alike proof applies if we permit J + f(1+ d) 
summands, where d= .21 if n= 35, d = .001614 if n=180. But if we 
permit only J + f — 1 summands, we must start our ascents from an interval’ 
beyond 4”. " 


24. There remain only the cases r = 2” — q — îi, t = 1,2. . 
f If r= 2" — q — 1, (21) gives 3” == (q + 1) (2”— 1). Hence 2” — 1 = 3}, 
t&n, 3te=1 (mod 2”). Since 3 alongs to-the exponent 2”, the latter 
divides 24. But US 2n < 2"? ifn 26. Hence t=0,n—1. 
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ON THE NUMBER OF REPRESENTATIONS OF AN INTEGER AS 
A SUM OF 2h SQUARES.* 


` By R. D. JAMES. 


1. Introduction. Let N(2%m, 2h) denote the number of representations 
of an integer 2¢m, « = 0, m an odd? integer > 0, as a sum of 2h squares. 
Both the arrangement of the squares and the signs of their square roots are 
relevant in counting the representations. Let M (24m, 2h, 6) denote the number 
of representations of 24m as a sum of 2h squares, exactly b of which are odd 
and occupy the first b places in the representations. Further, let 


&-(m) À (—1|d) a’, or(m) mn as 


where (—1|d) = (— 1)? is the Jacobi symbol. 
In this paper we prove the following results. 


THEOREM 1. For «= 3, h = 2, we have 


(1.11) M(2%m, 2h, 4s) = 2% 


For h = 2 we have 


MR m, 2h, 4v 
3/2SvEth-8)/2 eee ): 


(1.12) M(4m, 2h, 4s) = 2% 


M (2m, 2h, 4v + 2 
(s-1)/2S0S(-s-2)/2 \20 — 8 oe a (2% v +2). 


For h È 2 and m= 1 (mod 4) we have 

h — 2s — 1 
1.18) M(2m, 2h, ds + 2) = 2281 
(1.18) M(2m, 2h, 45 + 2) Meza Boe 


For h 2 2 and m=3 (mod 4) we have 


) M(m, 2h, w +1). 


h—2s— 


1.14) M(2m, 2h, 4s + 2) = 9281 
( ) ( p > + ) (9-1) /2S0SZ(h-s~—2)/2 2v — $ + 1 


1) Mr, 2h, 40 + 





+ Presented to the American Mathematical Society, November 30, 1935 and December 
31, 1935 under the titles “ The number of representations of an integer as a sum of six, 
ten, or fourteen squares ” and “The number of representations of an integer as a sum 
of. twelve, sixteen, or twenty squares.” 

2 Throughout this paper m will always denote an odd integer. 
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THEOREM 2. Let a and B be integers such thata=B+2=2. Then, 

given the integers As(h), 1 S s S (h—1)/2, there exist integers Ay(h, B), 

lS08 (hA—1)/2, 0S 8S a—2 such that 

(1. 21) = As(h)M (2%, 2h, 4s) = ©  Ao(h, B)M(2**m, 2h, 4v). 
/ 


1Ss8=(h-1)/2 1S<V£(R-1)/2 


The integers Ay(h, B) are defined by the formulas ad 
Ay(h, 0) = Ad(h), 
(1.22) Ax(h,B)— ZE 9 3) As(h, 8—1). 
1==s= min (2v,h-2v) 2v — s 
Moreover they satisfy the equation 
(1. 28) X  Ap(h,B) = 208 € Ash). 
1SE(-1)/2 1SsS(h-1)/2 


THEOREM 8. Fora20,m>0,¢ 21 there exist integers B(t), yr(t), 
0 & r S t— 1, such that 


B(t)N (29m, 4t + 2) — 4E (— 1) (— 1m) 2% + 1]é (m) 


(1. 31) t-1 
= J y(t) M (2m, 4t + 2, 4t — 4r), 
r=0 : 
with 
t-1 
(1. 32) È y(t) — 0. 
TH 


THEOREM 4. For a =0, m>0,t= 1 there exist integers A(t), pr(t), 
0OZ<r<t— 1, such that 


ACEN (20m, 4t + 4) 
(1.41)  — 2s [ace —(—1) ies ie ES ei) 
—S p(t) M (2m, 4t + 4, 4r + 4), 
with j 
(1. 42) S a(t) ae, 


Theorem 1 is proved by a straightforward examination of the relations 
between M (2%m, 2h, 4s) and M(2%1m, 2h, 4v). Theorem 2 is a consequence 
of Theorem 1. In applications the condition (1.23) is the important part 
of this theorem. Theorems 3 and 4 depend on results from the theory of 
theta-functions. They are obtained in the usual way by equating the coeffi- 
cients of two power series representing the same function. The conditions 
(1.32) and (1.42) are interesting results. 

As examples of the application of the above general theorems to particular 
problems we quote the following results. 
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-THEOREM 5. For no a = 1 is an equation of the form 
N (2%m, 14) = be (a)és (m) 
valid for all odd integers m with be(a) independent of m. 
THEOREM 6. For no a = 1 is an equation of the form 
N (24m, 4t + 4) = E Aa (t= 3,4, or 5), 
valid for all odd integers m with cotn (0) independent of m. 


Theorems 5 and 6 are extensions of results proved by E. T. Bell” He 
showed that no equations of the form N(m, 4¢-+ 2) = batên (m), t Z8 or 
N (2m, 46 + 4) = Coton (m), t 2 3 are possible for all odd integers m with 
bat and Cots, independent of m. J. W. L. Glaisher* gave results of the type 
of Theorems 5 and 6 but without proof. 


2. Proof of Theorem 1. For a, b, h, and s integers such that 0 S 2s Sh, 
0 S458 25,05 bSh—2s let Mar(2%m, 2h, 4s) denote the number of solu- 
tions of the equation 


48 2h-48 
(2.11) Rim =Z r t E yi 
4-1 gel 
with the added restrictions 
(2.12) xı odd, yy even; 
(2. 13) Top-1 F Top À (mod 4), (u=1,---,@); 
D Top-1 + Top == 0 (mod 4), . (w=a+1,- > -, 28); 
(2. 14) Yov-1 + Yov == 2 (mod 4), (v=1,:--,0); 
j Yov-1 + Y = 0 (mod 4), (v =b +1, - -, h — 2s). 


We have the following result. 
LEMMA 1. For «= 1 we have 
5 Man (2%m, 2h, 48) = M (2% 1m, 2h, 28+ 2b). 


3 Journal of the London Mathematical Society, vol. 4 (1929), pp. 279-285; Journal 
für die reine und angewandte Mathematik, vol. 163 (1930), pp. 65-70. 

+ Quarterly Journal of Mathematics, vol. 38 (1906-7), pp. 178-237; Proceedings of 
the London Mathematical Society, Series 2, vol. 5 (1907), pp. 479-490. 
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Proof, Write 


Xp =F (Goa + Cop), (w=1,--+,a);5 
Me Xp = 3 (Topi — Top), (u=a + 1,: > +, 2s); 
Eass2v-1 = $ (Yara + Yar), (v-=1,:--,5); 
Xosrov = $ (Yov-s — Yor), (r=1,: : -,b); 
ey) Yu = 3} (Top-1 — Top), (a= 1,:::,a); - 
Fp = (tous + Toy), (u=a +1: : ", 28) 5 
Vossav-2d-1 = $ (Yov-1 + Yor), (v=b + 1, +, h— 28); 
Vossav-2b = F(Y- — Yav), (v =b +1, +, h — 28) . 


Using (2.12), (2.13), and (2.14) we find that the X’s are odd integers and 
the Y’s are even integers. It then follows from (2.11) and (2.21) that 


28+2D 2h-28-2b a 
(2. 22) 21m = = X+ 2 Y}, = a 
Conversely write 
Toua = Xp + Vu, (w= 1,- ' ,@)5 
Toy = Xp — Yp, : _ (w=, > >,a); 
. Tepi = Xp + Yp (=a + 1,: : +,2s); 
(2.23) Zop = Yu — Xz, (a=a+1,:: ", RS); 
Yova = Xassav-1 + Xassovy (v more, b) 5 
Yoav = Xogsov-1 — Xossov, (v—1,"::,b); i 
Your = Yossev-ov-1 + F2s42v-20; (v= b + 1,:--+,h4—2s); 
Yo = Fossav-20-1 — Yossov-2b, (v == 6 +1,---, h— 2s). 


Then from (2.22) we obtain (2.11) with the restrictions (2.12), (2.13), 
and (2.14). Itis easily seen from (2.21) and (2. 23) that distinct solutions 
of (2.11) give rise to distinct solutions of (2.22) and conversely. Hence 
the number of solutions of (2.11) with the restrictions (2.12), (2.13), and 
(2.14) is equal to the number of solutions of (2.22). Equation (2.22), 
however, has M (2% *m, 2h, 2s + 2b) solutions and the lemma is proved. 

The proof of Theorem 1 now proceeds as follows. To obtain the solutions 
of (2.11) with only the-restrictions (2.12) we must add up the number of 
solutions Mav(2m, 2h, 4s) for 0S a = 2s, and 0 S b Sh—2s, taking into 
account the fact that a different arrangement of the a’s and y’s constitutes a 
different solution. Thus each solution of (2.11) with the restrictions (2. 12), 


(2.13), and (2.14) counts (2) Cr) times as a solution of (2.11) 
with only the restriction (2.12). Hence by Lemma 1 we have 
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M (22m, ie des > 2() Ca Mav(24m, 2h, 4s) 


a=0 b=0 


‘ S eae 
(2, 24) -2 (3) à 1 *) M(2°-1m, 2h, 2s + 2b) 
a=0 
on" z; ; **) M (24m, 2h, 28 + 2b). 
= ` b=0 


A sum of 2s + 2b odd squares is congruent to 2s + 2b (mod 4) and a sum 
of even squares is congruent to 0 (mod 4). Therefore if «23 we have 
MU (2m, 2h, 2s + 2b) = 0 unless 2s + 2b = 0 (mod 4), that is, 2s + 2b = 40. 
Then from (2.24) with 2b replaced by 4w — 2s we obtain (1.11). 

The remaining formulas are proved in exactly the same way. The only 
. changes are that we must have 2s + 2b = 4v F 2, 4v +1, and 4v +8 in 
(1.12), (1.13), and (1. 14), respectively. 


3. Proof of Theorem 2. From Theorem 1 we have 
-As (h) M (2m, 2h, 4s) 3 
1SsE(G-1)/2 | 


= ges +) M (2m, 2h, 40) 


> 
1SsSQr-1)/2  8/2SvS(n-s)/2 a 


— DS M(m,2h,4) F a (D 7) 4:05) 


1Sv<(h-1)/2 1<s<min (2v,h-2v) 
= > go 1) M (2% 1m, 2h, 4v), 
150-4 
where : | i 
A(l)= > so (t7 re) A,(h) 
1SE(h-1)/2 1SE(h-1)/2 1£s<Emin (20,h-20) Ro — sS 


= S Phl S C=) 
1Ss<(-1)/2 8/2 83/2 \ RU — 8 


= VS  À,(h). 


1£s<(R-1)/2 
This proves (1.21) and (1.23) for the case B—1. 
= We complete tbe proof by induction. Assume that we have 
5 > As(h)M(2%m, 2h, 4s) 
1S sR(h-1)/2 
= X A, (h, B—1)M (28m, 2h, 4v) 


ISS (t-1)/2 


“with 
Ay(h,B—1) = 200ED S As(h). 


> 
1svS(h-1)/2 1XsS(h-1)/2 


Then, using Theorem 1 with « replaced by «— 8 + 1 we obtain (1.21), 
(1.22), and (1. 23). 


4. Proof of Theorems 3 and 4. The methods of proof of Theorems 3 and 
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4 are similar and we give the details only for Theorem 3. The elliptic func- 
tion dn(u, k) has the expansion ë 


ai 1) *u? 


(4.11) dn (u, k) = 1 + LT S CCS : 


r=0 


where the d,(t) are integers > 0. In the usual notation for the Rennes ons 
we have 


bo (x) = (z, 9) = 1 + 23 (— 1)"g" cos 2na:, 

DT) = 82 (2,q) = 2 qE cos (2n + 1)2, 
(4. 12) Dar) = d(x, q) =1 + asa" cos 2ng, 

B= (0), Da = Aa (0) = 2 È gror, 

8, — A (0) =1 + asian. 


The function dn(u, k) is related to the theta quotients by the formulas 








Dar) Os 

(4. 13) Ba) Bo dn (8r, 02/03), 
v 

(4. 14) z a = 7 dn (i022, 392/042). 


It follows from (4.11), (4.13), and (4. 14) that 


(4:21) Oe à ES aT [5 5 TO | \, 


t=1 T=0 





dx) 479 4t-4r 
(4.92) = it Saat Say TEOL De | I. 
We can, aes obtain these expansions in another way. It is known 
that £ 


P(z) 1 


(4.31) KETER { 1 +430" [ = (— 1|r) cos (2n3/7) | }; 


LAC 1 
(4. 2a) Tam an seo + 4È g” LE Ci cos 72 | \, 
where the summation for r is over all odd divisors of n. By expanding the 
cosines in (4.31) and (4.82) and then comparing the result with (4.21) ? 
and (4.22) we obtain 





ë See, for example, Tannery and Molk, Éléments de la Théorie des Fonctions 
elliptiques, Paris (1802), Vol. 4, p. 92. 
SE. T. Bell, Messenger of Mathematics, vol. 49 (1919-20), pp. 78-84. 
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css) AE dan eS B a t |; 


(4.84) DS a (Dar Eu HAI Ser [Sie 


We use these formulas to prove the following result. 


Lemma 2. For a = 0, m > 0,21 we have 


t-1 = 
(4.41) ZX d-(t)M (20m, 4t + 2, 4¢ — 4r) = 920% 1|m) ae (me), 


t 
(4.42) Eh (t)M (2%, 4t + 2, 4t— 4r) = dé (m), 
r=0 
where 5 f 
4 5 min(r,t-1) / $ == S 
(4. 48) h(t) =(—1)" È CS) ds(t). 
g=0 
Proof. From (4.12) it follows that 


t-4r 


parepair — ( 1423 es)" ( 2 $ gerove) 
n=1 n=0 


(4, 44) ` 
= © q"/* M (n, 4t + 2, 4t — 4r). 
n=0 


Since a sum of 4t — 4r odd squares is congruent to 4t — 4r == 0 (mod 4) and a 
sum of even squares is congruent to 0 (mod 4), we have M (n, 4t + 2, 4t — 4r) = 0 
unless n is divisible by 4. Hence (4. ao becomes 


(4. 45) Bs oa #tir — S qM (4n, 4t + 2, 4t — 4r). 


n=0 
Comparing (4. 45) and (4.33) for n = 2% we obtain 
t- | l 
(4.46) D dr (t)M(R% 2m, 4t + 2, 4t — 4r) = RES (— Ir) (24m/r)”, 
r=0 ‘ | 


where the summation for 7 is over all odd divisors of 2%m, that is, over all 
divisors of m. To complete the proof of (4. 41) it remains to show that the 
right sides of (4. 41) and (4. 46) are equal. We have” 


| À (—1|r) (m/r)# = (—1|m) 2 1](m/r)) (m/r)** 
= (im) X (~ 1]d) at — (— 1m) éa (m). 
To prove (4. 42) we first employ the well known relation ®t — Dat — dat ` 


"It isa property of the Jacobi symbol that (— 1| PQ) = (—1 |P) (—1]@). 
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and substitute for d#t-#r in (4.84). On expanding and collecting terms we 
obtain f | 


Sh (aeron mag [Eafe |, 


r=0 


where the h,(¢) are given by (4.48). The proof then proceeds in a similar 
way to that for (4. 41). as al 
_ Theorem 3 now follows immediately. In Lemma 2 multiply (4.41) by 
(— 1)? and add the result to (4.42). This gives 


© ((—1)"dp(t) + he (#)) M (20m, 4t + 2, 44 —4r) 
T Eht) (242m, 46 + 2,0) = 40 (—1)#(—1|m) 22 + 1J (m). 


If we write B (t) = he (t), yr (t) =— {(—1) td- (t) + h(t) } we obtain (1.31) 
of Theorem 3 since M(2%2m, 4t + 2,0) = N (2m, 4t sE 2). It remains to 
prove (1. 32). We have 


Se= S (ur (‘=a ds(t) 


-F ao Seo) 
— Za Sy (°F) 
— 34 (t) (pape (—1)) 
=—5 (—1)*de(t). 
Hence f 
ZrO) =— X (—1)!de(#) — E h(t) = 0. 


As remarked above Theorem 4 is proved in a similar way. The dif- 
ference is that we use the functions Ve (s)/fs (£) and #2(2)/#.(#) instead 
of D:(%)/%(x) and 03(x)/9.(2). 

5. Proof of Theorem 5. From Theorem 3 with t= 3 we have 

B(B)N (2em, 14) + AL (—1|m) 2% —1]é4(m) | 
(5.1) 2 
= È yr (8) M (20m, 14, 12 — 4r), 


with 3 yr(8) = 0. Then, from Theorem 2 with h= 7, « replaced by « + 2, 
p—a, A) = ys-s (8), the right side of j 1) becomes 
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8 ‘ 
(5. 2) > Ao(7, a) M (4m, 14, 40), 
v=1 


where 
3 2 
È Au (?, a) = 2° Ÿ ye (3) = 0. 
y=l r=0 


Ry applying first (1.12) and then (1.13) or (1.14) of Theorem 1 the ex- 
pression (5.2) further reduces to . 


8[{2554:(7, a) + 25642(7, a) + 2564s (7, a) {M (m, 14, 5)+ M(m,14,9)} - 
+ A(T, a) {M (m, 14, 1)+ M (m, 14, 13)}] | 
or 


16[{284: (7, a)+ 2442 (7, a) + 824,(7, «)}{M(m, 14, 8) M(m, 14, 11) 
+ {21041 (7, a) + 20842 (7, a) + 1924: (7, «)}M(m, 14, 7)] 


according as m == 1 (mod 4) or m=8 (mod 4). Finally, with the condition 
8 

Ay(%, a) == 0, these expressions become 
1 


VE. 


84: (7, a) [M (m, 14,1) — M (m, 14, 5) — M (m, 14, 9) + M(m,14, 13)], 
— [1444 (7, a) + 12842 (7, a) }[M(m, 14, 3) — 2M (m, 14, 7) + M (m, 14,11)] 


in the respective cases. Hence from (5.1) we obtain 
| (8).N (24m, 14) + 4[ (— ifm) 2% — 18 (m) 
(5.4) = [9(«)/g (0) ][8(3)N (m, 14) + 4[(— 1]m)2*— 1]ée(m)], 


where 
84,(7, a), m= 1 (mod 4), 

LA lou { — [1444 (7, a) -+ 1284,(7,a)], m=3 (mod4). ` 
Since it is known that N (m, 14) — beés(m) is impossibles with bẹ in- 
dependent of m it then follows from (5.4) that there is no « for which 
N (2am, 14) = be(a)&(m) is possible. 

Theorem 6 is proved by precisely similar arguments but using Theorem 4 
instead of Theorem 3. | 


THE UNIVERSITY or CALIFORNIA, 
BERKELEY, CALIFORNIA, 


8H. T. Bell, loc. cit. 


NEW RESULTS FOR THE NUMBER g(n) IN WARING’S PROBLEM. 


By H. S. ZUCKERMAN. 


I. Introduction. Waring’s problem deals with the representation of 
positive integers by sums of positive or zero integral n-th powers. The number 
g (n) is defined as the minimum s such that 


8 
(1) m == Sia", 2, integers, s; = 0, (¢=1,2,:--+,8) 
i=l 
has at least one solution %1, %2,° * *, Ze for every integer m > 0. The number 
G(n) is the minimum s such that (1) has at least one solution for every 
sufficiently large integer m. We shall define G(n,c) as the minimum s such 
that (1) has at least one solution for every integer m = c. Then 


gn) =G@(n,1), G(nc+1)=G(nc), G(n) = lim a(n, c). 


A decomposition of m is a representation of m as a sum of positive integral 
n-th powers, in the form (1) with the added restriction s; > 0. The number 
of n-th powers, s, is the weight of the decomposition. 

Let us consider the m in the range 0 < m < 3”. Write 


8% == q2" +r, q,r integers, 0 <r < 2". 


In any decomposition of m each æ; is either 2 or 1. Then the decompositions 
of m of minimum weight are given by 


m= yn +2, Sz <? for OSy<q, 0S2e<r for y=¢q 


of weight y +z. Since r= 2"— 1 the maximum weight for any m in the 
range 0 < m < 3” is 
[== q+ 2"—2, 


which is the weight of the decomposition of q2” — 1. Therefore 

g(n) BI=q+2—2 | 
and, since 3" is a decomposition of 3" of weight 1, I n-th powers suffice to 
represent all integers in the range 0 < mS 8". 


1 Presented to the American Mathematical Society April 6, 1935 and December 31, 
1935. 
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I. Vinogradow ? has proved that 
G(n) S [n(6 logn + log 216-4-4)], n > 3 ` at 
by proving the existence of'a number V» such that 
@) G(n, Vn) SS [n(6 log n + log 216 + 4)]. 


In parts IV and V of the author’s doctor’s dissertation at the University 
of California the Vinogradow proof is reproduced and the constants deter- 
mined as they occur. In some cases proofs are supplied for results which 
finogradow states without proof. In part V we conclude that (2) holds if 


(=) log Vn = 18024", n > 4. 


The upper bound (2) for G(n, Vn) is less than I for n > Y. 

In part II of this paper we develop a method for dealing with the integers 
between 8" and V» without the use of tables. In part III we apply this 
method for some values of to obtain upper bounds for g(n) using the 
results of part V of the author’s dissertation and the fact that J n-th powers 
stffice to represent all integers between zero and 3". In the cases where this 
upper bound is equal to Z we then have g(n) =I. It has been known for a 
lmg time that g(n) =I when n=? or 3 but this is the first time the 
‘formula g(n) =Z has been proved for other values of n. The results are 
tebulated at the end of part III. | 


I. Decomposition of integers between 3" and Vy. We define the 
integers g, 7, u, v, w, by l f 


(4) 3r == QQ" +r, 4% == U8" + per + w, 
Or <a, OS wr, OSvSq, u= [4/3]. 


hen we have 


(5) (h--ax)4" + (1+ wax + bx) 3" + (m -+ vax — gba) 2" 
= kA” + 13" + me + (br — aw)x. 


Ve take k, 1, m, a, b, x to be integers, and s Z 0. E-k Z ae, 1 = — uar — bz, 
nm = — vaz + gbæ the left member of (5) is a decomposition of 
kA” -+ 13" + m2" + (br — aw)z of weight i 


2I. Vinogradow, “On Waring’s problem,” Annals of Mathematics, vol. 36 (1935), 
pp. 395-405. ; . 23 
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k LT m— ax + uaz + be + vaz — gbr. 

.If br > aw we can obtain a decomposition of any integer between 

4" -+13"-+-m2"-+ (br—aw)z and &4%+13"-+ m+ (br—aw) (x+1) —1 


inclusive by adding 1” at most br—-aw—1 times to the decomposition, of 
k4” + 13" + m2" + (br —aw)a. Then the highest weight in this interval is 


EE REE (—a- ua-+b va — gb) a + br —aw — 1. 


We now let œ take the values 0,1,- - -, [2*/(br —aw)] and obtain decompo- 
sitions for every integer between 


han 4.13" + m2" and &4"+-13"-+ (m+1)2"+¢ 

inclusive, where | 

p = [2"/ (br — aw) ] (br — aw) + br — aw —1— 2°20. 
| The greatest weight in this interval is. 
| RH 14 m+max (0,—a-+-ua-+ b+ va—gqb) [2"/(br—aw) ] + br—aw—1. 

If br < aw we can obtain a decomposition of any. integer between 
ker -+-13%-+ m2"—(aw—br)e and bán 413" mer — (aw—br) (x—1) —1 
inclusive by adding 1” at most aw — br — 1 times to our decomposition of 
kan + 18% +. mo + (br — aw). 

Then the highest weight in this interval is 

kt+lt+m+t (—a+uatb+va— gb) + aw — br — 1. 


We now let æ take the values 0,1,- - -, [2"/ (aw — br) ] and obtain decompo- 
sitions for every integer between 


kan + 18% + (m—1)2"+y and k4” -+ 13" + m2" + aw — br —1 
inclusive, where — . 
PC CR ES Soe 
. The greatest weight in this interval is ~ | 
k+1-+m-+ max (0,—a-+-ua-+ b + va— gb) [2"/ (aw—br) ] +aw—br—1. 


a 
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L 1 


In both cases we must have k = az, | = —uax — br, m = — vax + gbr. 
Hence we take 
k = max (0, a) [2/| br —aw |], l= max (0, — ua — b) [2"/| br — aw |], 
m == max (0, gb — va) [2"/| br — aw |]. 
-~ Let W be the greatest weight in the interval. Then, in both cases, we have 
= {max (0, a) + max (0, — ua — b) + max (0, gb — va) 
+ max (0, —a -+ ua +b + va— gb) }[2"/| br — aw |] + | br —aw | —1. 
We proceed to show that changing the signs of both a and b leaves W 
and the interval invariant. Let W, be the value of W for a — À, b = B and 
let W be its value for a = — A, b = — B. By choice of notation we can make 
Br> Aw. Let LZ, be the lower end of the interval for a == À, b = B; 
`L, for a—— A, b =—B. Let U, and Uz be the two upper ends of the 
_ intervals. Then 


W, = {max (0, A) + max (0,— uA — B) + max (0, qB — vA) 

+ max (0,—A-+ wd + B+ vA —qB)}[2"/(Br—Aw)] + Br—Aw—I1, 
We = {max (0,— A) + max (0, wd + B) + max (0, —qB + vA) 

+ max (0,4 —uA— B—vA + qB)}[2"/(Br— Aw)] + Br —Aw—1. 

Since max (0, «) — max (0,— a) = «, we have 
Wi—Wi= (A —u4 — B + gB—vA—A+uU4+B-+ 0A —qB) 
X [2"/ (Br — Aw)] — 0. 

Also, we have 
Li = max (0, A) [2"/(Br—Aw) ]4" + max (0, —uA — B) [2"/ (Br—Aw) ]3" 
; + max (0, qB — vA) [2*/(Br— Aw) ]2", 
L: = max (0, — A) [2"/(Br—Aw) 147 + max (0, uA + B) [2"/(Br—Aw) ]3" 

-+ max (0, — gB + vA) [2"/ (Br — Aw) ]2"—2"+ y, 
y = 2" — [2"/ (Br — Aw) | (Br — Aw), 
and hence 


L, — L: = { 44" + (— ud — B)8" + (qB — vA) 2"}[2"/(Br— Aw) ] 
+2” — 2” + [2"/(Br— Aw) ] (Br — Aw) = 
by (4). Finally, we have 
e U= Li +? +e, 
U: = Le + 2"— Aw + Br—1—y, 
p = [2"/ (Br — Aw) ] (Br — Aw) + Br — Aw —1 — 2", 
= [2"/(Br—Aw)](Br—Aw) + Br— Fes yi as 
— [2"/(Br— Aw) ](Br— Aw) — 0. 
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Therefore Lı = Lo, Ui = Ur, Wi—=We so that the value of W and the 
interval remain unchanged when we change the signs of a and b. Hence we 
can, without loss of generality, choose æ and b so that br > aw. Then 


6 W = {max (0,a) + max (0, —ua—b) + max (0, gb — va) 
x8) + max (0,— a + ua +b + va — gb) }[2"/ (br — aw) ] + br — aw —1,. 


k = max (0,a)[2"/(br—aw)], l= max (0,—ua—b) [27/(br — aw) ] 
(r) m= max (0, qb — va) [2"/ (br —aw)], 


and the interval is 
(8) kár + 13" + m2" to k4” + 18% 4+ (m + 1)2” + $ inclusive, 
(9) p = [2"/ (br — aw) ] (br — aw) + br — aw — 1 — 2”, 


For each value of n we choose values for a and b to make W small and 
then determine the interval over which W suffices by (7), (8) and (9). Call 
this interval I... We then make ascents from J, using the two following 
theorems proved by L. E. Dickson.? | 


Txsorem 1. If every integer >1 and Sq is a sum of k — 1 integral 
n-th powers = 0, and if m is an integer for which 


(m+ 1)*"—m™ <g—l 


then every integer >l and Sg + (m<+1)" is a sum of k integral n-th 
powers = 0. : 


THEOREM 2. Let 1 be an integer 20. Let 
u= (1 n; 1/Lo)/n; Lo > l, (vDo) ®} = Lo. 


Compute Ly by log Li = (n/(n—1))* (log Lo + n log v) —n.logv. If all 
integers between 1 and Lo inclusive are sums of k integral n-th powers = 0, 
then all integers between l and L: inclusive are sums of k + t integral n-th 
powers = 0. . i 


To take care of the integers between 3” and I> we use either a result 
proved by L. E. Dickson ‘ or, if possible, choose a pair of values for a and, b 
so that the interval J, includes the number 3” and then ascend from J, to I>. 


3L. E. Dickson, “ Recent progress on Waring’s theorem and its generalizations,” 
Bulletin of the American Mathematical Society, vol. 39 (1933), pp. 701-727, Theorems 
10 and 12. 

4 Ibid., Theorems 5 and 6. 
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III. The special case n = 15. We shall now apply the method of part 
II to the case n = 15. We have 


n == 32 768, 3%=— 14 348 907, 4% —1 073 741 824. 


By division we obtain 


> 


. q=437, r=29291, u=Y4, v=363, w= 27922, 
I = q + 2” — 2 = 33203. 


Taking a = 0, b = 1 we find, by (6), (7), (8), and (9), 
W = 29727, I: from 3” — 29291 to 3” -+ 29290. 
Taking a = 1, b = 1 we find 


W = 3093, In: from 23:4” + 3-3” 388 : 2” + 10431 to 
23-4" + 3- 3% + 389 - 2” -+ 10518. 


That is, 29727 fifteenth powers suffice to represent every integer between 
3” — 29291 and 3” -+- 29290 and 3093 suffice to represent every integer 
between f 


`83 -4n + 3-3" + 388 - 2» + 10481 and 23-4” + 3-8 + 3889.2” + 10518, 


Starting from J, we ascend by Theorem 1, applying it 437 times with 
m = 1, 74 times with m = 2, and 23 times with m = 3. Then 


29727 + 437 + 74 + 23 — 30261 


fifteenth powers suffice to represent every integer from I, to Ip. 

Ascending from I, we apply Theorem 1, 436 times with m = 1; 73 times 
with m==2; 27 times with m—3; 14 times with m = 4; 9 times with 
“m= 5; 6 times with m—6; 5 times with m = 7; 4 times with m == 8; 
3 times with m == 9; and 2 times each with m = 10, 11, 12, 13,14. We have 
then applied the theorem 587 times. Hence 3093 + 587 — 3680 fifteenth 
powers suffice to represent every integer from 


23-4" + 3-3" + 388 - 2” 10481 to 
. 2:15" + 23-47 + 3-37 + 888- 2” + 10481. 
. We now apply Theorém 2 with 
1— 23-4" 3.80 + 388 - 2» + 10431, Lo—1+2:157, k= 3680, 
and ge 
y= (1— (1/Lo))/15 = 0.066. 
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Then 
log Le = (15/14)* (log Lo + 15 : log vy) —15- log r 
log log L: > .02996¢ — .521 (logarithms to the base 10) 


and all integers between } and L: are sums of 3680 + t integral fifteenth 
powers = 0. If we choose ¢ = J — k = 29523 we have P 


log log L: > 883 (logarithms to the base 10). 


In the introduction we showed that I n-th powers suffice to represent every 
positive integer <3". Hence, since I, includes 3”, we have that every 
integer m, | 

0 < mS 101%", 


is a sum of J == 33203 integral fifteenth powers = 0. 
By the results of part V of the author’s dissertation we have the following 
inequality for the Vinogradow constant when n = 15. 


log log Vis < 319 (logarithms to the base 10). 


Tf we choose t == 10665 we have 


log log L: > 819 (logarithms to the base 10) 


so all integers between Z and Vi, are sums of 10665 + 3680 — 14345 integral 
fifteenth powers = 0. For n = 15 the inequality (2) is 


G(15, Vis) SS 384. 
We now have the following results. 


G(15, 10°") < 384, G(15, 24° 4") S 14345, 
G(15, 3") S 30261, g (15) S 33203. 


The second inequality follows from the facts that all integers between J and 
Vis are sums of 14345 and all integers greater than Vi, are sums of 384. 
We have replaced the value of l by a larger value. 

Since I == 33203 we have g(15) = I = 33208. 7 

Let L be the value of Z+ obtained by setting t =I —k. By treating 
other values of 7 as we did n = 15 we obtain the following results. In the 
cases n == 17 and n= 20 we-cannot find a suitable interval J, so we use 
L. E. Dickson’s result referred to above. 
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List of results for various n from 14 to 20. 


n= 14. 
Use a= 0, b=1 and a=— 1, b= — 1. 
log log L > 249, loglog Vis < 278, g(14) S 17555, g(14) = I = 16678, 
G (14, Vis) S 352. 


n = 15. : 
Use a—0,b—1 and a—1, b= 1. 
log log L > 883, loglog Vis < 319, g(15) — I = 83203, 


G (45, 8") S 30261, G15, 24-4") 514345, G(15, Vis) S 384. 


n = 16. 
Use a—0,b—1 and a—1, b—1. 
log log L > 1680, log log Vis < 863, g(16) = I = 66190, 
G(16, 3") < 56526, G(16, 12-4") < 20974, G(16, Vis) S 416: 


n=17. 
Use a=0, b—1. 
log log L > 2464, log log Vir < 409, g(17) =I = 182055, 
-G(17,8-87) S 53984, G(17, Viz) S 448. 


n = 18. 
Use a= 0, b=1 and a—2,b—1. 
log log L > 2472, log log Vis < 459, g(18) =I = 263619, 
G (18, 3”) = 2369382, G(18, 3-4") = 182522, . G(18, Vis) S 480. 


wm= 19. 
Use a—0, b—1 and a—1, b—1. 
log log L > 5839, log log Vis < 511, g(19) = I = 526502, 
G(19, 3") S 443926, G(19, 2-4") S 320864, G(19, Vis) S518. 


n = 20. 
Use a= 1, b = 1. 
log log L > 20042, log log Voy < 566, g(20) = I = 1051899, 
G (20, 8:4”) S 177571, G(20, Veo) & 546. 


The logarithms above are all to base 10. 


THE UNIVERSITY oF CALIFORNIA, 
BERKELEY, CALIFORNIA. 


ON WARING’S PROBLEM WITH POLYNOMIAL SUMMANDS. 


By Loo-xzene Hua. . 


1. Introduction and notation. Let 
P(h) = agh® + ah Le: Lo 


be an integral-valued polynomial with a > 0; 
Tp, (n) =r(n) = the number of solutions of the diophantine equation 


(1) n=P(h) +P(he) +: HP), M20 (t= 1,2,---,8); 
k = integer Z 3; s 2K(k—2) +5; K= 2; 


d= the least common denominator. of ao, @,° © *, G3 
the canonical product of n = pu: + + ph; 
6; = a positive integer or zero such that p:” |d, pi" hd; 


në = ph Le preter; 
per, — (I,q) = 1; 
q* 
Sp Da > pr 
g=1 


Ap,s(q,j) = 4) = (1/¢") X Ipp, hare the aniio is taken 


over all g-th primitive roots p of bre 


À 
S(j, P, s, à) = S(j, À) = 2 Ap,s(q; J) 3 
Sj = S(j, ») ; 
jw = the greatest real root of P(x) = j if there is any; 
fla) — Š 270; | =) 
7 1 is 
Wp (a) = TO +a) +a) De aC J 2 at) et j=) (x/e)}); 


Gq" 
pre) D & (3 seen: tiny CDD 
&p (2) = ee °0+9 2 (1—2/p)*. 


1 Research fellow of the China Foundation for the Promotion of Education and 


Culture. se. 
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ete the paper e denotes an arbitrarily small positive number and 
Ci, C2,°.* +, denote positive numbers depending at.most on P, s and e. 

It is fe be noticed that if P(a) is a polynomial with integral coefficients, 
then ©; reduces to that treated by Landau? (1), (2). 

We shall prove the following result: 


THEOREM 1. We have 


| TP,s (n) — G84 ,P STE San arl < Cinse-t-a/Kte, 


The method used is due to Gelbcke (3) for P(x) —a*. We shall omit 
proofs of results when the method of proof differs only slightly from that given 
by Gelbcke. 


2. Lemmas for polynomial P(x). 


Lemma 1, The necessary and sufficient condition that a polynomial P(x) 
of k-th degree in the rational field be integral-valued is 


(2) P(x) = dyPx(x) +- : + Pole) 


where j 


Poja ee). Gi Bot 


a! 

and the ass are integers. [Hilbert (7)]. 

Lemma 2. The necessary and sufficient condition that there do not exist 
integers u and l (> 1) such that 

P(x) =u (mod!) 
for all values of x, is 
(4, ds t "5 Gr) = 1, 

where P(x) is given by (2). 

Lemma 3. If all sufficiently large integers are sums of s values of P(h), 


h = 0, then they are also sums of s values of the polynomial Q(h) = P(h—t), 
where t is a positive integer. 


* Proof. If ` f 
n=P(hn) + HP) ts 20, 
then evidently 


n= htt HHOH) htt. 


2 See the list of references at the end of the paper, page 562. 
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Lemma 4. There exists a positive integer t such that the coefficients of 
P(x + t) are all positive. | 


It follows from Lemmas 3 and 4 that the study of Waring’s problem for 
a general integral-valued polynomial P(h) depends on the same problem for 
a polynomial with positive coefficients. 

Henceforth we shall assume that all a’s are positive and the constant term 
is zero. Under such an assumption jw is uniquely determined and is greater 
than zero for j > 0. 


8. Well known lemmas. 


Lemma 5. Let | y|S1/2 and m Za, 2: --=0, then 


Qo 
sing |y| 
40 
[Landau (6), Theorem 140 with R(w) = > e?rivi]. 
j=1 


j= 


N 
| 5 aje?Tivi | < 
ja ~ 


Lemma 6. We have 
ah N “oN 
ie eee 
-4 j=0 j=0 
[Landau (6), Theorem 223]. 


Lemma 7. For B > 0 and j an integer > 0, 


| Tr +8+i) 
j! 
where y(B) depends on B only. 


— jf | < y(8) jf", 


Lemma 8. We have 
w 
> Ta? (j) < Caw?ate, 
g=0 
Proof. Landau, Mathematische Zeitschrift, vol. 81 (1929-30), p. 149. 


Lemma 9. Let p be a primitive q-th root of unity, m > 0, r integers, then. 


LE PPE < Cogn (mE + m¥/q + qk), 


Proof. By the same method used by Landau (6), Theorem 267, We can 
prove that 


| E pe HE < Orgm (mE + mK/q + gK), 


h=r+1 
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where Q(h) is a polynomial with real coefficients and its first coefficient — 1. 
Suppose that 


p” = EZTELA) do = p?Til laofa 
is a primitive g’-th root of unity. If (1,4!) — 1, then also (l, qk!) — 1 and 
QE g = qk! if (a, gk!) =1, 


<qk!). . 
g> ns if (a, gk!) > 1. 


From the first part we have 


| È pP |E < Ogm (mE + mE/g + qmEt) 
=r+l 
< Cegm (m= + m¥/q + gmk), 
If (l, k!) 41, then there exists an integer ¢ such that (1+ tq, k!) —1. In 


fact, since (1, q) — 1, the arithmetic progression | + tq contains a prime which 
is not a divisor of k. 


Therefore i 5 
rim , ormo 
|> ermiG/DPR]E wa |= evril(itat)/a1PQ)|K 
heared hertl 


< Cogtm® (mE + mE/q + qm*-*), 


since P(x) is an integral-valued polynomial and therefore ¢?™##P@ — 1, 


Lemma 10. We have | 
ae | Sp | < Cagr/es, 
Lexma 11. We have 
| A(q){ < Cy Oe, 


_ Proof. These two lemmas follow at once from Lemma 9 in the same way 
that Landaw’s Theorems 269 and 270 follow from his Theorem 267. We use 
the fact that gS q* Sk!q. 


5. Farey cut. On the unit circle | «|= 1, we take points p = e?™(U/@ 
which correspond to Farey fractions 1/q with denominators less than or equal 
to n*-¢, and divide the circumference into sub-arcs by means of mediants. Let 
us write 

g£ = peT. 


Then on the are associated with p, we shall have ~ 


— y SYZE Yr 
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where 


1 
quite? Raw 


Ign = < Sonva = ons 
We consider minor and major ares given by 

` minor arcs M: nw Sg Sn, 

major arcs W: pe q < ne. 


Each are M is further divided into two parts. That part of M for which 


ly |S aap 


is called an are of type Mt, and the remaining part of Mt in which 


1 
lvl > ser 


is called an are of type M. There are always arcs of type Wa, since 
te 4 
2q! n102 = ne? 
where q < mn. 
6. Further lemmas. 
Lemma 12. On the whole circle | x | — 1 we have - 


| Ye (x). < Ciontq Et, 


Proof. From the definition of #,(æ) we have 


yla) = À (a+ pos Cr 


Ajit (e/o). 


From Lemmas 10 and 7, it follows that 


Lola) < Caira +0) +a È (j (0) 
<0 någ" Ee, 


Lemma 13. If | y|S1/2, Ea . 
then 
| dp(2)| < Cun tg-V/+* | y |7, 
| B(x) | < Crag Er | y |, 
and 


| ¥e(#)| < Crag Min (ne, | y |). 
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The proof of these inequalities is the same as that of Theorems 7, 8 of 
Gelbcke (8). 


Lemma 14. We have 


Z S WO 12e] < Oumero oes, 


eM 


where YA(x) corresponds to the arc W, and the path of integration is the 
whole circle excluding the arc M. 


The proof of this lemma is similar to that of Theorem 9 of Gelbcke (3). 
% Lemmas for the arcs m. 


Lemma 15. On m we have 


| F(2) |< Cisne, 


Proof. Let - 
(= È pP® for 720,  r(—1) 0. 
Then "0 
f(a) = $ pro (a/p)P™ 
Í =$ ED — ri — 11e) 

— rC) [(2/p)— (2/p)**] + (n) (ee) | 
= (12/0) E rC) (@/e)! +50) (2/0) 

Now 


| arg (x/p)[ < 2x/qn*, 
therefore the length of the chord 
| 1—a/p | < 2m/qn'. 
Further from Lemma 9 it follows that 
; | (4) |E < Cog n" (nu + tao /q + gt) 


< Cregne (ne E- + nek /a+ qne E- ) 
since fw < Ci7j% Then | 
|a (j)| < Crenss/k%e, 
Therefore k 
| f(z) | < [ (2a/gqni*) + 1] Cy ento/Kre < Czgne eke, 
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Lemma 16. We have 


zf | f(a) | | dx | < Cionts-4) (a-a/K)+2ate 
m 
m 


Proof. See Gelbcke (8). 
8. Lemmas for the arcs Mh. 
Lemma 17. If |y | 1/2, then 
| F(x) — yo (2)| < Coq E+ Max (n | y |, 1). 


Proof. As in Lemma 15 we may write 


f(e) = (1—2/p) Er) (a/p) + r(n) (2/p)", 
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pe) + a (a +g HD erin) (v/p)?) 
= wt (oy) SEP (a/p)s + HSE» («/e)*) 


i(k as) Zol) (a/p)? + o (n) (2/p)", 
where 


Se T(1-Ha+j) 


v(i) =- >r, (j=1,"":,n). 


atg" ji! 


For every j Z= 0, +(j) has [jw] + 1 terms. Divide r(j) into partial sums, 
each = Sp, plus [jw] + 1— [ju/q*]q* S q* terms. By Lemma 9, we have 


| t(j) — [jw/¢* ]Sp | < Oagqg tE *s, 


| t(j) — (jw/q*) Sp | < Cogg /Kre + | S | < Coq VE, 
Now 


titiy < Cosja* < Cre, 
and 
| je— atje |=] (ajut + 2 2 + on) — atje | 
S jw | (oo + s/f +: + + Aeh jwt)" — aot | < Cor. 
Therefore 


| o (j) — jw(Sp/q*) | < Cas | Sp/q* | < Cos. 
Thus we have 
| (7) —v(9)| < Crog Ke, 
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and consequently 

| F(£)— yo (2) | = |(1—2/p) = [r (i) — (J) ] (2/p)? + [7(n)— e(n) ] (2/e)" | 
< Can | y| + 1) qv < Crag E* Max(n | y |, sh 


Lemma 18. We have 


œ 


zs |F (E) —vot(a)| | de | < nantes to Date 


n/a for k= 38, 
+ C. gansa-lrate n/a for k= 4, 
1 for k==5. 
Proof. See Gelbcke (8). 
9. Lemmas for the arcs Mo. 
Lemma 19. I S 1/2 then for p corres onding to M: we have 
y p 
|f (2)| < Cagno Ee QUE] y | Re, 
. Proof. See Gelbcke (3). 


Lemma 20. We have 
‘(n/a for k=3, 


È a) | fe(a) | | dx | < Cl,qm80-1~(0/K-1) (0/2) n/a for k= 4, 
f 1 for h25. 


Proof. See Gelbcke (3). 


10. Proof of Theor em 1. It is evident that the coefficient of the m-th 
power of æ in f(a) is equal to rrs(n). By Cauchy’ s Theorem we have 


rea(n) = 5 mf FO de 


Ge fee gf a): 
m 


By Lemmas 16, 20, we have 


+ 


(5) 











< Ci ants) (a-0/K)+2a+€ 





rra(n) — 3 Le = de 








n/a: for k= 8, 
+ CO ggn8ot-(8/K-1) (a/2) +e n@/16a for k= 4, 
t for k25. 


à 
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By Lemma 18, we have 


< Ogonse-t-(a/K-2)a+¢ 





Tt sig 
aS a dx — È = (tek ) dz 
Dh 
n/a for k= 8, 
+ Oggnse-ore = for k—4, 
1 for b25 





(6) 


à) 


By Lemma 14, 


(7) | z VO) S zS e Yo) a 
EA 


< C. à ae Der, 





“antl grtt 
Further 
Wl gE (ook 0) (1 + 4) dca 
maA net == %o A kog 2 (Sp/q*) P 


ayse eta) a n) Te(1 + a) + a) 
7 (sa) = Ap,s(q, n). 
Since by Lemma 7, 


+) — nsii < Canso, 
and by Lemma 10, 


| Ap,s (g n) | < Cargrs/Ete: 





thus 
D [x fa armes UE Ed (un) 
& 
< Cygne? A gi s/K+6-< Cansa, 
Since 
| È Arad n)| < Cu Sg < Oron (s/K-2 0+, 


we have 


opa POED $ Apel n) — asno PTD 


“o T (sa) Ts) 


< Osn (e/K-blatsa-ite, 
Then from (4), (5), (6), (7), and (8) the desired result follows. 
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POLYNOMIALS FOR THE n-ARY COMPOSITION OF NUMERICAL 
FUNCTIONS. 


By D. H. Lexar. 


e 
In discussing the general binary associative and commutative composition 


of numerical functions it has been essential to deal with a function y (£1, £2) 
satisfying (for n = 2) the three postulates given below.! In this paper we 
find all polynomials y(a1,#2,- ` +, an) satisfying these postulates and discuss 
some of their properties. 

The postulates are as follows: 


Postulate A. If each x is a positive integer, (2, T2, ` `, Xn) is & posi- 
tive integer. 

Postulate B. For each positive integer N the equation N = yẹ (£1, v2,°**, En) 
has a solution in positive integers. i 

Postulate ©. (ti, To, * * , Una, Y (Tn, Tnsiy* * 3 Len-1)) is a symmetric 
function. 


Postulate C is a generalization of the commutative and associative laws.? The 
function appearing in this postulate will for reasons of brevity be called the 
iterate of y, and will be designated by y* = y* (a1, %o,° * `, Ton). We begin 
by assuming Postulate C alone. From this point on y will be assumed to be 
a polynomial.® 


THEOREM 1. If (21,%2,° ``, 2n) is @ polynomial such that 


y* = W(X, Lo," ` `, n-i Y (Yo Y2 r "5 Yn)) 





1 D. H. Lehmer, Transactions of the American Mathematical Society, vol. 33 (1931), 
pr. 945-957, Bulletin of the American Mathematical Society, vol. 37 (1931), pp. 723-726; 
G. Pall, Bulletin of the American Mathematical Society, vol. 38 (1932), pp. 56-58; 
E. T. Bell, Bulletin of the American Mathematical Society, vol. 41 (1935), pp. 798, 801. 

2 This postulate could have been weakened at the expense of simplicity in a manner 
analogous to that used in following papers: W. A. Hurwitz, Annals of Mathematics (2), 
vol. 15 (1913-14), p. 98; D. H. Lehmer, American Journal of Mathematics, vol. 54 
(1932), p. 329. = 

3 Abel, Journal für Mathematik, vol. 1, pp. 11-15; Oeuvres, vol. 1; pp. 61-66, dis- 
cussed functions of two variables satisfying Postulate C and stated that such functions 
must be symmetric. Examples to the contrary can be given however. For instance 
let Y (1,2) = 3, while y (æ, y) = 1 otherwise. Here ¢ (x, Y(y,z2) ) is symmetric whereas 
(12) # 9(2, 1). 

Lémeray, Nouvelles Annales Mathématiques (4), vol. 1 (1901), pp. 163-167 used- 
symmetric functions satisfying Postulate C to generalize the Dedekind inversion formula. 
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is a symmetric function of its 2n — 1 variables, then y is symmetric and linear . 
in each of its n variables. o 


“Proof. Let (21, %2,° + *, 8n) be of degree dy > 0 in zy (k = 1,2,- n). 
Then y* is of degree d, in 2, and of degree dyd, in yx. But it is symmetric 
by hypothesis. Hence dı = didn. Since ds 0, it follows with k = 1, that 
d,%=1. Hence dı = d: =' - +d, = 1, so that y is linear in each variable. 
The symmetry of y now follows from the symmetry of #* since y* is linear in y. 

If we write 





On,k = One (Tis Cay" Un) = D2122 + + My 


for the k-th elementary symmetric function of 2, %2,: + `, 2n we may (by 
Theorem 1) write our y function in the form 


(2) W(t, Bay" * "> Xn) = Go + Girona ++ * + + Anonne 


Our problem is to find necessary and sufficient conditions on the a’s so that 
y* will be symmetric. | 
If in (2) we collect coefficients of all products containing £n we get 


n-i 
pt, To, © ‘5 Un) = = (avin + ay) On-1,v (Bry, Tat t "5 Ln-1) . 
v=0 
Hence 
D = y (21, Gay? © * 3 En- W (Yr Y2 * > Yn)) 


8 n-1 
( ) as > (avay (Ya Yz; Yn) + dv) En, (T1; Tat t}; Tn-1)- 


Now the coefficient of any product occurring in (3) and consisting of precisely 
kas and r— k, ys (0S kS n— 1; r— k&n) is given by 


Ars @r-h if OSk<r 


(4) Or + Ora if OSk—r. 


For y* to be symmetric it is necessary that for each r and for different values _ 
of k'& r, the coefficients (4) should be equal. Two cases now présent them- 
selves according as @ = 0 or not. 


Case 1. a 540. Let R= (a,—1)/a.: Let r — 1, and k = 0, 1 in (4) 
and equate. We have 
Q? = A, + Ado. 
That is . dg =F. 


By induction, if a; —a,R*", for some i < n, we can determine a;,, by setting 
r= i, and k= i— 1 and i in (4) and equating. We have 
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Qili = li + iyo, 
whence 

din = E u = ak 
Hence in general i 


(5) dy = q R” (v==1,2,---,2). 
Case TI. aÿ—0. In this case the coefficients (4) become ° 
(4) O41 rk if 0 = k < r 


ür if k =r. 
Setting r = 1, and k = 0, 1 we get on equating 
a7 = ay. 
Hence two subcases arise according as a, = 0 or 1. 3 


| Case Ils. ay —0, 4 —1. In this case no condition on & is obtained. 
To determine a; we set r= 3 and k = 0,1 in (4) and get 
l; = M}, 
By induction we find that 
dy = 07, Sr Sn, | a= 0, m=i. 


Case IL. o= @, = 0. Setting k =r— 1 and r in (4) with r <n, 
we find 
Oy, = Oy = 0. 


For r = n, however, we get no condition on an. Hence in this case 
Y (Ers Los © En) = Any G2" ` ‘En. 
We may sum up the results obtained thus far in the following 
THEOREM 2. A polynomial w(21, %2,° * `, En), whose iterate 
Data s Ton) = Y (Ta Do © * p Tn- (Tn * ‘y Bona) ) 
is symmetric, is necessarily of one of the forms 


a, (tı — 1) Seen) . 
Qo a 


Pere 2 Les n-i j 
EAC 1) E Ee Lao ee 


Ay” dot" 


(7) P(E Ta", En) = Zz: + ait; + 0 tLe +++ + H ay” ays + Sp. 


(6) W(t, Ba," t, Zn) = h + a, 3a; + 


(8) Y (t, Tos’ * `y En) = Una‘ * * En. 
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We now show that all polynomials of the form (6), (7) or (8) have 
symmetric iterates. In fact this is obvious in case Ņ is of the form (8). The 
same is true of (7) when a,—0. If a2540, we can write (7) in the.form 


Ga > do (Er Ta, En) +1 Il is + a 
Hence : - 
agy* + 1 = Any (25, Te, Fo de Cn-1, nee tnt," * se) ) a 1 
(9) = [I (aes ++ 1) faa (am © +; Sema) +1) 
-i (aot; + 1). . 


Therefore #* is symmetric. If y is of the form (6) and a,(a,—1) 0 
(the symmetry of y* being evident otherwise), we may write (6) in the form 


(8) RY (4° + +, %) +L JI (Bas +1), R = (a—1)/a 40. 
As before we find 
. 2n-1 
(10) Ry* +1—a2 JI (Be +1) 
il ' 
so that y* is symmetric in this case also. Hence the class -of all polynomials 


whose iterates are symmetric coincides with (6), (7) and (8). 
Converse propositions regarding product representation may also be proved. 


THEOREM 3. Let o(21,%2,-'' +, n) be a symmetric multilinear form 


Go F asda, + ldrit + + + antt + ‘En 


in which doti(a,-—1) 40. Suppose further that. 1 + w(a,—1)/ao be ez- 
pressible as a product of linear factors. Then, the iterate of y is also symmetric 
“and y is of type (6). ee 


Proof. Let R= (a, —1) Jao. By hypothesis a and Fe exist such that 


as 


By (21, te °° ty) + 1= I (a 2g Bi). 
If we set all the variables equal i zero, We obtain 
Ras + 1 = [{ bia. - 
> . i=1 p 


Hone we can set /Bi = =yi and write 


A E Tn) pia 1 = 4 th (es + +D. 
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But y is a symmetric function so that the y’s are equal. Hence 


(iy: * By + 1— a I (ye +1). 
Setting x, = 1 and z; — 0 for à > 1, we have 
(12) Ray + Ba, + 1 = (y +1). - 
Recalling the definition of R we obtain from (12) 
a(R +1) =a(y +1). 


Hence R = y, and (11) becomes: (6°). Therefore y* is symmetric and y is 
of type (6). 


THEOREM 4. Let y(t, te, ` `, Un) be of the form 
Qo + Zari F abrit H * + Onta * * Ly 


where a Æ 0. Suppose further that asy + 1 is expressible as a product of 
linear factors. Then y* is symmetric and y is of the type (7). 


Proof. By hypothesis we have 
DoW (Trs Eor’ * * En) +1 = (aizi + Bi). 


Setting all the variables equal to zero we have. 


i=l 


azto + 1 =J] Bi. 


We show now that each B is different from zero. In fact if one 8 were zero, 


all would have to be zero since doW(21, te," * *, n) +1 is a symmetric func- 
tion. Moreover we would have ' | 
(13) Qot + 1—=0 
i n 
(14) Anh (41, Ta + +, tn) + 1 = [I im: 
4-1 


Setting sı = 1, and a = 0 for 1> lin (14) we would have 
` Qato t a H 1= 0. 
This contradicts (13). Hence H£: = B 0, and we can write 
; ‘ 
(15) Gop (1, Tes * * * En) += BU (vizi + 1) 


where yi = &i/Bi. By symmetry the y’s are equal. 
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Expanding (15) with this fact in mind we have 
1 + telo + Goom 1 + Gone +: > = B + Byona + Byona +: :: 
Icentifying coefficients of the o’s we have, 
s B = 1 + at, i By = ts, By = a’. 


Hence, B = 1, ao = 0, da = y. Therefore y is of the type (7) and hence of 
type (7). The symmetry of y* follows as before. 


. THEOREM 5. If the iterate y* of a polynomial y is symmetric s so also is 
the iterate of y*. 


Proof. In case ÿ is a simple sum or product, the theorem is ‘obvious. 
Ii not, y will be of type (6) or (7). By (9) and (10) y* will be of type (6) 
or (7) also. Hence the iterate of y* will be symmetric. 


THEOREM 6. Every polynomial y in n variables, whose iterate y* is sym- 
metric may be obtained by 0 n—® times such a polynomial in 2 
veriables. 


Proof. In case y is a simple sum or product the theorem is obvious. 
Otherwise y will be of the type (6) or (7) with a,541. In the first case 
y is the result of n — 2 successive iterations of the function 


Y(t, Ta) = Áo + A; (a + To) + ETD ae, 
_where | > | 
(16) : At = 
(1?) Ay =4(A,—1)/(a,—1). 


In fact the result of iterating y (%1, £2) a certain number of times is in every 
case a function of the type (6), the ratio of consecutive coefficients being always 
(4: —1)/Ao by (9). Hence (17) must hold. The coefficients of s, in the 
successive iterates of y(a,,22) are the successive powers of A. Hence (16). 
Ta case y is of type (7), it is seen to be the result of iterating 


¥(S0 22) = Li À Ve + bese. 

Eence the theorem: 0 
We now turn our attention to Funia A and B. To simplify the . 
discussion we introduce a function f by 
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(18) f(a me +5 tn) =—14+-y((e +1), (z2 +1),° ++, (mn +1)). 

By Theorem 1, f will be a symmetric multilinear form 

(19) f(t To, + +, En) = Co + Sti + Cite + + tite * + On. 

If Postulates A and B hold for y, f must, by (18), satisfy the conditions. 
(A’). If each x is an integer = 0, so also is f (a1, Ts,” © * , 2n). 


(B’). The equation f (21, te, * ** , 2n) = N has a solution (a, £2, °>, 2n) 
in integers = 0 for each N = 0. 


THEOREM 7. A function f of the form (19) satisfies (A’) and (B’) if 
and only if co =9, cı = 1 while cə, cs," * `, Cn are integers = 0. 


Proof. The sufficiency of the condition as far as (A”) is concerned is 
obvious, and (B’) is easily seen to follow from the identity 


f(N, 0,0,- + -,0) =N. 


As to necessity, we first show that if f satisfies (A’) then the cy are integers 


= 0. In fact if we seta, = t: =: ` >= Ty =a aNd Gry = Try =` 1 = Cn = 0, 
we obtain from (19) 
(20) f= Co + () CG + () t? +: + + + ova. 


If cx is an integer for all k < v, it follows by setting x = 1 that cy is an integer 
in view of (A’). But co =}f(0,0,: > :,0) is an integer. Hence by induction 
each c is an integer. However if cy were negative, we could choose x in (20) 
so large that f would be negative contrary to (A’). Hence the c’s are non- 
negative integers. 

To show that co = 0 and c, = 1 we introduce (B’) and note first that not 
all the c’s are zero since f — constant fails to satisfy (B’). For this reason 


f (1, Ta, : "y Tn) > f(0, 0,- *, 0) =e =0, 


provided the ’s are non-negative integers not all zero. By (B’) f must repre- 
seni zero. Hence co = 0. Similarly the next largest value of f is 


f(1, 0, 0, - ` *,0) = Co + C1 = Ci. 
Hence c = 1 and the theorem follows. Another statement of it is 


THEOREM 8. All symmetric multilinear forms y satisfying Postulates A 
and B are 
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(<1) Y (a, Ta’ tt, Zn) ==] + 3 (zi — 1) + Cr (di ES 1) (2; oa 1) 

He ee 6n(az—1) (t2—1) > + * (t—1) 
wrere the c’s are not-negative integers. 


Writing y in the form 


=> 


Y (Ti Do, * +, En) = Ay + a, Sti + ag Saya; + + 4 Gna + +n 


ard identifying the coefficients with-those obtained after expanding the right 
site of (21), we obtain the relation 


$ , ny = 
` (82) ay = 3 Crax(— 1)À ( 1) 
l Azo À 
or what is the same 
(33) cr Sam (" me) 


I- follows from (23) by a simple induction that the a’s are integers. 

Thus far we have not made full use of Postulate C. To a this we require 
that y be of the form (6), (7) or (8). 

In the first of these three cases a, == E” ta,, (k =1;2,--+,n). Putting 
these values in (23) we have for y = 1 | | 


À=0 


nel SAR (7) —a,(1 +R)", 
Recalling that. E = (a, —1)/do, we. have | 
(24): : rg"? == Gy (Oy + dy — 1). 
€ince the a’s are integers it follows that a, is the (n —1)-st power of an 


integer, say a, =a". Substituting this in (24) and taking (n — 1)-st roots 
ve find for every n dk ; on 


(25) ay = (a*—a)/(1—a), R=(1—a)/a, av= (1 — a)” tar. 
Tn case n— 1 is even we obtain another solution of (24) 


(26) a% = — (a —a)/(1 +2), R=—(1+a)/à, 
ay == (1 F a) a 1), 


Substituting these values of a in (28) we ate for v > 1 


Cy = (1 pas ay? 
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according as (26) or (25) is taken. Since cv = 0 we find in these respective 
cases = 
azi or ai. 


The polynomials found thus far are therefore 


(27) ass + +t) = (@"—a)/(1—a) + Xa; +. (1 — a) a Sages 
+ (a) ar Sajna, + + (L—a)™ ary: an 


with a an integer = 1, and 


(28) levant) (a — a) /(1 +0) ami — (1 + a)? 
| ++ ” D AAAA i ce Ha) imite + En 


where n is odă and a is an integer = 1. 

Returning now to polynomials of type (7) and. (8) we find that ‘those 
which satisfy Postulates A and B are of the type (27) or (28). 
l In fact if y is of type (7) we may substitute a, = a¥* (k = 1,2, +, n) 
in (23) and with y = 1 obtain 


@) T a— N ÿ a (+ a)" 
If n is even (29) hag the ne solution @2,—= 0, which leads to the polynomial 


y (a T2, ° -> ; Tn) <a ++: + Ta 


which fails to satisfy Postulate B with N—1. If n is odd (29) has the 
additional solution a =— 2. This leads to the same. polynomial as the 
special case of (27) in which « = — 1. ` 

If y is of the type (8) namely 


Y(t Le, * *, Xn) = UnL ` * * Lny 


it is clear that Postulate B will be satisfied if and only if a, = 1. But this 
is (27) with a—0. Finally we observe that (28) is a duplication of (27) 
since every form obtained from (28) with a=1 is identical with the form 
obtained from (27) with —a. a 


Hence we may sum up the investigation by the following 


THEOREM 9. AU polynomials which satisfy Postulates A, B and Ca are 
‘given by (27), where a is an integer = L.. 
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For n = 2, (27) becomes * ‘ 


Y (Tr, T2) = — a+ a (21 + 22) + (1—a) ttz. 


By (16) and (17) this polynomial if iterated n—-2 times produces (27). 
Hence 


. THEOREM 10. There exist no polynomials satisfying Postulates A, B and 
C which are not iterates of a polynomial in two variables, satisfying these 
postulates. 


The effect of Theorem 10 on the theory of n-ary composition of numerical 
functions may be described in a few lines. 

Let fv(N) (v—1,2,: : -,n) be n arbitrary numerical functions defined 
for all positive integers N. The composite (or symbolic product) of these 
functions with respect to a function #(æ,%,° ' -,a) is a function F(N) 
which may be defined for example by 


F(N) = 3px (2) fo(2) ` ` fa (an) 


where the sum extends over all solutions (21, &2, : ** , En) of Y (£1; %2,°**,%n) =N 
and where the multiplication indicated under the sign of summation may be 
ordinary multiplication for example. If y satisfies Postulates A, B and O, 
then F(N) will be a numerical function with the maximum degree of sym- 
metry. As a result of Theorem 10 any composition of numerical functions n 
at a time with respect to a polynomial can be achieved by repeated applications 
of the ordinary binary composition. 


LEHIGH UNIVERSITY, . 
BETHLEHEM, PA. 


4This polynomial is identical with that of Pall, loc. cit., with a — 1 = a. 


MINIMUM PARTITIONS INTO SPECIFIED PARTS. 


By HANSRAJ GUPTA. 


1. Dickson? has studied “ Minimum Decompositions” of numbers into 
“ N-th powers.” In this paper, I consider the problem of partitions of a 
positive integral number n into parts 1,a,b; where a,b are positive integers 
such that ; 
(1) 1<a<b. 


The problem is here attacked directly and in an elementary way. 
2. If 
(2) ` n= z +- ay + bz, 


where x,y,z are positive integers = 0; then (x+ y -+ z) shall be called in 
general the weight of n. The least value of (x + y + z) shall be termed after 
Dickson the “ Minimum weight” of n, and written Min. (n). 

Tf 


(3) n= X 4 aY +bZ, where 00SX <a,0SX+aY <b; 


then (X + Y + Z) shall be termed the “ Absolute weight ” of n, and written 
Ab. (n). Evidently 
(4) n = Ab. (n) = Min. (n). 
3. Let 
(5) b = qa +r, 0<r< a. 


If r=0, then Min. (n) = Ab. (n). If 

(6) r>0, lt Æ+tjr—iatm, 0=m<a, 055752; 
then 

(7) m= m + a(¥ + jg +t) +6(4—)). 


Now for some value of j, (7) must represent the partition with minimum 
weight. Subtracting the weight of (7) from the absolute weight, we get 


(8.1) A=X—(m+i)—j(q—1), 
or 
(8.2) AG D œil) — ja +r—1). 


1 American Journal of Mathematics, vol. 55 (1933). 
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If Min. (n) a Ab. us we must have 


. .. Sa FR es de =) a— I 
W; e a et 
Hence f 


(19) Min. (n) = Ab. (n), if q +r = a; in particular if b = a.? 


Moreover as j takes the values 1,2,3,- in (6), m decreases only 
when. à increases. Hence to find the maximum value of A, we need: give the 
values 1, ?, 8, © - to à only. 

For any value of i, j will be the least if 0 = m <r. Hence 


a. l j= [E] 


r 


with the condition stated in (6). 


We can now express A (i,j) as a function of à alone. Thus 


a) Ain [EEH] tran. 
4, A(i). In (12) if à is increased by t, then we have either 


(13.1) al =A Ali —4(a—1) [E] +72); 


or 


(18.2) 8(¢) =A(i + +) —A (i) =t (a — 1) — [==] (g+r—1). 
The latter is always negative. 
If s > 0 be a value of ¢, for which 8,(¢) is negative, then 


(14) : A(i+ 5) < A(i). 


This result is independent of X. 


Hence to find the maximum value of Ali), i i need not be given values > s 
n (12). 
* 5. Search fors. Change a/r and (a — 1)/(qg + r— 1) into simple -con- 
tinued fractions, and find an odd convergent csmı of the former = an even 
convergent Ca of the latter. If d» denote the denominator of the h-th con- 
vergent of a/r, then a value of s will be found among the members of the A. P. 
whose first term is (de: + de.) and common difference is dar. > 
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An example will make the meee clear. Let- 


a = ge = 4194304, b = 3%; 
then 
q— 7481, and r= 8471385. 


Changing a/r and (a—1)/(q +r—1) into s.c. fractions, we get “the 
convergents 


E 1 5.6 29 586 
T 4° 3° 24° 485? 
and 
| 1 576.41 
(C) . , T? 4° 5? 34? 
We find L 
a . 488 7 34 


We now search for s among the numbers 29, 53, 77, 101,- - : ; and find 
8,(29) < 0. Hences—2?9. We notice that 8,(¢) 4 0 for any value of t < 29. 


6. The following table gives s, when 
a= 2", b—83; u = 36. 


The values of g and r, for these values of u are given in Dickson’s paper 
cited above. 











u | 1 2 3 5 6 7 8 9 10 
8 | 4 1 1 1 2 1 1 2 1 2 
uw | 11 12 13 14 15 16 1Y 18 19 20 
s| 1 3 5 14 9 16 5. 17 2l 7 
u| 21 2 23 24 25 26 2 28 29 30 
s| 31 29 23 7 12 64 4. 70 4 6 
u | 31 82 33 34 ° 35 36 

s| 58 53 245 %3 20 9 


e 


7. The numbers X from 0 to (a— 1) can be divided into a number of 
groups; all numbers for which A has the same maximum value being placed 
in one group. Thus X will be said to belong to the group (c,e), if for the 
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given X, A(i,j) is maximum when i= c, and j ==e. The inferior limits 
of these groups are easily obtained. Thus the inferior limit of (e, e) is 
(15) ac— re. 

Since ac — re < a, therefore e > a(c—1)/r. Moreover 


j e< (a—1)e/(g+r—1). 
Hence č 


CONE [2] <e = [E] 


‘As an example, consider a = 2** — 8192; b == 31%— 1594323; then q = 194, 
r= 5075; and s = 5. The limits for the various groups are but below. . 





‘Inferior Limit Maximum A 
Group (c, e) ac — re Superior Limit (a—1)c— (q +r—1)e 
(0,0) 0 . 1158 0 
(4,1) 8117 4275 2923 
(2,28): 6234 7392 | | 5846 
(2,3) "1159 2317 | 578 
(3, 4) 4276 5434 3501 
(4, 5) 7393 ` 8191 6424 
(4, 6) - | 2318 3116 1156 
(5,7) 5435 6233 4079 


The superior limits are ascertained after the inferior limits have been 
calculated. 


GOVERNMENT COLLEGE, 
HOSHIARPUR, INDIA. 


DIVISIBILITY SEQUENCES OF THIRD ORDER. 


By MARSHALL HALL. 


1. Introduction. By a divisibility sequence of k-th order will be meant 


a sequence of rational integers wo, Ur, U2,‘ * *Un ` * * satisfying the linear 
recurrence 
(1) y Unik = Un: + ine + Un 


where the a’s are rational integers, and such that un|tmn (read Un divides tmn) 
for any m and n not zero. 

It will be shown (a) that there are two types of divisibility sequences 
which may be distinguished according as Uo =£ 0 or u=0. If u30, the 
totality of primes dividing terms of the sequence is finite and the sequence is 
said to be degenerate. If u, = 0, all but a finite number of primes will appear 
as divisors of the terms, and we call the sequence regular. Furthermore this 
paper shows (b) that the factorization properties of divisibility sequences are 
similar to the factorization properties of the Lucas‘ sequences, and (c) that 
there is no regular divisibility sequence of third order whose associated cubic 
is irreducible. Here a, and as are assumed to be co-prime. 

Divisibility sequences are of particular interest because of their remarkable 
factorization properties. Lucas was the first to discover the striking relations 
in second order sequences and give a coherent theory, though some of his 
results were implied by earlier work on the theory of quadratic forms. Among 
other results, he developed the tests for primality applicable to the Mersenne 
numbers. Other special types of divisibility sequences have been investigated 
by Lehmer,? Pierce,” and Poulet.* 


2. Properties of General Linear Recurrences. There will be occasion to 
use the following properties of recurring sequences, whether divisibility 
sequences or not. Let the sequence (un) be determined by. the recurrence 


1 E. Lucas, “ Théorie des Fonctions Numériques Simplement Périodiques,” American 
Journal of Mathematics, vol. 1 (1875), pp. 184-240, 289-321. 

? D. H. Lehmer, “ An extended theory of Lucas’ Functions Annals of MM: athematics 
(2), vol. 31 (1930), pp. 419-448. 


x n 
+T. A. Pierce, “The numerical factors of the arithmetic forms Il (la a,m),” 
4=1 
Annals of Mathematics (2), vol. 18 (1916-17), pp. 53-64. 
4 Poulet, L’Intermédiare des Mathématiciens, vol. 27, pp. 86-87; (2), vol. 1, p. 47; 
vol. 3, p. 61. 
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(1) and by an initial set of values uo, Ur, Ue," * x. With the recurrence 
(1) is associated, its characteristic polynomial, .: 


f(x) = at — aya > + — ay = (@— %) (@— Qa) + +  (T — ax). 
If the roots of f(x) are distinct, then 
(27. Un C10” F Cag? = + +t Onog" 
‘where c1, C2, ©  & are constants which may be determined from the initial 
values Up, Ur” * Up. 

The sequence (tn) is periodic ® for an arbitrary modulus m. That i is to 
say there exists a period r of (un) modulo m, depending or on m and Gi, Qo,’ ` * ax 
such that i A 
(3) Unir == Un (mod m) 
for all n = no[m, dy, d2,° * >ar]. In particular no = 0 if io m) ==.1. The 


period-r is taken to be the least number satisfying such a relation. All other 
numbers with this property are multiples of the period. If p be a prime not 
dividing the discriminant of f(x), and if. f(x) =f,(x)f:(x) ---fs(x) (mod p} 
be the decomposition of f(x) into irreducible factors modulo p, whose degrees 
are kı, ko," : +s respectively, then r divides the least common multiple of 
pe — 1, i= 1,2,---s. Moreover (un) has a restricted period © p (mod m). 
p is defined to be the least integer for which there is a b such that 


(4) Unu = bun (mod m) 
for = n= no. Tf e is the exponent to which 6 belongs (mod ie then 


pi —1 


pe =r. If f(x) is irreducible modulo p, p a prime, then p | Jel 





3. Properties of General Divisibility Sequences. References have been 
given above to investigations of certain types of divisibility sequences. This 
paper, however, is the first to treat them in general. | It is the first attempt 
to find what the general characteristics of a divisibility. sequence are, and what 
types exist. In this section the fundamental difference between regular and 
degenerate divisibility sequences is given by Theorem II. Theorem III is the 
key to the factorization properties of all divisibility sequences. In § 4 these 
theorems are applied to third order divisibility sequences. . 


SH. T. Engstrom, “On sequences defined by linear recurrence relations,” Trans- 
‘actions of the'American' Mathematical Society, vol. 33 (1931), pp. 210-218. 

*R. Carmichael, “On sequences of integers defined by recurrence relations,” 
Quarterly Journal of Mathematics, vol. 48 (1920), pp. 343-372. See, page 354 for 
reference to the restricted period. In-particular (b, m) =1 if (q, m) =1. 
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THEOREM I. If (un) is a divisibility sequence and some ur has a factor 
«m relatively prime to ay, then uo 0 (mod m). 


As (un) is a divisibility sequence ur|ur, and hence urr = 0 (mod m). 
‘Since (ar, m) = 1, relation (3) holds with n = 0. This yields trr == uo (mod m) 
„and hence us = 0 (mod m) as was to be proved. 

Tt is on the basis of this theorem that divisibility sequences have Been 
separated into two categories, viz., degenerate if uy #0, regular if wo = 0. 

If un be any term of a TARN divisibility sequence (un), it may be 
written as the product of two factors, Un = AnBa, where An|uo, and Bn is 
divisible only by primes dividing ap. The totality of primes dividing the 
terms-of (un) will be finite. Degenerate divisibility sequences will be excluded 
from consideration in this paper, but will be treated further elsewhere. 

If. (un) is a regular divisibility sequence satisfying (1) and p is any 
prithe not dividing ar, ws; = uo = 0 (mod p) where r is the period of (un) 
modulo p. Hence every prime not dividing a, will divide the terms of a sub- 
sequence of (un) if (un) is a regular divisibility sequence. Furthermore, we 
may take u, — 1 without loss of generality since (tn) = (a/v) is a divisi- 
bility sequence satisfying (1) if (vn) is a divisibility sequence satisfying (1). 
(tm) will, of course, be a sequence of integers as v.[v, for all n, including 
n = 0, as vo = 0. 

It is convenient to state these results as a. ny 


TuzoreM IT. The totality of primes dividing the terms of a degenerate 
sequence (un) is contained in the set of primes dividing uo and a, The 
totality of primes dividing the terms of a regular sequence (un) includes’ 
every. prime not dividing ar. | 


Consider the factorization of Un, à particular term of a regular divisibility 
sequence. By the divisibility property, any prime dividing ur where r|n is a 
divisor of un. The LORD prime belong essentially: to the term un itself. 


Definition. A prime p is said. to be a primitive ( divisor of Un if p|un, 
plu for r|n, r&n, and if pyar. 

The following theorem on the fnotorinatien of terms of a ‘diviatbility 
sequence is fundamental. 


TuroremM II. T f pis a primitive divisor K Un, das LE pis the restricted 
period a (un) modulo P, then nhe, : 


Proof. ‘Let a B) =r. Then: there exist positive integers x and ! y such 
that ne — py =f. 
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Since un = 0 (mod p), we have Uns = 0 (mod p). (divisibility) 
Une = bYinz_py (mod p) (restricted period) or tne = bur = 0 (mod p), whence 
ur = 0 (mod p) as b40 (mod p) if (ay, p) = 1. But as p is a primitive: 
divisor of Un, Ur = 0 (mod p) for r|n implies r = n. Hence (n, p) =r =n, 
and | as was to be shown. 

e Combining this with the information on x given in § 2, it is seen that p 
is restricted to certain arithmetic progressions in + ri. For example, if the 
sequence is of second order x|p— 1 or p +1, whence p = in + 1. 


4. Divisibility Sequences of Third Order. The condition uo = 0 makes 
it easy to find the regular divisibility sequences of first and second order. 
There is no regular sequence of first order unless the trivial sequence of 
zeros be considered a divisibility sequence. For second order we have 
Un = t (a — a") /(@, — %2) or tna* according as the roots of the associated 
polynomial are distinct or equal. The first of these is the well known Lucas 
"sequence. ; os 
The consideration of third order sequences is by no means so simple. 

— Ge 2% + Aan — Data" eee 
Oy — Oy N= a anke Aa? — Bao mich 
‘satisfies a third order sequence whose characteristic polynomial has roots 4%, a2*, 
and a,%. This will be a sequence of integers if vn — (os — 27) / (a, — @) 
is of either the Lucas or Lehmer type. Such asequence is essentially of quadratic 
type and there is nothing to be gained by considering it as a third order 
sequence.. It is probable that there are no regular third order sequences of any 
other type.” 

It is easily seen that we cannot obtain a divisibility sequence of third 
order satisfying an arbitrary recurrence merely by an appropriate choice of 
initial values. Consider tng = Unit + Un. From $ 3 we must take w = 0, 
and may take u,—1. The condition w.|u, implies. us = + 1, but in neither 
case does Ua | Us. 

If a sequence is of type Un” as given above, its characteristic cubic f(x) 
has a rational root a == «a. Hence if there is a third order divisibility 
sequence whose f(x) is irreducible, it is certainly not of type vn?. This possi- 
bility is considered in the following theorem. | 


We may construct formally un (€ 


` Tasorem IV. There is no regular divisibility sequence (un), whose 


7 Since completing this paper I have learned from Dr. Morgan Ward that he has 
been able to show that this is the only type if f(#), the characteristic polynomial, has 
a linear and an irreducible quadratie factor. As this paper covers the case f(x) 
irreducible, the only doubtful possibility is that f(æ) is the product of three linear 
factors. 
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characteristic polynomial is an irreducible cubic whose last two coefficients are 
relatively prime. 


As the proof of this theorem is quite long, it will be subdivided into 
Lemmas. Lemma 4 gives the first of the equations which leadĝo the contra- ` 
diction of the assumption that there is a divisibility sequence satisfying the 
requirements of the theorem. 

Assume that there is a regular divisibility sequence (un), whose charac- 
teristic is f(e) = a — a2? — ao — ag = (4@— %) (£ — &) (1 — &) where 
(Ge, 43) = 1 and let f(x) be irreducible. (un) satisfies the recurrence 


. (5) Unsa = itn + ana + stn: 

As f(x) is irreducible «1, %, and a; are distinct and 

(6) Un = Ge" + coats! + cas". 

We note that as (un) is a regular divisibility sequence Uo = 0 or 


(7) ` C1 + C2 + C3 = 0. 
Moreover we take u, == 1, as is permissable. 


Lemma 1. If plas, and plus, then n has a factor r, 1< r < ñ, ñ a fined 
number. 


For if p divides any terms of (wn), let Um be the first. It evidently 
suffices to show (m,n) 541. Then take ñ greater than m. As there are only 
a finite number of primes dividing as, there is one value for % which will do 
for all divisors cf as. In fact, it can be shown that a,” will suffice. Now if 
(m,n) = 1, there are positive integers æ and y such that mx = ny +1. 
By the divisibility property ums = 0 (mod p) and uny = 0 (mod p). From (5) 


. Uma = Atma F lUms-2 + Asting-s- 


Now p|Ums, p|Umz-ı = Uny, plas, but paz as (as as) = 1. Honce p | Ume-2- 
Similarly as 
Uma-1 = AyUma-2 F Agtlma-3 + Astna-ay 


we have plwmss. Proceeding thus we finally obtain plu = 1, which is a 
contradiction. Hence (m,n) Æ 1. 


LEMMA 2. If plu, and p is a divisor of the discriminant of f(x), * n has 
a factor less than a finite limit ñ. 


9 


. e 
¥ 
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If p also divides ag then Lemma 1 proves this. If plus, then p is either 
a primitive divisor of un or of ur where r|n. In this case r|p the restricted 
period of (un) modulo p, by reason of Theorem III, and r541 as w = 1. 
As f(s} is iizeducible, its discriminant is not zero and has only a finite number 
of divisors. The restricted periods of these primes will lie below a finite limit 


fi. Hence r < ñ and so n has a factor less than ñ. 

LEMMA 8. If q is.a prime greater than A, then Ug = u° (mod q), 
Ug? = US$ (mod q). 

By Lemma 1, tg has no prime factor dividing as. As 4: = 1, every prime 


dividing ug is a primitive divisor of ug. Hence if plu, and p is the restricted 
period of (un) modulo p, then gju by Theorem III. As p does not divide the 


discriminant of f(z) by Lemma 2, we have »|p—1, p?—1, or p*—1, and > 


hence g[p°—1. Since p°= 1 (mod q) for every prime p dividing ug, it 
follows by multiplication that w2==1(modq) or ug = wu" (modg) as 
W—=1 Now pf=1 (mod q’) for the primitive divisors of uz, and hence 
à fortiori p° = 1 (mod q). Since all the divisors of u are primitive divisors 
of either ug or ug, we have ug! = 1 (mod q) or uq®== u, (mod q) as before. 


\ 


LEMMA 4. 


C1Go + Cog F C31 = ex (618, + Cote + Cats) 
and ` 


ma + God + Code = Ep ( C101 + Co% + Cats) 

where ef = e? == 1. 

For if q is a prime greater than ñ, by Lemma 8 we have 
(8) (C1011 + Coin? ++ Cadet) = (C101 + Cote + C3) (mod q). 

Now if f(z) is irreducible (mod q) then 

| (9) O11 SS Gr, A Qs, =, (mod Q) 
where Q is a prime ideal dividing q in K (a, %2, 43). Hence from (8) 
(10) (ce + Code + Caa)? == (6104, ++ Cotte + 6y%)° (mod Q). 


Now if f(x) is irreducible there are infinitely many primes g for which f(s) 
is irreducible (mod g).® Hence the difference of the two sides of (10) is an 





® Hasse, “Bericht über Neuere Untersuchungen und Probleme aus der Theorie der. 
Algebraischen Zahlkérper,” Part IT, p. 127, Jahresbericht Erginzungsbinde, vol. 6 (1930). 
Here K (a, €, a,) is a cyclic extension of either the rational field or a quadratic field. 
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algebraic number divisible by infinitely many prime ideals, and consequently 
must be zero. Hence 


(11) 61g + Cols F Ca% = € (61%, + Code + C33) 

where «°—1. Similarly since af = Qs, Q? == %1, a? = (mod Q) 
and reasoning on wg? we have © 
(12) Cia + Ce, F Cão = €2( C101 + C2@a + C33) 


where e — 1. 
Combining (7), (11) and (12) we have the system of equations: 


Ci + Ce + Cs = 0 
(13) Ca (G2 — 6104) ++ Co (a3 — 6142) + Ca (01 — €1%3) = 0 
Ca (A3 — 6201) + Co (Oty — e281) ++ Ca (Qo — 6243) = 0 


If the c’s all vanish, then the sequence (un) will consist merely of Os. If 
not, the determinant of the c’s 


—— (1 — €l + €) (a? + Go? + Gg” — Fy Gq —— Un — os) 


must vanish. 
Tf a? + ay? + ag” — Aa — Aias — A20 = 0, then a? = 3a, and the 
roots of f(x) are 
Oy = — 0/3 + (a,3/27 — a3) ¥? 
(14) Ga = — 0/3 + p(a1?/2% — az) 
My = — 0/8 + p? (443/27 — ag) V8 


where p is a primitive cube root of unity. Here for primes q = 3k + 2, 
ME Oy, AE My, Oy? = a, (mod q) and reasoning as before 


C1 + Cap? + Cap = (C1 + Cop + Cap”). 


Trying the six possible values of «, we find that two of the c’s must be equal, 
or one must vanish. In no one of these cases can the sequence (un) be a 
sequence of rational integers. 

I£ i+ea+e«e—0, we have & = p, e = p°. Solving (13) with 


61%, + Code + Csa = U, = I, 
we obtain 
1 p? 


15) a — (i NE . 
CHE a Ga + par + pas? dy + par + pas © aa + par + pas 
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Here the vanishing of the denominators implies the vanishing of the second 
factor of the determinant, a possibility which has just been excluded. Here 
again the field is of the type K(¥/d); for from the fact that ue is rational 
it is easily shown that (a, + pois + pas) is rational. Hence for 


g = 3k + 2, 0I = Qi, Oe? == Gy, Q1 == (mod q) 
and reasoning as before , 


6101 F Cols ++ Cao = ea (610% + Cote + Cs@a). : 


Combining these six possibilities with (15) we have one of 


1 == Lo 20, — Go — g = 0 
Oy = Os | Rig — Gi — Hs = 0 
he == Xs 2a, — A1 — Go = 0 


Each one of these contradicts the irreducibility of f(s). For an irreducible 
polynomial has no equal roots, and if (say) 2a,—-a,—a,==0 then 
8a, = Q, + Go + % = — a, and the root a, is rational. This completes the 
proof of Theorem IV. | 
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THE CONSTRUCTION OF A NORMAL BASIS IN A SEPARABLE 
NORMAL EXTENSION FIELD. 


By RUTE STAUFFER. 


1. Introduction. If K is a separable normal extension field over k and 
if the characteristic of k is not a divisor of the degree of K/k, then the group 
ring defined by the Galois Group, Œ, of K/k and the field k is a direct sum 
of simple algebras. These different simple algebras determine corresponding 
components for every element of K. The components of the elements of a 
basis of K/k can thus be arranged in matric form such that the components 
of one element form one column. From every column of this matrix it is 
possible to choose a non-vanishing component. The sum of these components, 
then, is an element of K which generates a normal basis of K/k, that is, it 
together with its conjugates forms a basis of K/k. | i 

E. Noether (10), and A. Speiser (12) obtained results assuming the 
existence * of a normal basis. Noether formulated the problem in terms of 
operator isomorphisms. Speiser employed the theory of group representations. 
The formulae used by Speiser are obtained in this paper in some preliminary 
work on complementary bases. These same methods are then used to deter- 
mine the discriminant of the centrum of the integral group ring. Since this 
discriminant is integral, a relation is obtained between the order of the group, 
the degree of the irreducible representations, and the class numbers. 


2. Complementary bases. Two bases ai, of the semi-simple algebra 
o (3), (5), (8), (13), (14) are said to be complementary if the trace matrix 
is the unit matrix, that is, (Tr(aär)) = E. The following two theorems are 
direct consequences of this definition and of the linear property of the trace. 


THEOREM 1. If aid, are complementary bases and bi, bx are also bases 
of o, then there exist non-singular matrices P,Q in Q the fundamental field 
of 0, such that 


(- - dig: +) = (E De: AP, fè] =Q fi ? « 


and bi and by are complementary if and only if QP = E. 


1The existence of a normal basis for Galois fields was proved by Hensel in 1888, 
(7). Deuring (4), Hasse (6), and Brauer (1) have proved the existence of a normal 
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THEOREM 2. Lf both as, & and bi, by are complementary bases of 9, and 
T, A are any two representations of o, then 


(21) I Trola) Tra(ã:) = X Trp (bi) Pry (b), 
where Try(ai) means the trace with respect to the representation T of ay. 


° We note from Theorem 1 that every basis has a complementary -basis. 
The following are outstanding examples of such bases: 1) the group elements 
(- -Si--) and.(- -Si7/g--) of the group ring (13) where g is the order 
of the group, 2) the matric units, (8), (13), (+ © ci: +) and (e -cxi/n: :) 
of a total matric ring of degree n, 3) the matric units (- :cix::) and 
(C -¢{P/fi- +) of a semi-simple ring in which the coefficient field is alge- 
braically closed, and f, is the degree of the simple algebra defined by {c9}. 


3. Orthogonality relations. We shall denote an irreducible representa- 
tion of the semi-simple algebra 0, by lu, and the trace with respect to Ty, by 
xu If, then, a; and & are complementary bases of », the equality. (8: 1) may 
be written as 


È xr (Gi) xu (T) = D xw (eP xelap /fi). 

4 ikl $ 
Since x(c) = 0 for vl and = di for v =l, we conclude that 
(3. 1) -o E yxr(u)xa(ã;) = don, 


our first set of orthogonality relations. 
We note that if o is a group ring and the elements.of the group are Si, 
then the complementary basis is S;-1/g and . 


(8.2) ES) (Se) = g 


if the characteristic of the fundamental field does not divide g. 

In the case of a group ring there is also an orthogonality property for the 
sums of the different irreducible representations of a fixed element of the group 
and its inverse. Consider the classes of conjugates of a group. We shall 
denote by Ks the sum of the elements of a class generated by S. The elements 
Ks are commutative with all the group elements, and, moreover, generate the 
centrum, (8), p. 692. Furthermore, if ASA*=T, then ASTAT = T> 
and if S = T, then S+— T=. Therefore the number of elements in Ks is 


basis of K/k when k has a zero characteristic. In Deuring’s paper the pr oof has been 
extended to the general case that k have any characteristic. 
Numbers in’ parentheses refer to the bibliography on page 597. 
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equal to the number of elements in Ks. If, then, h; denotes the number of 
elements of the class of 8:, 


2 hixn (Li) hix (Tr"/hig) = È xu(Si)x (8/9) = dur, 
where T; is a representative of Ks,. Therefore 


(3. 3) È xe (Es)x(Kst/hig) =dyy, 
cr 


(xu (Es) ) (xK s,7/heg) ) = F, 
where u, k denote rows, 1, » denote columns. Therefore 


(xx(Ks,/heg) ) Ga(Ks)) = E. 
That is, 


(3. 4) | D xe (Ka t/hxg) xu (Es) = dix, 
& 
our second set of orthogonality relations. 


4, Discriminant of the centrum of the group ring with integral coeffi- 
cients. If the irreducible representation Ty is of degree fy, then 


x (Ka,7/hag) xv (Ks,) = foxr(Ka,7/hug  Ksi) 
and therefore A 


£ foxy (Kg,7/hag $ Ks,) = Om. 
v 


Hence, if T is the regular representation of the group ring, 


(4.1) Trp (Es Ksy/hrg) = X fr (EsiKs,/hxg) = dix. 
LA 


That is, the elements Ks,-1/h:g form a basis of the centrum which is “ com- 
plementary ” to the basis Ks, “ complementary ” in the sense that the traces 
are traces with respect to the regular representation of the group. 

Let the group ring G(Q) be defined by the group G and the field R. 
Then to determine the discriminant, d, of the centrum, write G@(Q) as the 
direct sum of two-sided simple ideals a‘. Let e; be the corresponding com- 
ponents of the unit element, e, of @(Q). Then ¢,,---,e, form a basis for 
the centrum, and the discriminant with respect to this basis is | Tr(eiex)| = 1. 
The trace, of course, is taken with respect to the regular representation of the 
centrum. The determinant of the traces with respect to the regular repre- 
sentation of the group ring is 
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. r 
(4.2) | Prp(esee) | = If? 
If [zs =P B , and (+ -Kss/hig: +) = (© ei +)Q, then 
| Try (Ks, Ksx*/hig) | = P | Trpleies) | Q, 
| Pr(Ks,Ksy*/hng) | =P | Tr (eies) | Q. 
We conclude, from (4.1) and (4.2) that 


~ å _ | Tr(RsKot/hig) | _ | Trp(KsKs7/hg) | 1 
g'Uh: | Tr(eiex) | | Prp (eee) | nf?’ 








Moreover, d is an integer, for the elements Ks, are'group ring elements with 
integral coefficients. It follows that gMh: is divisible by Uf,?. 


5. Orthogonality relations of the coefficients of the representations. 
Jf 2 is a semi-simple algebra, di, a, complementary bases of g, bi, by, also com- 
plementary bases of v, and if T, A are any two representations of v, then it 
fol-ows ‘from the linear property of traces and from the definition of com- 
plementary bases that 
(5. 1) Da CG) gt) = DB ye 


Lay sryh lm, y srÀ 
whare 


P(e) = (af), Ala) = (al, ), and T) = (BO), A) = (BO, ). 
On calculating the sum (5.1) for the representation of the complementary 
bases (op), (ek? /fr) of o, we see that 

Dati) af —0, À y 


my SrA 


. and for À = y, . 


p JU (hm) (758) 
(5.2) DERA Lif, (1m) —(r8) 


We note that the orthogonality property of the coefficients of the representa- 
tioas of the group elements for the group ring is a particular case of relations 


(5 2). 


6. Calculation of the matric units by means of complementary bases. 
Arother problem to which complementary bases may be applied is that of 
calculating the matric units of the group ring @(Q), where 2 is an alge- - 
braically closed field for which the characteristic is not a divisor of the order 
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° 


of the group.’ We write G(Q) =a +--+ a, where a are two-sided 
simple ideals. Let the r distinct irreducible representations of .G be 


s => 8P = (eW), t> TO = (19), my (T=1,2,-°+°+,%). 
Tt follows from Theorem 1 that 
(e, 8,4," 7 =) =. C uen: Jr and Ez =P Ga > 


where g is the order of the group, and f: the degree of the representation 
defined by a‘. Therefore, in order to determine the matric units we need 
only determine P. From the theory of representations we know 


= Dope (rg) 
y P T + of Tir” 


|. w (D 
P FE > Tir? Tik |] 
1 | — o ca | agi (1) ge OE 
P : | ac: m) E Hogs? ttit t | | 


In other words, if 


Hence 


and 


(6.1) MO = Het GMst 4 PDA DL. om (nW), 
then 
(6.2) ge, /fi =u. 


This discussion can be applied to an arbitrary semi-simple algebra, if 
instead of the basis (e,s,: -) and its complementary basis, one considers any 
set of complementary bases a; and d. In the general case the matrix is 
(6. 3) MY = F AP. 
` . i 

7. Complementary bases for commutative normal fields. Idempotents. 
If K and K are isomorphic separable normal extension fields of degree n over : 
k, the direct product ring Ky consisting of the set of all elements e == did: 
where d; belongs to K and 8; belongs to K, is directly decomposible [(), 
p. 683] into a sum of n simple ideals, e;K, where e; are indecomposible 
components of unity. That is 


(7.1) | Cite = Ones and Dei—e, 
“i 


*¢,K is a field with unit element e; and isomorphic to K, 
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where e is the unit element of Kx. Let- « — Se;a:;, where «eK and ae K. 
Then ` 
(7.2) Ga = lili. 


That is e; defines a representation of the first degree which maps @ on &. 
‘Furthermore if e is any indecomposible component of unity, say e, then the 
set Te} is actually the set of conjugates {e5} (4), p. 141. 

We now choose §, an element of the Galois group of K over k such that 


(7.3) ea — eas. 


That is § is the automorphism of K which takes æ into the element corre- 
sponding to a’. It follows from (7.2) that eSa — eSa8, and from (7.3) that 
eS tq = eas. In other words, e$ maps « on as and e&* maps @ on a8. How- 
ever, a was an arbitrary element of K. We may conclude, therefore, that 
eS — 681, “We note that if F, 8, T,: - : are the elements of the Galois Group, 


©, of K/k and Ë, 8, T,- : - are the elements of the Galois Group & of K/k, 


then ef, eS, eT,- - - are distinct and hence ef, e$, ef,» + + are also distinct. 
Therefore the correspondence defined between Œ and @ is a one to one 
correspondence. 


Tf z; is a basis of K/k, hence also a basis of Kx /K and if the idempotent 
e = Saas, eS = 32,045, then añ is that representation of the complementary 
basis of z; defined by ef, (9), p. 538. This theorem is a key to the first step 
_in the proofs of the existence of a normal basis, namely the proof that G(K) 
is operator isomorphic to K(K), where G, K, and K are as previously defined, 
and K(K) is the operator madule consisting of the elements of the ring Kg, 
` the operators being the elements of the Galois Group @ of K applied as auto- 
morphisms of K. The proof is as follows. Given any basis 2, ` + ,2, of 
K/k, we form the product ring Kg of K with an isomorphic extension field 
K of k. Then the matrix, 


#-1 -1 
Opts, An 


where a; are as defined above, transforms Z1,° ` *,2, into a set of linearly 
independent conjugates eF,- - -, eS,- - + , the indecomposible components of the 
unit element of Kg. The correspondence S <> eS then, defines the operator 
isomorphism 

@(K) = K(K). 
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This is essentially the proof given both by Deuring and by Hasse. Deuring 
works with the idempotents without stating the explicit formulae, Hasse works 
with the set of coefficients of the idempotents. These coefficients are, in reality, 
the columns of the matrix of transformation (a8). 


8. Construction of a normal basis. We first construct a set of linearly 
independent elements which are isomorphic to the matric units of the group 
ring G(Q), where Q is an algebraically closed field-over k, and © is the Galois 
group of K/k. By so choosing Q every irreducible representation of @© may 
be expressed by means of matrices with coefficients in Q. Let F, A, B,--,8,°- 
‘be the elements of G, 27, 24,: -,25- -, the conjugates of z, and T an absolute 
irreducible representation of Œ defined as follows: 


(8.1) E = (ex), A= (aix), > 8 = (oi), * *. 
Let 
(8.2) M(2) == BE + 'AAT LR. LL S844 + ee AS 4), 


where z is any element of K. If z generates a normal basis of K/k, the matrix 
_ M(z) corresponds to the matrix (6.1) in the isomorphism between @(k) 
and K(k). For convenience let 


(8. 3) our = én (2). 
G 


Thus M(z) = (&(2)). We first show that there exists an element z of K 
such that the (2) are linearly independent. For this purpose we consider 
representations of Œ defined by the é(2). If 87 == (ox), 


(8. 4) (En (28), > +, &¢(25")) = (EnC), +, Eit (2) ) Cow), 


This equality is true for i= 1,2,--,f, where f is the degree of T. Thus 
(ca) is a representation of 8-1 on Q defined by the representation module 
({&i1(2)},° +, {ér(2)}), where the sets of columns {&&:(2)}, i= 1,: -,f are 
considered as elements of the module. Similarly, 


(8. 4’) (éu (2)57, a éri (2)57) = (éni (2), ong éri (2) ) (Fix). 

Hence (ox) is a representation of 8-1 on Q defined by the representation 
module ({é:(2)},: ,{é:(2)}). However, (oiz) is an irreducible repre- . 
sentation of St on Q defined by I. Therefore the representation modules 
({Si1(2) },° +, {Eir (2)}) and ({£14(z)},° +, {Ere(2)}) must be zero or simple, 


in fact, in the latter case, {£:1(2)},- +, {47(z)} and also {&:(2)},- -, {é(2)} 
must be linearly independent. Furthermore, ‘ 


s (63.) is the adjoint representation, T(8), see (11), p. 163. 
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Lemma 1. There exists an element z of K such that & (2) 340 for 
every (i, k). 


For suppose that é:(z) — 0 for every z belonging to K, and for (i, k) 
fixed, then if z,,- -,2, is a basis of K/k, the discriminant of K with respect 
to this basis is 


ss... 


but D: 0 since K is separable over k. We may conclude, therefore, that 
there exists a z of the z; such that &.(z2) 40, (i,k) fixed. Then 
(:1(2),* >, €i7(2)) 0, and therefore &1(2),° ‘é;(z) are linearly inde- 
pendent. This demands that they all be different from zero, hence that all 
the modules (é:;(2),° +, és(2)) be different from zero. Thus all é(z) +0. 
Also, 


Lemma 2. If @(Q) =a +--+20, a two-sided simple ideals, 
then the basis of every simple right ideal of a“ can be written as a linear 
‘combination of the bases of simple right ideals +; defined by the matric 
Units Cit, | 
| {vi} = (cut, cir). 


That is there exist « in Q such that 
(8. 5) {r} = afer} + + + arder}. 


For every simple right ideal of a is isomorphic to rı, and, hence, there : 
exists an element a in the left ideal (¢u,° `, €) such that 


{r} — a{r:} = (Zanca) (t) = E an{r}. 


THEOREM 3. The elements &,(z) defined by (8.8) and which satisfy 
Lemma 1, are linearly independent. 


“Let G(Q) =a +--+ 0, and let r, a simple right ideal in 


a = f, +: -+ ry, define the irreducible representation T, (8.1). Thus a, is 
a representation module defining the representation 


“a may be any of the two sided-simple ideals g(t), and c, the matric units of q- 
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0 es ; 0 
(oix) of $, and (Sir) of 8>. 


0 : ; 0 


On the other hand, M is a representation module defining the game Tepre- 
sentation of 8-1. Therefore a is operator homomorphic to M, i. e., a—> M, and 


Ci — Éki, 
(8. 6) m Cit — kiQ, 
Cin —> Sr. 


Furthermore, M is operator isomorphic to a factor group a/r where r is a 
right ideal in a and corresponds to the zero element in M. Since the ring is 
completely reducible r = Xr:*, where r;* are simple right ideals. It follows 
from Lemma 2, (8. 5), that r:* == Xa: {rı}, and if we apply the homomorphism ` 
(8.6) to this equality, we may conclude that | 


0 = Zan {Ein} = nén} + + + + ops {biz}. 


The sets {Ez}, - -, {éir}, however, ‘define a non-zero simple module and are 
linearly independent with respect to Q. Therefore «ıı = 0. Similarly it can 
_ be shown that the coefficients of r;* all vanish. Hence 


T =r" e e o H T = 0, 


and the homomorphism is an isomorphism. We may conclude, therefore, that 
éix(2) are linearly independent with respect to Q. 

For each of the r distinct irreducible representations of G defined by the 
two-sided simple ideals a‘ of Œ (2), we now define a matrix 


M — (£0 (a)), 


where é® (21) £0 for all 4, k. It remains to determine an element w belong- 
ing to K such that © (w) 40 for all i, k,l. Let the centrum idempotents 
of G(Q) ina™,- -,a be H@,- -, EM respectively, and ° 


gTEO Sans, if OS ags. 
ag a 6 


We construct 
(8. 7) : w = zE? +e zE”, 
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where zı have been chosen such that EM (a1) s£0. Furthermore, if a‘ is 
conjugate to a with respect to k, we “take Zı = Zm. This is possible since 
Em(21) is conjugate to EW (a1) and therefore is not equal to zero if 
(534 *(21) 0. If k contains the n-th roots of unity the case that a and a™ 
ane conjugate (134m) does not occur. 

eDoes w, defined as the sum of these components, Balen to K? If k con- 
taims the n-th roots of unity, 2” and hence w belong to K. If k does not 
contain the n-th roots of unity, we consider the sums of the conjugate idem- 
potnts. These sums give us elements of G(k). That is, 


(8.8) e= D A ae asi € k. 


Conjugates 


Furthermore, since we have the same z; for conjugate #“, we can write w 
as she sum © 2%. Hence w belongs to K and is defined as a rational sum. 


i 

Tt must now be shown that £P (w) 40 for every i, k,l. To do this we 
apply the homomorphisms of (8.6). It follows from the construction of- w, 
(8.7), that 


(8.9) EÐ (w) —Zoput— Foy (Z anB™)8 
= a (2%) Le. +èc (2B) fee + (4 B)8, 


Ths general term of the right hand side of (8.9) may be expressed 


(e B 
F oip aut) — PER (au), 


anc corresponds, in the homomorphism defined by 
ee i oP > ER Ga), 
to HM clP == 0 if whl. Thus 


Dopln) —0, pæl 


If, however, p =}, E toO = c, Therefore, in this case, ie 


> EVEN (z1) = éD (2). 


We conclude that 
(8.11) EQ (w) = EO (a) 0, 


for any i, k,l. It follows, as shown previously, that £® (w) are linearly inde- 
perdent with respect to Q. Moreover, £ (w) are expressed linearly by means 
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of the set of elements {w5}. Therefore this set {w5} forms a normal basis 
of K/k. 


9. A rational construction. In 8 w was defined as a rational sum, but 
the zı were chosen to satisfy the irrational condition £ (zF) 340. This 
irrational condition, however, may be replaced by a rational condition, 

2°? 40, where e® is as defined in equation 1 8). Since the regular 
representation T = 3:1, 


È (fi/n)o® = Tr(S/n) = sr, 
Àl tt 
and therefore 


E (f1/1) E9 (2) = F (Z (1/0) 09) =z. 
il G 4l 


This relation, together with the fact (8.11) that 
ED (2°?) = ED (2B), 
gives us the equivalence of the two conditions 
ED (28?) 520, and 2? 0. 


First suppose 
ED (28) wad ED (20) Æ 0. 


Hence in the isomorphism defined by 


cD <> EM (20), 
| ge? z (fa/m) ED (x) eo = (fi/n)e® = fi/n A 0. 
Therefore 
ge? z 0. 


Conversely, if 2” 40, one of the summands of 
2 (f1/n)EM (20) 
ist ae 


must be different from zero. We have shown, however, that if one 
EM (ze) 0, then EM (2%) 40, l fixed. Hence the two conditions are 
equivalent and the following theorem is proved. 


THEOREM 4. If 2; is any element of K such that its component 2°” ~ 0, 
then w = 32° will generate a normal basis of K/k. 


10. The most general normal basis. The final problem of this paper is 
to determine from a given normal basis the most general normal basis. We 
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note first that if G(%) is operator isomorphic to K(k) with operator region 
© and if a <>a, B<>b, where a, BeG(k) and a,b« K(k), then a = b, 
where a means that a is operated on by 8 from the right and (b means 
that b is operated on by « from the left. 


THEOREM 5. If (w51, +, wa). is any normal basis of K/k, then the 
-most general normal basis of K/k is of the form (w”%,: >, wr) where v is 
any element of G(k) whith is not a zero divisor in G(k). 


f Let Æ <> w, then § <> w5. Suppose that v%:,- -, v5» is any other normal 
basis of K/k. In the isomorphism © (k) ~ K(k) let v<>v. Then we know 
from the above note that 


(m8 p Sa) <> (vS, + Sn) = (WS + Sr), 
On the other hand, if v is any element of @(%), then | 
v(S1,° >> Sn) <> (wi, >, wa). 
Furthermore suppose there exist cs x0 such that 
SrciS <> Iw — 0, 


then if v is not a divisor of zero, y = 0 since 30:85:40. Hence if v is not a 
divisor of zero the set (w”S:,- -, w”S) is a normal basis of K/k. 


Note. R. Brauer has told me of another proof of Leoren 5. It is the 
following : Let w6 be a normal basis, then 


(1*) (w9)T = Ser, gw”. 


The matrix Sr = (serm), G gives the row, H the column, is the matrix 
corresponding to T in the regular representation. (1*) may then be written 


r 


(2*) wT = Sr(w). 
Let 26 be a second normal basis and let 

: | w= A(z), 
that is, wC = 3aagz" if A= (acn). Then 


a? = A (wT) = A 1Sr(w) = ASrA(z). 


The condition for A is therefore A*Srd = Sr, | A |40. The most general 
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matrix commutative with every Sr is a matrix of the second regular repre- 
sentation. Ifa is an element of the group ring, this representation is defined by 


aG = SacxH. 


It is a reciprocal representation (A’ is a direct representation). Then 
w= A(z) or w? = Saye" reads wo = 246. The element a must not be a 
divisor of zero because otherwise | A | = 0. 


Bryn Mawr COLLEGE. 
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A REMARK ON. THE AREA OF SURFACES.: 
By Trsor Rapé. 


e Introduction. Let X be a continuous surface given by equations 
3: c= a(u,v), y=y(u,v), ¢=2(4v), Sus, OSS 1. 


One of the fundamental problems in the theory of the area is to find conditions 
under which the Lebesgue area L[3] of 3 is given by the classical formula 


LT Í, ! f ' (BG — FY) %dudv, 


where F, F, G have the familiar meaning.? In the special case s = u, y = v 
Tonelli found that the absolute continuity, in the sense defined by him, of the 
function z(u, v) is a necessary and sufficient condition for the validity of the 
classical formula for the area.” In the general case, only sufficient conditions 
were established so far. The most general result in this direction was obtained 
by McShane and by Morrey.* To make our remarks more definite, we shall 
consider the work of Morrey. Morrey defines a class L of surfaces by requiring 
the existence of representations where the codrdinate functions z(u,v), 
y(u,v), z(u,v) satisfy two conditions (i) and (ii).5 Condition (ii) is con- 
cerned with the approximation of the codrdinate functions by integral means. 
Condition (i) requires that the coordinate functions be absolutely continuous 
in the sense of Tonelli. Both McShane and Morrey observe that in the special. 
case © = u, y = v these conditions are equivalent to.the necessary and suffi- 
cient condition of Tonelli. It might be therefore of some interest to point out 
that condition (i) can be replaced by the weaker condition that the codrdinate 


1 Presented to the American Mathematical Society at the meeting in Chicago, 
April, 1936. 

2 For general information and for references to the literature concerning continuous 
surfaces and the Lebesgue area the reader may consult the paper of C. B. Morrey, 
“A class of representations of manifolds, part I,” American Journal of Mathematics, 
vol. 55 (1933), pp. 683-707. 

. `L. Tonelli, “Sulla quadratura delle superficie,” Atti della Reale Accademia dei 
Lincei, series 6, vol. 3 (1926), pp. 357-362, 445-450, 633-638, 714-719. 5S. Saks gave 
a very elegant presentation of the results of Tonelli in his paper “ Sur Paire des surfaces 
g==f(a,y),? Acta Szeged, vol. 3 (1927), pp. 170-176. 

+E. J. McShane, “Integrals over surfaces in parametric form,” Annals of Mathe- 
matics, vol. 34 (1933), pp. 815-838. C. B. Morrey, loc. cit. *. 

5 Loc. cit. °, p. 701. 
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functions be of bounded variation in the sense of Tonelli. If we denote this 
weaker condition by (i*), and if we use & to denote the class of surfaces 
defined by conditions (i*) and (ii), then our main tesult states that the 
classical formula for the Lebesgue area L[3] holds for every surface X of class 
& (provided, of course, that we use a representation satisfying conditions (i*) 
and (ii)). In the special case v = u, y =v conditions (i*) and (ii) are 
still equivalent to the necessary and sufficient condition of Tonelli. “Our 
argument will be based upon certain simple facts concerning the topological 
index which were established in a previous paper of the author ° and which 
we are going to state presently. 

Let Cx be a sequence of closed continuous curves, in the (2, y)-plane, 
which converge in the sense of Fréchet to a closed continuous curve C. This 
means that these curves admit of simultaneous representations 


C: w=a(t), y=y(t), OStS1, 2(0)—2(1),  y(0) —y(t), 
Cy: v= a(t), y= y(t), OSES, m(0) = a(1), ye (0) = yet), 


- where the functions v(t), y(t), Z(t), yx(t) are continuous in 0 = + = 1 and 
a(t) > a(t), y(t) > y(t) uniformly in OS tS1. Let n(2,y), m(2,y) 
be the index-functions relative to C, Cy respective’ (see 2.3). Let us use 
T{A] to denote the total variation of a function (4) defined in 0S ¢S1, 
where T[A] = œ if A(t) is not of bounded variation. It is well known that 
if at least one of the functions x(t), y(t) is of bounded variation, then the 
index-function n(x,y) is summable. Using these notations, we have the 
‘following lemmas. 


. Lomma 1. If Cx— C in the sense of Fréchet, and if T[a] > T[e] < œ% 
(or Tu] — Ty] < ©), then 


Sf | a(z, y) — (z, y) | dedy — 0. 


Lemma 2. Jf 1) C—C in the sense of Fréchet, 2) the functions 
w(t), y(t), ct), y(t) are of bounded variation, 3) T[ax] < M, T[yx] < M, 
where M is some finite constant independent of k, then 


f f m(x, y) dedy > f f n(x, y) dedy. is 


e“ A Jemma on the topological index,” submitted for publication to the editors of 
the Fundamenta Mathematicae. An abstract appeared in the Bulletin of the American 
Mathematical Society, vol. 42 (19361, p. 187. 

TJ. Schauder, “Über stetige Abbildungen,” Fundamenta Mathematicae, vol. 12 
(1928), pp. 47-74, in particular pp. 64-66. | + 
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Lemma 2 is a consequence of lemma 1, but can be proved independently also. 
The reader will note that the conclusion is much weaker in lemma 2 than in 
lemma 1. In the situation which we shall consider, the assumptions of the 
strong lemma 1 will be amply satisfied, while we shall actually need only the 
conclusion of the weak lemma 2. In a general way, despite the generality of 
our main theorem it will be quite apparent that the definition of the class & 
impTies considerably more than what is actually needed in the proof. With 
regard to possible use in investigations suggested by this remark, we develop 
certain inferences from our assumptions beyond the absolute minimum needed 
for our present purposes. We also took the liberty of stating condition (ii) 
of Morrey in an obviously equivalent but somewhat more convenient form, by 


- splitting it into conditions II and III of section 2. 1. 


INDEX OF NOTATIONS AND DEFINITIONS. 


Sok Sak es eee dts reed re anos EE se del. 
uli [V V2; dl, oE Ltr, U2; E] ........,.....,,,, 1.6. 
hle heb Tele esse eee sereine 1.7, 
DU, D): EE E SEW gerade os 1.1. 
Ry (Beay), «drain wie E etait 2. 8. 
rr (Z, y) esse 2. 4, 
ER, sonia eae ears Par 3.2. 
YA Ee) pare Sa Ee 2 re eer ee 1.3. 
TER] seed Monnet aah wreck Pare ans we wale 1.4. 
LS] dea cewan seesaw ose cds one 3. 2. 
Bi Vilaine cordes 1.5. 
Admissible rectangle ........................ 1.8, 2.2 
Che. isa PE 2.1, 3.1 
Typical representation ...................... 3.1. 


1. On the approximation by integral means. 


1.1. Let æ(u,v) be a continuous function in the closed square 
So: OS uS1,0SvS1. For 0 <h < th, the closed square h S u S 1— h, 
h Sv S 1—h will be denoted by Sx. In Sm we define 


z% (u, iad (1/4h?) f icc + a, v + B)dadp. 


As it is well known, z(u,v) is continuous in Sa» together with its partial 
derivatives of the first order." 


8 For a systematic presentation of the properties of this approximation see H. E. 
Bray, “ Proof of a formula for an area,” Bulletin of the American Mathematical Society, 
vol. 29 (1923), pp. 264-270. i 
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1.2. Let 2i:aSuSb,¢SvSd be a rectangle completely interior to 
So. For small values of h, R will be completely interior to S» also and clearly 
e” (u,v) — a (u, v) for h— 0 uniformly in R. 


1.8. Suppose that z(u,v), considered as a function of v alone, is of 
bounded variation on the interval u = const., vı Sv va. The total varia- 
tion on this interval will be denoted by ,T%[u;æ]. If z(u,v) is nôt of 
bounded variation on this interval, we put »Z's,"[a; s] = œ. The symbols 


aly? [05], Tarju; ct], Tuto; 2%] are defined in a similar fashion. 


1.4 Let R: aSuSb, cSvSd be a rectangle completely interior 
to Sy. We define 





DCR; a] = Toc; 2] + oTo; 2] + .Te[d; a] + Tta; 2] 


if all the terms on the right-hand side are finite. Otherwise we put 
T{R;x]— oo. For small values of k, Æ will be completely interior to Sn 
also, and we define then the symbol T[R; 2] in a similar way. 


1.5, The continuous function æ(u,v) is of bounded variation in the 
sense of Tonelli if To [u;e], uT0*[v;æ] are summable in the intervals 
Sus, 0SvS1 respectively. To describe this situation, we shall say 
that z(u,v) is B. V. T. in Sp. 


1.6. Let the continuous function z(u,v) be B. V. T. in So The func- 
tion ,To[u;æ] being then summable, the function ,7,%{u;æx], where 
OS v < v2.1, is a fortiori summable in the interval 0 = u Æ 1 for fixed 
vı, 2 By a well-known theorem of the Lebesgue theory, we have therefore 
in the interval OS uSSl a set »H#[v1,02;2%] of measure zero, such that 
vl’y,?[ 4; x] is finite and 


h 
(12h) f oly, [a + a; c]da — Turlu; x] 
-h ho 


for u not in [0,232]. Similarly, we have in the interval OS v1 
a set E[u, ue; T] of measure zero such that ul'u (v3 x] is finite and 


h 
(1/2h) [Tuto + 8; 218 > Talo; 2] 
=h h= 
for v not in „E[t, t2; £]. 


1.7. We denote by 4#[æ] the sum of all the sets «E [v v2; 2%] which 
correspond to all pairs of rational numbers vı, v2 such that 0 Sv <v Zl. 
The set »#[#] is defined in a similar way. The sets «E[z], .#[æ] are both 
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sums of a denumerable infinity of sets of measure zero, and are therefore of 
‘measure zero. 


1.8 A rectangle R: aSuSb, ceSvSd will be called admissible 
with respect to æ (u, v) if a, b are not in „E [e], c, d are not in E[r], and if R 
is completely interior to So. 


1.9. Lemma. If the continuous function z(u,v) is B. V.T. in So, then 
T[R; 2] > T[R; 2] 
hoo 
for every admissible rectangle R? 


To prove this, it is sufficient to discuss any one of the four terms which 
make up T[R;x]. Let us show, for instance, that 


(1) alee; sY] Te; x]. 
k R—0 
Since the interval v =c, aS ub is completely interior to So; we have 


«™ —> w uniformly on this interval. Hence obviously 


(2) lim Tafe; 2] Z Tic; z]. 


70 


Let now w, u” be any two rational numbers such that 
(3) o< calhau <hl. 
Let us take any system of numbers 
Uo =O ty L L ta < te L <td 

We have then, for h < u” — b, h < a— w, 
À | 20 (ue, 0) — 2 (ties 6) | 

saw) f’ f3 È | a(t + 06 + 8) — aura + a c + A) | duds 

saum Pesto + B; ]dadp 
S (a) fÀ [ta [e + B; 2]dadp — (1/2h) f «Tu [o + B; 248. 


The idea of the proof was suggested by a similar argument used by 8. Saks, 
loc. cit. 8. Morrey, loc. cit. ?, p. 708, shows (in our notations) that 
Tim TLR; 2] < co 
h0 
` by a reasoning which makes use of absolute: continuity ‘of the functions involved. 
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Consequently f 
h 2 
(4) Tale; e] S (12h) f Dw" [e + B; x] dB. 
g -h 
Since w, u” are rational and c is not in E[s], we infer from (4) that 


(5) 5 lim „Ta? [e ; s™] = uly” Le; x] : 
hoo 


But æ(u, v) is continuous and consequently, for fixtd c, 41%” [c;x] is a con- 
tinuous function of w, w”. Hence (5) yields, for u’ — a, uù” — b, the relation 


(6) lim Te; 2] S.T2[c; 2]. 


h-0 
` (2) and (6) imply (1), and the proof is complete. 
2. On transformations of class &. 


2.1. If a(u,v), y(u,v) are continuous in So, then the equations 
x= 2(U,v), y—y(u,v) define a continuous transformation. We shall say 
that this transformation is of class & if the following conditions are satisfied.?° 


I. a(u,v), y(u,v) are B. V.T. in So. 
II. The Jacobian +4 


is summable in 54. 


III. For every rectangle R: a S u Sb, ev Sd, which is completely 
interior to So, we have 


X š (h) h) 
ff | Hey) ae dudv — 0. 
R 





a (u, v) ô (u, v) h>0 


In the last relation, y™® is defined in the same way in terms of y as 2™ was 
defined in terms of x. 


8.8. A rectangle R: aSuSb, c=v=d will be called admissible 
with respect to the transformation if it is admissible with respect to both 
(u,v) and y(u,v), in the sense of 1.8. ° 


19 Conditions II and III are obviously equivalent to condition (ii) of Morrey, while 
condition I replaces the more restrictive condition (i) of Morrey which requires absolute 
continuity in the sense of Tonelli. See Morrey, loc. cit. ?, p. 701. 

11 On account of condition I, the partial derivatives of the first order exist almost 
everywhere in So i 
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2.3. Under the continuous transformation z= z(u,v), y = y(u, v) the 
boundary B of a rectangle R (comprised in Sọ) is carried into a closed con- 
tinuous curve C in the (z, y)-plane. If (x, y) is a point not on C, we define 
nr(&, y) as the topological index }* of (x,y) with respect to ©, this curve 
being described in the sense which corresponds to the counter-clockwise sense 

“aroynd BR. Tf (x,y) is on 0, we put nrls, y) — 0. 


2.4. If the Sor R is completely interior to So, then «™, y% will 
be both defined on R for small values of h. The symbol snr(x, y) is then 
defined in the same way in terms of (u,v), y™(u,v) as ne(s, y) was 
defined in terms of z(u, v), y(u, v). 


2.5. Lemma. If the continuous transformation x = z(u, v), y = y(u, v) 
is of class R in So, then 


(7) Sf | mele, 9) —ann(e, y) | dedy > 0 


and 
(8) | [Ses dudv = ff ng(z, y) dady 


for every admissible rectangle R> 





Proof. We have «™ — g, y® — y uniformly on the boundary of R, and 
since À is admissible, we have, by 1. 9, 


(9) T[R; st] —T[R; 2], 
ho 

(10) T[R;y] 3 TR; y]. 
i D 7 ho 


The relation (7) is thus a direct consequence of lemma 1 (see the introduc- 
ticn). Since «™, y™ have continuous derivatives of the first order, we have * 


iti. SSS SS anata) dae 


+13 See, for instance, Kerékjártó, Vorlesungen über Topologie, vol. 1, section 2, § 2. 

18 Formula (8) is a generalization of Lemma 4 of Morrey, loc. cit. ?, p. 702. For 
the case when w(u, v), y(u,v) satisfy the Lipschitz condition, formula (8) was estab- 
lished by Schauder, loc. cit. T. Formula (7) is independent of conditions IT and IIT in 
2.1 and expresses a property of the approximation by integral means which apparently 
was not yet noticed. 

1 See Schauder, loc, cit. 7. 
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Condition TII in 2.1 implies that 


(12) lim Í f et 2 Lu diay f f ee a dudo, 
R 


while (7) implies that 


(13) lim ff anr(æ, y) dedy = f f (a y) dxdy. 
Clearly, (11), (12) and (13) imply (8). 


8. Conclusion. 


3.1. We shall say that a continuous surface 3 is of class & if it admits 
of a representation 


Si s= ehu, v), y—y(uv), z—=2(u,v), (u,v) in So 
such that each of the three transformations 


y = y(u, v), Z = z(u, v), 
z= zí{u, v), t=—2(4u,0), 


—2(u,v), y= y(u, v) 


is of class & in So, in the sense of 2.1. Every representation with this 
property will be called a typical representation of 3. 


3.2. If in the definition of transformations of class $ we replace con- 
dition I (see 2.1) by the more restrictive condition that the defining functions 
be absolutely continuous in the sense of Tonelli, and if we modify the defini- 
tion of surfaces of class 8 accordingly, then we obtain the surfaces of class L 
studied by McShane and Morrey.* To make the following remarks more 
concise, we shall consider the work of Morrey. The assumption of absolute 
continuity is used by Morrey only to establish formula (8) (see 2.5). We 
derived that formula under the assumption of bounded variation in the sense 
of Tonelli. This being so, it is clear that we can proceed in exactly the same 
way in the case of surfaces of class & as Morrey did in the case of surfaces of 
class £.1% As a result, we obtain the following 


16 The remarks of McShane, lce. cit. * and of Morrey, loc. cit. ?, concerning the 
generality of the class L apply a fortiori to the class Q. 
38 We are referring to the proof of Theorem I of Morrey, loc. cit. 2, pp. 703-704. 
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THEOREM. If 3 is a surface of class À given in typical representation, 
then . 


(14) _ I f f (EG — F*)*dudo, 
So 


where L[X] is the Lebesgue area of % and 
E == gy" + Yu? + té, F = Tuto + YuYo -F ZuZvs G = t? + Yo" F y”. 


3.3. We conclude with a few remarks to the effect that even the weaker 
assumption of bounded variation (in the sense of Tonelli) implies considerably 





. more than what we actually need to derive (14). Inspection of the proof 


shows that we needed bounded variation only to establish formula (8) in 2. 5. 
To establish that formula it would be sufficient to know that 


(15) SS ne (%, y) dedy > ff nr(&, y) dady, 


while bounded variation implies (see 2. 5) the much stronger relation 


(16) ff | r(x, y) — mr (t, y) | dedy —> 0. 


In order to establish (15) it would be sufficient to know that 


(17) lim T[R;2] < v, limT[R;y] < ©, 
: hoo h0 


as it follows from lemma 2 (see the introduction), while bounded variation 
yields (see 1.9) the more precise information 


(18) lim T[R; 2] =T[R;2], lim TLR; y®] =T[R; y]. 
h0 h0 


Tt follows further from lemma 1 (see the introduction) that only one of the 
two relations (18) is needed to establish formula (8) in 2.5. These remarks 
suggest the possibility of further generalizations. 
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ON THE POINCARE GROUP OF RATIONAL PLANE CURVES. 
By Oscar ZARISKI. 


Introduction. In a paper dealing with the Poincaré group of an algebraic 
hypersurface Vn. in a projective complex space Sn (Zariski °), the following 
theorem is proved: the Poincaré group of the residual space Sy, — Vn» coin- 
cides with the Poincaré group of the residual space of a generic plane section 
of Vus. In this paper we apply this theorem toward the determination of the 
Poincaré group of any rational plane curve with nodes and cusps only, and, 
more generally, of any plane curve which admits such a rational curve as a 
limiting case. It would seem that the sense of the quoted theorem in applica- 
tions would be to reduce the apparently more difficult problem of the Poincaré 
group of an hypersurface to that of the Poincaré group of a plane algebraic 
curve. However, in this paper we apply the theorem in the opposite sense, 
using a convenient hypersurface in order to solve the problem in the plane. 
The advantage of transforming the plane problem into a problem in a space 
of higher dimension seems due to the fact (at least it is so in the present case) 
that if a curve C is a generic plane section of Vm-ı, then, everything else being 
equal, the hypersurface V,: supplies a more intrinsic picture of the Poincaré 
group of C than C itself. The essential features of the Poincaré group of C 
should be revealed best on the hypersurface Va-ı lying in a space of the highest 
possible dimension. 

In the present paper the starting point is supplied by the class of rational 
maximal cuspidal curves of even order 2n — 2%. These curves are generic plane 
sections of what may be referred to as the discriminant hypersurface 
D: D(a,°**,@)==0, where D is the discriminant of the polynomial 
oz” +++ -+ an, and where ao,’ ' *,@, are interpreted as homogeneous 
coérdinates in an Sa. The corresponding class of Poincaré groups Gn prac- 
tically coincides with the “Zopfgruppe” of Artin (Artin, see also Reide- 
meister, p. 42). Gn is also the group of automorphism classes of a sphere 
with n holes (Magnus*). We give a proof of the completeness of “the 
generating relations of Ga which is simpler than the previous proofs. 

The case of an arbitrary rational curve with nodes and cusps is treated 
by applying the notion of virtually non-existent nodes or cusps (Severi,° 
Anhang F, B. Segre,® Zariski,” p. 168), and by studying the. effect on the 
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Poincaré group of a plane curve of the removal of a cusp or of a node. This 
can be done, since the type of generating relations at a cusp or at a node is 
known (Zariski®). The result is largely negative: every rational curve with 
_ nodes and cusps, other than the maximal cuspidal curve of even order 2n — 2, 
has, with one exception (see Section 6), a cyclic Poincaré group. The same is 
true of any plane algebraic curve which admits a rational curve with nodes and 
cusps as a limiting case. 


1. Preliminary remarks on continuous systems of rational curves. A 
rational curve with order n with & cusps shall be denoted by the symbol (n, k). 
Applying the formulae of Plücker, it is seen that the dual of a curve (n, k) 
is a curve (n’, k’), where 


(1) nv = 2n —2—k, k = 3 (n — 2) — 2k. 


Hence k S %(n—2). If n is even, the rational maximal cuspidal curves 
(n, 32 (n— 2) ) are dual to the curves ( (n + 2)/2, 0) (rational curves possess- 
ing only nodes). If n is odd, the maximal cuspidal curves (n, (8n — 7)/2) 
are dual to the curves ((n + 3)/2,1). From this it follows that the mawimal 
cuspidal curves form in either case a single irreducible continuous system 
(Severi, Anhang F). Since the characteristic series of this system is non- 
special, any number of cusps of the general curve of the system can be con- 
verted into nodes (virtual nodes), and hence curves (n,k) exist for every 
integral value of k satisfying the inequality k = 8(n— 2) /2 (see, for instance, 
B. Segre ‘). | 

For any given k, satisfying the above inequality, the curves (n, k) form 
a single irreducible continuous system. For the proof we observe that it is 
indifferent whether the statement is proved for the curves (n, &) or for the dual 
curves (2#, k’). From (1) follows the relation (n — 2) — k =k’ — (w — 2), 
and hence either n — 2 — k or n’ — 2 — k is a non-negative integer. We may 
assume therefore k= n—2. A curve (n,k) is the projection of a normal 
rational curve Tu" of order n, in Sy, the center of projection being an Su: 
meeting in k points the ruled surface F of the tangents of I". If kSn—2, 
any k points belong to an S,., and hence the & intersections of Sn-s with F can 
be taken arbitrarily on F. Our statement now follows from the irreducibility 
of the system of k-ads of points of P (F is irreducible!) and from the 
irreducibility of the system of all Sn-s’s on k fixed points. 

Since a system of curves (n, k) can be obtained from the system of maximal 
cuspidal curves by regarding a certain number of cusps of the general curve 
of this system as virtual nodes, we conclude that the complete system of curves 
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(n, k) contains for any k = %(n— 2), the complete system of rational maxi- 
mal cuspidal curves. In other words, any rational cuspidal curve of order n 
possesses the maximal cuspidal curve of order n as a limit case. 


2. The Poincaré group of the maximal cuspidal curve of even order. 
Let Cons be a maximal cuspidal curve (2n—2,3(n—2)), of even order 
2n — 2, the dual of a rational plane curve I, of order n, possessing nodes only. 
For the general curve I, we have the parametric equations: 


(2) di = fi (t), (i =1, 2, 3), 


where fı, f2, fs are arbitrary polynomials of degree n in t. The equation of 
Con-2 is D (às, Àz, As) == 0, where D (Ài, Àz, Ag) is the discriminant of the poly- 
nomial F(t) = Mfi + Asfe+Asfs. If we interpret the coefficients a of the 
general polynomial f(t) = aot” + ati +. La, of degree n as homo- 
geneous codrdinates of a point in a complex projective space Sn, we see that 
Con-2 is the intersection of the plane F = X;f; + Aof'2 + Asfs with the hyper- 
surface D (do, &,° * *, an) —0, where D is the discriminant of f(t). We 
denote this hypersurface by A and we shall refer to A as the discriminant 
hypersurface. By the theorem on the Poincaré group of an algebraic hyper- 
surface, quoted in the introduction, we have that the Poincaré group of Con 
coincides with the Poincaré group of A (i.e. of the residual space S,—A). 
We shall denote this group by Gn, and by g an element of Gn. ` 
We interpret Gn as the group of motions of n distinct points on the sphere 
H of the complex variable t. Hach point f (—f(t)) of S» represents an 
unordered set of n points 1, tz," * +, tn of H, the roots of the polynomial f(t). 
If f is on Sa — A, these n points are distinct, and conversely. A closed path 
in S,— A corresponds to a motion g of the points ¢; on H, in the course of 
which these n points remain always distinct from each other and which carries 
a given unordered set (°, ¢2°,- +, Én?) into its initial position. A slight 
deformation of g over Sa — A corresponds to a slight deformation of the given 
motion g, consisting both in a deformation of the paths and, so to speak, 
of the instantaneous velocities of the individual points #;, the variable set 
(tr, boy? * «; te) consisting always of n distinct points in the course of the 
deformation. If g — 1, the given motion can be deformed in the above manner 
into rest, the initial set (#,°,- - >, tn?) remaining fixed during the deformation. 
The consideration of the group Ga goes back to Hurwitz ? who has applied 
it toward the classification of Riemann surfaces with assigned branch points. 
In this paper Hurwitz determines the generators of Gn. The group Gn, 
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interpreted as the group of automorphism classes of the sphere H with n holes 
‘(the holes being at the points #;° of the initial set), has been studied by 
Magnus,’ who derived the generating relations of G, and who pointed out the 
connection between the groups Gn and the “ Zopfgruppen ” of Artin.t In view 
of the importance of this class of groups, we give here a new and simpler 
treatment of the group Gn. We point out that the n — 1 generating relations 
given in the quoted paper of Magnus (Magnus,? relations (19)) are all con- 
sequences of the one relation (6) given below. 


3. The generators of Gu. We fix on H.a set of n distinct points 
Py, Pa + +, Py as an initial set and we denote by Xj, Xz,- © -, Xn the points 
of a variable set. We join the points P:,P2,° + +, Pn, in the order written, 
by a simple oriented arc, and we denote 
by s; the oriented arc joining the points 
Pi, Pin. Let g; denote the motion in 
which the points P;, 7=47,i+-+ 1, are 
fixed, while the points P; and Pis are 
interchanged, X; moving from P; 
to Pis along the right-hand edge of 
the oriented arc s; and Xin moving 
from Pin toward P; along the opposite Fic. 1. 
edge of s; (Fig. 1). We prove that the n— 1 elements gi, ga, © `, Qn1 are 
generators of Gn. 





Proof. The elements gi, considered as transpositions (P: Pi), generate 
the symmetric group of permutations of the n points Pi. Hence, every ele- 
ment of G, can be written as a product of gs multiplied by an element 5, 
representing a motion in which each point X; comes back to its original posi- 
tion P:i. Let § also denote the corresponding singular 1-sphere in the residual 
space S,—A; its initial point is P= (Pu, Pa’ © +, Pn), while a variable 
point of $, representing a variable set of n points (Xi, X2,- + -,Xn) shall be 
denoted by X. If Q is a fixed point on the sphere H, we denote by Vo the 
(n — 1)-dimensional variety in S, representing the sets of n points of H 
containing Q. We first deform S in such a manner that the closed path 
described by the point X,, starting from and returning to P., does not pass 
through the points P2, Ps,* +, Px. We join then each point X ==(X1, Xatt, Xn) 
of § to the point X’ = (Xa, Po,- + +, Pa) by a simple arc | contained in Vx, 
but not meeting A. As X varies on S, we vary the arc J continuously, assuming 
that when X is very near its initial position P (and hence X” is very near X), 
the arc l is very small and reduces to a point at the initial position P of X. 
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The final position of 1, as X describes the entire 1-sphere S, is a singular 
1-sphere S’ on Vp, in the residual space of A, while the point X’ describes a 
singular 1-sphere S;. The locus of‘the arc l is a singular 2-cell bounded by 
5 (8,8). Hence we can deform S into the product S,8’, where S, represents 
a motion in which all the points Pi, except Pı, are fixed, and S” is a motion 
in which the point P, is fixed. The same procedure can now be applied to 8’ 
and yields a deformation of 8’ into a product S28”, where the motion S, feaves 
all the points P;, except P., fixed and where in S~” the points P, and P, are 
fixed. Continuing in this manner we finally express S as a product 9,8, -°-- Sn, 
where Sq is a motion in which all the points P;, except Pa, are fixed. Now 
Sq is a singular 1-sphere in H — P, — P,—: + © — Pai — Pan —' tae Pa 
and can be deformed into a product of loops issued from the point P, and 
surrounding the points Pa: > +, Pas, Pass © *, Pme It is easily seen that 
such loops are supplied by products of the elements gi. For instance, if « = 1, 
then the products 912, gi%go"gi,° © *, (gn-2° * © ÿ1) * G?ma(Yn-2° * * a) Tepre- 
sent the required loops,* q. e. d. 


4. The generating relations of Gn. We have in the first place the follow- 
ing relations between the generators gi: 


(3) Jigi =i |i— il A. 


1 As originally defined, g? is a motion in which the variable point X,, starting from 
P, turns about P, in the positive (counterclockwise) sense, while at the same time the 
point X, starting from P,, turns about P, in the same sense. However, as can be 
seen from the accompanying figure (Fig. 2), the loop described by either one of these 
points, say by X, can be pulled over the point P, and then deformed into the point P:, 
while the path of X, is unaltered. 


ES 
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These relations are trivial, because if | ¿— j |41, the arcs s; and s; have 
no end-points in common and it is therefore indifferent which one of the two 
motions g; and g; takes place first. 

We now consider an oriented are s’; joining the points P; and Pisz, very 
near but not meeting the arc s; -+ Sim outside the end points. We assume 
that s’; is on the left-hand side of the. oriented arc s; + Sai and that Pi is 
its initial point. Let g’; be the motion 
in which the points P; and°P;,, are | Fiat 
interchanged along the arc s’;, the 
point di, moving from P;,, toward 
P; on the right-hand edge of s'i. 
‘It is then easily seen that the motion 
in which the three points Pi, Pis, 
Pisz are permuted cyclically, their 
paths being the oriented arcs 84, sis, Fie. 3. 

s'i respectively (Fig. 3) is expressable in terms of the elements gi, g'i; Jis 
in each of the three following manners: gigi, 9i9in, gigi. Hence 
Jin Gi = 91 Jin = gig’i, and eliminating g'i, we find the following relation: 





(4) Giling = Jiu GiGi+y, (¢=1,2,- + -,n—2). 


We have pointed out in the preceding section that loops, which we shall denote 
by @2,3,° * *, Qn, which issue from the point P, and surround the points 
Pa, Ps," > +, Pn respectively, are given by the following products: 


(5) ay == (gi © * 91) gia (giz * * 92). 
Since the product 4,44 - * - a, is obviously the identity in Gz, we have 
(6) 9192" * © Jn-29?naGn-2° * © Gega =L. 


We proceed to prove that the relations (3), (4) and (6) constitute a complete 
set of generating relations of Gn. 

We introduce the following notation. If two power products Ig, and Mg; 
of g1,° * +, gn are equal as a consequence of the relations (3), (4) and (6) 
only, then we shall write Ilg,==II’g;. Using the ordinary symbol of equality 
== for elements which are equal in Gn, we have to prove that Ig, == Wg: 
implies Ig;==II’g; The proof is made in several steps. — 


a. If W is any product of the gs, then W = 9ngn1- + 91Wi, where 
0k n—1 and where W, is a product of the generators go, © °, gn and 
of the elements a; given by (5). 
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We prove this by induction with respect to the number m of factors g:*t 
in W, since the statement is trivial in the case m—1 (g1 = gas). Let 
g (= 94") be the first factor of W and let W’ be the product of the remaining 
m — 1 factors. By our induction we can write W = ggrgr-1° * * GW”, where 
W’, is a product of ge, >`, Qn-1,@2,°''°,@. If g=gi1,1>k-+1, then 
Ja": 91 = GrJr-' * ` gig and hence W == 9x9r 1° ` © g1W1, where Wi = gW’. 
If g = gwn, then the product 99x91: ` * giW’, is already of the required ferm. 
If g = g> we have identically: . 


key 
gg Qi = haie ggr- °° Ga = Jun Gu ay, 


and hence W = grung’ * © 911, Wi = aor Wi Finally, if g = gi", tS k, we 
observe that, by (4), (gigi) 91 (Gisgi) = gin, and hence 


(gegra * * ga) Tg (gege: © e ga) = (Jingi: 91) 7987 (gigi °° ga) = 
® (gia: -9:) "gi gia ni) = 9%. 


Consequently W = ginger © °° gag Wi = grgr-1' © + GW, q. e. d. 


441 


b. The product gxgx1° * * 9:W, represents a motion which carries the 
point P, into the point P., provided k = 1. Hence, as a corollary of a, it 
follows that if W is a motion in which P, comes back to its original position, 
and if W is expressed as a product of the generators gi, then W == W,, where 
W, is a product of the elements ga,’ ` `, n-i, Go © ‘> Un. 


c. We observe that as a consequence of the relations (3), (4) and (6) 
the group generated by the elements az,’ + +, dn is an invariant subgroup of 
the group generated by the elements go,- ` `, Gna. The proof is contained in 
the following relations: 


(8) giti = igj, (jA1,i—1,4), 
trivial if 7 > i, and immediate consequences of the relations (7), if } Si— 2; 


(8) gigi = (Gin gx) 7gig igi" (gi © Ga) 
= (gin > i ga) I Gia (Gin > i ga) = Ain; 


(8) grag = (greg) J iagi lgi g) s 
= (gi-2 FA 91) gig h (Ji-z re) = lilin. 


From (8’) and (8”) it follows that also gi*ta;,:g;"* can be expressed in terms 
A 
of a; and Gi and hence the proof is complete. 
11 
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COROLLARY. If a product W of the gi’s represents a motion in which the 
point P, comes back to its original position, and hence in particular if W —1 
in Gr, then W = WaWa, where Wy is a product involving only the generators 
go'n and Wa is a product involving only the elements ts, - >, dn. 


d. We are now in position to prove the completeness of the relations (3), 
(4) And (6). We use an induction with respect to n, since in the case n = 1 
the group G; contains only the element 1. Let W be an element of Gn, 
expressed in terms of the generators gı, ` `, gun and let W =1 be a true 
relation in Gn. By c., corollary, we have W=W,W, and hence W,Wa = 1. 
Since W, is a motion of the points P; in which the point P, is fixed, while in 
the motion Wa all the points P;, except P,, are fixed, it is clear that W, = 1 
must be a true relation in Gan, the generators of Gn-ı being go," © *, Qn-1. 
By our induction, this relation must be a consequence of the relations (3), 
(4) and (6) relative to the case n— 1. Of these, the only relation which is 
not included among the relations for the group Gn, is the relation (6), which 
for Gn-1 is as follows: go: * gui © -g2—1. Since 


92° "na * 92 = gr? ap, 


it follows that by using the relations (3), (4), (6) of the group Gp it is 
possible to express W, as a product of transforms of az* by elements of Gar. 
By c., it follows then that W = 1 implies a relation of the type: W=W', 
where W'a is a product of the elements do, ` >, Qn. 

We now make the following remark. The elements dz,’ : `, an are also 
generators of the Poincaré group T of H—P,—:-:—P; Given any 
element V of Gy, and if V carries the point P, into itself, then this motion V 
of the n points P,,- - -, Pa defines a deformation of the loops a; into loops a’;,, 
issued from the point P,, and the correspondence a; <> a';, defines an auto- ` 
morphism of the free group T. It is clear that a'j, = V-14,V, where now the 
elements a; and a’;, are considered as elements of Ga. If the motion V is 
deformed continuously, while the loops a; are fixed, then the loops a'j, are 
deformed continuously over H — Pa —: : :— Pa, the point P, remaining 
fixed. Hence if V, = Vo in Gy then Vai Vi = Vrta; Va in T. 

Let now V = W'a. Since Fi = 1 in Ga, it follows that Wata: W’ a = a 
in F, ie. W is commutative with each element a; Since W’, is itself an 
element of T and since the elements a; are generators of T, W’, belongs to the 
center of T. Since T is a free group, we must have necessarily W’e = 1 in T, 
i.e. Wa, given as a product of the elements a2,- ` `, @, is a product of trans- 
forms of (a'> `an)™. The product a2-- a, expressed in terms of the 
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elements gi, is nothing but the left-hand member of (6). Hence W,==1, 
and consequently also W = 1, q. e. d. 


5. The generating relations of Gn and the associated singularities of the 
curve Can. The group Gh is the Poincaré group of the maximal cuspidal 
curve Cons of order 2n—2. It is interesting to see how the individual 
generating relations of G, correspond to the singularities of C2 The 
curve Clon» possesses 3(n— 2) cusps and 2(n—2)(n—3) nodes. The 
(n— 2) (1 — 8)/2 commutativity relations (3) are the typical relations at 
nodes, while the n— 2 relations (4) are the typical cusp relations (see 
Zariski £). The fact that there are 4 times as many nodes as there are rela- 
tions (3) and three times as many cusps as there are relations (4), must be 
due partly to repetitions (two or more singularities giving one and the same 
relation) and partly to the fact that 91,92, * * , Qn1 is a reduced set of 
generators. The curve Con-2 is of order 2n — 2, and originally a set of genera- 
tors of its Poincaré group would consist of 2n—2 loops 91, g2,° © * ; Jan-ss 
lying in a fixed line and each surrounding a point of intersection of that line 
with Cons. The curve Cen-s is of class # and the n tangents of Cons in a pencil 
of lines supply essentially n — 1 equalities: gi = ÿon-a-i (i = 1,2,---,n—1). 
The trivial relation gig2- - * gone = 1 yields the relation (6). 


6. Rational cuspidal curves of even order. To consider a cusp of Con» 
as a virtual node means to consider that cusp as a limiting case in which two 
critical points, or two singular lines, coincide, one corresponding to a node 
and the other being a simple tangent. Since the rational curves of a given 
order and with a given number of cusps form an irreducible system, it 
is immaterial which cusps of Con, are considered as virtual nodes. We 
may assume therefore that any one of the relations (4), say the relation 
919291 == 929192, is the relation at one of the cusps which are considered as 
virtual nodes. The above relation must then be replaced by two relations, 
one 919s = 9291, relative to the node, and the second, gı = gs, relative to the 
simple tangent. The new relation g, == gə, combined with the relations 
919s = Jag: And 929a92 = 9:9293, Yields the relation gz = gs Combining this 
relation with the relation gogs = gage and 929193 = Jagaga, We find gs = ga. 
Continuing in this manner we get gı == ge =` ` * = n-1, While relation (6) 
becomes: g2”? — 1. We may therefore state the following result: d 


Any curve of even order, admitting the maximal cuspidal rational curve C 
of the same order as a limiting case, but possessing less cusps than C (in 
particular, any rational curve of even order which possesses only nodes and 
cusps and is not a maximal cuspidal curve) has a cyclic Poincaré group. 
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Let us now consider one of the nodes of Cen» as virtually non-existent, 
and let the relation at the node be, for instance, 9:93 = 9391. The node must 
be then replaced by two simple tangents, very near each other, each yielding 
- ths relation g, = g, We must assume n = 4, because if n == 8, then Corne 
has no nodes. If n = 5, the new relation gı — gs, combined with the relations 
91J4 = Gigi ANA 929493 = Jagga yields the relation gs==g., and from this 
- equality of two consecutive generators gi, gi: we derive, as before, that the 
group is cyclic, of order 2n — 2. 

If n == 4, we are left with the relations: 


919291 = 929192, 929392 = 939293; Jı = fa: 9192989293 = 1, 
or. 
919291 = 929192 919291929: = 1. 


These relations define a group G, generated by two elements: u == 91292, 
v = 9192, satisfying the relations u? = vë — 1. In the present case the curve 
Cm-2 possesses 6 cusps (lying on a conic) and 4 nodes, and the group G, of 
Ce reduces to the group @ if one of these 4 nodes is considered as virtually 
non-existent. However, there is no further reduction of the group of the 
curve, if any or all of the 4 nodes are considered as virtually non-existent. 
In fact, we have shown in another paper (Zariski £) that @ is the Poincaré 
group of the sextic curve with 6 cusps on a conic, and this curve is obtained 
from the rational sextic curve Cs by considering its 4 nodes as virtually non- 
existent.’ 
Hence, we have the following results: 


Tf a curve C of even order 2n—2, nA 4, and of genus > 0, admits the 
rational maximal cuspidal curve Con. of the same order as a limiting case, 
than the Poincaré group of C is cyclic of order 2n — 2. 

In the exceptional case n — 4, we have the non-rational sextic curves with 
6 cusps on a conic, whose Poincaré group is generated by two elements u and v, 
sañsfying the relations u? =v = 1. 


y. Rational cuspidal curves of odd order. It has been pointed out above 
(saction 1) that a rational maximal curve Con+, of odd order 2n — 1, is the 
dual of a rational curve Tn4,, of order n + 1, possessing one cusp. On is a 





ÉTÉ Ju Jos+ + +» Ja is a non-reduced set of generators for the rational sextie O% (see 
section 5), such that.9,== Je 9e = Js 9s = 9, are relations supplied by tangent lines 
of Ca, the relations at the 4 nodes of ©, are likely to be the following: 919: == 9:91 
9:04 = Dal Gos == Gaos Gos = G:F In terms of the reduced set of generators gu 9» Go 
we have here only one relation repeated four times, and this explains the stablity of 
the Poincaré group after one node has been removed. 


ON THE POINCARE GROUP OF RATIONAL PLANE CURVES. 617 


curve (2n — 1, 8n— 5) and possesses 2(n— 2)? nodes. Let Ins degenerate 
into a rational curve Ty, of order n, possessing only nodes, and into a tangent 
line ¢ of Ty, the point of contact of ¢ with T, (a tacnode of the composite 
curve Ta + ¢) being the limit of the cusp’ of the irreducible curve Inui. The 
dual curve C1 degenerates then into the maximal cuspidal curve Cons, the 
dual of the curve Tu, and into a tangent line p of Con The composite qurve 
Cen-2-+ p possesses as many nodes as the irreducible curve Co (the 
2(n—2)(n—8) nodes of Con and the 2n—4 nodes at the intersections 
of the line p with Co, outside the point of contact, hence in all 
2(n—2)(n— 3) + 2(n—2) = 2(n—2)?® nodes). Corresponding to the 
3n— 5 cusps of the irreducible curve C:,:, we have on the composite curve 
Cen-2 + p the 3n — 6 cusps of Cr and the tacnode at the point of contact 
of p with Con. Inasmuch as the composite curve Con + p is a limiting case 
of the curve Co», this tacnode must be considered as a virtual cusp. This 
enables us to determine the Poincaré group of the irreducible curve Ce by 
investigating first the Poincaré group of the composite curve Cons + P. 

We consider again the space Sn(đo, &1,° * °,@n) of the polynomials 
dot” +--+ + an, and we consider in Sn the hyperplane 8: : dé” +° -- +- dn = 0, 
where é is a fixed value of ¢ (representative space of all the n-tuples of points 
on the sphere H of the complex variable ¢ which contain the fixed point £). 
It is immediately seen that 8, touches the discriminant hypersurface A at 
every common point. This is a consequence of the elementary fact, that if 
f(t) and (t) are two polynomials both divisible by t — é and if f (t) + Aod(é) 
is divisible by (t — &)?, then the discriminant of f(t) + A(t) is divisible by 
(A — ào)? (in geometric language: a fixed point of a linear series gn counts 
for two double points of the séries.) It follows that a generic plane section 
of the composite hypersurface A -+ Sm: is exactly our composite curve 
Con-2 + p, and hence the Poincaré group of Cine + p coincides with the 
Poincaré group of the residual space of this composite hypersurface. Let 
G'n be this group. The group @, can be interpreted as the group of motions 
of n points on a sphere H with one hole, the hole being at the fixed point £ . 
(or also, as the group of automorphism classes of a sphere with n + 1 holes, 
leaving one hole fixed). From this interpretation of G,, it is seen that Ga 
is obtained from the group Gr by the following modifications: (a) adding to 
the set of generators gi,° °°, Jna of GA another generator y, representing a 
motion of one of the points P;, say of Pi; along a loop surrounding the point é 
and not meeting the arcs 52, - `, S13 (b) adding to the set of relations (3), 
(4) the following relations: | 


(9) Gi = Jir (i= 2,38,-+-,n—1); 
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(10) (yg:)? = (gry)* 


and, finally, replacing the relation (6) by the following: 


(11) yji? Jn-29°n-19n-2 Egr = 1. 


The, relations (9) and (11) are obvious. The relation (10) is obtained by 
observing that grygı ‘can be deformed into a motion in which the point P, 
turns around both point P, and é, while the remaining points P; remain fixed. 
The path of this motion does not cross the loop y, and hence 7 and ÿryÿi 
are commutative. 

Having proved the completeness of the generating relations (3), (4) and 
(6) for the group Gn, we could prove without difficulty the completeness of the 
generating relations (3), (4), (9), (10), (11) for the group @x. However, ` 
we do not insist on the proof, since we are not immediately concerned with the 
group G’,: all we need to know is that the above relations effectively hold 
trie in Gn. 

The relation (10) is a typical relation at a tacnode, in the present case 
at the point of contact of the line p with Con... We observe incidentally that 
the commutativity relations (9) arise from the simple intersections of the 
line p with Ce If we regard the tacnode of the composite curve Con-2 + P 
as a virtual cusp, i. e. as the limit of a cusp and of a simple tangent line, we 
must replace the relation (10) by the two relations: ygry = giygi and gi = y, 
of which the first is a consequence of the second. The new relation gı = y, 
combined with the relations g1g291 = 929192 and ygz== gzy, yields the rela- 
tion g, == gs. In a similar manner we find gs = gs =" ` ` gna Hence the 
Poincaré group of Cen- is cyclic of order 2n — 1. A fortiori, the group remains 
cyclic for any curve of order 2n — 1 admitting Con . as a limiting case. Hence 
we have the following result: 


The maximal cuspidal curve Can of odd order 3n — 1, and any curve of 
order 2n—1 admitting Con as a limiting case (in particular any rational 
curve of odd order possessing only nodes and cusps), possesses a cyclic Poincaré 


group. 
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ON THE PRINCIPAL JOIN OF TWO CURVES ON A SURFACE, 
By M. L. MACQUEEN. 


FE 


É Introduction. Bompiani has made? some important contributions to 
the projective differential geometry of curves in ordinary space by introducing 
certain lines and points, called principal lines and principal points, which are 
associated with the intersection of two skew curves. In connection with the 
investigation of the invariants of intersection of two curves, several different 
cases present themselves. We shall confine our attention to the case in which 
the two curves O, Ë pass through a point P with distinct tangents t, tat P 
and also with distinct osculating planes at P, whose line of intersection is 
different from ¢ and ¢. Bompiani shows the existence through P, in the plane 
determined by +, t, of two lines, called principal lines, characterized by the 
property that the two cones projecting C, © from any point on either line 
have contact of the second or higher order along their common generator 
through P, instead of contact of the first order as would ordinarily be the case 
if the center of projection were chosen elsewhere in the plane of t, t. On each 
principal line there is a point, called a principal point, which has the property 
that if the projecting cones have their vertices at this point, the cones have 
contact of the third order. 

On considering the case in which the two curves belong respectively to the 
two families of a conjugate net on a surface, Lane has deduced? some in- 
teresting results. Among other things, he shows that the principal lines of 
the parametric curves at a point of a surface are precisely the associate con- 
jugate- tangents at the point. Moreover, he determines the principal points 
of the two parametric curves at a point of a surface, and calls the line joining 
these points the principal join of the fundamental parametric curves. 

In this note- we propose to supplement the investigations of Lane, by 
presenting other geometric characterizations of the principal join of the funda- 
mental parametric curves at a point of a surface referred to a conjugate net. 
In connection with our geometric constructions we introduce the neighborhoods 
of-the third and fourth order of the plane curves of section of the surface made 


1E. Bompiani, “Invarianti d’intersezione di due curve sghembe,” Rendiconti dei 
Lincei, ser. 6, vol. 14 (1931), pp. 456-461. 

2 E. P. Lane, “Invariants of intersection of two curves on a surface,” American 
Journal of Mathematics, vol, 54 (1932), pp. 699-706. 
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by variable planes through the tangents of the parametric curves at a point 
of the surface. 


2. Power series expansions and the principal join. Let the projective 
homogeneous codrdinates «,- - -,e of a point Ps on a surface § referred 
to agonjugate net Ns in ordinary space be given as analytic functions of two 
independent variables u,v. The osculating planes of the parametric e@urves 
Cu, Cy at the point Ps intersect in the axis of Ps with respect to the net No. 
Let P, be the point which is the harmonic conjugate of Pe with respect to 
the two foci of the axis regarded as generating a congruence when the point 
Pz varies over the surface. Then æ and y are solutions of a completely 
integrable system of differential equations * of the form 


; Lun = pe + aty + Ly, 
(1) yy = CT + Au + bay, 
Too = ge + Sty + Ny (IN 3 0). 
From the equations 
(Lov) u = (Zuv) v (®uu)o = (Zu) u 
we obtain | 


(2) Yu = fe — Nu + sty + Ay, Yo = ge + ta, + na, + By, 


where we have placed 


* 


FN = co + ac + bq — c — Qu, gl=tu+be+ap—ca— pr, : 


3 — nN = dy + a — aò — q, tL = dy + ab + c— a, 
(3) SN = by + ab + c— ôu, nL = by + b? — ba — p, 
A = b — (log N),, B =a — (log L)v. 


The ray-points, or Laplace transformed points, +, x, of the curves Cy, Cy 
respectively at the point Pe are defined by the formulas 


(4) Uy = Uy — ba, , Lı = Ty — QT. 


The following formulas give some of the invariants of the parametric con- 
jugate net Ns: 


H = c + ab — dy, K=c+ab—b, 


(5) H = SN, K=tL, s 
88" == 4a — 28 + (log r)v, 8C = 4b — 2a — (log r)u, 
D = — In, r=N/L. 


3 E. P. Lane, Projective Differential Geometry of Caves and Surfaces, University 
of Chicago Press, 1932, p. 138. 
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Incidentally, it is not difficult to show that the Laplace-Darboux invariants 
H, K, the tangential invariants X, K, and the invariants W, © of Green are 
connected by the relations 


(6) U = H p 38,1 %, K =K Yat 80’,. 


i | = 

We shall employ the covariant tetrahedron whose vertices are the points 
T, Ta, Tı, Y as a local tetrahedron of reference with a unit point chosen so 
that a point 


X = yt + Yt F Yeti + YY 
has local codrdinates ¥,,- * +, Ya. In this codrdinate system the equations of 


the osculating planes of the curves Cy, Cy at the point Pe are respectively 
Ys = 0 and yz—0. If we introduce non-homogeneous projective codrdinates 


by the definitions 


(7) à T = Y2/Y1, Y = Y/Y; z= Ys/Y1, 


then a power series expansion‘ for one non-homogeneous codrdinate z of a 


. point on the surface in terms of the other two codrdinates v, y is given, to 


terms of the fourth order, by 


(8) z= (1/2) (La® + Ny?) + (4/3) (LE + NB’y*) + cott + doing 
+ tezy? + cyt +: +, 
where 
Co = (1/3) LE [12C + (log ©?) .], 4c, = (1/6) L(H — X), 
Ca = (1/38) NB’ L128’ + (log B’r4) 1, 4c, = (1/6)N(K— K). 
The equation l 
(10) y — pe (p 0) 


represents a plane passing through the u-tangent, y = z = 0, at the point P, 
of the surface. This plane cuts the surface in a curve whose projection from 
the point (0,0,0,1) onto the tangent plane, z = 0, is represented by the 
equation obtained by eliminating z between equations (8) and (10). If this 
equation is solved for y as a power series in +, the result to terms of the fourth 
degree is 


(11) y = pLa?/2 + 4pLW/a*/3 + p(L*Np?/8 + coté +++ +. 


Imposing on the general equation of a conic the conditions that it be satisfied 
by the series (11) for y identically in æ as far as the term in 2°, we obtain 


tE. P. Lane, “A canonical power series expansion for a surface,” Transactions 
of the American Mathematical Society, vol. 37 (1935), p. 481. 
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the equation of the conics having contact of the third order with a plane 
section made by a variable plane through the tangent y = z = 0, namely, 


(12) y — pLa? /2 — 8C’xy/3 + hy? =0, 

where h is a parameter. The pole of the v-tangent, x = z = 0, with respect 
to any” one of the conics (12) has the codrdinates ° 
(18) (3/8, 0, 0). : 


Similarly, if we consider a plane 
(14) t= 04 (o 540) 


through the v-tangent, x == z = 0, we find the equation of the conics having 
third order contact with the curve of section of the surface to be 


(15) z — oN y?/2 — 88’ ay/3 + kz? = 0, 


where k is a parameter. The pole of the u-tangent, y = z == 0, with respect to 
any one of the conics (15) is found to be the point 


(16) (0, 3/88’, 0). 
The join of the points (13) and (16) is a line whose equation is 
av) 8(Cx + By) =3, 


which is precisely the principal join of the fundamental parametric curves at 
the point Ps. Thus the following theorem is proved. 


At each point of a surface referred to a conjugate net, the principal join 
of the parametric curves at the point crosses each of the parametric tangents 
in the pole of the other with respect to any conic having contact of the third 
order with the curves of intersection of the surface and the planes of a pencil 
with the first parametric tangent as axis. 


Another geometric characterization of the principal join can be described 
briefly in the following way. Let us project from the ray-point (0, 0, 1, 0). 
onto the osculating plane, y = 0, the curves of section of the surface (8) made 
by the plane (10). Eliminating y between equations (8), (10) and solving 
the result for z as a power series in +, the equation, in the osculating plane, 
y = 0, of the projection of the curve of section is found to be 


(18) a= Lat/2 + 4LEa/3 +... 
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Similarly, projecting onto the osculating plane, z = 0, the curves of section 
made by the plane (14), we obtain 


(19) z = Ny/2 + 4NB’y?/B +: 


The conics having contact of the third order with the projections (18) > (19) 
are respectively 

— Fa2/9 __ QG. 2 
(20) z — La? /8 — 8C’xz/3 + hz 7 


z — Ny? /2 — 8B’yz/3 + ke = 0. 


where h, k are parameters. On finding the pole of the axis æ == y = 0, with 
respect to each of the conics (20), we again obtain the points (13), (16) 
which determine the principal join. Thus we have proved the following 
theorem : 


At a point Pa of a surface referred to a conjugate net let the plane curves . 
of section of the surface made by planes passing through the tangent of the 
u-curve (v-curve) be projected from the ray-point of this curve onto the 
osculating plane of this curve. The conics in the osculating plane of the 
u-curve (v-curve) which have four-point contact at Pe with the projected 
sections determine a point on the u-tangent (v-tangent) which is the pole 
of the axis with respect to any one of the four-point conics of the pencil. The 
line which crosses the parametric tangents at the point Pa in the points thus. 
defined is the principal join of the parametric curves at the point Ps. 


3. The quadrics of Moutard for the parametric tangents. The osculating 
conic of the curve of section of the surface made by the plane (10) is contained 
in the pencil (12), and for this conic the parameter is found to have the value 


(21) h — (256L6 — 7260 — 9p°L?N) /9pL?. 


With this value of h in equation (12), the equation of the quadric of Moutard 
for the tangent y = z = 0 is found, by eliminating p between equations (10) 
and (12), to be 


(22) z= (1/2) (La? + Ny?) + (8/3) Caz — (Fr ass =) z 





Similarly, we find the equation of the quadric of Moutard for the tangent 
x = z = 0 to be 





(23) z= (1/2) (La + Ny?) + (8/3) B’y2 — en -je)a 


The pole of the osculating plane, s = 0, of the v-curve with respect to the 
quadric (22) is found to be the point (13). Moreover, the point (16) is the 
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pole of the osculating plane, y — 0, of the u-curve with respect to the quadrie 
(28). Thus one arrives at the following conclusion: 


The principal join of the parametric curnes at a point of a surface referred 
to a conjugate net intersects the tangent of each curve in the pole of the 
osculgting plane of the other curve with respect to the quadric of Moutard 
‘for the tangent of the first curve. we > 


We interpolate here a few remarks concerning the intersection of the 
quadrics of Moutard for the parametric tangents. It is well known, as may 
be verified by inspecting equations (22), (23), that these quadrics are inter- 
sected by the tangent plane of the surface in the asymptotic tangents. Further- 
more, the cone projecting the curve of intersection of the two quadrics of 
Moutard from the point Py consists of two planes, one of which is the tangent 
plane z = 0, The other plane, which contains the conic of intersection of the 
two quadrics, has the equation 


„n Oe, _ [6/6 BY) 8 fo 
(24) 2—wy—(A>-—F —3(#— 4) ] =e 


The plane (24) intersects the tangent plane of the surface in the line 


(25) Cz — By = 0. 
Moreover, the line 
(26) Car + S'y — 0, 


which joins the point P, to the point of intersection of the ray and the associate 
ray, has been called 5 by Davis the second canonical tangent of the conjugate 
net and its associate conjugate net. We thus obtain the following result. 


The plane containing the conic of intersection of the quadrics of Moutard 
for the two parametric tangents at a point of a surface intersects the tangent — 
plane of the surface in the line which is the harmonic conjugate of Davis’s 
second canonical tangent with respect to the tangents of the net. 


4. Developables of the principal join. congruence. It is of some interest 
to consider the developables of the congruence of principal joins. By the 
usual method we find the differential equation of the curves on the surface 
corresponding to the developables of the congruence of principal joins to be 


(27) - Pdu? — (Rr — 8) du dv — Qr dv? = 0, 


SW. M. Davis, Contributions to the theory of conjugate nets, Chicago doctoral 
dissertation (1932), p. 19. ý 
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where the functions P, Q, R, S are defined by 


P = H + 884/3 — 648’C/9, 

Q = K + 863/3 — 6480/9, 

R = 8E [46/3 + (log 6’r8)u]/3 + D2, 
S = 88W [48/3 + (log B®) »]/3 — Dr/2. 


(28) 


et 

We propose to call the curves defined by (27) the principal join curves of the 
net Na. Calculation of the harmonic invariant of (27) and the asymptotic 
curves 

(29) ` L du? + N dv? =0 


on the surface shows, with the aid of (6), that the principal join curves form 
a conjugate net if, and only if, 


(30) (H —K) =4(%— K). - 
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DISCONTINUOUS GROUPS ASSOCIATED WITH THE CREMONA 
GROUPS. 


By Grratp B. Hurr. 


Introduction. In the theory of complete and regular linear systems of 
plane curves there are two closely related fundamental questions that have 
not been answered. First, there is no simple criterion for determining when 
a solution £ == {2}; 21, %2,° * `, Sp} of the Cremona equations, 


Ti + Te +: * + tp 82 — — À (p —1) 
D ty? + Hat — aq? me — d + (p—1), 
actually determines a linear system Spa. The essential difficulty would be 


dissipated if the structure of the arithmetic group gp,2 (*, p. 318) were known 
for all p. gp,2 is generated by 





(1) 


T'o = Lo + L, 
zı =% + L, 
(2) Áis: Va =t: + L, L = (To — Tı — Tz — T3) 
v's = Lg + L, 
T iss = Liss, (j= 1,2,- i "ap — 3) 
and the interchanges of tı, %2,' * °, Up. gp,2 leaves invariant the linear and 
quadratic forms 
(3) L=a, +a +: Htp —3% 


Q = T? + a? +: 3 "+ xp? — To? 


but this property is not sufficient to characterize gp,2.1* 

The problem considered in this paper arises from two observations made 
by Coble in connection with these well-known questions. For p= 9 he found 
that the nature of a C-characteristic was readily determined by considering 
the numbers To, Tı, 2," * * , Zp reduced, mod 3 (°, p. 475). We will investigate 
the possibility of a similar criterion for larger values of p. This study is made 
more interesting by the fact that the elements of gp, which reduce to the 
identity mod 3 must constitute an invariant subgroup. We will denote this 
invariant subgroup by 1%). The factor group of gp,» with respect to I 
is simply isomorphic to the finite group de obtained by reducing the coeffi- 
cients in all the elements of gp,2 with respect to the modulus 3. 
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We determine the order and nature of g S and exhibit a complete set of 
invariants which characterizes the group. In doing so we find that the criterion 
used by Coble is useful only in that single case. 


I. Definitions, conventions, and preliminary formulae. In all the work 
to follow we consider the numbers £o, %1, * * *,@p reduced modulo 3. It will be 
sufficient then to consider characteristics & == {93 21,22," * `, %p} which con- 
sist of numbers of the set Q, 1,2. In particular, 


Derinition. All characteristics {,@,° * +, £o} which have zo = à and 
contain T twos, m ones, and n zeros, are said to be of the type 


io; imn, t+m+n—p. 
A characteristic {a3 21, %2,° * ',@p}, which satisfies 


D +2 +: +++ Up — 8% = m 


mod 3 
ty” + + + + + hp? — Uo” = de, ? 


(4) 
is said to be of sort (a, &2). By direct substitution in the equations (4) we 


obtain the theorem: 


(5) All the characteristics of sort (a, a2) are included in the types 


0; (8b +B) (Bc +y) io; (80° HENGE +y)g, (io = 1,2) 
where B, y, B', y = 0, 1, 2 and satisfy the congruences 


B= a@—& =p +1 


y=— (n +a) =y +1 DA 


and b, c, q, b’, c’, ¢ are any non-negative integers such that 
Bb-+ B+ 80+ y+q—30' HE H3 Hy Hg =e. 
Moreover, all characteristics of these types are of sort (a1, 2). 
Later it will be necessary to know the number of characteristics of a given 

sort. It is clear that there are just * (i a) distinct characteristics of type 

$ (; 2 n) is the usual symbol for the coefficient of y,'y."ys" in the expansion of 
(ys + % + ys). For l, m,n non-negative andl + m + n =p, 

! 


Gen) = PF 
tan? limin! 
and is the number of distinct arrangements of p things of which l, m, and n are alike. 


‘ 
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to; Imn. Then by (5) it follows that the number of characteristics of sort 
(as, d2) is given by 


O lotet) 2 (ws eserye): 


wherewg, y, 8’, y satisfy the restrictions of (5) and the sums are taken over 
all non-negative values such that the trinomial coefficients exist. To bé able 
to evaluate sums such as appear in (6) we make the convention: 


DEFINITION. The nine numbers pgy are defined for B,y—0,1,2 by 
the sum 


CET Peer) 
3b + B3e+yq/’ 
where the sum is taken over all non-negative values of b, c, q such that 


3b + B+ 8e+y+9q—p/. 


Many interesting properties of these numbers may be derived. We include 
here those we must use. Since the trinomial coefficients satisfy the recursion 


relation 
p \ fed p—1 R, 
E E Cp ES LATA ES Gan 4 


we are able to conclude immediately that the numbers pg, satisfy the relation 


(7) pey = (p—1) py + (ep —1) pry + (p — 1) ay. 


By experiment, other algebraic forms of these numbers were found. That the 
results, which are tabulated below, are correct may be verified by seeing that 
they verify the initial conditions and the recursion relations (7). 


(8) The numbers pgy are given by the table below: 
piz == pa = BP, Poo = ge? — (— 3) lo-a} + (— Lee (= 3) pal 
p==0 poa = pro = 3°, pir = 3°? + (—1)? (—3)e4 
Pos == pzo = BP*, par = BP? 4 (— 8) lor} 
pio == por = poo = 8°” ( 3) ae a Ce 1)? (= 3) on 
p= 1 pu = par = pu = 8°? + (— 1) (— 83) es 
poz = pza = pza = 3P? + (— 3) lo] 
Pzo = poz = poo = 8P? + (— 3) i3 + (— 1) (— 8) t-21 
p= Pro == por == pu = 8°? + (— 1)° (— 3) i- 
Por = pis = pos = 82 — (— 3) 7] 





where [k] is the largest integer in k/2. 
12 
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Hence we consider the numbers pgy as numbers which are readily com- 
puted and state the useful result: 


(9) The number of characteristics of sort (a, a2) is given by ppy + 2pp-i,y-1 
where B, y are determined by (5). 
mii 
“Having determined the types of all the characteristics of a given sort, we 
now seek to discover how-these divide into conjugate sets under hee Since 
ga bY definition includes the permutation group II (21, %2,° * *, 2p) and since 
any two characteristics of the same type are obviously conjugate under this 
subgroup, we seek the conditions under which two characteristics of different 
types are conjugate under A123. In the proper sense of the word, 4:24 transforms 
characteristics but not types. Hence we make the convention: we will say 
that the type is; Imn is conjugate to the type Vo; l'm’n if any characteristic 
of the first type is conjugate to any characteristic of the second type under 
Azs In light of this convention we readily verify the statement below. 


(10) Suppose we choose À twos, p ones, and v zeros from the l twos, m ones, 
and n zeros of io; lmn 


Atptv=3, 02AzSL 0zuzm zramm, 


and consider a characteristic of % = à and with the values chosen at T1, 2, £a 
7 any or der. Then the image of this characteristic is a characteristic of type 
; Um'n! where 
do =h + (to — 21 — y) 
Y =l 4-X—A 
m =m F p — p 
n =n 4v —ry 


and N, p’, v is determined by: 
Mews” is equal to Av; mn AÀ; OF vn Àp 
according as (io —2A— p) is 0, 1 or 2. 


© The effect of the transformation given is to subtract out the changed 
numbers and add in the new ones obtained. Since this is accomplished by 
changing i, and adding numbers to J, m, n we put (10) in the following form. 


* This means, of course, that a given type may have several conjugates under As 
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(11) The type conjugate to io; Imn with iy; Auv isolated is 


min) 


=142L 
m=m+M 
~ n=n+<N 


x , o 
where L =N — à, M = K — p, N =v —v with N, w, v determined as in (10). 


In doing the necessary computation it was found convenient to tabulate 
the values of i,; LMN which arise from a chosen i); Apy as follows: 


(12) 4, Vo Apy > L M N Au» > L M N Apy > L M N 
0 431'210 -1—I1 2 021 2--1—1 102 —I1 2—1] 
0 2 120 —1 —l1 2 012 2—1—1 201 —1 2 — l 
l 2 111 0 0 0 
1 2 300 —3 0 3 003 0 3—3 030 3 —3 0 
1 0 102 1 1—2 210 —2 1 1 021 1 —2 l 
2° T EL 0 0 0 
2 1 008 3 0—3 300. —3 3 0 030 0 3—3 
2 0 012 1 1—2 201 —2 l 1 120 1—2 1 


II. The group g Jorp=9. For p= 8 the problem is greatly simpli- 
fied by the fact that in these cases the order of gp,2 is finite. Its order and 
essential properties are known.’ Indeed, we can see that here gí? and gp,2 are 
simply isomorphic as a consequence of a theorem due to Minkowski.*:° 


(13) An integer linear homogeneous substitution which is of finite period 
and which is different from the identity cannot reduce to the identity with 
respect to a modulus l= 8. 


Thus Ine and gp, are of the same order and are obviously simply 
isomorphic. ; 

For p = 9 a similar procedure will suffice, even though gs, is of infinite 
order. Dr. Taylor * obtained a complete determination of all the elements of 
gs, in 1932. These results were later put in a more usable form by Dr. 
Barber.? By applying these results it is not difficult to see what happens when 
the coefficients in the elements of go. are reduced modulo 3. We will merely 
state the results obtained by direct application of the properties of go». ° 

g®? is of order 3°-2-8640-8!. It possesses an invariant abelian sub- 
group of order 3° and type (1, 1,1, ete.). The factor group of g® with 
respect to this invariant subgroup is simply isomorphic to gén = Goa I E> the 
invariant subgroup of gs, characterized by the fact that all its elements reduce 
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to the identity, mod 8, is comprised of all those elements of Dr. Taylor’s è 
Type I which are defined by a y, v, 8:,82,: © * , 8) with the property 


y= =% = ih =. y -== dy, mod 3. 


This could also be stated by saying that 7“ consists of those elements * of a» 
; Fae oo 
whigh are themselves cubes of some element in &. 


II. The group gf? for p>9. The essential difficulty in this paper 
comes in determining the nature of Gy in those cases where the information 
concerning gp,2 is fragmentary; i: e. for values of p greater than 9. We obtain 
a grip on the problem by asking how the aggregates of characteristics of the 
same sort divide into conjugate sets under ge 

In the case p = 10 there are three self-conjugate characteristics 


{0; 22,2}, {0; 1,1,-+-,1} and {0; 0,0;---, 0}. 


-Excluding these, there remain 195 types of eia Starting with one 
of these, we can find all the types conjugate to it by use of table (12). Taking 
the new ones we can find all their conjugates and continue the process until 
we have a complete conjugate set. Having done this computation, we find 
that for p = 10 we have exactly 9 complete conjugate sets. That is, except 
for the three self-conjugate characteristics, all characteristics of the same sort 
are actually conjugate under g}. We anticipate then that this is true for all 
p> 9. Indeed, it may be shown that when this situation exists for p—1, 
it must also exist for p. Suppose all the characteristics of a given sort for 
p— 1 are actually conjugate under CRT The characteristics obtained by 
adding a zero to each of these are characteristios of that same sort for p and 
are clearly conjugate under gy). It remains only to show that those char- 
acteristics of that sort which contain only twos and ones are: conjugate 
under g} to one which contains a zero. This is readily areomp ahed by using 
table (12). 


(18) The three characteristics of types 0; p00, 0; Op0, and 0,00 p are 
always self-conjugate. For p> 9, the remaining characteristics divide into 
just nine conjugate sets determined by the nine pairs of congruences (4). 


` The significance of this is that any * two characteristics of the same sort 
are conjugate under g c. We remark that since (5) enables us to write down 
all the characteristics of a given sort, we have a very complete determination 


* Of course, the self-conjugate characteristics are excluded and p > 9. 
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of the conjugate sets for p > 9. The number of characteristics in a given 
conjugate set is then immediately determined by (9). 

` We complete the investigation of 9,2 by comparing it with the group Gp. 
Gp is defined to be the group of all linear substitutions with coefficients in the 
GF[3] which leave Q, L absolutely invariant. The immediate difficulty in 
compaithg these two groups is that gi is defined by its generators and Gp is 
defined by the invariant forms. The “difficulty is resolved by showing that: 


(a) for p> 9, Vea is characterized as a es of Gp by the fact that 
it permutes characteristics of sort (0,1) evenly; and 


(b) a simple set of generators exists for Gp. 


We make use of the notion of involutions in D-conditions introduced by 
Coble (4, p. 17) and studied later by Barber.’ Using the notation of the latter 
article, if d == {do; di, dz, * +, dp} is a characteristic of sort (0,2), then the 
linear substitution 


(14) Ip(d): wv =(dia)d +a, 


is an involutorial element of Gp. By direct substitution we may verify that 
Ip(d) has this useful property.* 


(15) Ify is a characteristic of sort (2,1) such that yp = 0, then 


d= {Yo3 Yo Yar" ` Yon 1} 
is of sort (0,2) and the image of y under Ip(d) is {0; 0,0,: + +, 0,2}. 


Since all characteristics of sort (0,2) are conjugate under mee and since Ayes 
is an involution in a D-condition, all involutions Ip(d) are conjugate and 
are in gM for de 9. By using (9) it is readily seen that Ip(d) for 
d= {1; 0, 0,::-,0} always yields an even permutation of characteristics of 
sort {0, 1}. race. 


(16) An involution in a D-condition always provides an even permutation of 
characteristics of sort (0,1). 


Since oS is generated by involutions Ip(d), this means that every element of 
the group has that property. ‘However, there are elements of Gp which give an 
odd permutation of the characteristics in ss The involution C,, in the 
non-rational D-condition { V2; 2v2 2, V2, 0,: : -,0} has the equations 


# This statement is also valid in the usual theory. Any P-characteristic® defines 
an involution in a D-condition which sends it into the fundamental P-characteristic 


{95 0, 0,- - -,— 1}. 
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Lo = t + 2a, 
d'a == 22) + 2a, + 2a. 
we = Lo + 2a, + 2T 
d'y = Tj+2s (1 = 1,2,° > -+,p—2). 


(17) Oaie: 


Since we can count the characteristics invariant under this by use of (2)— and 
sincé Cy. interchanges the remaining ones in pairs, we show that Cy, gives an 
odd permutation of charaeteristics of sort (0,1). 


(18) The involution Cio always provides an odd permutation of char- 
acteristics of sort (0,1). ! 


By simple direct computation it is verified that G is of order 8 and is 
generated by involutions in D-conditions and Cy. As a consequence of this 
it may be seen that Gp, the subgroup of Gp generated by involutions Ip(d), 
is an invariant subgroup of index 2 under Gp. For by (15) an element of Gp 
which has a zero in one of its P-characteristics can be reduced to an element 
of Gp. The number of elements that do not have zeros is restricted and these 
cases may be considered in detail. This leads to the result: 


(19) Gp is generated by the involutions in D-conditions and Cio. The sub- 
group Gp generated by involutions in D-conditions is an invariant subgroup 
of index 2 and is completely characterized by the fact that it permutes char- 
acteristics of sort (0,1) evenly. 


The order of Gp is obtained by using the fact that if h is the total sub- 
group of H leaving an object @ invariant, then the index of h under H is the 
number of conjugates of 6 under H (7, p. 356; °, p. 77). It is readily veri- 
fied that Gp.. is simply isomorphic to the subgroup of Gp which leaves 
{0; 0,0, --,0,2} unaltered. Thus if 0(p) is the order of G(p) and C(p) is 
the number of conjugates of {0; 0,0,- : -,0,2} under G (p), then 


(20) 9(p) =C (P)O (o — 1). 


By (13) all characteristics of sort (2,1) are conjugate for p > 9 and 
it is readily verified that this is true in the early cases. Hence by (9) we have: 


(21) C(p), the number of conjugates of {0; 0,0,- + -,0,2} under Gp, is 
gwen by C (p) = pro + poz — e where e = 0 tf p= 0, 2, mod 3, and e= 1 if 
p= 1, mod 3. 


À 


DISCONTINUOUS GROUPS ASSOCIATED WITH CREMONA GROUPS. 635 


We remark that the algebraic form of C (p) is readily obtained from table 
(8). @(p) is completely determined by the initial value 6(1) — 2, the re- 
cursion relation (20), and the fact that C(p) is always known. From (19) 
it follows that 46(p) is the order of Gp for p > 2. But for p> 9, ge contains 
all the generators of Œp and must then be simply isomorphic to Go. 


(22) Yor p > 9, the order of gE is 38(p), where 8(p) is defined as above. 
re is characterized as a subgroup of Gp by the fact that it permutes char- 
acteristics of sort (0,1) evenly. 


Conclusion. The question concerning the possibility of distinguishing 
between proper and improper characteristics by reduction with respect to the 
modulus 8 is completely settled. Since for p > 9 all characteristics of the same 
sort are actually conjugate under g% it is clear that the case observed by 
Coble is the only one in which such procedure is useful. 

The nature of go has been determined for all p > 9. An explicit formula 
for the order of the’ pe is given and it is shown that gẹ? is completely 
characterized by 


(a) the invariance of Q, L, and 
(b) the fact that it permutes characteristics of sort (0,1) evenly.* 


Since Gp is simply isomorphic to the groups studied by Coble +? and Dickson,’ 
and since ga is an invariant subgroup of index 2 under Gp for p > 9, the 
problem of determining in detail the structure of g oe has been reduced to the 
application of known results. , 

These results would be immediately applicable to the study of gp,2 if the 
nature of I ‘s) were known for all p. For p= 9 this was accomplished, but in 
the later cases only fragmentary information was exhibited. A complete 
characterization of I nes would be necessary to give this paper a general 
significance. 


UNIVERSITY OF ILLINOIS. 
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NOTE ON ASTATIC ELEMENTS. i 
By F. Morrey and J. R. MUSSELMAN. 


>» . 
= 


‘e 
Let forces in one plane have points of application ai, magnitudes pi, and 
directions ri. The sum of the areas or moments about any point v is 0 when 


D fe ot 
Sia à 1|1—0 
pr p/r 0 
and therefore for equilibrium 
(1) Zar = 0 
and 
(2) Sua/r = Spar. 


If now each force be given a turn ¢ about its point of application, then 7; 
becomes #r:, the first equation remains, but the second becomes Sua/r = t? Spar 
and if this be true for one value of {? other than 1, it is always true, for. 
Sua/r =0. The condition for astatic equilibrium is then 


(3) Spa/7 = 0. 


We take the simple case of equal forces, that is let m, = p: =' :  —1. And 
we speak of elements instead of forces with given points of application. We 
have astatic elements a;, 7; when 


Sr—0 and Xa;i/ri—0. 


For instance three elements are astatic when 7, : ro : 73 — 1 : © : w? 


(where wo? + o + 10) 
and Qi + wy + ot; = 0. 
If now 34/7 is not 0, but say k, we replace a, by bı where 


by/t1 + a/t: ++ + + = 0. 
We have then 
“a, — bi = kr: 
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and similarly replacing each a; by a b; 
a, — b; = kr; 
whence . Sa = SD. 


It suggests itself that the vectors a; — b; are forces in equilibrium. This 
r 
is so af 








e ei 
that is if 
G a, kr eas 
a, l/r Eo 








which is true since 3a/7 = k. Thus if we have n elements ai, ri for which 


sr — 0 


and if we replace each ti, 7; in turn by bi, ri so as to get an astatic set, then 
ai — b: form a set of equal forces in equilibrium. 


If we replace tı, re," * by 1,¢,<?- ~ where e is a root of e — 1, then 
Xr—0. The expression Xa/r becomes a Lagrange resolvent, v. The theorem 
becomes: If we take n elements a, zc, age? + - + and replace in turn each 


a; by b; so that the Lagrange resolvent v vanishes for b; and the other a’s, 
then a; — b; are a system of equal forces in equilibrium. 


‘Tur JOHNS HOPKINS UNIVERSITY, 
AND 
WESTERN RESERVE UNIVERSITY. 


PROPERTIES OF THE VENERONI TRANSFORMATION IN S40 


By GERTRUDE K. BLANCH. 


“Ihe a paper which appeared in 1901, Veneroni? cited that in a space Sn 
of n dimensions, the primals V”»-ı of order n, which pass through (n + 1) 
general linear spaces S,2 lying in S, form a homaloidal system. Such a 
transformation is referred to as the Veneroni transformation. Some properties 
for Sn are given by Veneroni and Hiesland.? More specific detail about the 
transformation in S, is given by J. A. Todd? and by Virgil Snyder.* The 
bilinear equations defining the transformation have not heretofore been pub- 
lished, however. They are derived in this paper and further properties are 
investigated with their aid. Emphasis is laid on the study of involutorial 
Veneroni transformations. In S, any Veneroni transformations can be made 
involutorial by a proper choice of the frame of reference—an elegant derivation 
is given by H. F. Baker.’ We show in this paper that in §, this is no longer 
true; one condition among the coefficients of the equations becomes necessary 
for an involution. It is found that quite generally, but not always, the in- 
volutorial case can be represented as a polarity with respect to four composite 
. quadric primals, and the fundamental elements are considerably more specialized 
than in the more general involutorial transformations studied by Schoute ê and 
by Alderton.? Furthermore, there exist Veneroni transformations in S4 which 
are involutorial; but the bilinear forms cannot be represented as polarities 
with respect to quadric primals by any linear transformations. Properties 
which have already been found by other investigators will be included for the 
sake of clarity and completeness, when necessary. | 


Notation. Let 


(ax), = 0,21 + ete + Mets F data + asis ; 
(bx) = bits + Det, + bats + bat, + bits. 


The binomial (a:b, — biax) will be denoted by (ik). Thus (a:b2— bia) = (12). 
Sn: linear space of n dimensions. V,": a variety of dimension r and order n. 


1 Lombardo Rendiconti IT, vol. 34, pp. 640-654. 

2 Rendiconti Circolo Matematico di Palermo, vol. 54, pp. 335-365. 
3 Proceedings of the Cambridge Philological Society, vol. 26 (1930), pp. 323-333. 

+ Bulletin of the American Mathematical Society, vol. 40 (1934), pp. 673-687. 

5 Proceedings of the London Mathematical Society (2), vol. 21 (1923), pp. 114-133. 
€ Archives du Musée Teyler, ser. 2, vol. 7. i 

7 California Publications in Mathematics, no. 15, vol. 1 (1923), pp. 345-358. 
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A V,” of Sra will be called a primal; if n — 1, it will be called a prime and 
denoted by S, The transformation involves two spaces Ss, S'a The system 
in 84 will be referred to as the (æ)-system; that in S’, will be called the 
(2’)-system. The symbol 9 means “transform into.” 


1. The derivation of the bilinear equations. The general homaloid of 
this 64— 4) transformation in 8, is a quartic primal V,* passing through 
five general planes of 84, such that any two of them intersect in one point only. 
It is easy to show that the system | V,*| is co. Let the five planes have the 
equations: 


mi: Ti = V = 0; To! Ly = T4 = 03 + gt Ta — Ts = T — T; = 0. 
ma: Lı — Ts = T3 — Ts = 03 ms: (ax) = (br) = 0. 


The first four planes intersect by twos in the vertices of the simplex of reference 
and the unit point. These are entirely general for 9, Any other six points 
in equally general position uniquely determine a set of four other planes which 
can be carried into these by a non-singular linear transformation. The fifth 
plane being entirely general the homaloidal system defined by these five planes 
will be projectively equivalent to that defined by any other five equally general 
planes in S, We demand that rs be non-incident 8 with the other four planes, 
and that the ten pole of intersection of the planes m; by twos be distinct. 
Then 5 m=; > bi = B cannot both be zero; for then (1,1, 1, 1,1) would 
d=1 
satisfy rs, and would coincide with the intersection #3 * 4 of mg and m4 It is 


5 
therefore no restriction to define ms by (ax) = 0; (ba) = 0; A 0; X b; = 0. 
i=l 


Consider the five Segre cubic primals, each determined by four of the five 
planes.” Their equations are given below: 


Wi: [ (av) b, — (bx) a2] (8s — z2) (ts — z4) 
+ [ (av) b,—(bx) as] (£s — 24) (28 — 4) + A (br): xg (ts — 24) = 0 
Wa: [ (ax) b,—(bx) ae -] (£2 — Ts) (2 — t1) 
+ [ (ax) b,—(bx) as] (ma — Ts) (te — 21) + A (bx): ti (ts — az) 0 
Wa: [(av) bs —(bx) ag] - 23° (te — 21) 
+ [(av)b;—(bx) as] tits — 21) + [ (av) bs —(bz)as] - yee 
Wa? [(av)bs —(bx) ag] ` ts (ts — 22) 
+ [ (ax) bs —(br) a4] ma (ma — te) + [ (ax) bs —(b@) as] ma (s — 2) = 


Ws + ©1U304 — By Woks + Tilata — Titas + Dolal5 — LTolala = 0. 


8 Two planes are non-incident in S, when they have only a point in common; 
if they have a line in common, call them incident. 

? Bertini, Linfiihrung in die projective Geometrie mehrdimensionaler Räume, 
chapter VIII, p. 193. ' 


= 


+2) 
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Tt will be useful to recall some of the properties of these primals. Hach 
can be generated as the locus of lines which meet the four planes determining 
it. Hach contains fifteen planes; from every one of its points there can be 
drawn six lines, each such line meeting six of the fifteen planes. We may 
readily verify the following identity: 


(21 — t2) Wa aad (ta — t3) We + (bs) AW, == 0. - bad 
Let . 
(1. 1) d'a = zıWı; La = t2Wi3 Ta = Wa; ws = taWa; L's = A(ax) Ws. 


Each 2’; is satisfied: by all five planes r; and is therefore a composite member 
of | Vat |; further these five homaloids are linearly independent and hence 
they define a proper Veneroni transformation. To obtain now the bilinear 
equations consider the determinant 


M de Xs Ma As 
— To Tı 0 0 0 
0 0 — Ts za 0 o 
(az) — (az) — (az) (az) (bz) a 
((ae--A)(ts— za) [altz — ze) {a2(t2— x5) lao(ts — Ta) [bats — T2) 


+ airs — %1)] Hasti 26)) + (A— arts —23)] + alts — 24)] + balts — 24)} 


This expands into 
MW + Aste Wa + A3%3 Wa + Aala Wo + ÀsÅ (az) Ws = 0. 


The determinant is therefore the complete system | Vst |. Replace the first 
row of the determinant successively by the second, third, fourth, and fifth 
rows; taking account of (1.1), we have the four bilinear equations: 


My: wy", — Tot’, == 0 

Mo: 30", — 242", = 0 , 

Ms: (ar) (21 — da — Ls + 24) + (br) 0’; — 0 

Ma: (ts— to)" (20 — Aa’, + bons) + (ts — ma) + (a0 + Ads + bas) = 0. 


The linear combination A(M,— M,) + M, + M, gives 


Ms: (£s — 1) + (—a,0 — Aro —bir:) 
+ (ts — ts) + (— 430 + Ada — Des) =0 
where O == 2’, — ni; — V +. . 
The matrix of each bilinear equation has rank 2; the direct and inverse 
transformation are of the same nature; and the fundamental planes of (x) 
and («’) can be read off from inspection of these equations. Naming the 
fundamental planes of (2’) Ta, Ta, Te, Ta, T's, we may say that each bilinear 
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equation associates a plane T, with a plane m; and we shall hereafter call 
two such planes Ti, m; satisfying the same bilinear equation associated planes. 


8. Locus of invariant points. When the spaces (x) and (4) are super- 
posed, the invariant points satisfy M. and M, identically. The locus of in- 
variant points therefore consists of the quartic surface defined by M, gn@M,, 
with*the primed symbols removed. The planes ma, m4, ms intersect the surface 
in conics, but rı, ma cut the surface in only four points. Thus the invariant 
locus is not symmetric with respect to the fundamental planes and’ depends 
on the choice of the frame of reference. 


INVOLUTORIAL TRANSFORMATIONS. 


4, A special involutorial transformation. The transformation already 

‘ developed will be involutorial when and only when (av) =<; and (br) ==— C. 

The fundamental system becomes very much specialized—R,* breaks up into 

two planes and an #,°, and four of the Segre cubic primals on J,** contain 
double lines, with only 11 planes on each. The transformation 


(2. 1) Di Ya; Vo= Y1; Va = Ya; Da = Ys; Us = Yo 


applied to (+) changes these forms to a polarity with respect to four com- 
posite quadrie primals. 


5. Veneroni transformations in the form of quadric polarities. Subjecting 
(x) to a linear transformation is equivalent to taking for the simplex of 
reference in (x) different linear combinations of the homaloids in (x). When 
the two spaces are regarded as superposed, J,1°, J7,1 have two planes in 
common, each of which 2 a W4. Hence the square of the derived trans- 
formation is of order ten. But we may transform any four planes of (x) 
into any other four planes in equally general position and we may so choose 
such a transformation that four, three, two, one or no planes T; of (2’) 
coincide with fundamental planes of (x). Hence the square of the general 
Veneroni transformation may be of order 4, 7, 10, or 16 respectively, depending 
merely on the frame of reference. But under what minimum restrictions will 
the, transformation be involutorial? We have studied one involutorial trans- 
formation in which the fundamental system was very much specialized. We 
will now obtain others much more general. In any involutorial transformation, 
the fundamental planes of (x) and (x’) must coincide; but conceivably they 
may be associated with one another in any one of the 5! ways in the bilinear 
equations. If the plane T, coincides with its associated plane a; for every 5, 


PROPERTIES OF THE VENERONI TRANSFORMATION IN S84. ` 643 


we shall call such a transformation form I. We inquire under what conditions 
form I is possible, with at least four planes T in perfectly general position. 
In that case there will exist a non-singular linear transformation on (+) 
carrying the four planes T; into ~, which will also transform T, into rs. 
‘Then Lu a transformation must have the form: 


oy = aa + QY; T = GsYr + GaY2 5 d'a = AsYs + Goÿa; oy GrYs + sYa; 
T's = aa (ay) + aro (by).+ 


In addition, it must carry the remaining planes T; into the associated planes. 
Completing the algebraic details ° we find that one restriction on the coeff- 
cients is necessary; namely 


(2. 2) (24) - (51)ba + (25) - (18), —0, when Xb: —0. 


il 
Tf, in addition 


(2.3)  [(63) : (51) + (42) : (81) babs] : [(24)bx + (18) ba + Abba] 
+ [(13) bs + (42)bs — Absb,] 52 0 


the transformation will always be non-singular. If some of the factors in 
(2.8) are zero, form I may still be possible in some cases, and impossible in 
others. The special restrictions in individual cases can be derived quite readily. 
The resulting bilinear equations will show that when form I is possible, the 
transformation is always a polarity with respect to four composite quadrics 
(and indeed, a fifth also, when Ms is considered). No essential restriction is 
imposed on the fundamental elements. Thus the double points are distinct 
and no three need be collinear; the fifty planes of J:15 can all be distinct. 
In $:, every Veneroni transformation can be made involutorial by a suitable 
` linear transformation; and since so much depends on the frame of reference, 
we will examine more closely the choice used to see whether (2.2) is really 
an essential restriction for S4. First, we imposed the restriction that 3b; = 0 
in developing the bilinear equations. It may be verified** that when this 
restriction is removed, condition (2.2) takes the form 


BU (51) : (R4)as + as (81) + (52)] + A[bs(18) + (52) + ba (51) - (42) ] = 0, 


where B==30b; This is a relative invariant under the transformations 
(ay) == c(ax) + d(bx); (by) —e(ax) + g(bx). It remains to be seen 
whether by imposing a transformation (w) on (+) and another transformation 


+° The algebra in full detail is given in the author’s dissertation, 1935, Library of 
Cornell University. 
11 Author’s dissertation, Appendix I b. 
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(r) on (z), we may obtain form J without any restriction on the coefficients 
Qis bi. Suppose one such had been found. Then the fundamental planes of 
(x) and (2’) now being alike, use (w*) on both. Then (tw) transforms 
_all fivé planes of (+) into the associated planes of (x) under the old frame 
of reference, and if form.J is possible at all, we may obtain.it by keeping (x) 
fixed and impositing a linear transformation on (+). Hence condition (2.2) 
is a ‘necessary restriction. : 


6. Involutorial Veneroni transformations which cannot assume form I. 
The first special involutorial transformation in IJ is not a polarity with respect 
to quadric primals, since ai, 54 ay; in the fourth bilinear equation. But con- 
dition (2.2) is satisfied and (2.1) carries the transformation into form J. 
Is it possible to find involutorial Veneroni transformations, not form J, and 
such that form I is never possible for them? Such transformations exist and 
we give a method of obtaining them by examining certain anharmonic ratios. 

From every double-point miry can be drawn a line of Rë to meet the other 
three fundamental planes. Let As, 44, As be the points in ms, ws, ms respectively 
on the line of R,’ from mire. Let pio = (aime, 8, 4,5) be the anharmonic ratio 
of the points mire, As, As, As. Obtain the anharmonic ratios pi, on every one 
of the ten lines through the points mirs. Similarly, obtain the corresponding 
cross-ratios g'is on the lines in (a) from the associated points TiTr, in the 
same order, Then it is readily verified that Pir = pix for every i, k. 

Now suppose the five planes T; are projective with the planes m; but not 
in the associated order. Suppose, for instance, there exists a linear trans- 
formation under which T, 2 mı; To 2 mo; Ts 2 ms; T3 2 ma: Ta 2 ma Since 
cross-ratios are invariant under a linear transformation, we must have 
(miro, 8, 4,5) = (mra, 4,3,5). Hence pi = 1/2. The other anharmonic ratios : 
impose three more independent conditions, and we exhibit the following equa- 
tions for x; which will satisfy all requirements: 


(ax) : (2b +-1)a, +b (2b +1) ae + 2(b2 + D + 1)a,—2(0? +b + 1), — 0 
(be) : (— 2b —1)a, + (2b + 1) a2 + 2brs — 2 (D + 1) + 22 = 0 
subject to the condition (26 +1) (06+ 1) (6? + b +1) 540, but b unrestricted 


otherwise. The following linear transformation carries T; 2 7;: 
a's = m? (Yı + dys) /de3 de = m? (by: + Yi — Y2)/ds3 2's = Ys + bya 
d'a = 2(0 + 1)ya — Ya; do = (01/2) [ary + 2(ys— ys) + 2b (y: — ys) ]. 


where a, == 2b +1; a, == 2(b? + b +1). 
The five bilinear equations become: 
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Mi: [b + 1) 41 — ye] — Lo (Yi + by) = 0 
Mo: Taf (2b + 2)ys— ys] — Ta (Ys + 2bys) = 0 | 
Ms: (ax) [ (ay) + Lee b+1)- (by)] ; 
+ (be) [ (ay) —b(by)]- O+ +1) —0 

Ma: (ss eae, (Ys —Y5)] 

s Ee ean me Lys Gun) + (¥s—ys)] = 0 
Ys—Ys)] - 
+ (2s — 23) ` [ (2b + 1) (y2— ys). + (Ys 


The transformation is non-singular when (b? + b -+ 1) (b + 1) (2b + 0. 
[t is readily verified that | | 


(24) (51)6 + (25) aan —#8(20 +1): (+1) +5 +1) 


ind is never zero when the durs is non-singular. Hence form I is 
aever possible for these transformations. + 

In existing literature, involutorial transformations in S, expressible by 
means of bilinear equations are given as’ polarities with respect to quadric 
orimals by Schoute 1? and by Alderton.* ‘The results of this paper show that 
aot all involutorial transformations so definable are expressible as quadric ` 
olarities. These Veneroni transformations also throw more light on the 
character of the fundamental system’ for the case of the quadric polarities. 
Miss Alderton classifies the transformations according to the characteristics 
yf the quadric primals defining the polarity. For the general case of all four . 
orimals being “ space-pairs ” (composite primals),-she cites that J*° consists 
of four planes and a sextic surface, with more specialization when the planes 
xommon to the space-pairs are incident. The Veneroni transformations show 
chat is can be considerably more speed even when the four “ space- 
airs” are perfectly general. : 

Clearly a transformation may be involutorial even when ai 4x; in all 
he bilinear equations. A less exacting criterion—quite obvious yet worth 
ioting is this: Denote by the (+) matrix the one from which the ratios 
vit data: æa gs are obtained. If the (x) matrix may be obtained from the 
(æ’) matrix by elementary transformations on the rows of the latter, then the 
iransformation is Hits The cases given in this paper satisfy this 
iterion. $ 


Ms: (as 











- CORNELL UNIVERSITY. 


12 Schoute, loc. cit. 
18 Alderton, loc. cit. 
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SECOND ORDER DIFFERENTIAL EQUATIONS WITH TWO POINT 
BOUNDARY CONDITIONS IN GENERAL ANALYSIS. 


By À. D. Micwat and D. H. Hyers. 


Introduction. The abstract differential calculus initiated uy M. Fréchet ? 
‘has led several authors to the study of both “ordinary”* and “total” 4 
differential equations in abstract normed vector spaces. So far the existence 
theorems given have all been for one point initial conditions. 

In this paper we consider the following “ordinary” second order dif- 
ferential equation with {wo point boundary conditions: 


(1) dE(t)/d = F (t, é dé/dt), E(t) = A, E(t) =B, 


where the values of the functions é(¢), F(t, é) and the second and third 
arguments of F(t, é y) are elements of a Banach space” while ¢ is a real 
variable. | 

Section 1 contains essentially an abstraction of Picard’s two point 
existence theorem.* In section 2 we consider special systems of type (1) 
(Cf. systems (2.1) and (2.6)) occurring in abstract differential geometry," 
and study the continuity and Fréchet differentiability of the solution 2 (t, x, %1) 
as a function of ¢ and the boundary values %,2. The main results of the 


1 Presented to the American Mathematical Society, September, 1935, and November, 
1935. . 

2 M. Fréchet, Comptes Rendus, vol. 180 (1925), pp. 806-809; Annales Scientifique de 
l’École Normale Supérieure, vol. 42 (1925), pp. 293-323. For the differentials of func- 
tionals see V. Volterra, Theory of Punctionals (London, 1980); G. C. Evans, American 
Mathematical Socicty Colloquium Lectures (New York, 1918). 

3L., M. Graves, l'ransactions of the American Mathematical Society, vol. 29 (1927), 
p. 514; M. Kerner, Prace Matematyczno-Fizycene, vol. 40 (1933), pp. 47-67. For the 
earlier work on linear differential equations in Moore’s general analysis see E, H. Moore, 
Atti di IV Congresso (Rome, 1908), vol. 2, pp. 98-114; T. H. Hildebrandt, Transactions 
of the American Mathematical Society, vol. 18 (1917), p. 73. 

4A, D. Michal and V. Elconin, Proceedings of the National Academy of Sciences, 
vot. 21 (1935), pp. 534-536; A. D. Michal, Annali di Matematica (in press). 

5S. Banach, Opérations Linéaires (Warsaw, 1932). .In (1) we have written 


d'é(t) , HEP 
ge im the place of g| gi 


M. Kerner, Annali di Matematica, vol. 10 (1932), pp. 145-164. 

SE. Picard, Traité d'Analyse, Tome 3 (Paris, 1928), pp. 90-96. 

7 A. D. Michal, Annali di Matematica, loc. cit.; Proceedings of the National Academy 
of Sciences, vol. 21 (1935), pp. 526-529. 
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ja For other definitions of second derivatives see 
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paper center around Theorems 2, 3, 4 and 5 of this section. Sections 3 and 4 
are concerned with a differential equation in a normed ring and with an 
integro-differential system arising in functional geometry.® 


1. A general existence theorem. In this section we give an existence 
theBrerg for the differential system (1) together with a lemma needed in the 
proof of this theorem and of Theorem 6. . E 


Lemma 1. Let (t) be a continuous function on the closed real interval 
(0, c) to a Banach space and let 


m aes [a)l 


Then for 0StSe the unique solution of the differential equation 
(1.1) PE/di? = &(t) 
taking on the two-point conditions £(0) = 0, E(c) =B is given by 


E) = f, 9(s,4)@(s)ds + (t/0)B, 
where . | 
g(s, t) =s(t/c—1) s<t 
| = t(s/e—1) s >. 
Furthermore we have 


Tel <me’/8+ | Bi, | dé/dt—B/e || < me/2. 


THEOREM 1. Let Land L’ be any two chosen positive numbers. Denote 
the real closed interval (a,b) by 1, let N, be the set of points é of a Banach 
space® E such that 

|é—APSL 


and let N be the set of points n of E such that 
eer cere 


Suppose F (t, £, q) to be a continuous function in the set t, é n for t in I, é in Ni, 
„in No, and with values in E. Further suppose that for the same set of values 
of t, &, m the function F satisfies the Lipschitz condition : 


8 A. D. Michal, American Journal of Mathematics, vol. 50 (1928), pp. 473-517; 
Proceedings of the National Academy of Sciences, vol. 16 (1930), (three papers) and 
vol. 17 (1981). . 

? Banach spaces and their subsets will be denoted throughout the paper by bold 
face letters. \ 
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PG fom) —F (t & m)l S a | é é l Helne | 


(and hence | F | is bounded, say || F(t, ém =U). Then subject to the 
following inequalities 


4Sh<h <D 

















Ultti=h p E 
T GR BAY <L ; 
(1.2) U (t — to) = À 
2 + Le 
a(t, — to)? B(ti — to) 
Page ug os 


the differential system (1) has a solution on (to, t1). Furthermore under the 
same conditions there exists on (to, t1) a unique solution E(t) of the differential 
system (1) and the inequalities 


(1. 3) [é(t)—A] SL, | a(t) /dié—p | SL’. 


The proof of Lemma 1 and the existence of a solution of the differential 
system (1) can be obtained by an evident modification of Picard’s*° well 
known methods and by the application of some known or easily proved results 
on abstractly valued functions. To prove the uniqueness of the solution of 
(1) and (1.3) we take to — 0 without loss of generality. Assume there are 
two distinct solutions é(¢) and y(t) in (0,4). By the Lipschitz condition 
. we obtain the inequality 


|| F(t, E(t), d&(t)/dt) — F(t, n (t), dy (t) /dé) | 
S a | é(t) —y(4) |] + 8 | dé(é)/dt — dn(t)/di | 


for t in (0,4). The non-negative continuous function on the right side of — 
this inequality takes on its positive maximum value, say N, at some point + 
in (0,4). Hence an application of the lemma to the differential equation 


PEDD _ p (1,209, 2) —P (4a, 20 


yields 
N < N(at,2/8 + Bt,/2). 


But this contradicts the last inequality (1.2) for te = 0. 


2. A differential equation arising in abstract differential geometry. One 


10H. Picard, loc. cit. 
u M. Kerner, Prace Matematyceno-Pizycene, loc. cit. 
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of us *? has initiated the study of Riemannian and non-Riemannian differential 
geometries in abstract vector spaces. In these geometries the geodesics (or 
paths) satisfy special differential equations of type (1). In this section we 
shall prove several theorems on geodesics. ` 


4 


` LEMMA 2 Let T(x,Ën), an affine connection,” be defined on 
E((&):)E? to a Banach space E. If , ° 


(i) T(x, é, 7) is additive in é and in n; 
Gi) Iré SMIE all GL constant); 
(iii) The partial Fréchet differential * I(x, é n; 8x) exists and is con- 
tinuous in x, then there exist positive numbers N and & < a such that for 
‘any À 


| T(E Én £1) — P (Ea, &2, &) |] S NA? || a — 2e | + 2M | ds — & | 


for all x in (#)g and all £in (0). 


Proof. Clearly T(x, én) is bilinear™ in é and 4. On using hypothesis 
(iii) and a theorem ‘on differentials proved by one of us we find that 
(a, é; 2) is trilinear in é, y, z. 

Therefore there exists 1 an 4, 0 < @ < a and a constant N such that 


Irm én IS NUE dol fel 


for v in (#)g. For any positive À let T, and % be in (4): and é, & be in (0). 
On using the formula +8 for the difference in terms of the differential and 
noting that a neighborhood is a convex point set we obtain 


| I(t; s 1) —T (T3 &, &:) |] SS NA? | 21 — 2 |]. 


1? A. D. Michal, Annali di Matematica, loc. cit.; Proceedings of the National Academy 
of Sciences, vol. 21 (1935), pp. 526-529. 

**E((%),) or simply (&), is the set of points of E for which ||w—a|j<«. By 
“F(E a Wy) On ELE, -+ E, to E” we mean that the i-th argument œ, ranges over the 
set E, while the values of f(&,. --,#,) are in E. 

* M. Fréchet, loo. cit. See also L. M. Graves and T. H. Hildebrandt, Transactions 
of the American Mathematical Society, vol. 29 (1927). 

45 Additive and continuous in £ and 7 separately. ki 

1° A. D. Michal, Annali di Matematica, loc. cit. 

“M. Kerner, Annals of Mathematics, vol. 34 (1933), pp. 546-572. 

# L. M. Graves, Transactions of the American Mathematical Society, vol. 29 (1927), 
p. 173. See also M. Kerner, Prace Matematyceno-Fizycene, and Annals of M athematics, 


too. cit. © 
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From hypotheses (i) and (ii) we have 


|| TG, éi &.) — T (£2 ér &) | S MA | & — & | 
|| TG, Én 2) — T (2a, Es &) || S MA | & — & | 


and the lemma follows immediately. 

So far we have considered two point boundary problems in whicl? one of 
the points 2 is kept fixed while the other point +, is any chosen point within 
a suitable domain. We shall now give some theorems on geodesics in which 
both end points z and +, are any chosen points within a suitable domain. 


THEOREM 2. Suppose the hypotheses of Lemma 2 are satisfied. Using 
the notations of this lemma choose X < the smaller of 


a. 1 2 
R(t — to)? M(ti—to) ? N(ti — to) 


and choose 8 < (A/4) (tı — to). Then for any such choice of À and 8, and for 
any To, Li in (T)a, the system 


(VAE F 2N — 2M) 





(2.1) d°e/di? =T (x, de/dt,dx/dt),  &(b) =," (4) =% 


has a solution which with its derivative is uniformly continuous in t, Xo, %ı. 
Furthermore there exists on (to, tı) a unique solution x(t) of the system 
consisting of (2.1) and 


| x(t) 31Sa | do/at | <a. 


Proof. From Lemma 2 and the inequality 28 < a/4 we see that Theorem 
1 applies here if we take D= ä/2, I =à, ņ=0, a= NN, B—2MX, 
U = MA. From the hypotheses on À it follows that the inequalities (1.2) 
of Theorem 1 are satisfied. A glance at the uniqueness proof of Theorem 1 
shows the truth of the last statement in our theorem. To prove the uniform 
continuity write t == 0, tı =c and let 


Yo(t, os 1) = To + (1/6) (#1 — To) 
ot; Los t1) = (1/0) (a1 — Lo). 

Consider the following system of integral equations which is easily shown 
to be equivalent to differential system (2. 1): 


(2.2) 


2 (t, zo 21) = Yoli, toys) + S g DEEE), (8), (8) )ds 


(2.21) 3 
A EEN EEA E E A + S gils, DE (E(8); 2 (8), 2 (s) ) ds. 


SECOND ORDER DIFFERENTIAL EQUATIONS. 651 
The functions y; and y; given recurrently below approximate to the 
solution z(t, zo, 4.) and its derivative respectively : 


7 Ê 5 
Yi (t, Dos T1) = Yo (t, Lp, 21) + f g (S, t) ®i-1 (8, Do; T1) ds 
. 0 


e 
© | s(t, To 21) = Y'o (t, Lo, T1) ane ges, t) Bi (S, do; 21) ds 


(i = 1,2, > ) 
where A 


®; (s, Lo, 21) = Bs (s, Toy T1), 9 y "i(s, Xo; 1), 4 yi (s, To, Ta) )e 


(2.3) 


By means of the inequailty 


| Bi(s, Go + dx, Tı + da) — $: (S, Lo, 21) | 
(2. 31) S NX || yi (s, To + To, U1 + 8w) — Yi (S, Lo, %1) | 
H RMA | y'i (8, Zo + Bto, 21 + B21) — y'i (S, To, 21) | 


and an induction we see that y; and y’; are uniformly continuous in t, So, 2% 
for ¢ in (0,c) and za zı in (&)s The uniform continuity of the limit fune- 
tions follows by the usual method. ` 

To investigate the differentiability of the solution x(t, £o, %1) as a function 
of the set of boundary values (Zo, x.) we could proceed directly as in the proof 
of continuity of Theorem 2. An alternative method,*® which we employ below, 
is to make use of the general implicit function theorems of Hildebrandt and 
Graves. 

Before studying the differentiability of w(t, xo, Ta) v we prove the following 


lemma concerning functions * of class C™. ; 


Lemma 8. Let E and E, be Banach spaces and X be a bounded conver 
region of E. The necessary and sufficient conditions that a function F(x) on 
E to E, be of class C™ uniformly on X is that the following conditions (A) 
and (B) be satisfied ae k=n. 

(A) F(z;èm;: ; Gt) exists and is continuous in æ uniformly (in 
the ordinary sense) with respect to its entire set of arguments for | d:2 | = 1, 
i=1,---,k and z in X. à i 

(B) There exists a constant Mr with 


19 We are indebted to the referee for helpful suggestions in this connection. 
Originally we employed the direct method, without using the results of Hildebrandt and 
Graves. For the general implicit function theorems see Transactions of the American- 
Mathematical Society, vol. 29 (1927), pp. 127-153. From now on this paper will be 
referred to as HG. 

20 For the denition of functions of class om see HG, p. 137 and 140. 
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. > 


$e PF; + + 5 de) || SMe | ie |---| be | 
for all x in X. 


Proof. , The necessity of the conditions of the lemma is obvious from the 
definition of functions of class C% uniformly on X (uniformly (X;1) in the 
notation of HG). To prove the sufficiency we note that condition (3), pe 137 
of ŒG is automatically fulfilled since clearly 


Y 1 
(2.4) F(s) — F(a) — f’ F(z + 0(a—m) ; à — 2)do 
for any two points £o, x of X. We now make use of the similar formula 
(2.5) F(w; du; : : 38,0) — F(t; dt; "+; dt) 


"1 
=Í F(a + olt — to); T3 + + 5 8,83 t — to) do 
0 


(to £ in X) 


to prove that conditions (A) and (B) are satisfied for k == 1,2,- ,n— 1, 
and therefore that the lemma holds. In fact (2/5) shows that (B) for 
k=r 4 1 implies (A) for k==1r. For each z, in X, F(a; di; * jès) 
is a multilinear function % in 8,a,- + -, êv so that 


Pro; 8185: > >; bæ) | S M,(&)| ie |---| èe À. 


Thus by (2.5) we see that (B) for k =r +1 implies (B) for k =r. The 
lemma now follows by repeated applications of this argument. 

The following theorem on existence and differentiability is independent 
of Theorems 1 and 2. 


TunoREM 3. Let X, & stand for the neighborhoods (#), and (0), of E 
and let the function H (æ, £) on XE to E have the following properties: 
(i) H(z, £) is of class O™ in (a, £) uniformly on XŒ (n = 1); 
(ii) H(z, é) is homogeneous in é of degree r> 1. Then having chosen 
two real numbers to, tı, there exist positive numbers B = b and À Sv such that 
(I) for every To, T, in (#)s there is a solution x= $(t,o,%) of the 
differential system 
(2:6) Px/d? = H (x, da/dt), g(t) = To E(t) =T 


and this is the only solution with these end points satisfying 


Let) — 2l <A | da/dt l <A 


21 A. D. Michal, Annali di Matematica, loc. cit. 


SECOND ORDER DIFFERENTIAL EQUATIONS. 653 


(II) the function $(t, £o £1) is of class oe in (£o %) uniformly on 
E°((&)s). 


Proof. Asin the proof of Theorem 2 we deal with the following system 


of integral equations which is equivalent to the differential system (2. 6.) : 


e 
L 


=f g(s, DE (al), Els) )ds-+ 20 + (4/0) (th) 


(2. 7) - ; . 
E(t) = f. g(s DAE), El) ds (1/0) (a — 2) 
where we have chosen to = 0, t; = for simplicity. 

Let E, be the space-of pairs y == (x, é) where s, ye«E, with the norm 
| y | = greater of | æ |, | €], and let E, be the space of continuous functions 
Y = y (t) = (a(t), €(¢)) on (0,c) to E, with the norm | Y | — max al y(t) |. 


With the usual definitions of equality, addition and asbl by reals, 
E, and E, are Banach spaces. Put o == (zo %1). Next let Fi (o, Y), Falo, Y) 
respectively stand for the right members of the integral equations (2.7) and 
write F (o, Y) = (Filo, Y), Po(o, ¥)), so that F(w, Y) is a function with 
values in Æ, for we E,, Y eE». Then the system (2.7) may be replaced by 
the single equation 

(2. 8) G (w, Y) =Y —F (o, Y) =0. 


We shall now show that hypotheses (Hi), (Hz), (H) of Theorem 4 of HG, 
p. 150 are satisfied by the functional equation (2.8) with a proper choice of 
regions. In fact let Y, be the region XŒ of the composite space E, and let 
Y, be that subset of E, consisting of all continuous functions Y == y(t) for 
which y(t) e ¥i, when OS tc. It is clear from its definition that Y, is a 
bounded convex region. Take wọ as the point «= ë, é = % of E, and Y, as the 
‘point s(t) =, é(t) = 0 of E If S2, is any chosen bounded convex region 
of E, containing wo, take the region We of the composite space E.E, as Y., 
so that W, is bounded, convex and contains the point (wo, Yo). 

(H,) Since H(a, é) is homogeneous in £ it is clear that Fi (wo, Yo) = &, 
F (wo Yo) =0, so that (wo, Yo) is a solution of (2.8). 

(H:) It is sufficient to show that F: (w, F), Fow, Y) are of class 0% 
uniformly on We. We give the details of proof for F, only, since those for 
F, are similar. Now F,(o, Y) can be written in the form 


(Y) + A(v), 


where A is a uniformly continuous linear function of w on the bounded 
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region #2, so that F, (w, Y) is of class C® uniformly on Ws if &(Y) has this 
property on Y,. Evidently 


©(Y) = f o(s, )H(a(s), €(s))as 


is linear in H, while H may be considered as a function on E, to E» and writen 
H(Y}e As a consequence of the uniformity conditions in (i) of our theorem 
it is easy to demonstrate that the differentials of H(Y) up to and including 
the n-th exist for F e Ya. An application of Lemma 3 then shows that H(Y) 
is actually of class C% uniformly on Y.. The function & being linear in 
H(Y), is also of class C uniformly on Y.. Consequently Fi (o, Y), F2(w, Y) 
and F(w, Y) are of class C uniformly on W = Y.. À 


(Hs) : Gwo Yo; 8Y) = 8Y — F (ao, Yo; SY). 


It is evident from the above discusssion that 


Piles Y3 8Y) = S g(s, NEE), ECs) 5 828), 8€(6) )ds 
Falo, Y; 8Y) — J’ gels, )H(2(s),€(s) 3 80(s),2€(8)) ds. 
Since H (æ, £) is homogeneous of degree > 1 in é the differential 
H((s),£(s) 5 8¢(8), 8€(s)) = H (2(s), (8) 580(8)) + H(2(s), (8) 5 3(8)) 


vanishes for £(s)=0 as is easy to see by calculating H(2,é; 8c) and 
H(x,&;8&) by means of Gateaux’s limit method. Hence for all èY, 
G(wo, Yo; 8¥) = SY and (H3) of Theorem 4 of HG is satisfied. | 
The hypotheses in Theorem 4 of HG hold. Hence by an application of 
this theorem the reader can readily complete the proof of our Theorem 8. 
On differentiating the first equation of (2.7), we obtain with the aid of a 
theorem on total differentials proved by one of us * the following corollary. 


COROLLARY 1. The differentials $(t, w; 810; -> ; 8.0) (k —=1,2,-°-, 2) 
are uniformly modular (Cf. Lemma 8, property (B)) and continuous in (t, w) 
uniformly with respect to their arguments for teT : tı <t < te, we E*((%)g) 
and À io | S1 G@=—1,---,k). 


COROLLARY 2. If in Theorem 3, n = 1, then (t,o) is of class O® in 
(t,o) uniformly on TE?((&)s). 


22 À, D. Michal, Annali di Matematica, loc, cit. 
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Proof. Since the pair of functions ¢, 6$/0t satisfies (2.7) it can be 
shown by a simple calculation that ô¢ (t, )/ét and $(t,; 8) are continuous 
in (t,o) uniformly in (t,o, 80) for te T', we E*((Z)g), || Sw | — 1, and have 
bounded norms for the same ranges of the variables. With the aid of Corollary 
i we obtain for a preassigned «e > 0 the inequality 

e 


LACEE 86,0 + do) — elh o) — EEA) 464, w5 50) | 
< | st | If, PTE cs _ telio) w) de 








+e | 80 | 


for t, t+ dteT, we E*( (€)g) and | Sw | < 8(e) (8(e) independent of t and o). 
We return now to our study of the differential system (2.1). 


THEOREM 4. Suppose that besides satisfying hypotheses (i), (it) of 
Lemma 2, the affine connection T(x, én) has an n-th partial Fréchet dif- 
ferential T(x, & 9; Sit; + + 5%) n = 2, which is continuous in x for ve (@)a 
and for all é n. Then there exist positive numbers À and d such that the unique 
solution @(t, To, &) of the system consisting of (2.1) and 


Ox (t, To; 1) || _— A 
ot n 


I a(t, Vo, zı) — À | = a, 














has Fréchet differentials of orders 1,2,- + -,m—1 in the set (£o, %1) which are 
uniformly continuous in (t, £o, £1) on TE?((#)a). 


Proof. As in Lemma 2 one can deduce that T(z, é y 3 dt; e + 5 ET) 


(k =1,2,---,n) is multilinear in (é, 8:2,-- -, 0), so that constants 
b = & and Py exist such that 
Ta, & 93 dw + 580) |S Peel dal Ha | - - | de | 


for xe (@)y and hence, on using the integral formula for the difference 
repeatedly, that T(x, éy; 8w; © - 38:0) (J = 1,2,- > : ,n—1) is continuous 
in (v,& 7) uniformly with respect to its entire set of arguments for te (#)» 
and é q, 1%," + * , it each in norm =1. A formula proved by one of us ** 
for the total differential of a bilinear function depending on a parameter gives 


(2.9) T(a, & £; 80, D) =T (7, £ £; du) + Ta, é 8€) + T(x, é, £). 


Repeated applications of this formula show that the n — 1-st total differential 
of T(z, é, é) exists. Hach term of this total differential has properties of con- 
tinuity and modularity similar to those of I'(a, é n; 8:23- ©- ; 8%), and there- 


23 A, D. Michal, Annali di Matematica, loc. cit. 
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fore by Lemma 3 T(z, é, £) is of class C™ uniformly on E((#)s) E*((0)v) 
where v is any number =1. Hence by Theorem 3 there exist positive numbers 
B(v) and A(v) such that x(t, £o, 2) is of class C* in (a, £1) uniformly on 
E?((€)g)) and is unique among the class of functions for which 


r(t, Lo, T1) 


dt Sirs. LE 








I a(t, To; Tı) — À (| < AC), 








Theorem 4 now follows by choosing v small enough so that A(v) satisfies the 
hypotheses of Theorem 2, and by applying Corollary 1 of Theorem 3. 

On making special use of Theorem 4 and Corollary 2 of Theorem 3 we 
obtain the following additional result on geodesics. 


THEOREM 5. Suppose that besides satisfying the hypotheses of Lemma 2, 
the affine connection I'(x,é,4) has a second partial Fréchet differential ** 
T(x, é n; 8:23 8.0) which is continuous in x for x e (&)a and for all £, y. Then 
there exist positive numbers À and d such that the solution x(t, £o, %1) of the ` 
system consisting of (2.1) and 


| c(t, £o t1) —3] Sa, || da/dt|| 5A 
is of class gw uniformly on TE?((@)a). 


If the real Banach space E is replaced by a complex Banach space,” i. e., 
a complete normed vector space closed under multiplication by complex num- 
bers, Theorems 3, 4 and 5 are still valid. Thus, by a result on abstract analytic 
functions given independently by L: M. Graves and A. E. Taylor, the solution 
x(t, To, %1) is analytic, and hence indefinitely Fréchet differentiable. 

The attention of the reader is drawn to the fact that the validity of 
Theorems 2 and 5 does not depend on a particular parameterization of the 
geodesic æ(4,-%0, %1). More precisely, the region (#)s5 is the same for all affine 
parameterizations. | 


2t The conclusions of Theorem 5 will still be valid if we merely require that the 
first partial differential T (æ, n; æ) be continuous in (x, fA n) uniformly for #e(),, 
é ae (0), and | de | =1. A similar remark of course holds for Theorem 4. 

25 By a linear function in a complex Banach space we shall mean a homogeneous 
function of degree one which is additive and continuous. It is not possible to prove 
honlogeneity from additivity and continuity alone as is the case for real Banach spaces. 

36 A. E. Taylor, Bulletin of the American Mathematical Society, November (1935) ; 
L. M. Graves, Bulletin of the American Mathematical Society, October (1935). For the 
earlier work on abstract analytic function theory see R. S. Martin, California Institute 
-thesis (1932); A. D. Michal and R. S. Martin, Journal de Mathémütiques Pures et 
Appliquées, vol. 13 (1934), pp. 69-91; also N. Wiener, Fundamenta Mathematicae (1923), 
for abstractly yalid analytic functions of a complex variable. 
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' Thé uniqueness òf the path passing through two points has been ‘shown 
only for the clas$'of paths such that || dx/di | < À It is however possible to 
prové a modified uniquenéss theorem where no restriction is placed on da/dt. 


THEOREM 6. There exist two neighborhoods (Z)o, (E)n (© <7) such 
thaë a unigue path joins any two points of (x) and lies wholly within (E)r. 


Proof. The proof depends on the following lemma, given by Whitehead ?7 
for the classical case. E 


Lemma 4. There is a neighborhood (%), (r <8) which is simple, i. e., 
not more than one path joins any two ponis of i and lies Dion within 
the neighborhood. 


Let u(t) = A(t) (¢—t,) where 
A(t) = epee al anne ll, 
and mo = ÀA (ti — to) a à is defined in Theorem 2; let.a w-path bé one for 


which p(t) < po; to StSt,. Then Theorem 2 states that there is a unique 
#o-path joining any two points of (#)s. Having shown that 


| &(s, do, 2.) — o | = a(s) —4Mp?(s) 


one can proceed exactly as in the last part of Whitehead’s proof. But on 
taking to = 0 for simplicity and applying Lemma 1 with 


S(t) =P [2(t, to %), dx/dt, dx/dt|, c—s, m= MA?(8) 
we find that 


de(t, To, Ly 


c SMN (s) + || &(s, To, 21) — La || 
dt ~ R 


s 














for OStSsSh. 


Now || dx/dt ||- is a real continuous function of ¢ on 0 S ¢ S s and attains its 
maximum à(s) on this interval so that the required inequality and the lemma 
follow. 

Since + < &, Theorem 2 is valid with & replaced by +, and the proof of 
Theorem 6 is complete. 


3. A differential equation in a normed ring. Let E be a Banach space in 
which there exists on E? to E an associative bilinear function denoted by zy. 


27 J. H. C. Whitehead, Quarterly Journal of Mathematics, vol. 3 (1932), pp. 38-39. 
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For simplicity, let the modulus of this bilinear function be unity, ie. 
| zy | Sel yl. We also require that there exist a unit element 7 in E. 
Clearly the functions x + y and ay satisfy the postulates for an abstract ring.? 
If the affine connection is taken to be 
T(z, é, 7) = én, | à 


e f | 
tbe corresponding differential system for the paths, passing through two. 
points is 

2 2 m y 2 
(3.1) { dx/dt? = (dx/dt) 
t(0) = %o, v(t) = 2. 

It is perhaps worthy of note that this extremely simple affinely connected 
` space is not in general “ flat,” since the curvature tensor °° 


B(x, £, due, dot) == Ed rit — Serb, 


vanishes identically if and only if the ring is commutative. 
The system (3.1) can be integrated by means of elementary functions. 
In fact define In(Z + x) and e”? as the respective power series 


S ((—1)%/n)a" when | à | <1 
and E f 


ee > (2*/n!). 


Then we can show that-for sufficiently small values of || zo — +, |, the system 
(3.1) has the solution 


(3. 2) P(E, To, 21) = £o — In[I — (t/t) (I — e®) J : 


By using a method similar to that of J. von Neumann ® in the case of a finite 
matric ring, it may be shown that the relation In(e*) = v holds in our normed 
ring providing that | [—e? | < 1. Hence if | Z — e7- | < 1, the boundary 
conditions are satisfied by the function $(é, £o, %1). The ordinary rules for 
differentiation of a power series can be éxtended to the case where the coeffi- 
cients are elements of our normed ring. Moreover Cauchy’s rule for the 
multiplication of absolutely convergent series holds here. Hence, with the aid 
of Lemmas 1 and 2 and the uniqueness proof of Theorem 1, we have 


28 Van der Waerden, Moderne Algebra, vol. 1 (Berlin, 1930), pp. 36-37. 
-22 À, D. Michal, Annali di Matematica, loc. cit. 
30 Mathematische Zeitschrift, vol. 30 (1929), p. 9. 
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THEOREM 7. The function ẹ(t, zo, £1) defined in (8.2) satisfies the 
` differential system (3.1) for 0 StS t, and for £o, 2, such that 


| I — er” | < 1. 
If moreover 
à | to — 21 | < A/8 < 1/3, 


` then h(t, do, 21) is the unique solution among the. class of functions for which 


|| da/dt || < à. 
Given the power series 


f(z) = >> ant”, { 
n 
where an, x are elements of our ring, define 
hn (Tr, De, ` > En) = D (Gn/0!) i,@ig” as 


the summation extending over all permutations of 2, %,° `, 8n. It may be 
proved that the r-th differential of f(x) exists for æ in the region of con- 
vergence of >) dv” and is given by 


oo 2 
f(z; net : 38.0) = > (11/0!) Iin(@, ©, + +, E, 8:8, 82, * + +, 82). 


Consequently the total differentials of all orders of $(t, 4,21) exist for 
| J — err | < 1. 


.THEOREM 8. The solution ¢(t, £o, ,) of the differential system (3.1) 
has total Fréchet differentials of all orders for | I — evo | < 1. 


f Besides the well known finite matric examples of a normed ring, we may 
take the class of ordered pairs of real functions (z(r,s),«(w)) with suitably 
defined operations,*? where æ(r,s) and 2(1) are continuous for r, s in (0.1). 
Then the following integro-differential system is an instance of system (3.1). 


(tés) s, t) = fe , Pt) 0æ(p,s, t) ; 
at? at 





Ox(r,s,t) Ox(r,t) , ðæ(r,s,t) Ox(s,t) 
at at FA at at 

À Œx(r, 1) a(r, t) Y 

on S 

«(1, s, 0) ak æ(r, 0) = %o(r) 

[a(r S t) == a,(7,8),  @(r, tı) = a1 (r). 











3 Compare with Evans’ and Volterra’s functional algebra. See Evans, loc. cit., 
and Volterra, loc. cit. See also A. D. Michal and R. S. Martin, loc. cit. 
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4. An integro-differential system in a functional geometry. In certain 
functional differential geometries è? the following integro-differential system 
is the analogue of the equations for the paths in a finite dimensional affine 
geometry. i 


Pat (s) . ze Or ; a) prt Ox% : ae) ° 
. haB Sates “3a — —— LÉ RER i e i 0, 
(4.1) Je ôs? + Tap ĝs 08 + Ma (i ne ðs as T CG 
Tag’ = Iha’, Tilg) = To, 2Ÿ(81) =g. 


Take the Banach space E of Theorem 2 to be the space of real functions 
z? continuous over the interval (o,r) with || zt || = max | a? |. 

To satisfy the hypotheses (i) and (ii) of Lemma 2, we require that the-~. 
functionals T, M, N, P be bounded and have continuous values when 1, œ; 8 
are in (o,7) and +! satisfies max | zt — Zi | <a. Let E, and E, be the spaces 

í 


6 


of continuous functions of two and three variables respectively with each 
variable ranging over (o,7) and the norm taken as the maximum of the 
absolute values. Then Tag‘, for example, is a function on E to Es. For 
hypothesis (iii) to be satisfied it is sufficient that Tag*, Mat, Nat, Pi have 
continuous first Fréchet differentials provided we take T(x, é y) to be 


Tag EË + Mate + Naifin® + Néant + Piéini. 


Theorem 2 can now be applied immediately to the integro-differential 
system (4.1). 

If in addition to the above hypotheses on the functionals r, M, N, P, 
we require that the second or higher order differentials of these functionals 
exist-and are continuous the hypotheses of Theorems 4 and 5 are also satisfied. 


CALIFORNIA INSTITUTE OF TECHNOLOGY, 
PASADENA, CALIFORNIA. 


L] 
32 A. D. Michal, Proceedings of the National Academy of Sciences, vol. 16 (January, 
1930), pp. 88-94; American Journal of Mathematics, loc. cit. 
In equation (4.1), the indices are continuous real variables on the interval (e,r) 
and a repetition of a subscript and superscript in a term denotes integration over (0,7). 
The values of the functionals Ty gill, Af ile], N, atA] , Pifæh] are real continuous 
functions of three, two, two and one real variables respectively. 
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By Norman E. STEENROD. 


“Introduction. The development of algebraic topology of the past ten 
years has been marked by a constant effort to extend its principal theorems to 
ever more general spaces. Outstanding in this respèct has been the endeavor 
to extend the Alexander duality theorem, the theory of manifolds, and to 
bring within the framework the theory of dimensionality. These investiga- 
tions have compelled the introduction of homology groups based on chains 
and cycles with coefficients in a general topological abelian group. 

There have been many reasons to suspect that one does not need to con- 
sider all possible coefficient groups to obtain a complete set of homology rela- 
tions in a space. Thus, in the case of a complex, it has been proved that it is 
sufficient to know the homology groups based on integer coefficients. These 
groups and an abelian group © determine completely the homology groups 
based on chains with coefficients in @. We say therefore that the integers 
form a universal coefficient group for the homology theory of a complex. 

There are examples to show that this theorem does not hold if “ com- 
plex” is replaced by “compact metric space.” Alexandroff [5]? has raised 
the problem of finding a universal coefficient group for a compact metric space. 
He surmised that the group Æ of real numbers reduced modulo 1 is such a 
group. A proof of this is contained in the present paper. In fact, using 
Gech’s definition [8] of the homology groups, we shall prove that Æ is uni- 
versal for the homology theory of a general topological space. To express the 
result differently: the use of other coefficient groups cannot lead to any new 
topological invariants. It will also be shown that X is universal for the 
homology theory of the infinite cycles of an infinite complex. All of these 
results hold for relative homology groups in the sense of Lefschetz [15]. 

Tliere is a dual result. Using the procedure of Gech, one may define, in 
the manner of Alexander [1], the dual homology groups of a topological space. 

‘Then the group of integers (the character group of Æ) is a universal coeff- 
cient group for this homology theory. This generalizes in a sense a theorem 
of Üech [91 which asserts that the integers are universal for the homology 
theory of the finite cycles of an infinite complex. 


1 The results of this paper were communicated in a note" in the Pr pees of the 
National Academy, vol. 21 (1935), pp. 482-484. x 
2 The numbers in brackets refer to the bibliography at the end of the paper. 
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These results have the implication that, in any investigation into the rela- 
tions between a space and its homology groups, one obtains a theory with a 
maximum content by using either dual homology groups with integer coef- 
cients or ordinary homology groups with coefficients in ¥. The two procedures 
are entirely equivalent, for the two types of groups of the same dimension 
are character groups of one another (Pontrjagin [17]). Since the dual 
homelogy groups with integer coefficients are somewhat easier to handle, this 
result constitutes a strong argument for the future exclusive use of these 
groups. | 

In part I we formalize a well-known tool of the topologist: mapping sys- 
tems and homomorphism systems. These notions are found first in the pro- 
jection spectrum of Alexandroff [4], and they have since been used by Pontrja- 
gin [16], Lefschetz [15], and others. In keeping with the ideas of Cech [8], 
we do not restrict ourselves to sequences but admit partially ordered systems. 
This requires a complete treatment of the subject. By using the van Kampen 
[13] extension of the character group theory of Pontrjagin [17], we estab- 
lish two theorems on the representations of bicompact abelian groups as limit 
groups of homomorphism systems of finite dimensional, locally-connected 
groups. 

In part IT we consider first the homology groups of a finite complex. 
We give the structure of these groups in terms of the coefficient group and 
known invariants of the complex. A proof of this decomposition, omitting 
all continuity considerations, can be found in the book of Alexandroff and 
Hopf [7; pp. 228-240]. Then following Čech [8], we define the homology 
groups of a general topological’ space. We establish the decomposition of 
these groups into direct sums of “torsion groups” and “reduced homology 
groups.” In this is contained a corresponding direct sum theorem for ‘the 
dual homology groups. 

Part III contains the proof proper that Æ is a universal coefficient group 
for a topological space. In part IV we indicate the modifications necessary to 
obtain the same theorem for an infinite complex. 

. The first appendix contains a proof that a connected, bicompact, abelian 
group is continuously isomorphic with its 1-dimensional homology group over 
Æ. This indicates a probability that almost any bicompact abelian group can 
appear as a modulo 1 homology group of some space. In the second appendix 
we give a number of examples to support earlier statements of the paper. 

This investigation was made under the guidance of Professor S. Lefschetz. 
I am'indebted to him and to Professor A. W. Tucker for many helpful sug- 
gestions. I am likewise indebted to Dr. Leo Zippin for general criticisms 
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and for St assistance with the group theoretic considerations which, it 
is clear, occur throughout. 

Certain results of this papér were bind ose by Čech [10]. 
During the past year the author has had the. benefit of many conversations 
with Professor Gech. ‘These have contributed materially to the generality of 
our results. 

I. Homomorphism Systems. 


1. Definitions and notation. We shall have ‘occasion to use only com- 
mutative groups; we may therefore, without confusion, omit the word com- 
mutative. All groups are written additively. Groups are denoted by capital 
German letters and their elements by small German letters. 

By topological space we mean a set in which certain subsets are called 
open so that the axioms 1 to 4 of Hausdorff [12, p. 228] are satisfied. In 
particular we use only the separation axiom which asserts that a point is closed. 
Spaces and their elements are denoted by Latin letters. 

A bicompact space is a topological space with the property that every 
covering by open sets contains a finite covering. A closed subset of a bicom- 
pact space is bicompact;* and a continuous image of a bicompact space is 
bicompact. By interpreting the definition of bicompactness in terms of the 
complementary closed sets, one obtains the following characterization: 


Lemma 1.1. For a space to be bicompact it is necessary and sufficient 
that, for any collection {F®}'of closed subsets, J] F*=4 0 if this relation holds 
for each finite subcollection of {F°}. ` 


A topological group is a group whose elements are the points of a topo- 
logical space whose neighborhoods satisfy the additional axiom : 

a) if U is a neighborhood of x — } there are neighborhoods V and W of g 
and y respecitvely such that x’ — ’ e U whenever x’ « V and Yy e W. 

Since the zero point is closed, it follows from «) that a topological group 
satisfies the separation axiom 5 of Hausdorff. 

By setting z = 0 in a), we find that f(y) —— is a continuous function 
of y. Combining this with a) we obtain that f(z,)) =z ao is continuous 


simultaneously in g and ÿ. In general Bases (a; — integer) i is continuous 


simultaneously in all its variables. 
` If ÑX and B are topological groups and H is a homomorphic mapping of 


SFor proofs of these statements and the following lemma see Alexandroff and 
Urysohn [6]. They assume that a bicompact space has the separation axiom 5 of Haus- 
dorff, but this is not: essential. 
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A into B which is continuous. at the zero of M, then, by a simple application 
of «), H is continuous at each point of W.. Thus to prove the continuity of 
a homomorphism it suffices to prove its continuity at the zero. - 

If B is a subgroup of À, the residue (factor) group % mod B is denoted 
A— B. If Wis a topological group and $ is closed in M, we may designate 
as neighborhoods in Ÿ— # the images of neighborhoods of M. Thep, sifice 
$ is chosed, it can. be proved that M — B is a topological group. 

A topological group in which each point is.a neighborhood of itself is 
called a discrete group. 

Let {%} be a well-ordered collection of topological groups. By the 
direct sum .X, A we mean the topological group whose elements are collections 
{ac}, a%e M*, in which difference is defined by {as} — {0/4} == {at — 12}, 
and a neighborhood of {at} is defined by a finite number of indices a; (i = 1, 

, k) and neighborhoods V% of the codrdinates a% and consists of all 
soins {at} such that a’ e Ve (i=1, , k). It is not difficult to prove 


LEMMA 1.2. If U— F A and the subgroup B of A is the direct sum 
> Be where B* is a closed subgroup of Xe, then A — B and F, (Ae — Be) are 
bicontinuously isomorphic. | 


2. Inverse mapping systems. Let {4%} be a collection of topological 
spaces (the index æ runs over the set of ordinals less than a fixed but arbitrary 
ordinal x). Suppose that to some pairs (a, 8) of ordinals < x there corre- 
sponds a continuous mapping Mg* of A? into A4, so that the following con- 
ditions are satisfied : 


a) Mat, for each «, is defined and is the identity, 
b) if M, and Mgt are defined, then M° is defined and is the product of 
the two transformations: M,°— MU, 


c) to each pair (a, 8) of ordinals < x corresponds a y such that M, 
and Mê are defined. 


Such a collection of spaces and continuous mappings we shall call an inverse 
system. 

The existence of Mge we shall indicate by 48 > At; Mge” is called a pro- 
jection of the system. The space AY postulated in c) is called a common 
refinement of A* and A$. Iteration of c) shows that any finite number of 
spaces of the system have a common refinement. t 

We define the limit space A of an inverse system S. The points of A 
shall be all collections {a*}- consisting: of one point a* from each A* such that, 
i£ A8 —> A*, then Mgf(af) — a. The point af is said to be the codrdinate in 
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A of the point.a = {at} of A. If V8 is a neighborhood of the fixed coördi- 
nate af of a, the set V in A of all points ë = {4%} satisfying d e V8 is said to 
be a neighborhood of a in A. Allowing V® to range over a complete set of 
neighborhoods of af and £ to range over all ordinals < x, we define in this 
way a complete set of neighborhood of a in A. We must verify that these 
netghborhoods make of A a topological space. 

It is trivial that ae V. Suppose 4e V; then let je be'a neïghbortfbod of 
& lying in V8. It follows that V8 determines a neighborhood V of @ con- 
tained in F. Suppose V and V’ are two neighborhoods of a determined by 
Ve and VS respectively. Let AY be a common refinement of A* and A’. As 
Ms and M$ are continuous, there is a neighborhood VY of aY such that 
M,*(V7) C Va and M,6(V7) C V8. Then VY determines a neighborhood 
V” of a contained in V and V’. Suppose a and b are distinct points of A. 
Then, for some £, their codrdinates a and bÊ are distinct. Then a neighbor- 
VS of af not containing b£ determines a neighborhood V of a not containing 
b. This proves that A is a topological space. We remark that, if in each 44, 
two points can be separated by neighborhoods, the same holds true in À. 

The mapping M*(a) = a% of A into A* is continuous and is called the 
projection of A into A*. If A and the projections M* are added to S, we 
obtain a new inverse system whose limit space is A. 

If each A* is regular, À is regular. If the system S is countable, then 
the first (second) countability axiom in each A% implies the first (second) 
countability axiom in A. If, in each 4%, we substitute an equivalent system 
of neighborhoods, we obtain an equivalent system of neighborhoods in A. 

As we shall be frequently concerned with inverse systems of bicompact 
spaces, we prove the following important lemma for such systems. 


LEMMA 2.1. Tf S is an inverse system of bicompact spaces, and, for a 
fiwed 8, a is a point of A? such that AP — A? implies M#(AS) > a, there 
is a point a of the limit space A such that Mô(a) =a’. 


We suppose the spaces of § are well-ordered so that A® occurs as the first 
element (i.e. we suppose = 1). The codrdinates of the point a are chosen 
inductively. The first codrdinate is at. Suppose we have chosen a* for each 
a < B so that, if AY is a common refinement of A%,-- -, A% (a '< B), the 
sets F%,- + -, Fax of inverse images in AY of a%,- - - , a%, respectively, 
have a non-vacuous intersection. Clearly the choice of a* satisfies this condi- 
tion. Suppose a < $ and AY™ is a refinement of A* and A’. Denote by 
FY the image in Af of the inverse image in AY of at. We assert that 
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2 . . 


HP is non-vacuous. As FY is closed, by Lemma 1.1, it is sufficient 
yla 
acs k 


to prove that JI #7» is non-vacuous for any finite set y(ai) (i —1,---,k). 


i=l 

Let AY be a refinement of AY“) (i=—= 1,- - , k). By the hypothesis of the ` 
induction, the inverse images in AY of a%,- - -,a% have a non-vacuous 
intersection FY whose image in A lies in each FY). Thus [J FY% is non- 
vacuous, and we may select the codrdinate aê of a in this set. The hypothesis 
of the induction is still satisfied. For, if AY is a refinement of A’, A%,- © -, 
A%, we may find a common refinement A‘ of AY and AYY (¢=1,-+--,&). 
Since ‘À is a refinement of AY, the projection on A of the inverse image 
of a% in À equals FY), As ae FY, the inverse images of af and 
a% (t=1,--+-+ , k) in A€ have a non-vacuous intersection. The projection 
on AY of this intersection is common to the inverse images in AY of aê and 
au (i=1,:'-, k). 

The procedure outlined determines a collection {a°} of one point from 
each space. If A8— A*, since AÊ is a common refinement of A* and AP, 
the inverse images in AS of at and af have a non-vacuous intersection. Thus 
a lies in the inverse image of af. This means Mg*(a®) — a; and {af} is 
the desired point of À. 


THEOREM 2.1. The limit space of an inverse system of bicompact spaces 
is non-vacuous and bicompact. 


If A8 —> At, let 4,’ be the image of A? in At. Now each A,° is closed and 
any finite number of sets A,* (i = 1,- - -,k) have a non-vacuous intersection; 
for, if AY is a refinement of AS (i==1,- : >, k), Ax’ lies in this intersection. 
Thus, by Lemma 1. 1, [J A: is non-vacuous; and there is a point at of A con- 
tained in the image of each A? such that A$ —> A’. By Lemma 2. 1, there is 
a point a of A such that M*(a) —a. Thus A is non-vacuous. 

Let F be a closed set in A. We shall prove that F" — Me(F) is closed in 
As, If AS —> As, the statement Mg*(F#) — Fa implies Mg*(¥*) = Fa (the 
bar denoting the closure). Suppose Ft — F° contains a point af. By Lemma 
2. 1, the limit space of the inverse system {FF} of bicompact spaces contains a 
point a whose projection in F4 is af. ClearlyaeA. In each neighborhood of 
this point are points of F; hence aef—#. This implies a*« F* which is 
impossible. Therefore F4 — fa, | 

‘To prove that A is bicompact we shall use the sufficiency cf the condition 
of Lemma 1.1. Let {Fy} be any collection of closed sets in 4 such that any 
finite subcollection has a non-vacuous intersection. Let P, be the projection 
of F\ in 4% As proved above, Fe is closed. Any finite number of the sets 
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F* (a fixed) have a non-vacuous intersection; for this intersection contains 

the projection in A* of the intersection of the corresponding sets in A. There- 

fore [I Pyt = F* is non-vacuous. If A? — A+, it is obvious that Mp*(F'*) C Fa. 
À 


By the first part of the theorem, the inverse system consisting of the projections 
{M$} and the bicompact spaces {F®} has a non-vacuous limit set F C A. In 
each neighborhood of a point, of F there are points of Fh; hence FC P> = Fy. 
As A is arbitrary, P C JJ Fy; and the theorem is proved. i 
We shall need later the following lemma whose proof properly belongs here. 


LEMMA 2.2. If S = {AS} is an inverse system of. bicompact spaces and 
U is an open set of A* containing the image M*(A) of the limit space A of S, 
then there is a refinement AP of AS such that Mg*(A®) C U. 


If, to the contrary, the image in A* of each refinement AS of A* meets 
A*— U, the collection of closed sets consisting of 4*— U and these images 
will have a non-vacuous intersection (use Lemma 1.1). By Lemma 2. 1, this 
intersection which is a subset of A*— U contains the codrdinate of a point 
of A. The contradiction proves the lemma. 


3. Equivalence of inverse systems. If S, and Sz are two inverse sys- 
tems, and the spaces and mappings of $, are included among those of Sı, then 
S2 is called a subsystem of S;. A subsystem Sz of S; is said to be complete 
if each space of S, has a refinement in S2. 


Lemma 8.1. If Sz is a complete subsystem of Sı, the limit spaces of 
8, and 8, are homeomorphic. 


The codrdinates of a point of the limit space A, of Sı in the spaces of S, 
are the codrdinates of a point of the limit space As of S>. The mapping of 
A, into Az so defined is 1:1 and bicontinuous. First, the image of A, in 4: 
covers Az; for, any point a, of 4, has a projection in each space of S, and 
therefore, since S, is complete in S,, a unique projection in each space of 81. 
The set of these projections are the,codrdinates of a point a, of A, whose image 
in Az is @. Next, if a, and a’, are distinct in Aj, their, images in 4, are 
distinct. The distinctness of a, and a’, implies that of their projections 4% and 

` a’,* for some a. Let A® be a refinement of A* in So. Then a,8 and a’,8 are 
distinct; but this implies that a, and a’, are distinct. Finally, the corre- 
spondence is bicontinuous. For, if V, is a neighborhood of a, determined by 
Vé in A£ (48 in $,), the neighborhood FV, of a, determined by V£ images into 
Va If V, is a neighborhood of a, determined by Ve in A*, let VS be a 
neighborhood of a,8 in the refinement A‘ of A* (AB in Se) whose image in A* 
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lies in V% Then VS determines a neighborhood V, of as covered by the 
image of V.. . 

Two inverse systems are said to be immediately equivalent if both are 
complete subsystems of a third. Now it is not yet clear that this relation is a 
transitive one; so we define the following clearly transitive relation. Two 
inverse systems S and S’ are said to be equivalent if there exists a finite ordered 
set of*inverse systems 8, 8:,- - -, Sr, 8” such that neighboring pairs are im- 
mediately equivalent. As an immediate consequence of this definition and 
Lemma 3.1, we have ` 


THEOREM 3.1. Equivalent inverse systems have homeomorphic limit 
spaces. 


A countable inverse system is called an inverse sequence if, for any pair of 
its spaces, at least one is a refinement of the other. A simple induction proves 
that any countable inverse system contains a complete subsequence. 


4, Inverse homomorphism systems. An inverse system is said to be an 
inverse homomorphism system if each space of the system is a topological group 
and each mapping of the system is a continuous homomorphism.* The homo- 
morphisms of the system are denoted by Hg*. In the expression “ inverse 
homomorphism system ” we shall omit the word “homomorphism ” when it is 
clear that we are dealing with groups. 

The limit space of the inverse system S = {2*} is converted into a topo- 
logical group by the following definition of addition. If a, == {a,%}, a, = {n°} 
are two points of À, then a, + a, is {a,% + a.%} which is clearly an element 
of N. The zero of Y is {0}, and — {at} =— {—a*}. It is a simple matter to 
prove that A is a group. We consider now the axiom a) of No. 1. Let U be 
a neighborhood of a, — a. determined by U* in Qe. As Ye is a topological 
group, there are neighborhoods V* and We of a,% and n, respectively, as 
postulated in «). Then V* and W determine neighborhdods F and W in Y. 
satisfying «). Thus 9 is a topological group. Let us remark that a— a° 
is a homomorphism of Ff into Av. 

As in No. 8, we define for inverse homomorphism systems the notions of 
subsystem, complete subsystems, and equivalence. Noting that, for an inverse 
homomorphism system, the correspondence set up in Lemma 3.1 is an iso- 
morphism, we have 


“It is clear that a similar definition can be made for non-commutative groups, and 
the limit group described below exists. 
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. THEOREM 4:1. Equivalent inverse homomorphism systems have bicon- 
tinuously isomorphic limit groups. . 


5. Direct homomorphism systems. Let {8} be a well-ordered col- 
lection of groups and, for some pairs e, BË let there be defined a homo- 
morphism H*g% of BP into B% so that axioms a) and b) of No. 2 are satisfied 
and, in@lace of c), the axiom 


€’) to each pain (a, 8) corresponds a y such that H*,” and H*g" are 
defined. 


Such a system S* of groups and homomorphisms we shall call a direct homo- 
morphism system. | 

We define the limit group B of the direct system S*. An element of B 
will be a collection {6%} of one element from each of ai subcollection of the 
groups of S* satisfying-the condition that, if Sa 88 and Be is in the sub- 
collection, so also is B8 and H*,6(b*) — 68. Two elements of B are equal 
if in some group of 9* their codrdinates are defined and are equal. Let b, and 
b: be two elements of B. Consider the collection of groups of S* in each of 
which the codrdinates of both b, and b, are defined. In each group of this 
collection let us add the codrdinates of bı and $,. The sums so obtained 
determine an element of 8 called the sum 6, + b, of b, and ba. It is verified 
without difficulty that B constitutes a group with addition so defined. 

If 6* is an element of $* the collection of its images in each %* such that 
%*—> BP determines an element b of B. The correspondence H*,(b%) = b 
so defined is a homomorphism. 

We assign to $ the discrete topology. The justification will be found in 
the theorem of the next section. We might remark that, in case each $° is a 
topological group and each H*g% is continuous, the method of No.: 2: defines 
neighborhoods in 8 which in general fail to satisfy the axiom that two neighbor- 
hoods of-a point contain a third in their common part. Other obvious methods 
fail to make of B a topological group. i 


6. Dual systems. Let X be the group of real numbers reduced modulo 
1. Let § be an inverse system of bicompact groups {%*}. Let 8% be the 
discrete group of continuous characters ë of As. The element of ¥ determined 
by b*« B* and at eMe we denote by (ae, be). Suppose A8 —> A, The result 
of the homomorphisms WE — Ma then %*—> ¥ as determined by the element 
ba e Be is a continuous character 68 of XF, The correspondence H*,8(b*) — be 


5 A continuous character of 9f is a continuous homomorphie mapping of Jf into the 
group Æ (see [17; p. 362]). | ; 
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so obtained is a homomorphism of #4 into a subgroup of 88. This homo- 
morphism is defined to satisfy ‘ 


(6.1) (a8, HF (6e) = (Hgt (08), b°) 


for all aê e MS and bre We. The collection of groups {$*} and homomorphisms 
{H*g®} form a direct system S* called the system dual to 8. ° 

Conversely, given a direct system S* of discrete groups, by passing to 
character groups we can define an inverse system 9 of bicompact groups having 
S* as its dual system. | 


THEOREM 6.1. If S is an inverse system of bicompact groups and S* is 
its dual direct system, then the limit group of S* is the group of all continuous 
characters of the limit group of S. 


Let b be an arbitrary element of the limit group 8 of S*. The function 
(6. 2) b(a) = (H*(a), °) 


where b* is some fixed coërdinate of b is a continuous character of the limit 
group À of S. By (6.1), if Be — BE, 


(He (a), 5°) = (HS HP (a), 69) — (HP (a), HXF (6e) — (HP (a), B8). 


Therefore the character defined by (6.2) is independent of the particular 
codrdinate b* chosen; so the character b(a) may be uniquely associated with 
the element 6 of B. In this way 8 is a group of continuous characters of W. 

Let a be-a non-zero element of %. Then, for some a, the codrdinate a* 
of a is not equal to zero. Let b% be a character of We such that (as, be) s£ 0. 
The image b of b* in $ is then a character of W such that b(a) 40. Hence 
the annihilator £ of B in Yis the zero. 

Let b be a non-zero element of 8. Then each codrdinate b* of b is ot 
equal to zero. Let Ñe be the annihilator of be in A. Let U be a neighbor- 
hood of zero in ¥ containing no subgroup of Æ other than the zero.” As ba 
maps Ÿ° into zero, there is a neighborhood V of Ùe which is mapped by b* 
into U. Suppose, as is impossible, that He (N) C Ñe for a fixed a. By Lemma 
2,2, there is a refinement A8 of We such that H,p*(W2) CV. Then the 
coërdinate 66 of b is defined, and, as b84 0, there is an element af of MF 
such*that (a8, bÊ) 540. However 


(af, BP) = (nf, H*48 (b°) ) = (He (af), 6°) 405 


° That is, the set of elements of Y mapping each element of 9} into zero. 
7 The complement of the closed interval [1/3, 2/3] is such a neighborhood. 
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so there is an element at of H,*(9%*) such that (as, Be) 540. But H,*(2*) 
is a closed subgroup of V; and, as b° maps V into U, b° maps H»*(WF) into 
a subgroup of U—therefore into the zero. As this contradicts the preceding 
statement, the assumption H«(%). C Ñe is false. So there is an element a of M 
whose codrdinate a* is not in Ñe. As b(n) — (ac, b2) 540, we have proved 
that the annihilator of Y in 8 is the zero. The results of the last two para- 
graphs are sufficient to prove that each of the groups A, B is the group of 
continuous characters of the other ([18], Lemma 5)« 


7. The representations of bicompact groups. We shall establish two 

theorems on the representations of discrete groups by direct systems of groups 

` having finite bases. The results of the preceding section enable us to state the. 
two dual propositions on bicompact groups. 


THEOREM 7.1. A discrete group is always the limit group of some direct 
system of groups each on a finite basis. A system may be chosen so that its 
homomorphisms are isomorphic transformations into subgroups. 


THEOREM 7.2. Two direct systems of discrete groups having finite bases 
are equivalent if their limit groups are isomorphic. 


Let Y be a discrete group; and let {8%} be the collection of all subgroups 
of on a finite basis. The system S will consist of these groups. If Be C FF 
in %, we introduce in O the isomorphism H, transforming the group 8° into 
the subgroup of BE with which it is identified in B. Since any two subgroups 
of $, each on a finite basis, are contained in a third subgroup on a finite basis, 
it. follows that $ is a direct system. The isomorphism between $ and the limit 
group of § is set up in an obvious fashion. This proves Theorem 7. 1. 

Let S, = {8,7} be a direct system of discrete groups each on a finite basis. 
Let 8 be its limit group. We prove the second theorem by showing that 8, 
and the system § just constructed are equivalent. 

- Let H? be the subgroup of B,* whose image in $ is the zero. %)% has a 
finite basis; to each such basis element there is a refinement of #,° in which 
its projection is zero. Passing to a common refinement of these groups we 
find a refinement 8.8 of B,° in which the image of B” is the zero. Let 8’ 
be the subsystem of 9, consisting of the same groups as S, but contains, for 
each a, only those homomorphisms $,* —> 9.8 of 5, under which Bot is mapped 
into zero (we except of course the identity transformations: 8,* 5,4). Then 
S, and S^ are equivalent systems. 

Let Be — H, — Ba We shall enlarge S’, obtaining an equivalent sys- 
tem 8.” by adding the groups We. We must add also certain homomorphisms. 
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, | . 
First Ye is the homomorphic image of 8,4, we include this homomorphism 
and then any homomorphism obtained by a combination $,7 > 8,* — Pe, If 
B, — VL (in §’,), then 8’ is isomorphic with a subgroup of 8,8; we include 
this isomorphism. Then we include any homomorphism resulting from a com- 
bination of any above: We — %,8— W. Then S,” has 8,’ as a complete 
subsystem. The system S’ consisting of all groups of the type Be of 8,” and 
all hamomorphisms of 8,” between any two such groups, also forms a complete 
subsystem. The system §’ has the advantage that all of its homomorphisms 
are really isomorphic transformations (i.e. as above, We is mapped iso- 
morphically into a subgroup of 9%). This follows from the fact that no non- 
zero element of $e images into the zero of H. Thus each group We may be 
identified with a subgroup of 8; and a projection B’*—> B® goes over into 
a relation of inclusion in 8. It is trivial that the system S’ is equivalent with 
the system § constructed above (except for the possible repetition of the same 
group, it is a complete subsystem of 8). We merely use inclusion relations 
in $ to define isomorphisms interlocking the two systems. 

By using the theorem of the preceding section we can state two dual 
theorems. The character group of a free discrete group is called a toral group. 
A toral group is always the direct sum of a number of groups each isomorphic 
with the group € (No. 6) [17; p. 870]. The number is called the dimension 
and is equal to the rank of the free group. The character group of a discrete 
group on a finite basis we shall call an elementary group. It is always the 
direct sum of a finite group and a toral group of finite dimension. 


THEOREM 7.3. To each bicompact group corresponds at least one inverse 
system of elementary groups of which it is the limit group. A system can be 
chosen so that each of its groups is covered by the image of any of its refinements, 


THEOREM 7.4. Two inverse systems of elementary groups are equivalent 
if their limit groups are continuously isomor phic? 


II. Homology groups over a ' general group of coefficients. 


8. The finite complex. K denotes a finite complex (it need not be 
simplicial) ot dimension n. 1j will denote a closed subcomplex of K. The 


3 In view of recent results of van Kampen: “Almost periodic functions and compact 
groups,” Annals of Mathematics, vol. 37 (1936), pp. 78-91, it can be shown that these 
two theorems hold in the non-abelian case’ if Lie group replaces elementary group. 
The proof of the first depends on the existence in any neighborhood of the identity of a 
closed invariant subgroup such that the factor group is a Lie group. The proof of the 
second depends on the fact eiai any decreasing sequence of eored subgroups of a Lie 
group is finite. 
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p-cells of K— L are denoted Ep (t= 1," > `, €p; p—0,1,---,n). The 
boundary relations of K mod L are written °- 


F(Ei) = 99,5 Ep 


where yp is a finite matrix of integers. We assume that & is a topological 
abelian group. 

A p-chain over Œ of K mod L is a linear form g:Ë,t in the p-cells of #—L 
with coefficients q;«@. Addition is defined by: (int) + (gi Ept) = gi’ Brt 
where qi” = gi + gs. In this way the p-chains over Œ of K mod L constitute 
a group denoted by &,(K, L, ©) (We shall omit parts of the expression 
R, (K, L, ©) whenever confusion is impossible). 

We introduce a topology in & as follows. Let {U®} be a complete set of 
neighborhoods of zero in @. The set V4 of those p-chains whose coefficients 
lie in U is defined to be a neighborhood of zero in &. The set {V*} is taken 
to be complete. .The set V*(f) obtained by adding the chain f to each element 
of V* is a neighborhood of f; and the set {V@(£)} is taken to be complete. 
We proceed to verify that & is a topological group. Clearly fe V“(£). 

If V*(f) and V(£) are two neighborhoods of $, let UY be common to 
U® and UF; then VY(f) C Va(f) V4(E). 

Suppose f’« V*(f). Let g:,- + *, 8a, be the aikani of ri; then 
gic U”. Let UB be such that'g’ e UÊ implies g’ + gie U”. Then V4(f’—¥)C Va 
and this implies V8(£’) C Va(f). 

Suppose now that f’=4f. Let g; be a non-zero coefficient of F — $; then 
let U* be chosen so that g: is not the difference of any tivo of its element: 
Then V&(f) and Ve(F) have no common point. 

Finally let Ve(f, — f2) be given. Let US be such that the difference of 
any two of its elements lies in U*. Then f, e V8(f,) and Fe VÉ(É) implies 
Yı — Y, e Ve(f — f). Thus & is a Hausdorff space satisfying the axiom «) 
of No. 1. 

Let R? be the subgroup of & of those chains whose coefficients are all 
zero except possibly the i-th. Then it is easy to prove that ®* is PrcOneEOnSLY 
isomorphic with Œ and & with the direct sum SR. Thus 


Lemma 8.1. &)(K, L, ©) is the direct sum of Gp groups each bicon- 
tinuously isomorphic with G. | . 


The boundary mod L of a p-chain is defined by 


° When a latin index occurs twice in a term, once above and once below, it is to be 
summed over its range. 
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(8. 1) F (gi) = Gino, Ep. 
It is clear that F is a homomorphic mapping of À, into 8,1 In fact. 


LEMMA 8.2. The boundary operator is a continuous homomorphic map- 
ping of Xp into Rp. "z 
e 


Let Va be a neighborhood of zero in Ñy- Now ginty+,; is a continuous 
function in the g; simultaneously and is zero for each g; — 0. Therefore there 
is a neighborhood Uj8 of zero in © such that gintp-ı,; € U® whenever each 
ge Uj8. Let UC IT U;8. Then the neighborhood V of zero in R, de- 


termined by US is such that F (V£) C Ve. Thus F is continuous at the zero 
of &,. As F is homomorphic, it is continuous everywhere. 

It follows from the lemma that the subgroup of &, mapped by F into the 
zero of Sy. is closed in Rp. This group, ©,(K, L, Œ), is called the group of 
p-cycles over Œ of K mod L. The image under F of Ryn in À, is a subgroup, 
B, (K, L, ©), of Rp called the group of bounding p-cycles over Œ of K mod L. 
Since ypyp-1 == 0, we have B, C G,. 


Derinirion 1. The p-th homology group over & of K mod L is 
$»(K, L, 6) = 6,(K, L, 6) —® (K, L, ©) 


where $ is the closure of 3. 

We will see shortly the conditions that @ must satisfy in order that B 
should be closed. We proceed to give the structure of $ in terms of G and 
the Betti numbers and torsion coefficients of K mod L. | 

Let Ap (p=0,1,-:-,n) be a unimodular matrix of integers of order ap, ` 
and let À, denote its inverse: Aplp—1. Let G? denote the linear form 
Api! Hp*. We define for each G a boundary 


(8. 2) F(Gp*) = bipi © Spa = Agyprdp-r- 


Let 8’, denote the group of linear forms in the Gyt with coefficients from G. 
We define a topology for Rp as we defined one for ®p. In analogy with (8.1) 
the transformation 

(8. 3) F(giGp!) = Viko- Op- 


is a continuous homomorphism of $’, into'&’p-ı The transformation 


F80) = gi Er 


t 
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is a homomorphism of $p into 8, which is continuous (compare with proof of 
Lemma 8.2). It has the continuous inverse 


E (gE) = gdp! Gp, 


and is therefore a bicontinuous isomorphism between &, and Wp. Comparing 
(8.2) with (8.1) we see that the boundary operator F commutes with this — 
‘isomorphism, Therefore the groups Rp and the boundary operator (8.3) may 
be used to define the homology groups over Œ of K.mod L. 

It is known [15; p. 27] that there exist unimodular matrices À, such that 
the matrices ép of (8.2) are all in quasi-canonical form (i.e. at most one non- 
zero element in any row or column). In this case we can distinguish five types 
of G’s (which are given the new notation a, b,- - - respectively) so that the 
boundary relations (8.2) assume the form 


F (epn) = Ay, F(a) = 0, (h =1; >, wp); 
F(d'ou) == Opibnt, E(b) = 0, (i =1,:: +, tp); 
(8. 4) F(t) =0, | (j=1,-- +, Bp), 
F(dy*) = 63109, (k =1,: + +, Tp)» 
F (ep) = ap, (1 =1,: > +, wp-1)> 
where the 0p? (t= 1, + *, Tp) are the invariant factors of yp different from 1, 


Ey = Gp — pp — pp-ı (pp == Tank yp), and œp = pp— Ty If Mp” denotes the 
subgroup of R (G) of elements of the form ga", ete., then 


RCE, L, 6) = Z W + E Br? + E Ci + DB Dy + DG! 
If Dh is the subgroup of D” of elements of orders dividing 6%, :, then 
GC (K, L, 6) = E Up" + E Bot + E Cf + BU Dok. 


If Si is the subgroup of elements of %,'. divisible by 6,* and Pt is its 
closure, then 


B, (K, L, G6) =£ W+ = EAA 
Referring to Lemma 1. 2, we can state 
Tesorem 8. If Rp, O41 (i= 1,: > :, p1; p=0,1,---,n) are the 
Betti numbers and torsion coefficients of the finite n-complex K mod L? then 
(K, L, ©) can be continuously decomposed into the direct sum 


4ml 


Tp ' Rp | Tp-1 
(8. 5) 2 G*,' + ZE + 2 Ge 
j= zt 
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where G*,* is the group obtained by reducing Œ modulo the closure of the 
subgroup of elements divisible by 6)‘, each G,f is bicontinuously isomorphic 
with &, and W’," is the subgroup of & of elements whose orders divide 6%)... 


The condition that B, should be closed is clearly that each 8,4 should be 


closed. Thus the following requirement on & is sufficient for B, to be closed : 
| . 
DIVISION-OLOSURE PROPERTY. For each positive integer m, the subgroup 


of © of elements divisible.by m is closed. 

In general this condition is also necessary; for, if m@ is not closed for 
some integer m, the complex K composed of a circle bounding a 2-cell where 
sets of m equally spaced points on the circle are identified has the property that 
B.(K, ©) is not closed. 

If G has the division-closure property, then the algebraic structure of 
(G) depends only on the algebraic structure of Œ. Thus, if Œ and W’ are 
isomorphic (though not continuously so) and both have the division-closure 
property, then $,(6) and H(G) are isomorphic. 

It is easy to prove that discrete groups, bicompact groups, and vector 
groups have the division-closure property. Likewise the groups of rational 
numbers. If two groups have the property, sò also does their direct sum. 
A connected, locally-bicompact group has the property. On the other hand, 
the group of rational numbers of the form p/2” (p and n are integers) with 
the topology it has as a subset of the linear continuum does not have the 
division-closure property. For 1/2 is not divisible (in the group) by 3, while 
the elements divisible by 3 are everywhere dense. 

We state some simple consequences of Theorem 8. 


COROLLARY 8.1. If © is bicompact, so also is (G). If G is an ele- 
mentary group (No. 7), so is a (®). If G is the group € of real numbers 
reduced mod 1, then $p(®) is the direct sum of a toral group of dimension Rp 
and of a finite group isomorphic with the torsion group over the integers of 
one less dimension. 


Thus the Betti numbers and torsion coefficients are invariants of the 
mod 1 homology groups as well as the integer homology groups; hence 


. LOROLLARY 8.2. The group X and the group of integers are each uni- 
versal coefficient groups for the homology theory of a finite complex. 


DEFINITION 2. (K, L, 6) = Z G*,? is called the torsion group over O. 
S; (K, L, 6) = H(G) —T(G) is called the reduced homology group. 
> G’,* is called the group of impure cycles (see Cech [9]). 
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Remark. The decomposition (8.5) in general cannot be specified in 
terms of invariants of $,(@). For example there may exist a bicontinuous 
isomorphism of $,(6) into itself which carries the torsion group into another 
subgroup. The decomposition is imposed by the structure of the complex, 
not by that of the group. ` 


* 9. The abstract space. We describe briefly the procedure of Cech [8]. 
Let A be a set of points. A finite covering ¢ of A is a finite collection of 
subsets of A whose sum is A. A finite covering isa refinement of another it 
every set of the first is contained in some set of the second. In particular, 
any finite covering is a refinement of itself. 

Each finite covering may be regarded as a complex K (the nerve of the 
covering): the sets are the vertices, a collection of n + 1 vertices are the 
vertices of an n-simplex if the corresponding sets have a non-vacuous inter- 
section. The intersection is associated with the n-simplex. If B is a subset 
of A, it determines a closed subcomplex L of K where a simplex is in L if and 
only if its associated set meets B. 

If ¢? is a refinement of ¢' (9? — #1!) and if K?, I? and Kt, L> are the 
corresponding complexes and subcomplexes, we may define a simplicial map- 
ping w of K? into K*. To each set of $? we associate a definite one of the sets 
of ¢' which contains it; then m maps the vertex of K? corresponding to the 
set into the vertex if K* corresponding to the associated containing set. It is 
not difficult to see that + is a simplicial mapping and carries L? into L*. The 
projection m obtained in this manner is called an allowable projection. In 
general there are many allowable projections. 

If w maps a simplex op of K? — I? into a simplex of L* or a simplex of 
‘dimension < p of K+— L! we write algebraically +(cp) = 0. If op is carried 
into a simplex rp of Kt — L! we write r(op) =p. Then, for any chain giog? 
of K? — L? we define +(giop*) = gir (opt). In this way we define a homo- 
morphism r of &,(K?, L?, 6) into R,(K1, 11,6). Since r (like F) is de- 
termined by a finite matrix of integers, we can prove that + is continuous 
(just as we proved that F is continuous). Since rF (op) — Frs) we find 
that 7 maps cycles (bounding cycles) into cycles (bounding cycles). Thus x 
induces a continuous homomorphism H of §,(K?, L?, ©) into $, (Kt, LA, ©). 

If w’ is another allowable projection of K? into K1, and cp is a cycle of 
K? mod I’, then, as shown by Cech, mc) ~r (cs) mod E. Thus any 
allowable projection induces the same homomorphism H. 

Now let & be a family {¢%} of finite coverings of A satisfying the condition 
that any two members of ® have a common refinement in ®. If $f — $+%, let 
Hp be the induced homomorphism of 9,6 = &,(KS, LE, ©) into H.: The 


2 
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limit group $, of the inverse system {,p*} is called the p-th homology over G 
of the family ® mod B. 
If A is a topological space and © is the family of all finite coverings-of A 
by closed sets, $, is called the p-th homology group over @ of A mod B, 
written (A, B, ©). By definition $, is a topological invariant of A (ie. 
homeomorphic spaces have bicontinuously isomorphic homology groups). « 
e 


Remark I. We.may also choose & to be the family of all finite coverings 
of A by open sets, and $ isonce again a topological invariant. Cech [8; p. 180] 
has proved that, in a normal space, the two homology theories are equivalent.’ 
It must be remarked that the proof of the theorem of the next section uses 
closed coverings in an essential way. Thus we have no proof of the analogous 
theorem for the homology group of a non-normal space based on open coverings. 
This remark applies also to Theorem 12. 


“IL If G is bicompact, by. Theorem 2.1, (4, B, G) is bicompact. 
According to Čech, a cycle of the covering % is essential if it is homologous 
to the projection of a cycle of ¢8 for every refinement $f of gt. Čech proved 
for rational coefficients the fundamental existence theorem that an essential 
cycle of $% is a representative of the a-th coürdinate of some element of $y. 
In Lemma 2.1, we established this fundamental existence theorem for bicom- 
pact coefficient groups. According to Gech, a refinement $8 of $* is normal 
relative to © if the projection in ¢* of each p-cycle over & of 4f is essential. 
By Corollary 8.1, (K+, Le, @) is an elementary group if G is an elementary 
group. In proving Theorem 7. 4, we showed that any elementary group in an 
inverse system of bicompact groups has a normal refinement. Thus normal 
refinements always exist relative to coefficient groups which are elementary. 
If Œ is bicompact but not elementary, then in general normal refinements do 
not exist. However Lemma 2. 2 states that, for a bicompact G, we may obtain 
refinements as close to being normal as we please. 


III. If K is a finite complex and L a closed subcomplex, we have two 
definitions of §,(K, L, ©), the first, considering K as a complex, the second, 
considering K as a topological space. One establishes a bicontinuous iso- 
morphism between thése two groups as follows. Let {K™} be a sequence of 
barycentrie subdivisions of K. The set ¢” of the stars of vertices of K™ form 
a fintte covering of K by open sets whose associated complex is K™, The 
family & — {æ"} is a complete family in the sense that every covering of K 
by open sets has a refinement in ® (see Remark I, K is normal). It is then 
proved in the usual way that the projection of K™ into K” induces an iso- 


10 čech’s proof assumes that A is completely normal, but this is not necessary. 
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morphism of (K=, L™", G) into the whole of §,(K", L™, ©). It is not 
difficult to see that this isomorphism is bicontinuous. Then the limit group is 
bicontinuously isomorphic with each group of the sequence. 


10. General direct sum theorem. The torsion group over G of A 
mgd B is the subgroup of § of those elements represented in each covering 


comple# by elements of the torsion group of that complex (Def. 8. 2). We 
shall prove ** : 


THEOREM 10.1. (A, B, ©) is the direct sum of the torsion group Zp 
and a reduced homology group Sp. 


In order to exhibit this decomposition of § we shall define a canonical 
inverse systeni of groups of chains which’ carries the homology theory of 
A mod B. This canonical system will also be used in the next section. - 

To obtain an inverse system of chains we use a type of closed covering 
introduced by: Kurosh [14]. We then consider the direct system of groups 
of dual chains (in the sense of Alexander [1]) determined by these coverings. 
To avoid a digression into the theory of dual chains, we define this direct 
system in terms of the inverse system in an invariant fashion using a type of 
argument due to Pontrjagin [16]. In the limit group of the direct system, 
a decomposition into a direct sum is established. Herein is contained a direct 
sum theorem for the dual homology group. We then argue backwards and 
define in each group of the inverse system a canonical basis so that the matrices 
exhibiting the homomorphisms of the system have a simple form. Finally we 
interpolate certain auxiliary groups of chains into the system. The subsystem 
of auxiliary groups is the desired canonical system and the direct sum theorem 
is immediate. 

In the manner of Kurosh [14], we consider finite coverings of A by closed 

_ sets having the property that each set is the closure of its interior and the 
interiors of distinct sets are non-overlapping. Let & be the aggregate of such 
coverings of A. It is easy to prove that any finite covering of A by closed sets 
has a refinement in @. Thus # is a complete subfamily of ®, and we may 
restrict our considerations to ®’. These coverings of A have the following 
advantages : 


19. If ¢*— @4, each set of 8 is an exact sum of sets of pt. s 
2°, If d*—> $4, each set of œ% is contained in only one set of #8. 


# For the special case of a compact metric space and homology groups based on 
integer coefficients, this theorem was proved by Alexander and Cohen [2]. 
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From 1° we deduce that a covering is a refinement of only finitely many 
others. Thus a covering possesses an immediate refinement in the sense that 
there are no coverings of &’ between the two. “In general a covering possesses 
many immediate refinements. From 2° it follows that the projection of the 
nerves K*—> K* is uniquely determined. As a consequence the groups of 
chains A = &,(K+, Le, X) (Ÿ— group of integers) of the covering cotn- 
plexes ÆK® form an inverse system. From 1° and 2° it is proved that K? is 
completely covered by the jmage of K*. Then the homomorphism of &,% into 


8,8 is determined by a matrix reducible to the form 














1 
0 

Let &*4 be the group of homomorphic mappings *? of fs into X. K** is 
isomorphic to R*, and &* is the group of homomorphic mappings of R*+ into J. 
The element of $ determined by an element fe R* and ¥* « R*« is denoted 
(£, f"). Following Alexander [1], we refer to the elements of ®** as dual 
chains. An independent basis #, f°,- - -,£ in 8° determines a dual basis 
in &*e (and conversely) as follows: É*i (è—1,::-,h) is defined by 
(E, PF) — 66 (dit = 1, 8t = 0 (i 7)). 

The boundary homomorphism F of R%,, into À, determines a homo- 
morphism F* of &*, into R** as follows. If f*,¢R*,*, the function 
Et (Epi) = (F (for), É9) is a homomorphism of &%,,, into 3; it can therefore 
be identified with an element P* pa e Rra. Then F*(f*,) is the element f*p,; 
so obtained. By definition 


(10. 1) (F (fou), Br) = (four, F* (Po) ) 


for arbitrary fp € Re. and Fe R*,% If F is given by a matrix q in terms 
of fixed bases in Re. and $%, and F* by a matrix £ in terms of the dual 
bases, ‘by (10. 1) 
(P (Epa), Bo!) qu (Eg Bh) ast (Ep FM!) ) = bed (Eo ERE) = La. 
Therefore ¢ is the transpose of 7. 

If RF > Re, this homomorphism H defines in a similar way a dual H* 
transforming &** into R** satisfying 


(10. 2) (H ($8), Fe) — (E, H* (Ee) ). 


In this way {R*} becomes a direct system. From the relation FH = HF and 
the relations (10.1) and (10.2) we can deduce the dual relation 


(10. 3) F*H* = H*F*. 


12 The use of this notion is due to Pontrjagin [16]. Proofs of the statements of 
this paragraph can be found in his paper. 
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Since the matrix of H* is the transpose of that of H, by a remark above, ` 
bases can be chosen in @** and R* so that this matrix has the form || 1, 0 ||. 
Therefore H* maps &** isomorphically into a direct summand of R*#. We 
shall use this to prove that the limit group &* of {R**} (No. 5) is a free 
group. We construct a free basis. Choose a free basis in §** and form its 
image in &*. These elements are independent in R*; for the contrary would 
imply a refinement &** of $*1 into which &** is not isomorphically mapped. 
Suppose we have found an independent set Sa in R* generating a subgroup &*g 
which contains the image of each R** for «a < 8. Let R* 6 be the sub- 
group of &*8 imaging into R*s. It follows that there exist groups R** 
(a < B,i—1,: ;-, k) and a refinement R*7 of K* and the R*% in which 
the images of &*8 and &*% intersect in the image of R*,f. Since these trans- 
formations are isomorphisms into direct summands of R*7, it follows that #*)8 
is a direct summand of R*£ We can therefore find a set of independent ele- 
ments of &*8 not in R*,% which with the latter group generate R*9. We form 
the image in &* of this set and adjoin it to Sg to obtain Sg... The remaining 
argument is obvious. It is also clear that R** images into a direct sum- 
mand of &*. | 

From the relation (10.3) it is seen that the system of homomorphisms 
R*,%— R** defines a homomorphism F* of R*, into À, (if {£%p%} e Rp, 
PEL) = {F* (#7) } eR"). As À*,. is a free group, À*, decomposes 
into a direct sum @*, + D*, such that F*(€*,) —0 and F* maps D*, 
isomorphically into a subgroup of R*,,;. We digress for the moment to state 
a theorem on the dual homology group. 

If G is an arbitrary abelian group. (no topology assumed) the group 
R*,(G) of dual chains over Œ of A mod B is the set of all finite linear forms 
in elements of &*, with coefficients in ©. The boundary of a dual chain 
over & is defined F* (g:f**) — giF'(F**). It is obvious that ©*,(G) consists 
entirely of dual cycles; these are called the pure cycles. Certain elements of 
D* (G) may be cycles; this subgroup is called the group of impure cycles. 
Further, since F*P* — 0, C" (®©) contains the subgroup of bounding cycles. 
As the dual homology group is obtained by reducing the group of cycles 
modulo the bounding cycles, we obtain 


THEOREM 10.2. The dual homology group over Œ of A mod B is ex- 
pressible as a direct sum of a group of impure cycles and the group of those 
elements representable as linear forms with coefficients from © in dual cycles 
with integer coefficients. 


13 This theorem together with an argument of Cech [9] provides a direct proof that 
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We return to the former discussion. Let us choose an independent basis 
for D", The group &*,* decomposes into a direct sum ©*,*-+ D*,* where 
F* (@*,*) = 0 and this does not hold for any non-zero element of D*,*. The 
latter group may be chosen in many ways. We make the following selection. 
Choose those elements of 8*,* which image into basis elements of D*,. These 
we call permanent basis elements of D*,*. They generate a ‘direct summahd 
of R*,2 which does not meet €*,*. We may therefore adjoin further temporary 
basis elements so as to obtain a complete independent basis for ®,*. 

We now pass to a complete subsystem of {®*,*}, The subsystem will 


' contain all the groups of the system but will contain only a subclass of the 


homomorphisms. If &*,*—> &*,8, this homomorphism is included in the sub- 
system only if the image in ®*,° of an arbitrary element of &*,* may ‘be 
reduced to a cycle by the addition of a linear form in permanent basis element 
of D*,8, 

We prove the existence of such a refinement &*,8 of R*,* as follows. Let 
D*,* be the subgroup of D*,“ imaging into Ç» As D*,* has a finite basis, 
in some refinement %*,” of R*,* the image of D*,* lies in ©*,’. The image 
of each element of #*,* in R*, may be reduced to an element of ©*, by adding 
a finite form in basis elements of D*,. Since R*,* has a finite basis, a finite 
number of the basis elements of D*, will suffice for all elements of R*,*. There 
will exist therefore a &*,? whose image in &*, contains these basis elements 
of D*,. Then a common refinement &*,* of R*,” and &*,° obviously satisfies 
the above condition. :To see that any two groups have a common refinement 
relative to the subsystem, we need only choose for each a proper refinement in 
the subsystem then a refinement of the latter two in the original, system. 

Let us perform this operation for p = 0. The subsystem obtained has a 
corresponding complete subsystem in {R*,*}. In this subsystem we may 
perform thé same operation. The new subsystem has corresponding subsystems 
of dimensions 0 and 2. In the latter, the same operation can be performed. 
In general, if n= 0 is an integer, systems {Sp} can be determined for pS n 
satisfying the above condition. Future considerations will be confined to these 
subsystems. j 

For each æ, let us choose an independent basis for ©**. Suppose 
#2 K*F; due to the conditions satisfied by R*$, this homomorphism ex- 
pressed in terms of the bases which have been defined in these groups has the 


‘ matrix form 


the integers form a universal coefficient group for the dual homology theory. However 
this result can also be obtained from our Theorem 12 by passing to character groups. 
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| Die 


C*8 Dre 
. Fe W 0 0 E 
0 Xx’ 0 - perm. X’ = | 1,0 |. 


Y y7 0 temp. 
perm. temp. 
In Re, for each a, let us choose the basis dual to the basis of g*a. Then | 

the homomorphism 8 —> fa assumes the form | 

CB 

(10. 4) © W |0 FY 

pe 0 X Z perm. 
0 0 0 temp. 

perm. temp. 





where the basis of ©* is dual to that of G*2, and the basis of Se is dual to that 
of D** and has been divided into two parts according to whether or not an 
element is dual to a permanent or temporary element. 

The group %>* is the group of cycles which bound or have bounding multi- 
ples. To see this, let p be the rank of D*,* (— rank of %,*). As F* maps 

#2 isomorphically into 2 the smallest direct summand Dra of the latter 
group containing its image has the rank p. We choose an independent basis 
of Saa containing a basis of B*%, and then we form the dual basis in Rpa. 
The & group Du generated by the chains dual to basis elements of se has the 
rank p. Since Fand F* are dual, F maps Dp, isomorphically into a | subgroup 
of Be As %,* has the rank p, the statement is proved. _ 

Suppose § is a proper refinement of R*., We shall introduce between these 
two groups a third auxiliary. group 6e. Tt shall be the direct sum 6+ + Bea 
of two free groups on a finite basis. We assume a 1: 1 correspondence between 
the generators of © and ©+ and between the generators of ft and the 

“permanent generators of 85. The homomorphism Q8 — RP* is given by this 
correspondence i 








he Bsa 
GS 1 0 
10.5 ee. 
( ) Be 0. 1 perm. 
k 0 0 temp. 
The homomorphism #* — Re is given by ° 
| Ge He | 
Cf W 0 Y 
(10. 6) | D a a 7- 


perm. temp. 
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where the submatrices W, X, Y and Z are those of (10.4). Tt is clear that 
the product of the homomorphisms 8 — &8+-> R* is the homomorphism 
RF —> R*. We make of the enlarged collection of groups an inverse system as 
follows: If fe — Ge — RY, we define KR —> RY as the product. If 
K? — KF —> KF, we define R? — RF* as the product. Then, if Re — RF > K&P", 
- we define R® —> fa as the product. e 

W shall define a boundary operation F mapping Roe into @,8 and the 
latter into Kea. The boundary of any element of Yf? (q = p, p + 1) is defined 
to be zero. The boundary of a linear form in the basis of ©,8¢ (q = p, p + 1) 
is the image in Bre of the boundary of the same linear form in the corresponding 
basis elements of ©. It is clear that the boundary operation commutes with 
the homomorphisms, and $ se is the group of cycles which bound or have 
bounding multiples. 

Let us consider the complete subsystem composed of those groups having 
two upper indices with all the homomorphisms between two such. In this 
system if 76 —> ò then ©? images into EC and BYE into BA, This is 
proved by multiplying three matrices of the form (10.4), (10.5) and (10. 6) 
respectively. ; 

We introduce now the general topological group of coefficients Œ. K*(G) 
is the group of linear forms in the basis elements of Rsa with coefficients from 
©. The boundary homomorphisms #,6*(@) —> R82 (G) are defined in the 
usual way. Thus in &,°*(@) we can distinguish a subgroup of cycles and a 
subgroup of bounding cycles, the latter being contained in the former. §,°*(G) 
is obtained by reducing the group of cycles modulo the closure of the group 
of bounding cycles. A homomorphism 8,78 —> R, defines a homomorphism 
OP (G) —> H(G) in the usual way (F commutes with R¥¥—+>R%). Thus 
{6,2 (Œ) } is an inverse system. Furthermore it is equivalent with the system 
{Gp%(G)}5 for {Ra} and {R} (a —p—1, p, p +1) are equivalent and 
F commutes with the homomorphisms of the enlarged system containing both. 

Now $,%(6) is the direct sum of a torsion group %,°8(@) (elements 
representable by linear forms in basis elements of 8,4) and a group S,%8(G) 
of elements representable as linear..forms in basis elements of @,;%. Since 
RYB —> KR implies GF > C% and Br — B*, {TrA (G)} and {5,8 (G)} are 
. inverse systems. Then their limit groups (G) and ©,(6) respectively are 
subgroups of the limit group Hp(G) of {H,%*(G) } and it is trivial that Hp(G) 
_ is their direct sum. This completes the proof. 


REMARK. Let us note that the canonical system of chains {#,*7} can be 
` defined for any finite number of successive values of p, say 0S p = n, so that 
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the groups of the two systems {8,%} and {28 } are in 1:1 correspondence 
according to their upper indices and there is defined a homomorphism F 

mapping Kab into À," which commutes with the homomorphisms and satisfies 

FF —0. If we pass to the corresponding systems over G, the group $,(6) 
(0 pS n — 1) defined above is the p-th homology group over Œ of A mod B. 
` e 


III. A universal coefficient group. 


11. The construction. We shall begin with an arbitrary bicompact 
group §, and we shall construct in terms of § and the group Œ two topological 
groups © and ©. Assuming that § = G,(4, B, €) for a topological space A 
and closed subset B, we prove that © = %,_,(4, B, G) and © = S,(A, B, 6) 
(see Theorem 10.1). The construction of © and © is not invariant since it 
involves a number of choices. To prove that © and © are invariants of the 
pair of groups §, @ it is necessary to carry along with the construction a certain 
amount of algebraic argument. 

By Theorem 7. 3, there is an inverse system of elementary groups having 
§ as limit group. Let S — {°} be any such system. As §* is an elementary 
group, we may express it as a direct sum ©* + De of a finite group DT and a 
toral group @* of finite dimension d(a). 

Let us express D* as the direct sum of finite cyclic groups %’%# 
(t==1,:-+,7(«%)) where 6% is the order of 4’. We shall suppose there is a 
fixed isomorphism between ¥’* and the subgroup of ¥ of order 8%. An element 
reX (dix — 0) has a correspondent in ¥’% which is denoted zX’++, 

Let us express @¢ as the direct sum of circular groups ¥% (i = 1,---,d(a)). 
We choose a fixed continuous isomorphism between ¥ and X% and denote the 
correspondent of £e% by ge. 

` Let Ÿ be a continuous homomorphic image of ¥ in ©. The image of reX 
is denoted g. For some elements x; (x), we must have ° gë = gı (z)X*. We 
prove that there are unique integers u; such that 


rk = guk, 


The function g:(g) is a continuous homomorphism of Æ into itself (this 
follows from the definition of direct sum). It is well known that any such 
character of ¥ is given by an integer u; satisfying £:(t) — wiz for each g e £. 

The subgroup C2 of * is uniquely determined since it is the component 
of zero. The group D* may in general be chosen in several ways. Suppose De 
is a finite subgroup so that * — G++ De. Let us decompose D* into cyclic 
subgroups ¥’4; and let us decompose Œ% in some new way into circular sub- 
groups ¥%, Then the element x¥’*# (ge Æ, Oz — 0) may be written 
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gE = gt (E)E + gE. 


We shall prove that there are integers vt and w;* which are unique mod gui 
such that 
gi — goko + gosh, 


The function zt (g) maps homomorphically the subgroup of ¥ with generator 
1 /6 into Æ and therefore into a subgroup of itself. Thus there is an integer 
v;* unique mod 6% such that 1/6* is imaged into v;* times itself. In the same 
way we obtain wjt. 

Thus between the two decompositions of H°% into the direct sums of circular 
groups and finite cyclic groups, we have the transformations 


ra = yigi 
11.1 © i | 
oe { BEM = gok + gwik, 
{ re — A Pour | 
head == P, ai + ait LEA 


As each transformation is the inverse of the other we obtain 


(11. 2) 


Gj = dt (dit = 1, Gi —0 (1)), 
(11. 8) ans -+ Üv = = 0 (mod 6%), 
ÜW = Gt (mod 6%), 


If P is a E of $*, Het maps the circular subgroups XFt of HF 
into such in $”, and maps the finite groups £’4+ into such in Q“. Therefore 
we may adopt the notation just described and write Hgt g* in the form 

| Hee (RP) — posites 
a pi P 
(ii. 4) Hg (xX Bt) — zy ae + regik aj 
where the integers ze are uniquely determined, and the integers Yai and za 


are unique mod 68+, 
Similarly for the other bases 


Hy*(x8*) = génies 
oe Hy (eB) — pas + gai B's, 
If we apply successively the transformations (11.2) for F then (11.5) and 


finalky (11.1), we must obtain the transformation (11. 4). We have therefore 
the relations 


CAE LT = Tg 
(11.6) Burt + Diyu + 6,853 Sivit = yat (mod 0ft) 
Ü Pear == 24 (mod 68t) 


where of course there is no summation on £. 
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In terms of Œ, {6°} and the decomposition of §* into subgroups #ai 
and Æ', we construct an inverse system {T°} as follows. Let G*% 
(¢=1,---,7(a)) be a group bicontinuously isomorphic with the group 
„obtained by reducing © modulo the closure of the subgroup of elements 
divisible by 6%, Under this fixed homomorphism of 9 into G*4+, denote the 


image of g e © by gG*2#. Let Te be the direct sum = G*si, The number a4 | 


of (11. 4) is such that 125500 (not summed-on j) is ap zero of ¥ if giy = 0. 
If we let x be the element 1/6, we see that there is an integer si such that 


(11. 7) | soiobi = gaiga (not summed on j and £8). 
We define a homomorphism Hg* of TP into T° by the relations 
(11.8) Hp (g@ #8) —gsi@ (i=1,* -,r(8)). 


Since za is unique mod 6%, soi is unique mod 8%, thus the right side is a 
unique element of Te, 

Due to the ambiguity in-representing an element of @*$i, we must prove 
that H$° is uniquely defined. Suppose g@*#i — q’G**, then g —g’ is a limit 
of elements of @ divisible by 0+. Therefore (g —g si is a limit of elements 
divisible by seer. By (11.7), (8—8 sey is a limit of elements divisible 
by 67. Therefore gsi and gs image into the same element of @**/, and 
H£® is unique. . 

To see that Hg% is continuous, let Ọ be a neighborhood of zero in $e. 
Then U is given as the product space of neighborhoods U? (j =1,- : -,7(«)) 
of neighborhoods of zero in the #4. Let V be a neighborhood of zero in G 
such that V is imaged into U/ (j = 1,: --,7(«)) under the transformation 
sending geG into gs%G* (not summed on j). The image of V in G*5 
under the homomorphism g —> gG**t is a neighborhood U’+ of zero in G*#. 
The product space U’ of the U”? is a neighborhood of zero in 24 mapped by 
Hg” into U. 

I£ the homomorphism He of into Te be defined for every pair «, B 
of ordinals such that §* is a refinement of *, we obtain an inverse ‘system 
{T0}. (The verification of axiom c) of No. 2 is immediate. Since {$7} 
satisfies axioms a) and b), we deduce corresponding properties for the integers 
z, y, and z of (11.4) from which it follows that a) and b) hold in {E*}). 
Let us prove that {ÈS} is independent of the decomposition of §* into sub- 
groups. If §* be decomposed into the subgroups ¥%* and Ëa, we construct 
groups G*4 in a similar way and obtain a new group e. From (11.1) and ` 
(11.2) we deduce integers ¢;* and #;* such that 
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7 =. wigi 


[joiga — eigai } (not summed on j). 


From these relations and (11. 3), we deduce 


£j%t,04 == Gui (mod 6%). 

Then the transformation . 
ma F(a) — gésiGres 

has the inverse E 


PaB) — és, 


and is therefore a bicontinuous isomorphism between © and fs, By (11. 5), 
there are integers Si satisfying . 


guget = 203005 (not summed on 7). 
By (11.6) and (11.7), we obtain 
#Pigatt, 24 == sah (mod 6%), 
Therefore the homomorphism 
Fe (96%) — goat 


carries over into the homomorphism Hg% under the isomorphisms ft: 
Hgt = fH 78. Thus the inverse system {Es} is isomorphic with {T°}. It 
follows that {T2} is uniquely defined by Œ and {H+}. 

A complete subsystem of S — {*} defines in the same way a complete 
subsystem of {Te}. Thus equivalent systems S and § determine equivalent 
systems {T“} and {$2}. By Theorem 7. 4, it follows that {T°} is determined 
up to equivalent systems by Œ and Q. Hence by Theorem 4. 1, the limit group 
T of {ÈS} is determined up to bicontinuous isomorphisms by @ and $. 

In terms of Œ, {H*}, and the decomposition of $ into subgroups X¥* and 
X'ai, we construct an inverse system {©} as follows. Let Gti (i= 1,--+, d(a)) 
be a group bicontinuously isomorphic with @. Let @% (i= 1,: : -,.r(«)) 
be a group bicontinuously isomorphic with the subgroup of elements of & of 
orders dividing 6*¢. As usual the element of G+ (G+) corresponding to ge © 
is denoted g@* (qG@*). Let © be the direct sum 


Se —'S Ge +S Gui 


421 . ġel 


Let the homomorphism Hp* of G4 into S* be defined by 
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(11.9) Re 


Hg (86) = oygi + 926i G4 


hee the integers x, y and z are those of (11.4). Since y and 2 are unique 
mod 6° and g in the second equation is of order 9%, the trandforainison is 
unjquely defined. It is Verified without difficulty that {@<} is an inverse 
system. e 

Let us prove that {@“} is independent of the decomposition of $e into 
subgroups. If §* be decomposed into the subgroups #2% and Ÿ’ai, we construct 
groups Gi and Ga in a similar way, and obtain a new group Õe. Using 
(11.1), the transformation f° defined by . 


f(a") — gy0 

fe (80) — guj + guja 
has the inverse 

F(a) — pincer 

FeO) — gG + gaie er, 


This follows from the relations x. 3). And the homomorphism H4° defined by 


Ba) — gigiGes 
He (36) — ays + grago 


satisfies, in view of (11.6), the relation Hgt = f*H,*/6. And we see that 
{S*} is determined up to isomorphic systems by {6°} and ©. 

Just as above we can prove that the limit group & of {©} is determined 
up to bicontinuous isomorphisms by & and $. 


12. The isomorphism. We now assume that © = §,(A, B, %) for a topo- 
logical space A and closed subset B. We shall prove that © == ?,.(4, B, 6) 
and © = ©,(A,B,@). . 

We suppose that {8% “} (q==0,1,:--+,p-+1) is the canonical inverse 
system of chains constructed in No. 10 for the space A. We suppose, for 
each @, bases have been chosen in the groups #,* and &*%)_, so that the boundary 
relations for the chains of §,% are in quasi-canonical form. We suppose in 
particular that we have split these basis elements into five classes so thaf the 
relations (8.4) hold. 

If we pass to the corresponding homology groups over ©, we find by 
Theorem 8 that 

T(G) =Z G (i= L, ::,rTp1(«)) 
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where @* is obtained by reducing © modulo the closure of the subgroup of 
elements divisible by Ost and 


S,*(G) = D Gui + > Ge (j=1,- g +, Ra(a); k =1,: ‘ ` Tp-1(%) ) 


where Gi is isomorphic with & and G’** with the subgroup of Œ of order On 


In particular 
(12. 1) $,°(2) = TRV + DEM 


Since $,(4, B, *) is the limit group of {,*(¥)}, we may suppose that 
the latter is the system used in No. 11 for constructing © and ©, and we may 
suppose moreover that the decomposition there used of each §,*(X) into a 
direct sum is the decomposition (12.1). It is then immediately clear that 
Te — Tepa (G) and S¢—6,7(G). These isomorphisms are set up in an 
obvious way. We have only to prove that under these isomorphisms the homo- 
morphisms of the systems {£*} and {@®} carry over into those of {2%_.(G) } 
and {S,*(@)} respectively. The latter case is trivial. For the former, suppose 
the homomorphism of &,° into &,* has on the basis element d% of class four 
(see (8.4)) the value 


Y + 25 gd a wae, 
(we recall that, in a canonical yilni of fein, G;f is mapped into 6°). 
Then, for the homomorphism of Hf (£) into $p*(X), 


Hg? (UP) — ey thks + gage 
As FH = HF, we have 
O8 Hea (BH) — He°F (dE) = FH pe (dy) — %0 bai + pakgad , 


p-1 pl Bi pt 
It follows that aioe (not summed on j) is divisible by an . If Si denotes 
the quotient, then 
Hg" (b& ) ~ Spa 
Hence 
He (9%) — gs ZG, 


As this is the homomorphism (11.8), we have proved 


THEOREM 12. The group S,(4, B, ©) is the direct sum Sp + ©, where 
Xp tg an invariant of the pair ©, Orn (4, B, X) and ©, is an invariant of the. 
pair 6, (4, B, £). Thus the group X is a universal coefficient group for the 
Cech homology theory of a topological space. 


It is well known that in a compact metric space the Cech os and the 
Vietoris [18] theory are equivalent; hence ~~ 
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COROLLARY. The group X is universal for the Vietoris homology theory 
of a compact metric space. | 


REMARK. Cech has pointed out to me the following simple invariant 
definition of the group © in terms of the groups Œ and §. Let H* be the 
discrete group of continuous characters of $. Then © is defined to be the 
group o$ all homomorphic mappings of $* into G. If U is a neighborhood 
of zero in ( and A, ho, * +, hx are a finite number of elements of *, the set 
V of elements of © mapping each h; into U is calléd a neighborhood of zero 
in ©. That © is the group constructed in No. 11 is obvious if $ is an ele- 
mentary group. Otherwise let be a limit group of the inverse system {°} 
of elementary groups. Let © be the group of homomorphic mappings of H** 
into Œ. As {H**} is a direct system (No. 5), it is easy to see that {©} is 
an inverse system and that its limit group is the group of homomorphic map- 
pings of $* into Œ. In this way the case of a general bicompact group $ is 
reduced to that of an elementary group. If one could find an equally simple 
invariant definition of Y in terms of Œ and $, the argument of the preceding 
two sections could be greatly simplified. 


IV. The infinite complex. 


13.. Infinite cycles. Let K be an infinite complex with a countable 
number of cells. We require that K be locally finite in the sense that the star 
of any vertex is finite. Let L be a closed subcomplex of K and let the p-cells 
of K— L be ordered in a sequence: Ept (t= 1,2,---). A p-chain over G 
of K mod L is an infinite linear form: g:H,'. These’ constitute a group 
& (K, L, ©) in which a topology is introduced as follows. If U is a neigh- 
borhood of zero in © and n is an integer, the set V of those chains whose 
first n coefficients lie in U is a neighborhood of.zero in &. As in the case 
of a finite complex, the boundary operator F is a continuous homomorphism 
of R.into PR, Then cycles and bounding cycles can be distinguished. The 
group (K, L, 6) is obtained by reducing the group of cycles modulo the 
closure of the subgroup of bounding cycles. 


14. Universal group theorem. If we can show that the homology 
theory of an infinite complex can be analyzed in terms of inverse systems of 
homology groups of finite complexes, the proof that ¥ is a universal coefficient 
group for infinite cycles is clearly contained in the preceding sections. The 
definition just given of )(K, L, ©) is standard since it follows closely the 
spirit of the definition of ‘Lefschetz [15; p. 299]. Consider the following 
alternative definition. i i j 
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Let {£*} be a sequence of closed subcomplexes of K such that [J Le a Dy 
L* > Li, and each K — Lis finite. Let 8,2(@) — R,(K, Le, G). Suppose 
Le D IS, To each chain of R8 (@) we associate the chain of &,*(G) obtained 
by omitting its terms involving cells on L“. This is a homomorphism of 
Rp? (G) into R,*(G). It preserves cycles and bounding cycles, and therefore 
induces a continuous homomorphism of H(G) into §,7(G). In this way 
{$%(6)} constitutes an inverse system with a limit group (K, [5 ©). It 
is clear that ’,(G) does not depend on the particular sequence {Le}; for any 
other sequence {L4} satisfying the same conditions determines an equivalent 
system {’,*(G)}. We will see under what conditions the group §’,(K, L, G) 
is $(K, L, ©). | 

We define a continuous homomorphism of §,(@) into $’,(@) as follows. 
If cp is an infinite cycle mod L, let ¢,* be the cycle mod LZ obtained by omitting 
terms of €, involving cells on Le. Suppose ý « H,(@) has tp as a representative 
cycle. Then c° is representative of a class 9° e Hp*(@). Clearly {fc} is an 
element ff’ « $’,(G). If cp ~ tp then cp" ~ ct, and ff’ is independent of the 
representative & of §. Thus f(}) =f’ is a continuous homomorphism of 
£p(G) into H (©). In fact f is an isomorphism of $,(6) into a subgroup 
of §’,(®). For suppose f(f) —0. Then each cf is a limit of bounding 
cycles mod L*. That is: to a neighborhood V of ¢p* corresponds a chain £,,, - 
such that F (fp) mod L® lies in V. If W is a neighborhood of cp determined 
by 7 in @ and the integer n, choose Le so that it does not contain the first n 
p-cells of K— L. Let V be the neighborhood of cp? determined by U in ©. 
Then F(f) mod Z lies in W. Thus €, is a limit of bounding cycles, and 
h=—0. 

If the group @ has the division-closure property (No. 8), we shall prove 
that the inverse of f is defined over the whole of §’,(@). Suppose Y = {h°} 
is an arbitrary element of (®©). Let ep? be a representative of #%. Then 
tt — cp% reduced mod L° is a limit of bounding cycles. As @ has the division- 
closure property, the group of bounding cycles of K mod L* is closed. Hence 
there is a chain ?4,,, such that : 


F ($a) = Cyt ae: Ep? mod Le. 
Consider the sequence of chains 
. a-1 
Cp, op” — F (Fpa), to — 2 F (Epu), ae 


.where F'(€*,,,) is the boundary mod L of Yp.. The (a +-1)-st term is the 
a-th when reduced mod L°. The sequence therefore converges to a cycle & of 


UNIVERSAL HOMOLOGY GROUPS. - 693 


K mod L. Furthermore ~ cyt mod L*; hence €, represents'a class fe Hp(G) 
such that f(ÿ) =}. It is not difficult to show that the inverse of f when 
defined is continuous. 

Thus the two definitions of G,(K, L, 6) are equivalent if Œ has the 
division-closure property. If we prefer the second definition then we can assert 
without qualification that ¥ is universal for the infinite cycles of an infinite 
complex : 

It would be interesting to determine whether or not, the two. definitions 
are always equivalent. 


Appendix I. 


15. The homology groups of a bicompact connected group. We pro- 
pose to establish the following 


Turorem 15, If Aisa bicompact connected group, then X and $, (A, X) 
are bicontinuously isomorphic. 


The theorem is fairly trivial for a toral group. The general case is obtained 
by a limiting process to which the next few sections are devoted. We base our 
definition of homology groups on finite coverings by open sets. This we may do, 
for a topological group satisfies the separation axiom 5 of Hausdorff; so a 
bicompact group is normal (Remark I, No.9). In Theorem 17, open coverings 
are used in an essential way, we have no proof of the theorem if the homology 
groups are based on closed coverings. 


16. The induced homomorphism. Let A! and A? be topological spaces 
‘and f a continuous mapping of At into a subset of 42. Let {pit} (i = 1, 2) 
be a complete system of finite coverings by open sets of A‘. Let Kia be the 
nerve of pit, and Got = (K, 6) and Gi = (4°, G). 

By means of f we shall define an inverse system #81? which includes 
S? == {9,2%} as a subsystem and 6t = {§,'*} as a complete subsystem. 852? 
shall consist of the groups of the systems St and 8?; it shall include all the 
homomorphisms of 8: and S? and certain additional ones defined as follows. 
An open set in A? has an open set as its inverse image in A*. Thus ¢7% has as 
its inverse image a finite covering by open sets y>% of At. Let $8 be a refine- 
ment of y*, Then the projections p8 —> yt —> 4?8 determines a simplicial 
mapping of K'S into K+. Let He be the continuous homomorphism of “6,18 
into §,?* induced by this simplicial mapping (No. 9). Let us include among 
the homomorphisms of 82? the homomorphisms H*? for all « and related 8 
satisfying the condition that @tf is a refinement of #4. It is not difficult to 
prove that 872 is an inverse system. 

3 
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As S* is a complete subsystem of S??, H; is the limit group of 8, The 
codrdinates of an element Ht of §,1 in the groups of S? make up the codrdinates 
of an element §? of °. The correspondence f(*) =? is a homomorphism 
of Sr! into Hy’. Itis continuous; for, if V? is a neighborhood of fj? determined 
by a neighborhood V4 of f°, then the neighborhood V* of ff determined by 
Va is such that (V1) C Pe. ‘ z 

The homomorphism f of Sr! into §,? is said to be induced by f. * 

We must show that f is independent of the systems {$'*} and {#22} used 
in its definition. But this is trivial; for new systems may be included with 
the old as complete subsystems of larger systems. | 


Lemma 16. If f and g are continuous mappings of A into A? and A? 
into A*, respectively, then the induced homomorphisms satisfy: (gf) = gf. 


In 8 there are no homomorphisms of a group of 8? into one of 81. 
Similarly in 8%. Hence we may form the logical sum of 81? and S% and 
obtain a new inverse system S??* which contains S1% as a complete subsystem. 
In 82% we may compare (gf) and gf; and the assertion of the lemma follows. 


17. On the homology groups of a limit space. Let {A} be an inverse 
system of bicompact spaces and A its limit space. We shall assume that, for 
all a, each point of AS is the codrdinate of an element of A. The set of groups 
{69} (Dot = Hp(A*% G)) together with the homomorphisms induced by the 
mappings of the system constitutes, by Lemma 16, an inverse system. Let 


Ër = D(A, ©). Then 
THEOREM 17. Sp is the limit group of {6,9}. 


Let {4°} be a complete system of finite coverings by open sets of A? 
((a) indicates that æ is fixed). Hach open set of ¢%% has an open inverse image 
in A. Hence ¢% determines a finite covering y of A by open sets. The 
double system {{y**}} is complete. For let y be an arbitrary finite covering 
of A by open sets. As A is bicompact, y has a refinement y” consisting of 
neighborhoods. Let the open set Vi (c=1,---,k) of w be defined by the 
neighborhood V% in A*. Let A* be a common refinement of A%,- - +, A, 
Then the images V+ of the V+ in A® constitute a finite covering of 4% by open 
sets, Let 6%% be a refinement of this covering; then clearly y‘ is a refine- 
ment of y. ; 

The nerve Ke8 of 6% is likewise the nerve of 4*8, for the image of A in A* 
covers AX Let §,%% — (K2, G). Then $, is the limit group of the 
double system {{,"9}}. As ys — y** if and only if p% — pale, Qpe is the 
limit group of the subsystem {$p°*}. 
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” The coërdinates in the subsystem {Hp} of an element } e Hp make up 
an element ÿfe$,2. By the definition of the induced homomorphisms, the 
elements ýe are the codrdinates of an element ff of the limit group $', of 
{6}. The correspondence f(}) =f’ so defined is a bicontinuous isomorphism. 
It is trivial that f is a homomorphism. If Ņ is an arbitrary element of §’p, 
its codrdinate He in H,” has a codrdinate f° in $,%. Suppose r? > H,%. 
Let 4° bt a refinement of AY and A*; and let y® be a refinement of y£$ and . 
y. Then, by the definition of the induced homomorphism of Q; into $4, 
we have J®— fe, Similarly §*—> fé, From the uniqueness of projections 
hv? —> h78, It follows that {{h*8}} is an element } «Hp such that f(ÿ) —J’. 
Therefore f (p) covers Or. 

If ý, and z are distinct in $,, then, for some pair a, 8, f,%6 and §.% are 
distinct. Then §,% and hat are distinct; and, finally ff, and hy’, are distinct. 
Thus f is an isomorphism. 

Let V’ be a neighborhood of } in p determined by a neighborhood Ve 
of h* in ®t which, in turn, is determined by a neighborhood V% of 2 in 
Hp. Then V4 determines a neighborhood V of § in p such that f(V)C V’. 
So f is continuous. On the other hand, if V is a neighborhood of § in §, 
determined by a neighborhood V% of }°8 in $,%8, VE determines a neighbor- 
hood V% of §¢ in §p%, and this in turn determines a neighborhood V’ of ff in 

, satisfying {(V) D V’. So f is inversely continuous, and the theorem is 
proved. 


18. Proof of Theorem 15. By Theorem 7.3, X may be represented 
as the limit group of an inverse system {2%} of elementary groups so that the 
image of Ñ in Ye covers the latter. As M is connected, ‘so is A2; hence 


Me is a finite dimensional toral group. Let us express We as the direct sum 
K ; 
> X% of groups isomorphic with ¥. The point set ¥** is a simple closed curve 


Tei on Me. Giving to ¥ a definite orientation gives to each simple closed curve 
an orientation so that the set of 1-cycles (over &) so obtained form a 
1-dimensional homology basis in Me. 

If X* is a homomorphic image of ¥ in A", we may express € as a linear 
form a,;¥* in the basis subgroups with integer coefficients (see No. 11). Ji 
Te is the singular image on Ye of the basic 1-cycle of Æ, we assert that | 


(18. 1) ‘pa ~ al, 


Let T° be the 1-cycle which is the singular image of the basic 1-cycle of X under 
the mapping which sends ye Æ into gËe — gas% +--+ --+ ya,X¥*. Let T be 
the 2-simplex in the (x, y)-plane having the vertices (0,0), (0,1), and (1,1). 
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Let C1, Cz, Cs be the edges [(0, 0), (0,1)], [(0, 1), (1,11 [(0, 0), (41) 
respectively. If T is suitably oriented, then F(T) = Cı + C—C. The 
transformation 


f(oy) = yO afe (0SeS1; oS yS1) 


of T into Ye (on the right side z and y are real numbers mod 1) is continfious 
overeT and maps O, into aT, C, into Le, and C, into T Thus 
TS ag g Te, We may treat Te in the same way. Performing this opera- 
tion & times, we obtain the relation (18.1). . 

We suppose that we have chosen basis subgroups ¥% (i= 1,: : -,k(a)) 
and corresponding 1-cycles T** on each group We of the system. If AWS — We, 
this homomorphism f may be written (No. 11) 


(18.2) -> FOX) = gazta, 
Then, by (18.1), 
(18. 3) f (TS) ~ ajir”. 


Let $* == §.(M*,%). ST may be represented as the group of linear 
forms gI% where g; e ¥. Let 74 be the isomorphism which pairs ti1% of ° 
with g£% of Y°. 

If WP —> Ne, the induced homomorphism Hf —> Ht, by (18.3), is 


F (E18) = paires. 


It follows that the system of isomorphisms {Z*} establishes an isomorphism 
between the inverse systems {2*} and {6°}. The limit group § of {6°} is 
therefore bicontinuously isomorphic with W. By Theorem 17, $ is Q, (M, #). 
This completes the proof. 


Appendix II. 


Example 1. We shall prove that the integers do not form a universal 
coefficient group for the homology theory of a compact space. 

Let A” (m—1,2,: : -) be a simple closed curve, and Mn, a continuous 
mapping of A”*? into 4” of degree 2 (i.e. A" is wrapped twice around A”). 
Let A be the limit space of this inverse sequence. Then A is 1-dimensional, 
bicompact, and it has the 2nd countability axiom. It may therefore be im- 


` bedded homeomorphically in euclidean 8-space. §,({A™, 3) (3 — group of 


integers) is a free group on one generator. The induced homomorphism of 
§.(A™*, 3) into §.(A™, X) maps the generator of the first group into twice 


14 This example was considered by Vietoris 18. 
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the generator of the second. One proves readily that the limit group of 
{9.(A™, X) } reduces to the zerò. By ‘Theorem 17, this limit group is §,(A, a): 
On the other hand, $,(4", 2) is isomorphic with ¥ and the homomorphism 
of §.(A™*, €) into $:(4%, £) has the degree 2. It follows, by Lemma 2.1, 
that $:(4, €) is not the zero group. In fact if M”m is sufficiently smooth, 
it is easy, to see that §,(A,#) and A are homeomorphic. Since one cannot 
deduce the structure of §,(A4,%) from that of §,(A,%) the statement is 
proved, . 


Example 2. We shall prove that Æ is not a universal coefficient group for 
the homology theory of the finite cycles of an infinite complex. 

Let A” (m = 1,2, : -) be a simple closed curve and M, a continuous 
mapping of At into A™ of degree m +1. Let A be the limit space of this 
sequence, and let A be imbedded homeomorphically in euclidean 3-space Bs. 
It is not difficult to prove that the 1-dimensional homology.group over $ of 
the finite cycles of Fs — A is isomorphic with the group of rational numbers. 
Let A’ be homeomorphic with A, and let it be imbedded in Æ, — A. Then the 
1-dimensional homology group over % of the finite cycles of Es — (A + A’) 
is the direct sum of two rational groups. Thus the two homology groups have 
ranks 1 and 2 respectively. However if we apply the theorem of Cech [9] to 
compute the 1-dimensional groups over ¥ of the finite cycles of E, — A and 
E3— (A + A’) it is found that the first group is obtained by reducing 
Æ modulo its subgroup of elements of finite order, and the second group is- 
obtained by reducing a 2-dimensional toral group modulo its subgroup of 
elements of finite order. Both of these groups are isomorphic with the direct 
sum of groups of rational numbers equal in number to the power of the con- 
tinuum. This proves the statement. 


Example 8. We shall prove that, even if the coefficient group has the 
division-closure property, the group of bounding cycles in an infinite complex 
may not be closed. This is in contrast with the case of a finite complex (No. 8). 

Let Z/ be the product complex of a circle by a line segment. We choose 
one of the two circles bounding L’ and identify triplets of equally spaced points. 
The resulting complex consists of two 1-cycles I% and T? and a 2-chain L such 
that F(L) =I? —8rt. Let L; (¢=1,2,-- -) be a sequence of such com- ` 
plexes; and let us identify 14? with I?,. (t= 2,3,- - -) and give this ¢ycle 
the new notation T;. Let us add a 2-cell Z whose boundary is Ty. Then 
F(Lo) =T, and F(L;) = Tia — 3T; (i—1,2,: +) are the bounding rela- 
tions in the resulting infinite complex K. As 


T; ~ ST ~ B°Ty_2 (pede pay 817, ae 0; 
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oo k 
the infinite 1-cycle È T; is a limit of the bounding cycles X, Ti (k — 1, 2, : : -). 
q=1 il 


Suppose as is impossible, that there are integers a; (i =— 0, 1, 2,- - +) such that 


w Le] 
F(SaL;) =D Ti. By a simple computation 
450 : q=1 


4 CO 
F( X rili) => (tia — 321) r. . 
e 4=0 į=1 
It follows that 3z; = 2; 1. Thus [zi] <| tia] << ||. As the 
æ’s are integers, this cannot hold for every integer 7. The contradiction proves 
the statement. 


Example 4. We have proved in No. 10, that the p-th homology group 
of a topological space decomposes into a direct sum of a torsion group and a 
reduced homology group. In the special case of a finite complex, we have seen 
in No. 8 that the reduced homology group admits a further decomposition into 
the direct sum of two groups. We shall show by an example that this further 
decomposition does not occur in general in the homology groups of a compact 
metric space. 

For a finite complex K, %p(K, ¥) reduces to zero and $&,(K, ¥) is the 
direct sum of its component of zero and a finite group. We shall construct 
a 2-dimensional compact metrie space A such that the component of zero of 
§2(A, X) is not a direct summand of the entire group. 

Let §* be the discrete group * generated by e1, é2,° * +, and do, Qi, Go, * * 
subject to the relations 227, == 0 and Ran = dna + én (n = 1,2, °°). 

Let us prove that the subgroup € of H* of elements of finite order is 


se n n 
generated by 6, &,° : *. Suppose a = > aie; + È Bias is of finite order. 
4 o 


Then a’ = Š Bia; is of some finite order k > 0. It follows that there exist 
9 
integers às mi (i= 1,: - +, m) giving the identity 


n m 2 m 
k © hin; = D iei + D; pi (24 — Gir — ei). 
0 1 1 
Comparing coefficients, we have 


pi = 0 (i>), bbn = tm, Bs = Bpi — pin (t=1,- ' +, n— i1), 
kbo =— pm, iu — m = 0 (i=l, >- m). 


We find that m is divisible by k; then, inductively, we find that pi 


15 For the construction of this group and the proof of its properties the author is 
indebted to Dr. Reinhold Baer. i 
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(i=1,:.- +,n) is divisible- by k. Let pm/b—=ri Then Bin 
Bi = Bri — Tini Ba = 27x, and - x 


n n-i n n 
Dd biti = — rio + D (204 — Tis) Gi F Rrndn = D ri (Ros — Gir) = Dries 
0 1 t £ L 


Hence ¢= 3 (a: + rie; as was to be proved. 

We prove now that Œ is not a direct summand of §*. The difference 
group $* —G has d,d,-* : as generators with the relations 2a) — n+ 
(n==1,2,-- +). If, to the contrary, € is a direct summand, then there are 
elements fi (¢=0,1,2,---) in © such that 2(ai + fi) = tia + fia 
(i= 1,2,- +}. Using the relations in $*, we find that 


Pins = fi + ei (i=1,2,: ::). 


Then, for each integer n, 
fo = 2"fn + D Re. 
1 


min) . 
As fn is an element of © we can set fn = >) ae. We may assume without loss 


: 1 
of generality that m(n) =n. Then, if k is the order of fo, 
min) n 
(1) : 2” DS ase, + k D Rite; = 0. 
MR 1 


Let n be even and t= n/2. Then k==0 (mod gun), As this holds for 
every even integer n, we find that k — 0 which contradicts the fact that k is 
the order of fo (if fo == 0, (1) holds for any integer k). This proves that Œ 
is not a direct summand of $*. 

Let $ be the group of characters of $*. ‘The annihilator of © in $ is the 
component of zero of Q (see [17], p. 386, Corollary ic). As € is not a direct 
summand of §*, the component of zero of $ is not a direct summand of $ 
([17], p. 382, Theorem 1b). We shall construct a compact metric space A 
such that § = 6,(4,*). 

We first construct a direct sequence {H*”} whose limit group is H*. §*" 
has e;™ (i= 1,-- -,m) and c” as its generators with the relations 2°4e,” == ( 
(¢=1,---+,m). The homomorphism H* of *” into $*"* is defined by 


Ate) a= Qomtt __ aoe. H* (e) = emt (t= 1 ‘ ‘,m). 


If we form the inverse sequence {§”} dual to {H*"} (No. 6), we find that 


H” = xm + zonm 
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where Æ” is isomorphic with ¥ and X’™ is isomorphic with the subgroup of 
Æ of order 274. The homomorphism H of $,"# into $," is given by 


T H (4x) = 2x", H (gm om) == — rk”, 
HE mi) Em (il, ym) 


Let Q denote the point set in the plane consisting of the unit circle C and 
its interior. On C let us identify the point having the angular codrdinate 
6+ p(?x/k) (p =1,: + -,k; OS 0 < 2r/k) with the point 6. In this way 
Q is converted into a complex Q* such that 2(Q*, X) is isomorphic with the 
subgroup ¥% of ¥ of order k. Let K” (m = 1, 2,- - -) be a complex composed 
of a 2-sphere P” and the complexes Q?! (i = 1,: - -,m); we now denote these 
latter by Q™?i. Let r be a continuous mapping of K”! into K™ which maps 
P™** onto P” with degree 2, Q™*»?4 onto Q™*4 (i =1,---,m) with degree 
+ 1, and Q™*+20) onto P™ with degree — 1. It follows that §.(K", ¥)== Q” 
and the homomorphism of $.(K"",%) into $.(K”,£) induced by + is the 
homomorphism H of Q”! into Q”. If A is the limit space of the inverse 
sequence {K™}, A is bicompact and has the 2nd countability axiom. As A 
possesses arbitrarily small mappings into 2-dimensional complexes, A is at most 
2-dimensional. By Theorem 17, (4, X) is the limit group of 


| {Go(™, B)} — (5). 


Thus § = $2(4, X), and the component of zero of $:(4, Æ) is not a direct 
summand. As $:(4,*) is not zero, À is 2-dimensional. 

Let A be imbedded in euclidean 5-space Es. By the Pontrjagin theorem 
of duality [17], the 2-dimensional group over the integers, of the finite cycles 
of Es — A is the group §*. In this the dual case the torsion group is not a 
direct summand of the homology group. - 


Example 5. We shall prove that ¥ considered as a discrete group is not 
a universal coefficient group. Thus the emphasis we have placed on the notion 
of a topologized homology group is essential. 

Let Y be the character group of the discrete group of rational numbers. 
It is compact, connected, metric and 1-dimensional, and it contains no elements 
of finite order. If we construct in this group a Hamel basis, we find that Y 
is isomorphic with the direct sum of a set of groups each isomorphic with the 
group of rational numbers, the number of summands being the power of the 
continuum. The same is true of the direct sum 2% + HN. Let ¥, denote the 
group Æ with the discrete topology. As both ¥, and Æ have the division-closure 
property, (M, X) and Hı (M, X) are isomorphic (though not continuously 
so). By Theorem 15, % and $, (A, ¥) are isomorphic, likewise X -+M and 
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0 


H (A+A, £). Then H(A, Xa) and H(A -+ M, Xa) are isomorphic. How- 
ever, if Jt is the group of rational numbers, it can be shown that §.(%, R) and 
H(A + A, R) have ranks 1 and 2 respectively. So.%, is not universal. 


17. 


18. 
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ON CLOSED SPACES OF CONSTANT MEAN CURVATURE. 
By T. Y. THOMAS. 


Theorems on spaces of constant mean curvature (Einstein spaces} defined 
analytically by the equations 


Bap = gag; (Bas = 2B agv), 


where A is the mean curvature and the B’s are the components of the curva- 
ture tensor, have been given by Kasner, Schouten and Struik.t These theorems 
are all of local character. In particular it has been shown that if the space is 
of dimensionality n = 2, 3 it must be of constant curvature. The following 
paper deals with closed? hypersurfaces S (without boundary) of constant 
mean curvature À > 0 and dimensionality n = 2 in a euclidean: space W of 
n + 1 dimensions. In view of the above mentioned result, such spaces must 
be of constant curvature if m 2,8. We shall here prove that they must 
likewise be of constant curvature for n = 4. As our proof depends on the 
fact that S is closed this result appears essentially as a theorem in the large 
and in this sense is distinguished from the local theorems of the above writers. 
Our work is based on equations established in the paper by T. Y. Thomas, 
“On the variation of curvature in Riemann spaces of constant mean curva- 
ture,” Annali di Mathematica, vol. 13 (1934-35), p. 227 and the paper by 
C. B. Allendoerfer, “ Einstein spaces of class one,” to appear in the Bulletin 
of the American Mathematical Society. From the latter of these we take 
the equations ; 
(1) Opybas = kigpygas + ko Z g” Z g” [2BaavsBopyp + BapòpBovya], 


a,b=1 fyv=1 


where ds? = >» gagdx*de®, y= 5 bagdarda? 
a b=1 a,b=1 


1E. Kasner, “The impossibility of Einstein fields immersed in flat space of five 
dimensions,” American Journal of Mathematics, vol. 43 (1921), p. 126; “ Finite repre- 
sentations of the solar gravitational field in flat space of six dimensions,” ibid., p. 130; 
“ Geometrical theorems on Hinstein’s cosmological equations,” ibid., p. 217. 

J. A. Schouten and D. J. Struik, “On some properties of general manifolds re- 
lating to Einstein’s theory of gravitation,” American Journal of Mathematics, vol. 43 
(1921), p. 213. 

2 By saying briefly that the hypersurface § is closed, we mean in the terminology 
of the point set theory that $ is compact and closed with respect to E. Hence § is 
contained in a finite portion of the euclidean space F. 
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are the first and second fundamental forms of the hypersurface S and 
À I 


ogee? a 


From the former of these papers we select the equations 


C2 


(2) È QUE w— (4/3)AK + Ÿ g” È Babna, PvA TAPA YA == 0e 

Hwi ABY ÂL ig 
Here K uv are the components of the second extension of the sectional curva- 
ture K determined by the orthogonal unit vectors A; and A, at any point P 
of the hypersurface § and the Bag spy are the components of the second ex- 
tension of the ctirvature tensor B. We have the relations * 


(3). p g”. ‘Bapys,pv = (2/3)ABapyò +È Ki Š gt” 


Bwa MyPal 


x [BauapBorra + 2BapouBoay + 2BaapsBopyw]). 


Now interchange the indices y, 8 in (1) and subtract. When use is made 
of the Gauss equations relating the coefficients bag of the second fundamental 
form of the hypersurface S to the components of the curvature tensor we obtain 


(4) Bagya = kı (9619as — Jp5Jar) 
+ ke È P 2 g” [BapapBovys + 2BagouBvayv + BBaapBopy] 


+ ke = Ae D 9” [BaowspBovya + BauypB bvaë + BapapBovey]. 


We observe that when the last set of terms in (4) is multiplied by MIAM YA? 
and summed on repeated indices the expression vanishes identically. Hence 
in consequence of (2), (3), (4) and the equations defining the sectional 
curvature K * we have 


À GE wv = (2A + (1/k2)) E — (s/o) ; or 
My V1. 
(5) D GPE pv = Allan —1)K — À] 


MyvEL 


when we substitute the above values of the constants k, and he. 


? These relations appear as equations (3.7) in Thomas (loc. cit.). Attention is 
here called to several typographical errors in the derivation of these relations. The 
term BaBe, ug in the right member of (3.2) should be replaced by Bo pse, Also in 
the equations at the bottom of p. 230 the term B a Bryët.e in the left member should be 
replaced by B apyô,e,t and the term B aßyð,e,t in the right member should be replaced 
bY Bopys, a" 

“The equations (1.2) of Thomas (loc. cit.). 
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Since 8 is closed in the euclidean space Æ there exists a point P of S at 
which K assumes its maximum value. Since $ is without boundary the point 
P will be an inner point of 8 and hence at P the left member of (5) will be 
0. Suppose that S is not a space of constant curvature. Then at. P the 
bracket expression will be > 0. Since A > 0 by hypothesis it follows that the 
right member of (5) will be positive at the point P-thus giving a contradiction. 
Hence the hypersurface S must have constant curvature. : 

We observe that the above requirements regarding continuity and differ- 
entiability are met if the hypersurface S is defined by functions $4(x) where 
i—1,---,n-+ 1 which are continuous and possess continuous partial deriva- 
tives to the fourth order.” Such a surface is said by some writers to be of 
class C*. Using this terminology we have proved the following theorem. 


THEOREM. Any hypersurface S of class C* of constant mean curvature 
À > 0 and dimensionality n= 4 in a euclidean space E of n + 1 dimensions, 
the hypersurface S being closed but without boundary, is a space of constant 
curvature. ' 


In view of the above mentioned local theorems our theorem is proved if 
n = 2,38 for hypersurfaces 9 of class C*. .We do not consider the question of 
whether the above theorem is valid. for hypersurfaces of less restrictive class. 


PRINCETON UNIVERSITY. 


5 In fact under this hypothesis the coefficients of the second fundamental form 
of § dre continuous and possess continuous first and second derivatives. Cp. §1 and 
§2 of T. Y. Thomas, “Riemann spaces of class one and their characterization,” 
to appear shortly in the Acta Mathematica. Hence.it follows from the Gauss equations 
that the components of the curvature tensor are continuous with continuous first and 
second derivatives and this permits the definition of the second extension of the curva- 
ture tensor whose components occur in the equations (2) and (3). 


ON CONTINUA OF CONDENSATION. 


By G. T. WHYBURN. 


A continuum M is said to have property N+ provided that for every 
e > 0 there exists a finite collection G of disjoint non-degenerate’ subcontinua 
of M such that every subcontinuum of M of diameter > e contains some con- 
tinuum of G. Recently a study has been made by R. L. Moore? of this 
property in connection with various sorts of continua of condensation. Among 
other results, Moore proves that “ The set of all regular curves with property 
N includes the set of all dendrons and all regular curves without continua of 
condensation and is included in the set of all regular curves with no essential 
continuum of condensation ” (loc. cit., p. 72). | 

In this paper I shall prove the following theorem * which yields exactly the 
relation between property N and the existence of continua of condensation in 
a given continuum: 


THEOREM. In order that a compact metric continuum M have property 
N it is necessary and sufficient that M be locally connected and that no cyclic 
element of M have a continuum of condensation. 


Proof. The condition is necessary. In the first place, since clearly if M 
has property N it cannot contain an infinite sequence of disjoint continua all 
of diameter greater than some d > 0, it follows that not only M but every 
subcontinuum of M must be locally connected. Thus the first condition is 
necessary. 

Now let F be any true cyclic element of M, and suppose, contrary to our 
theorem, that # has a continuum of condensation K. Now obviously any sub- 
continuum of M must also have property N, so # has property N. Since, by 
the above, K must be locally connected, we can suppose without loss of gen- 
erality that K is a simple arc ab. Let e == 4p(a,6). Since K is a continuum 


1See R. L. Moore, “ Fundamental point set theorems,” Rice Institute Pamphlet, 
vol. 23, no. 1 (1936), see p. 67. 7 

2 Loc. cit. See also an abstract in Bulletin of the American Mathematical Society, 
vol. 42 (1936), p. 35. 

8 This theorem was recently communicated to R. L. Moore, who states that he had 
not thought of the theorem but that he can prove it-with the aid of some results 
which he has found but not yet published. 
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of condensation of F, it follows by a theorem of the author’s 4 that the non- 
local separating points of E are dense on X. Now let Wi, We,-- -, Wn be a 
set of disjoint continua such.that every subcontinuum of E of diameter > e 
contains a continuum W4. Let Was Was °°, Wn, be the continua W; which 
lie wholly in K and let F be the sum of the remaining ones. Then for each 
tS j, Wa, is a subare a;b; of ab; hence Wa, contains an inner point which 
is not a local separating point of F, and accordingly there exists an &re Ziyi 
in # such that x,y; are in the order a, di, ti, Yi, bi, b, Tiya -K =t + ya 
and ziyi Y = 0. Now for each i<j, replace the arc giy: of ab by the arc 
ii and call the continuum thus formed H. Then since H D a -+ b, we have 
(H) >e But since for no i<j does H contain the arc ay; of K, H con- 
tains no set W,,; and since siyi: Y — 0 for each = 7, H can contain no set 
of Y. Hence H contains no set W, whatever. Thus the supposition that the 
second condition is not necessary leads to a contradiction. 

The proof for the sufficiency of the conditions will be given in five steps. 








(1) Any continuum M having no continuum of condensation has property NE 


Proof. Let e > 0 be given. We can write ° 
; TS 
(i) u =F + > aad; 


T a 
OAN 
where F is closed and totally disconnected and each set a;z;b; is an open free 


m~ 
arc. Since at most a finite number of the ares ax:b; are of diameter = «/5, 
by adding a finite number of points on these to F clearly we can obtain the 


TS 
decomposition (i) so that all arcs a,z;b; are of diameter <e/5. Let us 
suppose this has been done. 
Now since F is totally disconnected and closed, it follows at once that 


ko AA 
there exists an integer & such that every component of M — $ asıb; is of 
i1 


diameter < </5. For othérwise we could find a monotone decreasing sequence 
of continua Kı, Ko, Ks, > + such that for each k, 8(Ky) = «/5 and Ky is a 


km 
component of M — > axib;; this is impossible since then IIK, would be a 
il 
continuum in F of diameter = e/b. 


on 
For each îi = k, let W; be any closed are contained wholly in azb. Then 


4 See Mathematische Annalen, vol. 102 (1929), p. 320. 

5 See Moore, loc. cit. The proof is given here merely for the sake of completeness.. 

° See Urysohn, Verhandelingen der Akademie te Amsterdam, vol. 13, no. 3 (1927), 
p. 57. 
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every subcontinuum of M of diameter > e must contain one.of these arcs W4. 
For let Q be a subcontinuum of M of diameter > e. Then Q intersects at 


EN 
least two components of M — > qizib; since if L is any one such component, 
£ į=1 


TS 
then L + all arcs a;z;b; having an endpoint on L is a set of diameter < 3/5. 
Let a,beQ, where a and b lie in different components Ce and Cy of 


En 

M— Y'uxibi Let ab be an arc in Q. Let a’ be the last point of Ce on ab 
421 . e 

in the order a,b and let b” be the first point follawing a’ which’ belongs to 
bom ns TS 

M — $ uzb Then clearly a'b” is one of the arcs qizib; for some iS k. 
Tal 

Whence Q D ab’ D Wi. 


(2) If no true cyclic element of a locally connected continuum S has a con- 
tinuum of condensation, neither does any cyclic chain of S. 


For let Q be a subcontinuum of a cyclic chain C (a,b). Then Q contains 
an arc pg, and pq has a segment sy which either belongs to the set K of all 
points separating a and b in O (a, b) or to a true cyclic element C; in C (a, b). 
If ay C K, clearly æy— (s +y) is open in C(a,b). If sy C Ci, then 
[ey — (K: xy)]: O(a, b) — Ci; —0; and since vy is not a continuum of con- 
densation of Ci, some subarc #7 of sy is such that a’y’-C(a,b) — Q —0. 
Thus in either case Q is not a continuum of condensation of C (a, b). 


(3) If no true cyclic element of a locally connected continuum S has a con- 
tinuum of condensation and if we express 


k 0 
S= ZX 0 (pa a) + 2,0 qi) +H 
as in the cyclic chain approrimation theorem,’ then for no k does 
x 
H= > C (pi, qs) have a continuum of condensation. Thus every Hy has 
izl 
property N. 


(4) If every Hy in a locally connected continuum S has property N, so also 
does 8. i 


Proof. Let e > 0. Then there exists a & such that every componant of 
S — H; is of diameter '< </3. Since Hy has property N, there exists a finite 


T See Kuratowski and Whyburn, Fundamenta Mathematicae, t. 16 (1930), pp. 305- 
331. Here O {Pis di) is a cyclic chain. 
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number of disjoint continua Wa, W:,- ` >°, Wn in Hp such that ‘any subcon- 
tinuum of H; of diameter > </8 contains one of these continua W4. 

Now let Q be an arbitrary subcontinuum of S of diameter >e. Let 
p,qgeQ be chosen so that p(p,q) >e. Let p = p if pe Hz and if not let p 
be the boundary of the component Qp of S — Hp; containing p. Similarly let 
g =q if ge Hy and otherwise let g’ be the boundary of the component Q4.of 
8 — Hr containing q. Then since s 


ptp, P) + pla d) <8(Qp) + 8(Qe) < 6/3 + e/3 = 2/3, 


we have | 
p(p,g) > e/8. 


Thus since p’ + q C Q : Hr, we have 
(Q: Hx) > 6/3. 


But Q: Hp is a continuum. Whence Q: Hy» D W; for some j. Accordingly, 
S has property N. 
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CONTINUOUS TRANSFORMATIONS PRESERVING ALL 
TOPOLOGICAL PROPERTIES. 


By JAMES F. WARDWELL. 


1. Introduction. This paper concerns itself with a solution to the fol- 
lowing problem: If A and B are any compact metric spaces and T (4A) = B 
is a continuous transformation, under what conditions will B be homeomorphic 
with A, that is, what continuous transformations will preserve all topological 
properties of A? In view of the fact that continuous transformations and 
upper semi-continuous decompositions ? are known to be equivalent ë for com- 
pact metric spaces,-the above problem can be stated in this way: If we have 
an upper semi-continuous decomposition of a compact metric space A, under 
what conditions will the hyperspace B of this decomposition be the same kind 
of space as A, that is, be homeomorphic with A? 

The solution to this problem, for the case when A is a plane or sphere, 
is due to R. L. Moore.* It may be stated as follows: If A is a topological 
sphere and T(A) = B is a monotone transformation ® such that, for any be B, 
T-1(b) does not separate A, then B is a topological sphere. 

However, no conditions have heretofore been found which yield the desired 
result for general compact metric spaces or even for any compact Euclidean 
spaces of higher dimension than two. 


2. Conditions. A little investigation makes it clear that the conditions 
which are to be imposed must be conditions on the complements of the sets of 
the decomposition (that is, the sets T-1(b), for be B) in the space as well as 


1This problem was suggested by G. T. Whyburn to whom the author is greatly 
indebted for his helpful suggestions and criticism in the preparation of this paper. 
See the abstract of his paper “ Analytic topology” in American Mathematical Monthly, 
vol. 42 (1935), p. 190. 

2 See R. L. Moore, Transactions of the American Mathematical Society, vol. 27 
(1925), pp. 416-428. 

3 See P. Alexandroff, Mathematische Annalen, vol. 96 (1927), pp. 551-571, and 
C. Kuratowski, Fundamenta Mathematicae, vol. 11 (1928), pp. 169-185. . 

4 See loc. cit. 

5 A continuous transformation T'(4) = B is said to be a monotone transformation 
when each set T-1(b), for bẹ B, is connected. See C. B. Morrey, Jr., American Journal 
of Mathematics, vol. 57 (1935), pp. 17-50, and G. T. Whyburn, American Journal of 
Mathematics, vol. 56 (1934), no. 2, pp. 294-302. 
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on these sets. themselves. It seemed that the following condition might yield 
the desired result: . 


I. For any be B and any weA, there exists a homeomorphism 
W(A—a2) =A—T*(0). | 


However we have not been able to show that, for arbitrary compact metric 
. spaces À and B, B is homeomorphic with A when this condition is satisfied, 
even when almost all of the sets T- (b) are degenerate. The same was true 
for this condition: 


Il. For any be B and any xe T*(b), there exists a homeomorphism 
W(A—x) =A—T*(b).. i 


This last condition is less restrictive than the first one in that it does not 
make the space A. homogeneous while condition I does. If IÏ is satisfied and 
if A is homogeneous, then I is obviously satisfied. 

We finally found that if-condition II was further restricted to give: 


III. For any e > 0, any be B, and any ce T*(b), there exists a homeo- 
morphism W(A—x) —A—T-1(b) which is stationary® outside of the 
e-neighborhood of T-*(b). 


the desired results are obtained for the case stated in section 7 below. 


3. Some effects of these conditions. 


If the compact metric space A is connected, conditions I and III each 
imply that T(A) == B is a monotone transformation. 


In order to demonstrate this result, let us assume the contrary in both 
eases. Then there exists some set 7-1(b) = C, where C = Ci + C2, mutually 
separated. Now C,:C.—0, since C is closed. Take neighborhoods U, and 
Uz of C, and O, respectively so that 0,-U2=—0. Let U == U, -+ U2. There 
exists a closed cutting S in A —U which separates U, and U; in A, that is, 
A—S—A,-+ As, mutually separated, where 


Ax ED) U, D Ci and Ae D Ü, D C2. 


For condition I, take any se A — 8. Now there exists a homeomorphism 
W(A— zx) =A—C. If we apply W~ to the set 


4=6—8 SQ 6) ECS 


€ A transformation W is said to be stationary over all points y for which W (y) = y. 
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` we obtain a separation 
A—2—W(8) = W> (4, — 01) + W4(42— 02). 


Now s + W*(8) is a closed cutting of A, and + is an isolated point of this 
cutting. Furthermore « is a-limit point of both W-1(4:-—C;) and 
W(42— C2). ‘Therefore, by an established theorem,’ æ is a local separating 
point’ ef A. Now for any point y in A — x, there exists a homeomorphism 
R(A—z) =A—y. Hence every point of A is a-local separating poiñt of A. 
Now A is homogenous, and hence every point of "A is of the same Menger 
order. Accordingly no point of A is of order greater than 2 because, by the 
Local Separating Point-Order Theorem,’ there exists at most a countable 
number of local separating points of order greater than 2. Since A consists 
of more than one point and is connected, it follows that every point of A is of 
order exactly 2. Therefore A is a simple closed curve. From this it follows 
that Cı + C2 separates A; and’ thus s separates A, which is a contradiction, 
since no single point separates a simple closed curve. Hence, for condition I, 
every set T-1(b) is connected, that is, T is a monotone transformation. 

For condition ITI, take any point te C1. By hypothesis, there exists a 
homeomorphism W(A—xzx) —A—C which is stationary outside of U. 
Let R(A) =A be the transformation such that, for any yeA—C, 
R(y) =W~(y) while R(C) =z. Now R is continuous. Let the cutting 
S— A—U. Then we have A—S=A— (A—U) = U, + Ur, mutually 
separated. Applying R to A— S we have: 4—R(S) = R(U:) + R(U2). 
However, R(S) = W7(S) = 8, since W is stationary in A—U. Therefore, 
A—8—R(U:) + R(U2): Let P be the set of all points p of U: so that 
R(p) CU. Consequently R(U:— P) CU. If we let Q—S+U:—P, 
then A =Q +Uı +P. Now it can easily be seen that Q + U, and P are 
mutually separated sets. Hence we have a separation of the connected set A; 
and this is a contradiction. Therefore T is a monotone transformation also 
in this case. 

Since conditions I and ITI each make the transformation T a monotone 
cne when A is connected, it follows that each of these conditions’ reduces to 
` those of Moore for the case of the plane. ee 


Condition, II does not make T a monotone transformation even when A 
as connected. . ei 


This result is illustrated by the following example. Take a line L in a 
plane and a segment pg on this line. In the interior of pq take a point p,, 


TSee G. T. Whyburn, Monatshéfte für Mathematik und Physik, vol. 36 (1929), 
. pp. 805-314. 
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and in the interior of pig take a point qi. In pp. take a sequence {pi} of 
points converging to p, ordering these points so that Ppi C ppi, for each i. 
Take a similar sequence {g:} of points in q.g converging to q. On one side 
of the line Z construct some simple arcs as follows: Take a simple arc C 
from p, to qı which meets pg only in the points p, and qı. For each 1, take 


a simple arc C; from p; to pis. which meets the set pg + C + S C; only in pi 
. jel s 
and pin and such that 8(C;) —>0. For the points of {q:}, for each 4, take a 
. co 4-1 
simple are D; from qi to gis: which meets pq + C + £ O: + S D; only in 
k=1 j=l 


the points 9; and qi, and such that 8(D,) —0. On the other side of L 
construct sequences of simple closed curves as follows: At each point p; take 
a sequence {#,'} of simple closed curves converging to pi, every two of which 
intersect only in p; and so that Eyt Emi = 0, for +547, and for all k and m. 
At each point q take a sequence {F;*} of simple closed curves converging to 
qi, every two of which intersect only in qi, and so that Fyt: Fm’ = 0, for 
i Æ j, and for all & and all m, and no one of which intersects any of the Ezt, 
for all i and all k. Let A represent the set 


rg + 0+ 3 (0: +D) +È S (Bt + Fe). 


Now A is a connected compact metric space. Take a decomposition of A into 
the set pı + gı and the points of À — (pı + qı). This is obviously an upper 
semi-continuous decomposition. We must now show that À — (pı + q1) is 
homeomorphie with A — p, and with A—q:. Now À — (pı + qı) consists 
of the sets: 


CO ~ CO 
(ppi + 2 Ci +2 2°) — Pi 
oe. 
(ga + 2 D +22 Pe!) gs 
and the countable collection of free open arcs: 


C — (Pr + qi); Pigi — (Pi + qı); Ey — Pis and Fyt — qis forall k. 


Furthermore, À — p; and A — q, each consist of the same number and same 
types of sets as À — (pi + q:), and it is easily seen that both A — p, and 
A —'‘q are homeomorphic with A — {pı + q). 


If À is a 2-dimensional manifold, conditions I and ITI are equivalent on A. 


For, if condition III is given, condition I is satisfied because A is homo- 
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geneous. If condition I is given, we have, for any set T-1(b), for 
beB—T(A), and any ce A, a homeomorphism W(A —x) = A — T+ (b). 
Now take the point æ in T-1(b). The set T-*(6) is connected since A is con- 
nected. Take a monotone sequence {U;} of neighborhoods closing down 
gn x such that U; is a closed 2-cell, for each îi. Let W(U;—z) = 
and Ve° + T1(b) = Vi, for each i. The neighborhoods V; close down on 
T=(b) since the neighborhoods U; close down on æ. Let Ci == U? — Üin 
and Di=Vi—Vin, for each i Now W[F(U?)] —F(Vi),® for each i, 
and W is a homeomorphism. Hence for each i, Ci + F(Ui) + F(Ui:) and 
Di + F(Vi) + F(Viu) are each homeomorphic with a circular ring. For any 
e > 0 take an «neighborhood U, of T-*(6) so that Ue— T1(b) is homeo- 
morphic with a 2-cell Ve of « minus +. Pick a k large enough so that 
Vr C Ue and Üx C Ue Now there exists a homeomorphism 


Rel (Ue— Ux) + F(Ux) + F(Ue)] = (Ue— Vx) + F(Vx) + F(Ue), 


where Re(p) = p for pe F(U), since each of these sets is a circular ring and 
clearly any homeomorphism between the two outer curves of two such rings 
can be extended to the whole rings® Let Re= 8x1. Similarly there exists a 
homeomorphism 


Sz [Cx + F(Ux) + F( Onn) ] = Dr + F (Vr) + F(Vru) 


such that Sx(£) = Sr:(x) for ce F(Ux). Likewise there exists a homeo- 
morphism 


Star [Cres + F (Ura) + F (Ouse) ] = Deer + F(Vru) +F (Vre) 


such that Sra(s) = Su(x) for ce F(Ux4), and so on. In general for 
1 Z — 1 we have a homeomorphism : 


Stag (Cass + FU) + F (Uria) ] = Dea +E (Vri) + E (Viewsat) 


such that Sri (£) == Sri- (T) for ce FU). 

| Now define a transformation S as follows: S(p) =p if pe M — Us, 
S(p) =Re(p) it pe (Ue— Ox) + F(Ur) + P(e), S(p) = 85(p) for j= k 

where j is the least integer such that p is a point of Cj + F(U;) + F(U;4). 

Now S(4 — 7z) = 4—T-1(b) is a homeomorphism which is stationary out- 

side of U.. Hence condition III is satisfied. 


8 The boundary À — P of any open set P is represented by F(P). 
° See Schoenflies, Mathematische Annalen, vol. 62 (1906), p. 324. 
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4, Notation. If A and B are any compact metric spaces and T(A) = B 
is a continuous transformation, let Œ — G, denote the collection of all: non- 
degenerate sets T(b), for be Bin A. Let G, denote the collection of all 
sets of G which intersect L = L, = lim. sup. G. Let G2 be the collection of 
all sets of G, which intersect L, = lim. sup. G4, ete. 

- If the collection G is countable, let {g:*} represent the sets of Gra — Go 
for k=21,2,- +. Cover.each g# by a neighborhood U;* so that: : (a) 


. i-t 
Ut: gi = 0, for j&i; (b) a> Ü; — 0; (c) no set of Gy intersects 


U.*, for any +; and (d) U;* is contained i in the p( gs", In-1) /2- neighborhood 
of gi*, for each 1. 


5. LEMMA. If A and B are compact metric spaces and T(A) =B is 

_ continuous and such that for any e > 0, any be B, and any we T*(b), there 

` exists a homeomorphism W (A — x) = A-—-T(b) which is stationary out- 

side of the e-neighborhood of T-*(b), and tf there exists an tegen k so that 
Gy = 0, then A is homeomorphic with B. 


Proof. 1°. If Gi = 0, for any integer i, then Gi isa null sequence.” 
For, if not, there exists a number d > 0 such that there is an infinite collec- 
tion {h;} of sets of Gi-ı the diameter 8(%:) of each of which is greater than d. 
Hence, if we take a convergent subsequence {h’,} of {h:}, 8(lim. sup. {h’;:}) = d. 
Now lim. sup. {hi} CT*(p) for some pe B. Therefore 8(T-*(p)) = d, 
and thus T(p) e Gi, since Ly. contains im. sup. {hi}. This contradicts the 

fact that Gi — 0. 
We shall make the proof by induction. 


{ 


2°. We shall first demonstrate the result for the case k = 1. From 1° 
it follows that G is a null sequence, since G —0. Now {g:+} denotes the 
collection of sets of G. Take a point y: © gs", for each à Let T(gi*) = bi, for 
each 7, By hypothesis, there exists a homeomorphism * Wi(A — 41) = 4 — gt 
which is stationary in A—U,;. Now TWi(A—y) =B—d. Let 
T,(A) = B be the transformation such that for any ze A, Ti(x) = T Wi (x) 
when te A—y, and T;(y:) =b. Now T, is univalued and continuous, 
since T and W, are, and since A is compact. Now T, is such that 
Ti (bi) = gil, for i= 2,- ++, since Tı = T over A—U;*. Similarly, for 


10 À sequence {# i} of sets is said to be a null sequence provided that, for any 
e > 0, there are at most a finite number of the sets which have a diameter greater — 


than e, 
‘11 The method used here was suggested by a proof given by Mrs. Lucille Whyburn 
for a certain finite case of our problem. - 
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each n, there exists a homeomorphism Wa(A— yn) = A — gn which is sta- 
tionary in A— Ux. Moreover gr = Tr (bn), z thus -~ 


Wa( 4 — yn) = A — TA (ba). 


Hence Pn-1Wa(A — yn) =B — bn. Let T,(4) =B be the transformation 
such that, fors e A — Yn, Tn (£) = Ta-1Wn (£), and Tn(yn) = bn. Now Ta is 
also univalued and continuous. Furthermore Ta™5(b:) = g:*, for à >°n, and 
T*(b;) is a single point for each j <n. From ou definition of T,(A) = B 
it follows that, for any n, and any se A: 


Ta (£) = Tna Wale) | except for ¢ = Yas 
Ta(t) = TnoWnaWn(t): © except for = yi OF Yn- 


1 


T (a) = TW. +++ Wa(t) except for eZ Yi, 
Tn(e) =T WW: Wa(z) except for re $ yi: 
4=1 


Let S = lim. {Ta}. We will now prove that {Zn} is uniformly con- 


n=00 
vergent. Since all Ta are continuous over A, it will follow that § is also 
continuous. Since T is continuous and is defined over a compact space, it is 
uniformly continuous. Hence, for any e > 0, there exists a 8, such that, if 
p(t, y) < 8, for z, y £ A, p(T (x), T(y)) <e Take anye > 0. Let 8 = 8/2, 
Cover each point of L by a 8/2-neighborhood Vs, and by a é-neighborhood Vs. 
Since L is closed and SE we can find a finite number of the ne ANSE ice 
Vaya, say Vso, V?6/2, * ` Voas whose sum covers L. Let Vat, Va, + Ve 


be the PO POE, ò-neighborhoods. Now V = à V D L. Since {gi} 


is a null sequence and because of our definition of ‘the neighborhoods Ut, 
it follows that {U;*} s a null sequence and lim. sup. {U:t} = L. -Hence there 
exists an integer N such that 8(U,") < 8/2, for all n > N. There also exists 


an integer M so that Um’ > Visyz 40, for all m > M. For, if not, there 
would be an infinite es of the sets of {ue} which did not intersect 


5 Viejo. Since A is compact, this collection would possess a limit point p 
t1 


which is contained in E but not contained in 5 Visz which is a contradiction. 
R $1 n $ . 
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Let Ne be the larger of the two numbers N and M. For any n > Ne 


VU,’ is contained in some Vos", for r=-1,2,--:, or h. For U;!: V2 540, 
for some r, since n > M. Also S(U,') < 8/2 since n > N. Hence Unt C Va". 


For any point ee(A— Ÿ Un), Ta(e)—Ly,Wrea’ > Wale) and 
Paip(@) = Tax Wen’ : ASS for n > Ne Now all W;, for 7 > Ne, are 
stationary outside of Š Us. Hence T(x) = Ty (2) = Tnp(z). There- 
fore, for any such z, p(Ta(2), Tnip(@)) = 0, for n > Ne and p==1,2,---. 
For any 2 eS Dim), we have that Ta(£) =T Wye: *  Wa(a), 


since, by our definition of the neighborhoods Ọ:*, all W;, for j = N. are 
stationary for all such points +. Now v is contained in U+, for some h; and 
U; is contained in Vs", for some r. Each Wr, for Ne < k Sn, transforms a 
point of Ur! only into some other point of U». Therefore y = Wye ‘*" Wn(t) 
is contained in Ur! which is contained in Vs". Likewise 


a= Wren E Waip(t) Cc Ur? € Vs. 


Hence 
p(y, 2) < Ser | 
However 
L,(2) =T Wren. > Wn() = T(y) 
and 
Tnsp(©) =T Wwe? + © Wale) =T (2). 
Accordingly 


P(Tn(t); Pnip() ) = p(T(y), T (z)) <6 for n >No and p=], 8, : T° 


since T is uniformly continuous. For any yi,Ti(yi) = bi, by definition. 
But b; =T (yi). Hence Ti(y:) =T(y:), for all « If s= yı for any 
i> Ne Tale) = TiWia +> Was), for i> Nea n> Ne, and n>i But 
all W;, for à < jn, are stationary on y; Therefore 


T,(@) =T;(x) =T (ax), for all i <n. 
Tf n< i, Ta(£) = T(x), by definition. In the same way Tusp(æ) = T(x), 
for îi > Nea n > Ne. Hence 
p(Tr(z), Tnip(t)) = 0, for n > Ne, p= 1,2, >+, for eC Y yi 


t=Netl 
Therefore, for any e > 0, there exists an NW. such that for any n > Ne and 
for any ; 
zeA, p(Tn(z), Fuip(t)) < 6 for p= 1,2," °°. 


Hence {Tn} converges uniformly to 8. Consequently S is continuous. 
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Furthermore § is univalued both ways. For take any two distinct points 
p and q of A. There exists an integer W such that p + q cas Us 
i=N 


Moreover Ty is univalued both ways over A— >| U;+. Therefore 
i=N j 


. Py(p) Æ Tx(q). 
Now for any point . | e 


zeA—5 Ur, Pyij(x) =Ty(x), for all j. 
4=N : 


Hence 
S(p) = Tyu (p) = Ty(p) #Tx(q) == Tri (q) = 8 (q). 


Accordingly S(4) = B is a homeomorphism. 


3°. We now assume that the lemma is true when Gz. = 0 and proceed 
to prove that it is then true when Qr- 540 but Gr = 0. 

Take a decomposition of A into the sets of Gx1 and the points of 
A — Gra This is obviously an upper semi-continuous decomposition. Let 
its hyperspace be C and let t( 4A) = C be the continuous transformation asso- 
ciated with the decomposition. The sets of Gz1 form a null sequence {g;*} 
since @,—=0. Let t(gi#) = c:e C, for each i. Now for any point ce C, 
t*(c) is a single point unless c = c,, for some 1; and ¢*(c) = g: = T7 (b), 
a non-degenerate set, for some be B. Hence {f1(c;)} is the null sequence 
{gi*}. Furthermore, lim. sup. {¢*(c,)} = lim. sup. {g;*} which is Lx, and 
the collection of sets of G which intersect Lx: is vacuous, by hypothesis. 
Moreover, for any € > 0, any #-t(c), for ce C, and any yet*(c), there exists 
a homeomorphism W(A—y) = A— t>(c) which is stationary outside of 
the e-neighborhood of ¢+(c), because any non-degenerate #-1(c) is a set T-1(b), 
for some be B. Hence the conditions of this lemma are satisfied by t(4) = C 
for the case demoustrated in part 2°. Therefore A is homeomorphic with C. 

Let Z(C)—Tt1(C) =B. Then Z(C) =B is a univalued trans- 
formation. Moreover it is continuous, since T and ¢ are each continuous, 
and A is compact. All Z7-(b), for be B, are degenerate except when T-1(b) 
is a set of G—Gz.. Let H be the collection of all non-degenerate sets 
Z(b), for be B. Let H, be the collection of all sets of H which intersect 
M = lim. sup. H. Let H, be the collection of all sets of H, which intersect 
M, — lim. sup. Hı, ete: Wherefore, H —#(@), and H: = t(G;), for each 
i< k. However (Gr) consists of the collection {c:} of single points of C. 
Hence Hy. = 0. 

Take any « > 0, any non-degenerate Z-1(b), for be B, and any point 
yeZ"1(b). We must show that there exists a homeomorphism 
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W(C— y) —=C—21(b) 


which is stationary outside of the e-neighborhood U, of Z-:(b) in C. 

Now ¢ is uniformly continuous, since A is compact. Hence there exists 
a 8, so that if p(r, s) < 8, for r, se À, then p(é(r),t(s)) <e. Take a neigh- 
borhood V of T-+(b) in A such that V is contained in the 6,-neighborhood of 
T+(b),and such that V- g = 0, for all i. We can do this because the sets 
T(p), for.p e B, are closed and disjoint, and 7-*(d) - Gx = 0, since Z-*(b) 
is non-degenerate in C. If we let r—t'(y), then se T=(b). Now, by 
hypothesis, there exists a homeomorphism R(A— x) = A — T= (b) which is 
stationary in A— V. However, A —2==t"(C—y). : Hence 


RE1(C— y) = 4 — T> (b). 
We now designate by W the transformation 
tkt(C—y) =0— Z> (b). 


Now W(C—y)—C—Z"1(b) is univalued. For take any point 
qeC—y. If qc for any i, W(q)==tRt>(q) is a single point of 
C — Z-*(b), because ¢ is one-to-one for such points g and R is a homeo- 
morphism. If g—c, for some i, then ¢*(q) gi". Furthermore 
Rt*(q) = t71(q), since gi: V —0 and R is stationary outside of V. There- 
fore W(q) =tt7(q) =q. By a similar proof we see that W- is also uni- 
valued. Hence W is one-to-one. 

‘Furthermore, W and W~ are both continuous since ¢ and R are con- 
tinuous and A is compact. Therefore W is a homeomorphism. 

Now W is stationary outside of U.. For if we take any point ge O — Us 
then t>(q): V =0. Hence, since R is stationary outside of V, 


Rt*(q) = t> (q). 
Thus we have 


P W(q) =t R t> (q) =t t° (q) = 4. 
Accordingly the homeomorphism | 
W(O—y) —0—27(0) 


is stationary outside of Ue 

Hence the conditions of the lemma are satisfied by Z(C) = B for the 
case k— 1. We have assumed that for this case the lemma is true. Where- 
fore, C is homeomorphic with B. However, we have seen that A is homeo- 
morphic with C. Therefore A is homeomorphic with B. 


i3 
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6. Corollaries. There are some properties of the homeomorphism, say 
S(4) = B, whose-existence is established in the above lemma, which follow 
from the proof of the lemma. These will be stated and verified in the follow- 
ing two corollaries. We will assume that the conditions of the lemma are 
satisfied. | | | 


diar I. The homeomorphism S (4) — B, whose existence ig estab- 
lished in the lemma, is such that S==T over ‘all points of A lying in 
A— Š D Ui. 


ji i=1 
‘Proof. We shall make the proof by induction. Take any point p in 

k œ 
A— 5, > Uii. If k= 1, then {gi'} is a null sequence. Now W;(p) =p, 


gel i=1 
for all 7, since m is stationary outside of U;t, for every j. Now, for all m, 


Tm(p) =TW;:::Wm(p). Hence Tm(p) ==T(p), for all m. Therefore 
S(p) =T(p) for this case. 

Now let us assume that this is also true for k— 1, and prove that it is 
then true for k. The sequence {g.*} is a null sequence, since G; = 0. Take 


a decomposition of A into the sets of {g;*} and the points of A — = gi 


This is an upper semi-continuous decomposition. Let its hyper-space “be C 
and let ¢(A) = C be the continuous transformation associated with the decom- 
position. Now #(4) =C satisfies the conditions of the lemma for the case 
k—1. Hence there exists a homeomorphism R,(4) = C so that R, == t over 


all poise of the set À — > U.*, as we have just demonstrated above. Now 


we established in part 3° of the proof of the lemma that the conditions of the 
lemma are satisfied for the case k— 1 by the spaces C and B and the trans- 
formation Z(C) = T t*(C) == B, where the non-degenerate sets in © are the 
sets ¢(gi/) and the corresponding neighborhoods are the neighborhoods {(U:;) 
for all 7, and for j < k.. From our assumption it then Te that there 
exists a homeomorphism R,(C) = B such that R: = Z over C — S 5 t(U). 


j=1 i=l 
Now S(4) = R:Rı(A) =B. Furthermore S(p) = R:R:1(p) = R:t(p), 
since Ri (p) =t(p). Now t(p) CC — š Šiva). Hence R:t(p) =Z t(p). 
However Z Ag T tt(p) =T(p).: Thus S(p) = T(p) for any point p 


in A— $ Soi. 


j=l izl 


Corozramv II. The homeomorphism S(A) —B, whose existence is 
established in the lemma, is such. that, for any pe A, if p © Ua, for any 
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ak, and any d, S1T(p) CUP, for some p = k and some r, such that 
there is a chain of neighborhoods Uat, Uc®,- + +, U,” so that each two con- 


secutive neighborhoods in this chain intersect each other. 


Proof. We shall make the proof by induction. 
If k= 1, then a —1. Now, for any j, S(U;) = T;(U;), since, for 
any pant te Uj, Th(x) —T;(x) for all n >j. Furthermore : 


T;(0ÿ — yj) =f W,(0, — gi) 


by definition, and because all W; are stationary over U;t, for à < j, since 
Ut: Ut = 0 fori-£j. Now, since W; is stationary in 4 — U;', we have 


W,(U;#* —y;) = Ur — gr. 
Hence we have : 


SU) — 8(y;) = ST — yj) = TU — g>) =T (U7) —T (gs). 


But S(y;) =b; = T(g;1). Therefore S(U;t) =T(U;'). Thus, for any 
point p C U;, for any j, ST (p) C UP. 

We now assume that the statement is true for k — 1 and proceed to prove 
it for k. The sequence Gy-1 = {g:*} is a null sequence, since G,—0. Take 
a decomposition of A into the sets of Gk- and the points of A — G;., and 
thus obtain the hyperspace C, the transformations 


t(A) = C0, Z(C) =T (0) =B 
and the homeomorphisms 
R:(4) =C, R:(C) =B and S(4) = #22, (A) =B 


as in the proof of Corollary I. From our assumption it follows that 
R.(C) = B is such that 2.72(C) = C satisfies the results of this corollary 
for the case k — 1. Now T(A) —=Zi(A) =B. Hence we have that 


S(T (A) = BR. t(A) = À. 
Take any point p of A. If pC U;/, for any j S k, and any i, then 
` q=t(p) CU). 


According to our assumption, if q C ¢(Us*), for any x S k—1, and any 
d, Ro"Z(q) is in a neighborhood t(U’) for some p and some r, such that 
there is a chain of neighborhoods t(Ua*), t(U),- - -,#(U,*°) such that each 
two consecutive neighborhoods in this chain intersect each other. Now if 
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s s 3 
BZ (a) ZTA, 
then 
STT (p) = R [BZ (q)] C Ur, 
since 
[sel 
° R, (£) = t(x) forany ce A— $, OH. 
s 421 


Now the chain of neighborhoods U;/, Ua%,- - +, UP is such that each two 
consecutive neighborhoods of the chain intersect each other. For Vif: Uat s40 
‘since t(U) t(U) Dq; and any other two consecutive ones intersect 
because their images under ¢ do. Hence the corollary is established for this 
case. Now if Ro" Z(q) C t(Um*), for some m, then we have that 


SOL (p) = R [R2 (q)] C Un, 


since, for all m, Hast) = 1t(Un*), by the first part of this proof. The 
chain Ui, Ua%,- + +, Ur, Um” is obviously such that each two consecutive 
neighborhoods of the chain intersect. For 


UP: Unt AO since t(U,") : t(Umk) D RZ (q), 


and by the above argument. Hence the corollary is also established for 
this case. 


7. THEOREM. If A and B are compact metric spaces and T(A) = B 
is continuous and satisfies the conditions: (1) for any e > 0, any set T-1(b), 
for be B, and any ce T-1(b), there exists a homeomorphism 


W(A—x) =A — T- (b) 


which is stationary outside of the e-neighborhood of T-1(b) ; (2) there exists 
some number x of the first or second number class such that Ga —0; and 


CO 
(3) Il Ly ts a zero-dimensional set, then À is homeomorphic with B. 


Proof. The theorem is true for any finite number a, by the lemma. We 
will now prove that the theorem is true when a == œ. When this is established, 
it will follow that it is true for any « > o. For, if «æ is an isolated number, 
the result is obtained by induction as in the lemma. If «œ is a limit number, 
we again use induction, that is, we suppose the theorem true for all 8 < a, 
and then prove that it is also true for « by the same method of proof we shall 
use here for & = o. 
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Let H, be the collection of all sets g; of G—G, such that 
Cc Ww 
po E Ur =0. Let {h;} represent the collection H,. Let V;+ denote 


r=2 4=1 


the neighborhood UJ; which covers h,, for each i. Let H, be the collection 
œ © 
of all sets of (G — H,) — G, whose neighborhoods U do not intersect $, > U7. 


r=3 ql o 
Let {h,?} represent the collection H.; and let V;? denote the neigkborhood 
Urs, $ = 1 or 2, which covers h;*, for each i. Let H, be the collection of all 


sets of (G— H,) — G, whose neighborhoods U do not intersect $ S Ur. 


rad isl, 
Let {h:5} ct the collection H;; and let V;5 denote the neighborhood Dis. 
s = 1, 2, or 3, which covers h;5, for each +. Continue in this way indefinitely. 
wo 
Now SH; = Q. For take any geG. There exists a finite integer N 
sl 4 
which is the largest number so that ge Gy. Now, by definition, the neighbor- 
hood U of g is contained in the p(g, Ly) /2-neighborhood of g, thus U- Ly = 0. 
Take a neighborhood V of Ly so that V - Ọ — 0. Now there exists an integer 
M so that U;" C V, for all m > M and all 4, since lim. sip, Š 3 Uj) = Ly. 
N+1 i=l 


Therefore U does not intersect $ 5 Ui . Hence ge Hs K some s S M. 


r=M+1 i=1 
Take a decomposition of A into the sets of H, and the points of A — H.. 
This is obviously an upper semi-continuous decomposition. Let its hyperspace 
be C, and let 7,(4) = C, be the continuous transformation associated with 
the decomposition. Now no sets of H, intersect lim. ‘sup. Mı. Therefore 
T,(A) = C, satisfies the conditions of the lemma for the case k —1. Hence, 
by Corollary I section 6, there exists a homeomorphism §,(A) = C, such that 


8,=T, over A— > Vit. Let Z,(A) —8,17,(4) =A. Now Z, is uni- 
4=1 
valued and continuous; Z,(h,") is a point of A, for each i; and Z: (h) = Rif, 
for all k > 1 and for all 4. 
Take a decomposition of A into the sets of Hs and the points of À — H2. 
This is an upper semi-continuous decomposition. Let Cz be its hyperspace and 


T,(A) = C2 its associated continuous transformation. Now T,(A) (C2 
satisfies the conditions of the lemma for the case k — 2. Hence there exists 


a homeomorphism S.(4) =C; such that S.==T, over À — z Vit. Let 


Za(A) = S31T,7,(A) =A. Now Z, is univalued and aa and such 
that: Zə(ħ:7) is a point of A, for j= 1 or 2 and for each 1; and Z, is the 


2 œ - 
identity transformation over A — $ X Vi". Hence Z2.(hi*) = hit, for all 


k=1 i=1 
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k > ® and for all i Continuing in this way indefinitely we eet a sequence 
{Zn} of such transformations. 
Let Z == lim. {Zn}. We shall now prove that {Zn} converges uniformly 


to Z. It will te follow that Z is continuous. Take any «>0. Now 


CO 
“since IT Z: is closed, compact, and zero-dimensional, we can cover it by a 
finite seater of disjoint </2-neighborhoods, say. Mes Wats » Wa eLet W 
denote D W;. Now there exists an M such that 5 $ ViICW. For, if not, 


4=1 j=M+ ist 
then no matter what M we take, there exists some m > M and some 7 so that 


V” ŒW. Take a sequence M, < M, < Ma <- +- of integers and take the 

corresponding Vi Œ W. Take a point pm, of Vim but not contained in W. 

Now {pm,} contains a convergent subsequence {p’m,} which converges to a 
i o o? ` l 

point p. Now pC L because lim.sup. X X Vii = L. Also, for any finite 


j=l 451 


integer n, infinitely many of the points of {p’m,} have subscripts greater than 
oO 

n. Therefore p C En for every finite n. Hence p C JT Li, which is a contra- 
0 


diction. Furthermore there exists an integer N = M so that for all n > N 
and all i, Vi C W, for some r. For, if not, then no matter what N we take, 
there exists some n > N and some i so the V;"  W,, for anyr. Take a sequence 
{N;} of integers such that M < Ni, < N, < Na <-> -, and take the corre- 
sponding vy Œ W,, for any r.. Now no Vi will intersect both Ws and W,, 
for r,s =1,2,: --, or h, unless the corresponding set hy intersects both Ws 
and W,, since W: W; = 0, for i=£ j, and since each vy C W. Hence there 
exists some wu and some v so that each set of some subcollection {h+} of the 
collection his} have points in both Wa and Wy. Take a point pr in Ax: Wu 
and a point qx in hy: Ws, for each k. Now {px} contains a convergent sub- 


d O9 
sequence {p'r} which converges to a point p C JT Li, and {qx} contains a con- 
(i 3 


. c À 00 
vergent subsequence {g'z} which converges to a point gC [[ Li. Obviously 
i 0 


p and q are distinct points. Furthermore, since p’, and g are on the same 
set hy — T> (br), for some bze B, and since T° is continuous, it follows that 
p + g C TA(b), for some dé B. Hence this set T-1(b) is a set of Gu, which 
contradicts our assumption that Ge = 0. | 

The integer N depends upon e Take any se A. Now 


Zn(@) = Sn Tue: + SH TvaZy (2) 
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and 
Znap(t) = 82 To he Aad: Io Luny (2). 


If Ze) Œ $ S VS, then Sy °T,Zy(c) —Zy(2), for all k> N. There- 


j=N+1 i=l 
fore Zn(v) = Zy (£). Likewise Zm (x) = Zy (7), for p = 1,2," : :. Hence 
p(Za(£), Zna (2)) = 0, for n > N and p= 1,2,- +-+, in this case. If 


O0 foe) . 
(a) © © S Vi, then*Zy(c) CW, for some r=1,2, <>, or h. If 


j=N+1 il . 
Zn (2) Cc P, for some d,, then Sy. PxuZn(z) is a point of yen for some 


M, Where Vas. W,. For, by Corollary II, there is a chain of neighbor- 
hoods Vo eee a ve so that each two consecutive neighborhoods in 
the chain intersect. Hence pie C W, since none of the Vys lying in any 
of the other W;,’s will intersect those in W+, as Wi: W; == 0, for i547. There- 


00 
fore S- TyuZw(z) C W, for this case. If Zy(x) Œ $ Vi%4, then we have 
4=1 


Ntl 
that Syl waly (e) = y (z) CW,. If Si Twal (2) € vy”, for some da, 
then Syl ws2Ss TruZx(x) is a point of pile for some ma, where vem CW,, 


oo 
by the same argument as above. If 8% TruZw(x) Œ Z ViN™, then we have 
41 


that SY T8 Tub (x) = Nal adn (£) CW. Continue in this same 


way. Finally if the set S* Ti: “8 Mal maly (2) C Van for some dn, then 


Sn TnS Tnt > + Z(E) C Vm for some mn, where V"m, C Wr. If 


00 
Si Tn- are Sul raZx(z) Œ 2 V” 
then 


Sa DS Tna t y(t) = 84 Tna t : Zuha) C Wa 
Therefore Zn(æ) is a point p of W,, and likewise 


Znw(x) = ST mp oo BET aa (p) = ge Wr 
Accordingly 


P(Za(2), Snep(t)) = p(p,9) <6 for n> N,p=1,2,--°3 


and so {Z,} converges uniformly to Z. Hence Z is continuous. 

Now Z transforms any set ge G into a single point of A. Furthermore, 
for any point ae A, Z= (a) is either a point p of A or a set ge Gin A. Con- 
sider TZ1(4) = B. If Z4*(a) = pe À, TZ*(a) = T(p) e B. If 
Z*(a) == g, where g = T-1(6), for some b e B, then T Z*(a) = T (g) which 
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is the point b. . Hence T Z*(A) == Bis univalued. It is obviously continuous, 
since T and Z are continuous and À is compact. l 

Now [T Z=] >” (B) =Z T>(B) =A is also univalued. For take any 
point be B. If T=(b) — pe À, then Z T4 (b) =Z (p) which is a point of A. 
since Z is univalued. If T+(b) —ge G in A, then Z T1(b) =Z(g) which 
isealso a point of A by the definition of Z. ` i 

Therefore T Z+(A) =B is continuous and is univalued both ways. 
Hence, since A is compact, it isa homeomorphism: . 


8. Applications. The following two theorems classify some of the types 
of sets into which we can decompose the compact Euclidean 3-space,”” so that, 
if the decomposition is upper semi-continuous and conditions (2) and (3) of 
the last theorem are satisfied, the hyperspace of the decomposition is also a 
compact Euclidean 8-space. 


THEOREM a. Let A be a compact Euclidean 3-space and T(A) =B a 
continuous transformation such that each non-degenerate set pa (b), for be B, 
is an isotopic sphere 18 plus its interior. Define the collections G and G; and 
the sets Li, for each à, as before. If there exists a number a of the first or 


oo 
second number class so that Ga —0; and if II L: is a zero-dimensional set; 
o à 


then B is also a compact Euclidean 3-space. 


Proof. Take any e > 0, any set ge G, any weg, and any geometric 
sphere Ọ in A: Let .S =C -+ its interior. There exists a homeomorphism 
Z(4) =A s0'that Z(S) = g, since g is an isotopic sphere plus its interior. 
Let Z> (s) =y. Now yC 8. It is well known that there exists a homeo- 
morphism R(A—y)—A—S which is stationary outside of the &-neighbor- 
hood Us of S. Let W(A—zx)—ZRZ1(A—x)—=A—g. Now W isa 
homeomorphism which is stationary outside of V.(g) by the proof used in the 
lemma for similar transformations. Therefore the conditions of the theorem 
in the last section are satisfied. Accordingly À is homeomorphic with B. 


THEOREM b. Let A be a compact Euclidean 3-space and T(A) = B 
a continuous transformation such that each non-degenerate T-*(b), for be B, 
is @ convex set in A. Define the collections G and Gi, and the sets Li, for. 
each i, as before. If there exists a number a of the first or second number 


.2 That is, the ordinary Euclidean 3-space compactified by adding the points at 
infinity. 
48 A set § in A is said to be an isotopic sphere if, for any geometric sphere C in A 
there exists a homeomorphism R(A) =A such that R(C) =S. 
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class so that Ga = 0; and if IT Li is a zero-dimensional set: then B is also 


a 
a compact Euclidean 3-space. 


Proof. We again take any e > 0, any set ge G, and any reg in A. Also 
take a convex e-neighborhood Ve of g`in A. Take a system of spherical 
codrdinates in A with the point x as origin. Choose any @ and any p. The 
ray determined by this choice will intersect F(V-) in a single point, say 
(d, 0, p), and it will inteysect F(g) in a single point, say (c,6,¢). On this 
ray set up the following homeomorphism: vos 
and 17” =r, if r > d, where (r,6,) represents any point on this ray. If 
we let 0 and œ vary over all possible values, we get a homeomorphism 
W(A— zx) = A— g which is stationary outside of Ve Therefore, by the 
theorem of section 7, A is homeomorphic with B. 


Since conditions I and III of section 2 were shown in section 3 to be 
equivalent when A is a 2-dimensional manifold, and in view of the theorem 
of section 7, we have the following: 


THEOREM c. The hyperspace B of any upper semi-continuous decom- 
position G of a 2-dimensional manifold A, where G is such that, for any ge G 
and any ze À, there exists a homeomorphism W (A. — x) = A — 9, and such 
that conditions (2) and (3) of the theorem of section Y are satisfied, is the 
same kind of 2-dimensional manifold, à. e. is homeomorphic with A. 
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ERGODIC CURVES. 
By Monroz H. MARTIN. 


The problem of determining the least time required by the point of some 
motion to come within a distance e of every point of the phase space was first 
considered by Birkhoff* More recently Errera ? has treated the “problem in 
the plane of determining the length of the shortest curve, such that the dis- 
tance of every point of a given domain D is at a distance = e from some point 
of the curve. He has solved the problem in case the domain D can be “ swept 
out” by moving the center of a circle of radius e along a Jordan curve of a 
certain special type. However, his methods fail to yield any information for 
an arbitrary domain D and it is not even certain, a priori, that a curve of 
shortest length, possessing the required property, exists. 

In this paper this existence question is taken up in a slightly more general 
form, the domain D being replaced by a bounded point set M. The set of 
continuous, rectifiable curves, which are such that an arbitrary point of M lies 
at a distance = e from some point of the curve, is proved to contain at least 
one curve whose length equals the greatest lower bound, A(e), of the lengths 
of the curves in the set. The set of such curves is shown to be closed. A(e) 
is proved to be a monotone non-increasing function of e which is continuous on 
the right for any positive e Whether A(e) is continuous on the left, is an 
open question. The relation of the behavior of A(e) in the neighborhood of 
e = 0 to the structure of M is investigated. 

The author is indebted to Professor Tamarkin for pointing out the useful- 
ness of a result of Tonelli (Lemma 4 in the present paper), the author’s own 
proof having been invalid at this point. 


1. Notation and definitions. Unless explicitly stated otherwise, e denotes 
a positive number throughout the paper. æ, y denote ordinary Cartesian 
coôrdinates in the Euclidean plane Æ, and M a bounded point set in W con- 
taining more than one point of #. The Euclidean distance between two 
points P, Q of E is denoted by | PQ |. 

If P is a fixed point in Æ, the set of those points Q in F for which 


1G. D. Birkhoff, “ Probability and physical systems,” Bulletin of the American 
Mathematical Society, vol. 38 (1932), pp. 375-377. 

2 A. Errera, “Un problème de géométrie infinitésimale,” Memoires Académie royale 
de Belgique, vol. 12, no. 1441 (1932). 
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POSE ‘will constitute a circular region. p is the radius of the circular 
region and P its center. A‘ circular region T encloses M if every point of M 
is a point of T., ; 
A continuous curve? is an ordered set of points in E defined by the 
equations 
w=f(t), y=g(t), : 


LU , 
for ¢ varying from a to b, where f(t), g(t) are real, continuous, single-valued 


functions of ¢ defined in the closed interval [a,b]. If f(t), g(t) have bounded 
variation in [a,b], the curve is rectifiable. A continuous curve is e-ergodic to 
M if an arbitrary point of M is at a distance S e from some point of the curve. 
The set of points on a continuous curve is bounded, perfect and connected. 
In particular, it contains all of its limit points. Hence, if a continuous curve 
C be em-ergodic to M and lim em == 0, it follows that C contains all the points 


m0 . 


of M. More generally, if C be en-ergodie to M and lim em = €, it is seen that 
m00 
C is e-ergodic to M. Two continuous curves 


Ci: v = fi (t), y = gi(t), a=ti=b, (i=1,2), 


will be said to lie in the y-neighborhood of each other,* if the points on them 
corresponding to the same value of ¢ always lie at a distance = from each 
other. 
Consider a succession 
Ax, Aa,* . S Oe a 


of sets of points in H: A point P of E will be a point of accumulation of the 
succession © if for any positive number y, there are infinitely many sets ‘A, of 
the succession having at least one point Pn seen te the condition | PPa |S 
Given a set of continuous curves 


| 8: {z=—f(t);,y—g(t)}, 08'S, 

a continuous curve 

7 0: s=ÈP(t) y=G(t), 0<t<1, 

is a curve of accumulation of S,$ if for any positive number 7, there are in- 


finitely many curves C’ of S such that C, O” lie in the y-neighborhood of each 
other. g8 is said to be closed if it contains all of its curves of accumulation. 


3 CÈ., for example, L: Tonelli, Fondamenti di calcolo delle var ns vol. 1, p. 34. 

4Cf. Tonelli, op. cit., p. 72. 

5 Cf. M. Cipolla, “ Sul postulato di Zermelo e-la teoria dei limiti delle funzioni,” 
Atti del Accademia Gioenia in Catania, Serie 5°, vol. 6, p. 3, or Tonelli, op. cit., p. 73. 

€ Tonelli, op. cit., pp. 73-74. 
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Given a succession Bee 
of sets of continuous curves, all defined in the interval OS t < 1, the curve C 
is a curve of accumulation of the succession,® if for any positive number : 
there are infinitely many sets Sn of the succession having at least one curve Ca 
such that C, Cn lie in the y-neighborhood of each other. The curve C will be a 
limit curve of the succession,’ if for any positive number 7, there exists an Ny 
such that C and an arbitrary member of S, lie in the y-neighborhood of each 
other for n > N;. The succession is.then said to converge uniformly towards Gy 
* The adoption of the above definitions enables us later on to avoid the use 
of Zermelo’s general selection principle. 


2. Preliminary lemmas. In this section we collect four lemmas for later 
reference. 


. LEMMA 1. Among the cir daks regions enclosing a given M, there is one, 
T, whose radius p (p > 0) is less than that of any other. 


Let F (P) denote the least upper bound of | PỌ |, where P is a fixed 
point in E and Q an arbitrary point of M. F(P) is defined and continuous 
at any P. The value of the greatest lower bound of F(P) is taken at least ` 
once by F' (P), say at R. 

A circular region of radius F(R) with R as anter encloses M, and is the 
circular region T of least radius. For, F(P) = F(R), and the equality sign 
holds only if P coincides with R. To prove this, suppose F (P) = F(R) with 
P and R different. Take P and R as centers of circular regions of radii F(R). 
The two circular regions so obtained must intersect, since each encloses M. 
The part common to the two circular regions contains M and can be enclosed 
by a circular region of radius less than F(R). But this is impossible, since 
F(R) is the greatest lower bound of F (P). 


Lemma 2. If a succession S'i, Sa," * +, S'm, ku of sets of continuous 
curves e-ergodic to M converges uniformly towards a limit curve C, Then C is 
also «-ergodic to M5 


t Tonelli, op. cit., p. 76. 

8 When the convergence is not uniform, C is not necessarily e-ergodic to M. For 
example, let M comprise the points of the two intervals on y—0, y =1 for which 
0SaSe (e < 1/2), and let 8’, contain the single curve . 


ao = t, y = emre-2t2e-me2?, OSS. 


Here 0 is æ=t, y=0, 0.551, 


and is not e-ergodic to i. 
On the other hand O may be e- ergodic to M e even if the convergence be not uniform, 
as is the case in the example just given, when the points on y = 1 are removed from M. 
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Let P be an arbitrary point of M and y be the circular region with center 
P and radius e Denote by 3m the set of points in which y is intersected by 
the members of Sm: Since no Xm is vacuous, the succession 3, 32, : t, Sm, °° 
possesses ° at least one point of accumulation on y, say Q. If 7 denotes an 
arbitrarily small positive number, there are infinitely many sets Sn each 
having at least one point Pm, such that | QPm | <n/2. If m be taken suffi- 
ciently ¢arge, due to the hypothesis of uniform convergence, there is a point 
Rm on C such that | PmRm |'< 7/2. Hence | QRn | < y and Q is a limit 
point for the points comprising C. Q therefore belongs to O, which estab- 
lishes the lemma. 

Lemmas 3 and 4 are due to Tonelli 


Lemma 8. In a set S of infinitely many continuous, rectifiable curves 
[succession Sı, 82,7 © * , Sn, © + of sets of continuous, rectifiable curves], all 
contained in a finite domain and all having a length less than a fixed number, 
the following hold: 


(a) there exists a parametric representation of the type 
v = f(t), y=9(t), osts], 


for each curve of the set [succession] ; 
(b) the set [succession] possesses at least one continuous and rectifiable 
curve of accumulation 


C: s= F(t), y =G (t), 0S¢5S1; 


(c) there exists a process which makes a well-defined curve of accumula- 
tion C correspond to the given set [succession] and which determines a succes- 
sion D'i, Sa," > +, 9m, * * which converges uniformly towards O, where S'm 
is a set of curves extracted from S[8Sn(n = m)]. 


Lemma 4. For a set of continuous, rectifiable curves all of whose lengths 
are less than L, the curvés of accumulation of the set are all rectifiable and 
have lengths not greater than L. 


3. Ergodic curves and the ergodic function A(e). We begin with 
DEFINITION 1. The greatest lower bound of the lengths of the con- 


° M. Cipolla, loc. cit., p. 3, proves this for linear point sets. The proof for point 
sets in the plane is quite simple and is omitted. 
10 Op. cit. For Lemma 3 see pp. 86-92, for Lemma 4 see p. 75. 
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tinuous, rectifiable curves e-ergodic to M is the ergodic function of.M and is 
denoted by A (e). 
We now prove 


THrorEM 1. The ergodic function A(<) of M is finite and non-negative, 
being equal to zero if, and only if «=p, where p is the radius of the circular 
region Ÿ in Lemma 1. There exists at least one well-defined continuous, 
rectifiable curve of length A(e) which is e-ergodic'to M. 


To prove that A(e) is finite, take r, @ as polar codrdinates with the 
pole at the center of the circular region T in Lemma 1 and draw the curve 
r = 6/207 (0 SOS 2p/e). This curve is e-ergodic to M, and since it has 
finite length, A(e) is finite. | 

Obviously A(e) cannot be negative. That A(e) = 0 for «=p is trivial 
in view of the significance ascribed to p in Lemma 1. The proof that 
A(e) > 0 for e < p is deferred until the end of the proof of this theorem. 

Suppose e < p. We show that there exists a well-defined, continuous, 
rectifiable curve, e-ergodic to M, whose length equals A (e€). Let Ax, A2,°**, Àm ttt 
be a monotone decreasing sequencé of positive numbers converging to A(e). 
Consider the succession 


(1) Bis Hae ty Day 


of sets of continuous, rectifiable curves «-ergodic to M, in which Sn comprises 
the totality of such curves whose lengths are less than An, but not less than Aus. 
A circular region concentric with the circular region T in Lemma 1 and having 
a radius p + à + contains all the curves in (1), inasmuch as the lengths 
of the curves in (1) are all less than M. Hence (1) can be identified as the 
succession S1, 82,° © *, Snt © * in Lemma 3. According to this lemma, the 
succession possesses at least one well-defined, continuous, rectifiable curve of 
accumulation C, part (c) of the lemma providing a succession 


NETESE ° I'm’ to FL Gig oe (n= m), 


of sets of curves which converges uniformly to C. Since the curves in the 
succession are all «ergodic to M, Lemma 2 applies to show that C is e-ergodic 
to M. Now consider the sets of curves 


Sant Fna te ft rip te, (m= 1,2,° >). 


C is a curve of accumulation for each of these sets, and for any given value . 
of m the lengths of the members of the set are all less than Am. From Lemma 
4 it follows, therefore, that the length 7 of C cannot exceed Am, and hence, 


782 MONROE H. MARTIN. 


since lim Am = A (e), we have 7S A(e). On the other hand C is e-ergodic to 


M0 
M, so that 12 A(e), i. e, l= A (e). 

We are now in a position to prove that A(e) > 0 for e< p. Suppose 
A(e) —0. The curve O constructed above is e-ergodie to M and has length 
zero, i. e., it is a point. A circular region of radius e with this point as center 
would enclose M. Since e< p, this contradicts Lemma 1. Hence Ate) > 0. 

When «=p, we have ‘A(e) = 0 and the above curve C degenerates to a 
point which is the center of T for e= p, and can be any point in a certain 
point set for e > p. 

The theorem just established prompts 


DEFINITION 2. A continuous, rectifiable curve of length A(e) which is 
«ergodic to M will be termed an ergodic curve of M. When A(e) —0, the 
ergodic curve of M is said to be degenerate or to be an ergodic point of M. 

One readily sees that the set of ergodic points of M existing for a given 
value of e (e = p)-is closed. We complete this result by proving 


THEOREM 2. The set Se of ergodic curves of M evisting fora given value 
of e (e < p) is closed. 


Let C be an arbitrary, continuous curve of accumulation of Se Following 
Lemma 4, C is seen to be rectifiable and to have a length J = A (e). 
Consider the succession 


4 Z p’ 
871, 8’2,° . 8m" ses 


of sets of curves extracted from Se by taking S’m to be the totality of those 
members C’n of Se such that C’m, C lie in the 1/m-neighborhood of each other. 
No S'n is vacuous. The succession converges uniformly to C, so that Lemma 2 
applies to prove that C is e-ergodie to M. Hence I = A+), i. e., I= A (e), 
and therefore O belongs to Se 

Further information as to the nature of A(e) is given in 


THEOREM 3. The ergodic function A(e) is a monotone non-increasing 
function of e which is always continuous on the right. 


To prove that A(e) is a monotone non-increasing function of e, let 
0<«<e. According to Theorem 1, there is at least one ergodic curve for 
e==«. Since it is e-ergodic to M, it is a forton trees to M, and therefore 
A(e) = A(e). : 
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. 


We now establish that A(e + 0) = A (e) - for e< p. The equation ob- 
viously holds for <= =p. . Since A(e) .is a monotone non-increasing function 
of ¢, it is sufficient to ne that the inequality , s 


(2) A(e+0) < Ale), 


is impossible. Assuming (2) to hold, we let en, €2,° * *, €n * * * be a monotone 
decreasing sequence of e-values lying in the open | interval (GP) and con- 
verging to the value ein (2). Consider the succession 


(3) T EAR ae 


of. sets of curves in which S, comprises a single, well-defined curve; this ‘curve 
being an ergodic curve of M for e= e» constructed according to the principles 
laid down-in the proof of.Theorem-1. The lengths of the curves in (3) are 
all less than À; where À is any number between A(e-+ 0) and A(e). A finite 
domain contains all the curves in (3) and therefore according to Lemma 3, 
there is at least one well-defined, continuous, FAR curve of dccumulation 
C of the succession. . -> 

From Lemma 4 it is seen that the length of o cannot ad À and hence 
is less than A(e). 

Now Lemma 3 asserts that a succession 


(4) 81, Sas + + Sms" ms, S'm = Bn (n= m),, 


of sets of curves can be found which converges uniformly to C. Consider the 
successions 


(5) S’my Sia? * F mp °°» (m =}, 2: *). 


Each of these successions converges uniformly to C and for any given value 
of m the members of the succession are all em-ergodic to M. Hence C is 
em-ergodic to M and, since lim em = e, O is e-ergodic to M. 


m-~>0o 
This is a contradiction; for C cannot be «-ergodic to M, since its length 
is less than A(e). Hence A(e+ 0) =A(e). 
‘ Our last theorem deals with the structure of M and the beliavior of A(e) 
in the neighborhood of « = 0. 


THEorEM 4. In order that A(+ 0) be finite, it is necessary and suffi- 
cient that M lie on a continuous, rectifiable curve. 


The sufficiency of the condition is obvious. 


1 
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In order to prove the necessity of the condition, suppose A(-+ 0) to be 
finite and let e1, e2.,- - *, €n, ' * * be a monotone decreasing sequence of e-values 
lying in the open Interval (0,») and converging to 0. Following the proof 
of Theorem 8, construct the succession (3) of sets of curves. The lengths 
of the curves in this succession cannot exceed A(+ 0) and are therefore less 
than A, where A denotes an arbitrary positive number greater than (+ 0) 
[A(0) fs as yet undefined]. On extracting the succession (4) from (3) and 
forming the successions (5), we see that the curve of accumulation C is 
em-ergodic to M, with lime» == 0. Hence C contains all the points of M. 


m00 


REMARKS. In Theorem 4 the length of C cannot exceed À ani therefore 
cannot exceed A(-++ 0). On the other hand, no continuous, rectifiable curve 
can contain M and have a length J less than A(+ 0). -For, if such a curve 
exists, A(en) SJ and therefore A(+ 0) Si, which is a contradiction. The 
length of C accordingly equals A(-+ 0). 

If we now define A(0) as the greatest lower bound of the lengths of the 
continuous, rectifiable curves which contain M, we see that Theorems 1 band 3 
both hold for 0 S «Sp, provided that AC °) be finite. 


TRINITY Don 
HARTFORD, CONNECTICUT. 


NOTE ON A RESULT OF M. H. MARTIN CONCERNING A 
PARTICULAR MASS RATIO IN THE RESTRICTED 
PROBLEM OF THREE BODIES. 


By NATALIE REIN, 


In his paper, “ On the libration points of the restricted problem of three 
bodies,” 1 M. H. Martin states the following theorem: 


Tasorem 8. There exists in the interval 0 <p <1 one and only one 
value of p= p* for which the following teens “hold between the functions 


pau) and pan) : 


plu) <pe(m) for O<p<t; | prlut) —po(u*); 


pile) > p(n) for p* <u<1, 
and here pt > $. 


Here y is the mass of one of the two finite bodies (the unit of mass being 
taken as the sum of the masses of the two finite bodies), and p1(u) and pou) 
are the distances of the collinear libration points L, and Le from the mass y 
(the constant distance between two finite bodies being taken as the unit of 
distance), which are functions of » defined uniquely by the equations: 


l= e 1—p e 
a) 1— ;—0, 1 — p— — — = 0. 
(a) giba An) Ca TAY (1-+-p2)? př 
See the equations (14a) and (14b) of Martin’s paper. 
The above theorem is, however, erroneous and should be formulated in 
its correct form as follows: 


t 


THEOREM. In the interval 0 < p < 1 the junctions 6 and pa(u) 
satisfy the inequality pı (u) <j Pe (u). 


That is, the particular mass ratio #* found by Martin does not exist. 
Indeed, we can write the equations (a) in the form | 


Et 
(lp 


L— p 
distein ar eel l 
OSa TP OF) pa 
1 American Journal of Mathematics, vol. 53 (1931), p. 167. ., .. ae 
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Then p,(u) will be defined as the positive abscissa of the intersection point 
of the curves = T 
1— 
Ab) — ay A CAO -1—44 a 
and p2(x) as the Paie sidi of the te point of the curves . 


j > Plo) = Gata - fale) =1— n°. 


Thereby, 0 < p1 <1, 0 <p2<1 for 0<u<1 according to Martins 
Theorem I.? = 











; T: _2(1— i = 2(1— p) Ss 
But Fae F1 > 0 Cars yer | <0 
and dr, >, dF, | for 0<p<li. 
dp dp 








This means that the intersection point of the curves F, and f, always lies 
to the left of the intersection point of the curves F, and fs for both the curves 
fı and fz are symmetrical with respect to the straight line f = 1 — u and 
Fy = Fy= 1 — u for p—0. Hence, pı < p: for all the values o p within 
the interval 0< a < 1. 

Dr. Martin’s error entered when he derived his PAE cas )» which 
defines the value p* = Pi = pa. In fact, he writes: 


p“ (p° — 6p? — 2p? + 6) = 0. 
Actually; the correct form of this equation is 
p* (p> — 8p* — p? +8) = 0. 


The examination of the equation pë — 3p — p? + 3 = 0 shows immediately 
that it has only two positive roots, p = 1 and p—'V3, both lying outside the 
interval of the. values of p, and p, for 0 < p <1. 

"Miss J enny E. Rosenthal in her paper “ Note on the numerical value of a 
particular mass ratio in the restricted problem of three bodies, #8 has calculated 
from Martin’s equation (27) the numerical values of p* and »*. This equation 
being incorrect, the results of Miss Rosenthal’s calculations could not be correct. 


Moscow, U.S.S.R. . 


2 Ibid. 
3 American Journal of Mathematics, vol. 53 (1981), p: 258. 
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ON THE ADDITION OF CONVEX CURVES. 


By RICHARD KERSHNER. 


$ ; 
If C denotes a convex Jordan curve in the plane let @(C) denote the open, 
bounded. domain surrounded by C, so that the closed region @(C ) isthe logical 
sum Q(C) + C. If A and B are two point sets in the z-plane, where £ =g + y, 
their vectorial sum + will be denoted by A (+) B. 

In connection with his investigation of the distribution of the values of 
thé Riemann zeta function,” Bohr è has studied the vectorial addition of convex 
curves from a geometrical point of view. He has proven,‘ among other things, 


that if Cy, C2," + +, On are convex‘curves, then either there exists a convex Cy 
such that 
(1) CAC) (+): > (+) Cn = 0 (02) 


or there exist two convex curves Cy and 0: such that Q(C») D Q(C1) and 


(2) (+) Oa( +) 2: (+) GG (C5) —a(0) 


go that the vectorial sum is either a closed bounded region or a ring shaped 
region bounded by two convex curves. 

Following a suggestion of Wintner, Haviland * applied the supporting 
function (Stützfunktion) of Brunn and Minkowski to the study of Bohr’s 
problem and showed that if h:(8),h:(8),- - -,%m(@) are the supporting func- 
tions of the curves Ci, Ci,” ` * , On and if he(@) is the supporting function 
of Cy, then 


1 By the vectorial sum of two sets A and B is meant the set z = 2, + 2,, where 
2, CA and 8, CB. It is clear that this addition is associative and commutative. 

2Cf. e.g. Titchmarsh, The Zeta Function of Riemann. g 

3H. Bohr, “Om Addition of unendelig mange konvekse Kurver,” Danske Viden- 
skabernes Selskab (Forhandlinger, 1913), pp. 325-366; also, for a further study cf. 
H. Bohr and B. Jessen, “Om Sandsynlighedsfordelinger ved Addition of konvekse 
Kurver,” Dánske Videnskabernes Selskab, Skrifter, (8), vol. 12, no. 3 (1929). 

+ Cf. H. Bohr, loc. cit.; also H. Bohr and B. Jessen, loc. cit. For a short presenta- 
tion of the proof of this fact cf. B. Jessen and A. Wintner, “ Distribution functions and 
the Riemann zeta function,” Transactions of the American PARA Society, 
vol, 38 (1935), „p. 69. 3 : 

5E, K. Haviland, “ On the addition of convex curves in Bohr’s theory of Dirichlet 
series,” American Journal of Mathematics, vol. 55 (1933), pp. 332-334. j 
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(3) ha (8) — È (0). 


Using this explicit, formula and Minkowski’s results on mixed area, Haviland 
improved on the results of Bohr concerning relations between the areas of 
Q(C;) and Q(Cyg). He also derived results with regard to lengths and curva- 
tures. Finally, Bohr and Jessen è have recently shown that, with the use of 
the supporting functions, it is possible to determine the set of those ¢ > 1 for 
which the closure of the yalues attained by the logarithm of the Riemann zeta 
function on the line o is a convex region; for the remaining values of o > 1 
this closure is ring-shaped. They also pointed out a geometrical criterion for 
the existence of an inner curve in the case of arbitrary symmetric convex curves. 

The object of the present note is an analytical discussion of the inner 
curve C7 similar to that given by Haviland for Cz. In particular there will 
be obtained a rule giving the supporting function kr(8) of Cr in terms of the 
supporting functions A;(8) of the added curves C; in the same manner as the 
rule (2) gives hy(6). There will also be obtained results for the length of Cr, 
for the curvature along this curve and for the area of Q(C7). As an applica- 
tion of the analytical results concerning h;(@) there is given a simple mechanical 
construction of Cr whenever Cr exists.” In particular there is a geometrical 
criterion that C; exist, i.e. that (2) hold. This criterion will imply the above- 
mentioned criterion found by Bohr and Jessen in the case of symmetric curves. 

We treat first the sum of two convex curves and prove 


Turonem Is Let n==2 so. that either C, (+) Ce = Q (On) or 
Ci (+) C2 = (Cz) — 2 (01). 


It may be supposed that 1, = la where l; is the length of C;. Let C2 represent 
the curve obtained by rotating C, about the origin of the plane through an 
angle m. Then the curve Or exists if and only if C2 may be placed in (C1) 
by a translation. | 


Proof. Suppose that Cr exists so that Q(C7) is not empty. It is clear that 
a translation of C; effects only a translation on the region Q(C») —Q(C1). 


. 

° H. Bohr and B. Jessen, “ On the distribution of the values of the Riemann zeta 
function,” American Journal of Mathematics, vol. 58 (1936), pp. 35-44. 

* For further applications cf. R. Kershner and A. Wintner, “On the boundary of 
the range of values of {(s),” American Journal of ‘Mathematics, vol.: 58 (1936), pp. 
421-425. . 
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Hence we may translate Ca into a new position C.* in such a way that OM ry 
includes the origin of the plane, where, of course, 


Ci(+)C.* —8(Cr*) —Q(Or*). 


Since the origin is in Q(C;*), no point of C,” is symmetrical, with respect 
tq the origin, to a point of C,. Hence, the curve C*, obtained by rotating 
C,* abqut the origin through an angle m, does not intersect C, Since 
le S h, either C,* is in Q(C;) or Q(C:) and Q(G,*) are disjoint. Now the 
latter case is impossiblé. For in this case the set @(C;) (+) 0(0,*) would 
not contain the origin, whereas it is obvious ® that 


© O(0,) (+) 2(0.*) =0(Cx*) 


` and we have supposed that the origin was in 2(C;*) CQ(Cx*). Hence C,* 
is in Q(C;) and the “only if” of Theorem J, is proven. The “if” may be 
shown by following the above proof in the reverse direction. 

Next we prove 


Trerorem Io Let n=? and l Èl, Let Tr be the set of all points 
` (x, y) of the plane which satisfy | 


(4) æ cos 8 + y sin < h:(8) —h:(8 + 7) for all 6. 


Then if Tr is not empty Cy exists and Tr —Q(Cr); if Ty is empty Cr does 
not exist. 


Proof. It is clear, here also, that a translation of C, effects a translation 
of Tr. Hence we may translate C, into a new position C,* in such a way 
that T;* contains the origin (where, of course, Tr* is defined in terms of C; 
and C’,* exactly as Tr was defined in terms of C, and C) if and only if Tr 
is not empty. But Tr* contains the origin if and only if 


(5) ` O< (8) —ho* (6 -+ r) for all 8 


where h:*(8) is the supporting function of C.*. Since the supporting func- 
tion h(6@) of any convex curve is defined ° as’ 


(6) h(6) = max [x cos 9 + y sin 8], (x, y).on C, 
it is clear that h.*(@-+-7) is the supporting function ‘of the curve Cs* 
8 Cf. E. K. Haviland, loc. cit., p. 332. 


? Cf., e g, G. Pólya and G. Szegô, Aufgaben und Lehrsätze aus der Analysis I. 
rs 1925), p. 106. 
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obtained by rotating C,* about the origin through an angle m.” Hence the 
relation (5) implies that C,* is within Cı. Thus Tris not.empty if and only if 
Č, may be placed entirely within C, by means of a translation. Consequently, 
by Theorem Is, Tris empty if and only if C7 does not exist and the last part 
of Theorem II has been proven.. 

Suppose now that Tr is not empty. 

First, Tr C Q(g). For, it is seen from (3) and e that O (Cx) is the 
set of pomt (x,y) satisfying 


(7) rene a yang E hO + he (8) for all 6; 
and (4) implies (7), inte —h(0 +r) < h:(8). In fact, h:(8) + ha(0 + 7) 
(> 0) is precisely the width of the curve C4 in the direction 8. 

Next Tr C Q(Cr). (It has already been shown that Or exists). For let 
z; = 2; + iy; be a point of C;, where j = 1,2, and let 0, = 0(21) be a value 
of @ such that . 
(8) Tı COS 6; + yı sin 6, = hı (04). 
Then, since zz is on C2, the definition (6) of h2() gives 
(9) de 0080 + ys sin 6 Ra(8) for all 6; 
hence, in Hoi (9) holds for 6 == 6, + T and 
(10) f Ta COS 6; + Y2 sin 6; Z — halha + x). 
From. (8) and (10) | 

(2, + T2) cos 4 + (ya + Y2) sin 6, 2 hi (01) — ha (01 +7), 


so that O, (+) C.=2(Cn) —2(C7) CQ(Cz) — Tr, ie. Tr C Q(Cy). 
Finally, ZT, Q(Cr). For, let’ B be the boundary of Ty and let 

Zo = Lo + MY be any point of B. Then, by the definition of Tr, 

(11) To cos O +- yo sin O E ha (0) — ha (0 + m) for all 6, 


while, for at least one 6, say 6 = 4, 


(12) ` Lo COS Oy + Yo SiN Bo = hs (00) — he (bo + r). 


Let z2 = za (8o) = £2 (60) + iy2 (80) be a point of C2 in thé direction 6) + ~, 
i, e. satisfying 


(13) Le COS (00 + 7) + Yo sin (80 + r) = ha (bo + r). 
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Froni (6), a 
(14) z cos (0 + r) + yo sin (6+ r) S h(0 +r) for all 6. 
Let Zo — Z: = 2 = T, -+ iyı Then, from (12), (13) and (11), (14) 
° 21 COS Ki + yı Sin bo = hı (0) and +, cos 8 + A sin 0 & h, (0) for all 8. 


Thus z, is a point of C., as well as 2, a point of Cz, and zı + z= ze where 
Zo was any point of B. Thus, B C 2(Cr) —Q(Cr}. Since Tr is obviously 
convex, this implies TrDQ(Cr). But it has already been shown that 
Tr C Q(Cr) so that the proof of Theorem II, is complete. 

Theorem II, implies a simple mechanical way in which Q(Cr) may be 
determined: (Cr) is, up to a translation, the locus of a point which is con- 
sidered as rigidly attached to C, when C, is translated in all possible manners 
in @(C;). This fact, which is completely equivalent to Theorem II), merely 
expresses the amount of indeterminateness in the choice of the translation 
which occurred in the proof of Theorem Io. It would be possible to give an 
entirely geometrical proof of Theorem II, based on this reasoning. 

Since B = Cy, every point 2 of Cr satisfies (11) and (12). From these 
inequalities it does not follow that the supporting function h,(0) of Cr is 
identically h:(0) —A2(@-+-7). However (11) gives immediately 


hr(9) Sha (0) —ha(0 + x) for all 6. 


Furthermore, if there is a unique supporting line through a given point Zo 
of Cy, i.e. if 
To cos 0 -+ yo sin 6 = hr (9) 


is satisfied for a unique 6 = 6, then by (12) 
hr (60) = hi (90) — h2(600 + r). 


The curve C7 is said to have a corner at z = % if the suppotmg line through 
Zo is not unique. The above remarks imply 
THEOREM Illo. The supporting function hr(0) of Cr satisfies 


(15) hr(8) E ha (0) —ha(0 + r) for all 6 


and the equality sign holds save at most for the 6-intervals corresponding to 
corners of Or. 


We now give the corresponding theorems for the sum of n convex curves. 
6 
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THEOREM J. Let C,,02,---,C, ben conver curves of lengths ly, la = +, la 
respectively and call Cy (4) C3 (+) * < + (+) Ca = 2 (Cr) —2(Cr) where 
Q(Cr) represents the empty set if Cr does not exist. Suppose that h = la- > - in. 
Call Ca (+) Cs (+): -© (+) Cu = (Dr) —9(Dr) where Q(Dr) is the 
empty set if Dr does not exist. Then Cr exists if and only if Dg, the curve 
obtained by rotating Dp about the origin through an angle x, can be placed 
in (G) by a tr anslation. 


Taporen IL. Let t, be the set of all points z satisfying 
i ; 
(16) æ cos 8 + y sin 4 < h (0) — E h;(8 +) for all 6, 
3=2 ` 
where h;(0) is the supporting function of C; (j—1,2,: :-,n). Then if Tr 
is not empty Or exists and Tr = Q (Cr) ; if Ty is empty Or does not exist. 


Proof. Since the supporting function ga (0) of Dz satisfies, by (3), the 
relation 


(17) | g(6) ~ 260, 


it may be shown, as it was in the case of two curves, that Theorem I is implied 
by Theorem IT; so it is sufficient to prove the latter. 

Now Theorem II is true for the case of two curves. Suppose Theorem II 
has been proven for the case of n— 1 curves. Then, using the notations of 
Theorem I and calling gr(6) the supporting function of Dr, we have 


(18) g1(8) She (8) — È hi(8 + x). 


Now it is well known that if h(6) is the supporting function and / the length 
of a convex curve, 


27 
(i9) | 1= f ¥($)a(6). 
Let Ar be the length of Dz.. Then, by (18) and (19), 
(20). p= ec 
g=3 


Suppose first that 7’; is empty. Then, as in Theorem II), the curve D F] cannot 
be placed within C, by a translation. On the other hand, the length Ar of Dr 
is, by (20), less than lz, and, since J, = la, less than 1,. Hence, there exists a 
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convex curve Æ between Dr and Dp, i.e. in Q(Dr) —Q(Dz); of length less 
than or equal to l, such that Ñ. cannot be placed within C, by a translation. 
The region 0, (+) F is, by Theorem I), a closed convex region, and a fortiori, 
Cr does not exist. . 

Suppose now that Ty is not empty. Then O, (+) Dr = (Cr) — Tr by 
(17) and Theorem IIo. Let F be any convex curve in Q(Dz) —Q(Dr) and 
let (0) be its supporting function. Let C, (+) F = (Gz) —Q(Gs) where 
O(Gr) represents the empty set if Gr does not exjst. Then the ‘supporting 
function of Ga is, by (3), equal to h,(0) +-&(6) and the supporting function 
of Gr is, by Theorem Ils, equal to 4,(6) —%(6-+ r), except, at most, at the 
possible corners of Gy. 


Since (6) < gn() — È hj(8) for all 8, we have 
DE) — qu (8 Hr) Ehl) 
(6) +ECO) E h1(6) + gn(6) for all 6. 


Hence (Gz) —2(Gr1) CQ(Cz) — Tr. But F was any . convex curve in 
Q(D») — 9 (Dr). . Consequently 


(21) Cs (+) Da = 0: (+) Ce (A): > + (+) On 
and Ty == (Cr). . 
Relations (17) and (21), together with Theorem III), give immediately 


Tuuorem III. The supporting function hr(8) of Cr satisfies 
(22) hr(8) Sh, (0) — Shi (6+ x), for all 6, 
3=2 


and the equality sign holds save at most for the 8-intervals corresponding to 
corners of Cr. Thus, tf {2} is the sequence of corners (if any) of Cr and {®x} 
is the sequence of the corresponding open 8-intervals and if © denotes the 
closed set © = [0, 2r] — XO, then Pee 


hr(8) = h. (0) -Ži (0+ r), if oCo 
(0) — 2080 + ys sing en xy + ty;. . 
It may be iontioned that all the iove results are true, with ‘appropriate 


changes in statement, for the vectorial sum of convex bodies of any number 
of dimensions. 
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We now proceed to the length, area and curvature relations implied by (22). 
Formula (19), for the length of a convex curve, together with (22), 
gives immediately . 
(23) LSLE 
where J, is the length of Cr. d 
It ig well known that the area A(C) of Q(C), where C is a convek curve 
with supporting function h{@), is represented by the formula 


(24) A(0) = 4 f T A) — (#(4)) as. 


Let M(C,D), where C and D are convex curves, represent the Minkowski 
mixed area +° of the regions Q(C) and Q(D). Then by (22), (24), and (17) 


A(C1) S4 S Ee) — gle +) — (A (6) — d'a + »)) "a 


or 


AGO S4 S CO) — Wde S oalet) — (G'o( + =)) 1a 
— [Tha 9) g0(¢ + 2) Kalale H ds 


l. e. 


(25) A(Cr) SA(C,) + A(D») —2M (Cı, De). 
Since, according to Minkowski, 


M(0, D) = VA(Q)A(D), 
(25) becomes 





Va) S VAG) — VADs) 
or, since VA(Ds) = à VAG); 





V4(Cr) = VA(C:) — Z V4 (0). 
j= 
If (25) is compared with the corresponding formula of Haviland, 


A(@p) = A(C:) + A(Dz) + 2M (0, Da), 
one finds 


A = A (Cn) — A (Cr) 2 4M (Cs, Dz) = 43 M (0, Ci), 
j=2 
100f, eg, W. Blaschke, Kreis und Kugel (Leipzig, 1916), pp. 106-107, or T. 


Bonnesen, Les Problèmes des Isoperimètres (Paris, 1929), Ch. V. 
Cf, E. K. Haviland, Loc. cit., p. 334. 
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where A is the area of the ring-shaped region (2). Hence 
ees, ee 
AZ4VA(C:) 2 VA(Ci). 
Fig 


We summarize the above results on area and length relations in 


Tysorem IV. Let 1; be the length of C; and A(C;) the area of Q(0;). 
Let ly be the length of Cr and A(Crx) the area of, Q(Cr). Let A beethe area 
of Cy (+) Co (+): (4) Cn. Then, if Or exists, i 








(i) h£u— Si 
and 
(ii) VAG) S VAG) —È VA). 


Whether Cr exists or not 

Gii) | AZ4 AC, 04), 

where M(C,, Cj) is the mized area of Q(C;) and Q(C;), and 
(iv) AZAVA(O) Š VAO): 

In (i) and (iii) the equality sign holds if Cr has no corners. 


Suppose, now, that the supporting functions h;(@) have continuous second 
derivatives, and that the radius of curvature p;(8) of C; is defined, so that 


(26) . pi(8) = hi (0) — hi” (8). 


Suppose that the point in the direction 6, on Cy is not a corner or a cluster 
point of corners, so that i 


hi(0) =h (0) — È h (0 + 7), if —eSOS0, +e 


for some e > 0. Then, by (26), 
pi (61) = p1 (01) — Ÿ pi (0a +) 
j= 


where pr(01) is the radius of curvature of Cr at the point in the direction 0. 


In particular, if C7 has no corners then pr(8) = Si (8 + x) for all 8 where 
. 3=2 
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the equality sign holds at most for discrete §-values. It is easy to see, in view 
of Theorem II, that the converse of this last statement is also true. Thus 
we have f 


THEOREM V. Ifh;(6) has a continuous second derwative for j = 1,2,:++,n, 
then a necessary and sufficient condition that Or exist and have no corners 


is that (0) = $ p (0 +=) for all @ where the equality sign holds at most 
j=2 ; 
for discrete’ 6-values. In general, if the point in the direction 6, on Cr is not 
a corner or a cluster point of corners of Or then the radius of curvature pr(0) 
of Cr is defined for 6 = 8:, and 
7 : 
pr(61) = pi (61) — 2 pi (6 +7). 
; l = 
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THE IDEMPOTENT AND NILPOTENT ELEMENTS OF A MATRIX. 


By Jon WILLIAMSON. 


Intfoduction. Associated with each latent root or characteristic number 
of a square matrix À are two matrices, the principal idempotent and nilpotent, 
elements. These two matrices are polynomials in À and are uniquely de- 
termined by certain simple conditions. In the following pages we show how 
analogous results hold, when all operations are restricted to the field K, in 
which the elements of A lie. Since, as a rule, the characteristic numbers of A 
do not lie in the field K, we replace them, or more. exactly, their corresponding 

_linear factors in the characteristic equation of A, by the irreducible factors 
pi(x) of the characteristic equation of A. We prove that, associated with each 
characteristic divisor p;(z), there are two matrices which are polynomials in A 
‘with coefficients in K and which may justifiably be called the principal 
idempotent and nilpotent elements of A associated with p:(x). In case 
pis) == © — z; is linear, these two matrices are the principal idempotent and 
nilpotent elements associated with the characteristic number s: These idem- 
potent and nilpotent elements assume a very simple form, when the matrix A 
is reduced to a suitable canonical form. This canonical form is analogous to 
the classical canonical form of a matrix.2 In the final section we use this 
canonical form to deduce theorems on matrices with elements in a field K 
from known theorems on matrices with elements in an algebraically closed field. 


1. Preliminary lemmas. Let K be a commutative field of characteristic 
zero and let p(w) be a polynomial in the ring K[a] of degree v, with are 
coefficient unity, and irreducible in K[z]. 


LEMMA 1. For every positive integer m there exists a unique polynomial 
g(x) in K[z] of degree less than my and such that 


(1) (z—g(z))"=0 mod [p(z)]”, 

(2) (&—g(x)): 70 mod f[p(x)]", 0St<m, 

and ; : ‘ 
(3) plg(z)]=0 mod [p(z)]”. 


1J. E. Wedderburn, “ Lectures on matrices,” American Mathematical Colloquium 
Publications (1934), pp. 29 and 30. 

2 Wedderburn, op. cit., p. 123. 
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We shall prove this lemma by induction on m. If g(x) satisfies (1), 
(4) g(2) =z mod p(2), 


and, since the only polynomial of degree less than v satisfying (4) is æ itself, 
our lemma is true, when m = 1, with g(x) =. Since p(x) is irreducible, 
p(z) and its derivative p’(x) are relatively prime. Accordingly there exfst 
two unjquely determined polynomials in K{x], h(x) of degree less than v and 
r(x) of degree less than y — 1, such that 


(5) h(a) p' (a) +r(2)p(2) = 1. 
If, 
: (6) Jml) = 2 + hp + hp? Het hmp”, MER, 


where p= p(x) and each h; = h; (x) is a polynomial in K[x] of degree less 
than y, then gm(x) is the most general polynomial in K[#] of degree less than 
my, which satisfies (4). Further, 


(7) p(gm) =p + pap +: > ++ map] 
+--+ p™/v! [hip + hep? + + + map)’. 


When the right hand of (7) is expanded in powers of p, it is apparent that 
hm occurs only in terms containing a factor p* where s Z m—1. Hence, 
if we consider the value of-p(gm) modulo p"-t, all terms involving hm. dis- 
appear. Accordingly, 

(8) P(Gm) = P(Jm-+) mod p”, 


where Gm1(x) is obtained from gm(x) in (6) by putting hm- =0. It is 
therefore an immediate consequence of (8) that, if 


P(gm) = 0 mod p”, 
p(gm-1) =0 mod gp”, 


Let us now make the induction assumption, that gm-1(#) is the unique poly- 
nomial of Lemma 1, satisfying (1), (2) and (3), when m is replaced by 
m— 1. Hence | 

(9) P(9m1) = kmp” mod p”, 


where km: is a uniquely determined polynomial of degree less than v. From 
(7) and (8) we see that 


P( gn) = p(9m-1) + Phmsp™* mod p”, 
= (kma + Phm) p" mod p” by (9). 
Therefore, 
P(gm) =0 mod p”, 
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if and only if, : 
(10) km-1ı + Phm- =0 mod p. 
But, it follows from (5) that 
kni ae p'hm- = (hkm + km) mod p. 
Siné w is relatively prime to p, (10) is true, if and only if, 
ma + hkma=0 mod b. 


This last congruence determines km-ı and therefore gm (x) uniquely. Since, 


when m =?}2, kma=1, hı =— h0. Hence gm(x) satisfies (2) and 
g(t) = gm(v) is the unique peas of Lemma 1 satisfying (1), (2) 
and. (3). 


If v = 1, so that p(x) = £ — a, gm(2) is the same for all values of m = 2. 
In fact gm(t) =a; for a = s — (x—a) and a—a—0=0 mod (z — a)” 
for all positive integral values of m. This however is not true in general. 

Let P be a square matrix of order v with elements in K, whose char- 
acteristic polynomial is the irreducible polynomial p(x). For definiteness we 
may take P to be the companion matrix of p(x). There is a one to one 
correspondence between the matrices f (P), where f(x) is a polynomial of K[x], 
and the polynomials f(@), where 6 is a zero of p(s). Since the correspondence 
is preserved under addition and multiplication it is apparent that the totality 
of matrices f(P) forms a field simply isomorphic with the algebraic extension 
field K (0). Consequently the minimal or reduced characteristic polynomial 
of f(P) is an irreducible polynomial g(x) of degree x where v/a = c, an 
integer. Accordingly the characteristic polynomial of f(P) is [g(æ)]° and 
the elementary factors of f(P) are q(x) counted o times.” If Q is the com- 
panion matrix of g(x), f(P) is therefore similar in K to the diagonal block 
matris 


= [9, 9,° E ,Q); 


consisting of the matrix Q repeated o times in the leading diagonal; that is, 
there exists a non-singular matrix O with elements in’ K, such that 


(11) | Of(P)0 = 


Let &; denote the unit matrix of order i and U; the auxiliary unit matrix 
of order 1, that is the matrix all of whose elements are zero except those in the 


3C. C. MacDuffee, The Theory of Matrices, Berlin, 1933, p. 20. 

4B. L. Van der Waerden, Moderne Algebra, vol. 1, p. 98. 

5 The powers of the distinct irreducible factors of the invariant factors of A — «FB 
are called the elementary factors of A. 
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diagonal to the right of the leading one, each of which is ite Then the 
matrix W of order k 


f(P) ‘EB 0 > 0 

0 KP) By +++ 0 

0. 0 O ++: EB . ` 
bs Dr, 200 VON seNe ° 


may be written in the convenient form 
(13) W—=f(P): Be + By: Ur. 
It now follows from (11) that 
C- EW (C> By)? = Qo: Ex + Hy: Ui. 
By a simple rearrangement of the rows and the same rearrangement of the 
columns, this last matrix may be reduced to a diagonal block matrix of blocks ‘ 


each block being the matrix Q Ex + Ep’ Uz. Since the minimal equation of 
Q: Ex + By: Ur is Let) F— 0,8 we have proved; 


Lemma 2. The elementary factors of the matrix W defined by (12) are 
Eq (x) ]* repeated o times, where q(x) is the minimal polynomial a f (P) and | 
is of degree p = yfo. 


2. Matrices with a single characteristic divisor. Let A be a square matrix 
with elements in K, whose minimal equation is g(æ) = [p(x)]" == 0, where 
p(s) is the irreducible polynomial of the previous section, and let g(x) be the . 
unique polynomial of Lemma 1 satisfying (1), (2) and (3). If g(x) =y, 
as a consequence of (1) and (2), . ; 
(14) (@—y)™=20, (e@—y)*=£0 mod [p(2)]", 0Si< m. 

Hence, if f(z) is any polynomial of K[x], 
(5) f(x) =f (y) +F (y) (x — y) 
+ +1/(m— 0 Ef (y) (x —y)™ mod [p(x) 17. 

If we substitute the matrix A for the indeterminate x, we deduce from (3) 
that, if g(A) — 4 
(16) . p(s) =0 
and, from (14), that the matrix 7, = A — A; satisfies 


=0, m0, 0Sicm. 


3 Wedderburn, op. cit., p. 124. 
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Further, from (15), we have 


(17) f(A) =F) + PF (Am + +1/(m— DFA (Aa) 


“In (17) the polynomials f(A), f (41) ete. may all be reduced modulo p(Ai) 
by virtue of (16). 4 
* We now prove the theorem. 


Ton I. If g(x) —0 is the minimal es of f(Ar ee 
and ff (As) =P Aa) ee + sm ft? (Aa) = 0, f(A) A 0, 
then the minimal equation of f(A) 1s [q(«) ]* = 0, where x is a positive integer 
uniquely defined by the inequalities, 
(18) (k— ijs < mSxs. 


Proof. Since g[f(4ı)] = 90, g[f(4)]“—0, while, since f (4) 0, 
q{f(A)]** 40. But g(x) is irreducible’? and so the minimal equation of 
f(A) is [g(2)]"=0. 

Moreover 


q[f(4)]=g[f(4)1 + el 





OAY 
Ki L 1) mE mod met 


and 


g'[f(4:)] ja 0. Hence, as a consequence of the definition of m, 


(19)  g[f(z)]=0 mod [p(2) 1s a[f(a)] 76 0 mod [p(x)]*. 


We have therefore the corollary. The integer s may be determined by the 
FORGES (19). . 


3. Matrices with more than one characteristic divisor. Let A be a ngaere. 
matrix with elements in K, whose reduced characteristic equation is 


(2) = IT [p (2)]™ — 0 


where p(x) (i=1, 2, : +t), are ¢ distinct irreducible polynomials in K[z] 
of degrees v; respectively each with leading coefficient unity. The degree of 
p(x) is accordingly given by the equation, ` 


t 
v = È vimi. 
4=1 


` h(s) = p (8) / [pi (2) ]™, 


If 


t The totality of matrices f(A,) is simply isomorphic to the field K (4). 
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. 
e 


hi(x) and [pi(a)] are relatively prime, so that there exist two polynomials 
M(x) and N;(x) in K{x], of degrees less than miv: and v — miv; respectively, 
such that 

Mihi + peN: =1. 


Since, when i 547, hi = 0 mod p;™, it follows that . 
A . 
t 
oes > Mihi=1 mod p;"s (j= 1,2,°*°,#), 
. 4=1 5 


and accordingly that 
t 

(20) S Mihi =1 mod (z). ` 
i=l 


Since the congruence (20) is of degree less than v in x, it must be an identity 
and on writing Mihi = ġı we have 

4 | t 

(21) Xg =l. 


i=1 


It is an immediate consequence of the definition of #; that 


(22) pipj = 0 mod $(2) (ij), 
and of (21) and (22) that 
(23) $i? = pi £0 mod px). 


Let gi(%) = y: be the polynomial of Lemma 1, when p(z), v and m are 
replaced by p;(x), v: and m; respectively.. Then 


[ (2 — yi) pi ]™ = (£ — y)" $i =0 mod (x), 
[(—yi)oi]i 40 mod (£), OSG < mi. 


Consequently, if f(x) is any polynomial of K{[x], 
t t 
OCT I ho) os 


= À yer + (ue) (ev) bi 
BEI (rms 1) F(a) me (@— yi) ™G;} mod (2), 
=> {F (yobs) $i +P (ngi) (© — ys) 6 
to I/ (mi — 1) ! Fiyi)  (@ — ys) hs} mod $(2). 


We now replace the indeterminate s by the matrix A and write 


$i (A)=¢:, Ai=gi(A)pi(A), (4 —Ai)pi = mi, 
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so that 
t 
(24) > oi = E, the unit matrix, p? = oi 0, pip; = 0, tÆ j, ni = 0, 
ja 


niX0, 0S j< m (=1,2, t). 
Further, since 
e Pi (ys) =0 mod pis, 
Di (Yi) bi = pi(yibi)pi =0 mod (2), ‘ ° 
so that : : 
(25) pi(Ai)oi — 0 (¢—=1,2,-°-,#). 


If pi = F, that is, if t 1, the minimal equation of A; is pi(z) —0. 
Otherwise the minimal equation of A; is æp(x) —0, since, by (25), 
Aipi(Ai) =0 and pi(x) is irreducible. If p:(x) is linear, so that 
pils) = s — ti, Ai = Aripi = adi; but as a rule it is simpler in this case 
to take A; = mF. 

It is apparent that the matrices p; ai ni, which satisfy (24), are 
respectively idempotent and nilpotent- and that 


A = Aids Hm + Apa +m + H Arpi Hm 
More generally any polynomial f(A) may be written in the form 


(26) f(A) = È {f(Ai) bi + F (Ai) 

4e =f (m — 1) 1 fo (Aa) yg). 
In (26), since y; contains the factor ¢:, by virtue of (25) each polynomial 
f® (A;) may be reduced modulo p:(4:). The minimal equation of f(A) may 
now be determined. Let f(#(4;) be the first of the derivatives of f(A;), 
which does not vanish, and let x; be determined by the inequalities 
(27) {xs —1) 85 < m S kiss. | 


If qi(æ) = 0, is the minimal equation of f(A4:), it may happen that, for two 
or more distinct values of i, the polynomials g:(z) coincide. If so, we write 
kı for the largest of the corresponding integers x;, while, if q(x) arises from 
only one value of i, we write k; =x; Then, the minimal equation of f(A) is 


(28) 7 TE q(x) * = 0, 


where the product extends over all distinct polynomials qi(x). As in the 
corollary to Theorem 1 we see that the integers s; in (27) may be determined 
from the congruences 


qlf(2)]=0 mod pt, — gal f(z) ] 0 mod pr. 
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We shall call the matrices ¢; and y: the principal idempotent and nilpotent 
elements of A associated with the characteristic divisor p:(x). The matrices 
pis m and À; are uniquely defined by (24) and (25) as is shown by the 
following theorem. 


THEOREM 2. If yı and B, are 2t matrices with elements in K all com- 
OAA with A, which satisfy the conditions, ` i . 


(i) piis Boji = yiBi, (ii) ` p(B) y: =Ó, 

t 
(ii) Dyk B, yo (iv) (A — Bi) yu is nilpotent, 
then yı = dy and Bi = Ay (= 1,2, ++, t). 


. The proof of this theorem is similar to that of Wedderburn for the simpler 
case in which K is algebraically closed.® Let 


bij = bis (4,7 =1,2,° ::,t). 
Then, since ¢; is a polynomial in A and yj is commutative with A, 
ij = Vidi. 
Further, the matrices 
m= (A—Ai)pi and = (A — By) py. 


are both nilpotent and are commutative. Since 


Abi; = [Ai + (A— Ai view = Aids; ae mis 
= [Bj + (A—By) pigs = Bib + bbs, 
(29) (Ai — Bi) bi; = jhi — nays. 
Since é; and y; are both nilpotent and all matrices on the right of (29) are 
commutative, (4; — B;)6:; is nilpotent. : Consequently [pi (As) — pi (B4) 104; 
is nilpotent and by (25) p:(B;)6:; is a a so that for some integer k, 


(30) [pi (Bj) di; = 0. 
Further as a consequence of (ii) 
(31) py (By) b = 0:° 


8 Wedderburn, op. cit., p. 29. If K is algebraically closed the conditions are simpli- 
fied since B, =a@,, and (i) and (ii) are automatically ‘satisfied. 
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Since, when i+ j, [pi(x)]* and p;(x) are relatively prime there exist two 
polynomials A(x) and-r(x) in K[x] such that 


h(a) [pi(t) ]* + 1(2) ps (2) = 1. 
Accordingly from (30) and (31) we have 


° [M(B [ps(Bs) IE + (Bs) ps (Bs) h= Bis = 0, ij. 
Hence - | | 


ppi = Vidi = 0, ij 
But 


t t : LE A 
pi = pE = bs Bi = D pus = due = À bapi = Epi = Yo 
j= = i 
so that the first part of the theorem is proved. 


As (A — Ai)¢: and (A — B;)ys-are nilpotent, (B; — Ai)¢i = p is nil- 
potent. If p40, let p™! = 0, p*540. Since, 


Bipi = Aibi + p, 
pi (Bi) bi = pi (Ai) oi + p'i(As) pip mod p, 

and by (ii) and (25) pase 
(32) 3 : pi (Ai) pip =Q mod p°. 

If r(x) is the polynomial r(x) of 6), when p(x) is replaced by pi(z), 

ni 14 (Ai) p's (Ai) pi = pis 

so that by (32) 

pip = p= 0 mod p. 
Therefore p*==0 mod p** and hence p” — 0,' contrary to hypothesis. Ac- 
cordingly p = 0, so that f 
| i Aids = Bibi = Biyi 


and our theorem is proved. 


4. The canonical form. The principal idempotent and nilpotent elements 
assume a. very simple form, if the matrix A is taken in the canonical form 
described below.® Let the elementary factors of À — sE be 
(83) [pe(w)]es (1=1, 2, 7,03 j= 1, 2, tt, Ti; Stee Bee = lir)» 


Further, let P, denote the companion matrix of p:(æ) and Hy; and Ui; the 


° Wedderburn, op. cit., p. 124. 
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unit matrix and the auxiliary unit matrix of order e;;. Then with the notation 
of (12) and (13) the matrix 


(34) Na = Pi Ey + Er, Ui; | s 
has the single elementary factor [pi(x) ]*!; the diagonal block matrix 
M; = [Ni Nig: 3 "a Nir] 


has the elementary factors {pi(v)]* (j =1,2,---,7:), and the matrix 
(35) M = [M,, Ma: > +, Mi] = (Fs, Mi, Fi] 


the elementary factors (83). Accordingly M is similar to A in K and may 
be taken as the canonical form of A. If A is in the canonical form (35), 
it follows from Theorem 2 that the matrices $i, m and A; are given by 


pi = [Os Ey, "Bi, By, Bis, + +, Ent Eiry 02], 
Mi == [Os Ev: Us, Ey, “Uiz: "r, ` Uirs, 02]; 
Ai = [Ou Pi Bis, Pi Hiss: Pi Hiry Oo], | 


where 0, and 0, are the zero matrices of the same orders respectively as F, and 
F, in (35). It is apparent that ņ is nilpotent of index ej, so that ei = mi. 

Corresponding to each particular elementary factor [p:i(#)]* is the 
idempotent element ¢:;, obtained from ¢; by replacing each block except 
Ey, Ei; by the zero matrix, and the nilpotent element :j, obtained from wi 
in the same manner. These idempotent and nilpotent elements reduce to the 
partial idempotent and nilpotent elements associated with a characteristic 
number a; is case p,{x) is linear.1° 


5. Applications of the canonical form. We now proceed to consider the 
general form of a matrix X commutative with the matrix A, whose elementary 
factors are given by (33). If AX = XA, since pi is a polynomial in A, 


(36) pX = Xh = Xi (i =1,2, :,t), 
and 3 ; 

41 del 
Further, if 


(37) | dara a, (fa 1, de 3459), 
t t t 
° AX = AS 46) DXi = 3 AGiXi, 
j=l i=1 i=1 


t t 
= $ XAG = DS Xi: 4 = XA. 
izi 


i=l 


10 Cf. Wedderburn, op. cit., p. 42. 
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Hence, a necessary and sufficient condition, that X be commutative with A, 
is that (37) be true. If A is in the canonical form (35), it follows from (37) 
that X is a diagonal block matrix [X1, X>" © ©, X+], where Xi is a square 
matrix of the same order as M; and is commutative with M4. Since M; has 
the single characteristi¢ divisor p;(a), it will, therefore, be sufficient to con- 
sider the case in which A has a single characteristic divisor. We take A in 
the can8nical form i l | | 


A= [No a+ Ne, 


where N; is obtained from N;; in (34) by replacing P; by P, vi by v, ei; by 6j 
ete. Since AX = XA and A, is a polynomial in A, A4ı¥ = X4,. If A; and 
X are considered as matrices with elements, which are matrices of order v, 
A, is a diagonal matrix, each element being P, and accordingly each element 
of X is commutative with P and is therefore a polynomial in P. Hence, if 0 
is a zero of p(x) and A{@} is the matrix obtained from A by replacing P by 6 
and Hy by 1, there is a one to one correspondence between the matrices with 
elements in K commutative with A and the matrices with elements in K (0) 
commutative with A{6}. The form of a matrix X{@} commutative with 
A{0} is known, and from it we deduce the following result. Let 


X = (Xi;) (i j= 1,2,°°°,7), 


where X; is a matrix with the same number of rows €; as N; and the same: 
number of columns e; as Nj, be a matrix with elements in K commutative 
with A.. Then, if e: = ej = e, 


Xi; —(%) ; Xi = (0G) where Gi; and Gji 
are square matrices of order ev and are of the. form 
hi(P) - Be- he(P)  Ue +h (P): U2 +: + he(P) > Ue; 


where hi(P) is a polynomial in P with coefficients in K.” 

In conclusion we determine the elementary factors of a matrix polynomial 
f(A) from the corresponding theorem in the case that K is algebraically 
closed.** It is apparent from the canonical form (35) that the elementary ` 


11 Wedderburn, op. cit., p. 104. | | À 

3° R. C. Trott, Bulletin of the American Mathematical Society, January, 1935, 
abstract no. 95, p. 42. \ 3 3 | . 

13 These results were determined by N. H. McCoy, “On the rational canonical form 
of a function of a matrix,” American Journal of Mathematics, vol. 57 (1935), pp. 491- 
502. The following shows the close connection between his results and the earlier ones. 
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factors of f(A) are the elementary factors of the matrices f(N WS. Hence 
it will be sufficient to consider the case in which A has the single elementary 
factor iptey\. We may assume then that A is in the normal form (cf. (13)). 


A=P: En + By: Um, 


so that di = P:Em. Let f*(P) be the first of the derivatives of IE) dif 
ferent from zero and let x be determined by (18), and let 


(38) l E ar ee T 


so that 1 SIS s. If 6 is a zero of p(x) and A{6} = 0Em + Um, f (6) is 
the first of the derivatives of f (0) different from zero, and therefore f(4{0}) 
has the elementary divisors [v — f (9)]" counted ! times and [z — f (0) J= 
counted s— 7? times.!* Hence there exists a non-singular matrix C{6} with 
elements in K (6), such that 


(39) C{0}4{0}0{0}) = H(6}, 


where H{0} is a diagonal block matrix, consisting of 7 blocks f (9) Ek + Ux 
and s — Z blocks f(6) Ex + Ur. If in (39).6 is replaced by the matrix P, 


CAC" = H, 


where H consists of J blocks f(P) - Ex + Ev’ Uk and s—1 blocks 
f(P) Era + By: Ura 


But, with the notation of Lemma 2, the elementary factors of f (P) + Ex + Ev: Ux 
are [q(x) ]* counted o times and those of f(P) -Ex + Es Ur are [q(æ) ]** 
counted o times. Hence, if g(x), of degree p, is the minimal polynomial of 
f(P), ie. of f(Ax), the elementary factors of f(A) are [q(x)]* counted ol 
times and [q(x)]** counted o(s —1) times, where c = v/p. 

Since the integer s in (88) may be defined by the congruences (19), this 
last result is McCoy’s Theorem 1. 
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14D., E. Rutherford, “ On the canonical form of a rational integral function of a 
matrix,” Proceedings of the Edinburgh Mathematical Society, ser. 2, vol. 3 (1932), pp. 
135-148; C. C. MacDuffee, “On a, fundamental theorem in matric theory,” American 
Journal of Mathematics, vol. 58 (1936), pp. 504-506. ` , a 

15 Since C{8} is non- -singular, C is non-singular. See J. Williamson, “ Latent roots 
of a matrix of special type,” Bulletin, of the American Mathematical Society, vol. 37 
(1931), p. 587, Theorem 1. 


THE ARITHMETICAL FUNCTION M(n,f,g) AND ITS ASSO: ` 
CIATES CONNECTED WITH ELLIPTIC POWER SERIES. 


By E. T. BELL. 


Le Intr oduction. Let M (n, f, g) denote the number of those representa- 
tions of the integer n as a sum of f squares, precisely g of which are odd and 
occupy the first g places in the representations, both the arrangement of the 
squares and the signs of their square roots being relevant in enumerating the 
representations; also let N (n, f, g) denote the similarly defined function in 
which the square roots of the odd squares are positive. Then 


(1.1) $ Mn, f, g) = 29 N (n, f, g). 


In a former paper? it was shown that the calculation of N (n, f, g) is au 
essential step in obtaining the explicit forms of the numerical coefficients 
occurring in the power series for elliptic functions (in either the Jacobian 
or the Weierstrassian form). Here we shall give several linear recurrences 
by which the calculations can be performed expeditiously. Certain sets of 
these (§§ 9, 10, 11) are complete—no more of the kind given exist. The 
recurrences introduce functions of divisors, and although these may be 
evaluated with ease directly, we have also reduced their calculation to linear 
recurrences. Incidentally some curious results (§ 12) on numbers. of repre- 
sentations are noted. 

ane initial values must be noticed. Refer to (2.1) for e. 


a 2) M(s,1,0)=0 if s=£0 mod 4, 
M(s, 1,0) = 2e(s/4) if: s= 0 mod 4; 


(1.3) M(s,g,g) —0 if ssgmod 8, 
M(8s + 1,1, 1) = 2(8s +1); 


(1.4) M(s,f.g)=0 if g>f; in all of which s20; 
(1.5) M(0, f,0) —1, f20; M(n,0,0) =0, n > 0. 


If R,(n) denotes the total number of Ternes of n as a sum of 
r squares, 


+ Transactions of the American Mathematical Society, vol. 36 (1934), pp. 841-852. 
The functions M, N are also useful in the theory of numbers; see R. D. James, 
American Journal of Mathematics, vol. 58 (1936), pp. 536-544, where further :Teferences 
are given. 
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(1.6). M(4n, r, 0) = R, (n). : 
2. Arithmetical functions. For convenient reference we collect here the 
definitions of the arithmetical functions occurring in the sequel. 
In the following definitions n, m, æ, r, a, b denote integers; n > 0; % =: 03 
m > 0 is odd; n = 2%; r, a, b 20. 


(2.1) ,e(m) =1 or 0 according as n is or is not a square; e(0) = 4° 

(2.2) (—im)=(—1)®22. ; 

(2.8): &-(n) = the sum of the r-th powers of all the divisors of n. 

(2.4) g(a) =tr(m). 

(2.5) é (n) = the excess of the sum of the r-th powers of all those divisors 
of n that are of the form 4k + 1 over the like sum for the 

divisors of the form 4k + 3; £(n) =&(n). 

(2.6)  é,(n) = the excess of the sum of the r-th powers of all those divisors 
of n whose conjugates are of the form 4% + 1 over the like sum 
in which the conjugates are of the form 44 + 8. (If n = dé, d, ò 
integers > 0, d, § are called conjugate divisors of n.) 

(2.7) (n) = &-(m) — Er (n). 

(2.8) ar(n) =n ¥_r(n), = the sum of the r-th powers of all those divisors 
of n whose conjugates are odd. 

(2.9): An) = [1 + 2(—1)"]e7(n). 

(2.10) Br(n) =4é,(n) — é (n). = E 

(2.11) &%,(n) = the sum of the r-th powers of all the even divisors of n. 

(2.12) p(n) =0-(n) —£-(n). 

(2.13) w(n) =2%,(m). 

(2.14)  0a,0(n) 

= [Ba-+b +(—1)"(3a—b) Wi (n)—(a +b) [1 +(—1)"Jo(n). 
(2.15) y(n) = 20/,(m) —&(n) = (3—2) (m). | 


As immediate consequences of the definitions we have 


(2.16) é(n) =£ (m), &(m) = (—1]m)é-(m) ; 
y(n) = (—1]m)2é,(m), &%(m) = [1 — (—1|m) 2%] &-(m) ; 
Br(n) = [2% (— 1m) — 1]é (m) ; 
; §(4n — 1) = 0; o (2n) = 2o (7). 
(2.17) bao (2n) = 6at’,(n) —4(a+ b)w(n), 
bao (Mm) = Dbh (m). 


3. Connection of M, N with elliptic power series. By (1.1) it is suff- 
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cient to show the connection for either M or N. For comparison with the 
paper cited ? we choose N.- As before, m is odd. . 


(3.1) memi+S (DQ a/R) 1, QE) =S geo) 


j "E N (2m, 4s + 2, 4r + 2)9r(s) = Eas (m). 
=0 LP ft . | 
(3. 2) sn g — 2 oe) Pst, Ps (k?) =2 pr Oe 


À 2"pr(s)N (2m, 4s + 4, 4r + 2) = basu (M). 
(3.3) dns =1 4 X (—1)*R (I) [0%/ (28) 1]; Ba (I?) = Sy (M; 


n-i 
> 2N (4n, 4s + 2, 47 + 4)ri (s) = Vé (n). 
p 
There are similar results for &/sn x, æ?/sn?°s, @ (x), or any elliptic func- 

tion or quotient of theta functions. From the recurrences for the g-(s), pr(s), 
r;(s) the explicit forms of the Q;(k?), Ps(k*), Rs (hk?) are calculated in terms 
of functions N, £s, fei. Thus (see the paper cited) 

go(s) = 1, Zq (s) = 328 —8s—1, _ 

28qo(s) == 58 — 8(s — 1) 378 + 328? — 48s — 9, 


and so on. The general form of g,(s) (also of the other coefficients) is readily 
inferred. (loc. cit.) from the recurrences involving. N. For the first few 
coefficients g-(s), etc., the necessary W’s are easily calculated directly; for a 
systematic evaluation this more or less tentative method is impracticable. 

It may be noted that an interesting sequence of successive approximations 
to the values of elliptic functions is obtained by retaining-only powers of k? not 
exceeding the t-th, for t == 0,1,2,---. The series so truncated at the ¢-th 
power of k? can be summed in finite form. 


4. Generating functions. In the usual notation for the elliptic theta 
functions we have (4. 1)-(4. D) in which sums and - -products refer to all 


integers n > 0, to all integers v = 0, to all odd integers m > 0, or to all odd 


integers p z Q respectively. 
(4. 1) | Qr== Q,(q): ; 
=u (1— g”), Q= +g"), 
Qa=0(1 +0"), Qa =0(1— g”). 


2The following misprints occur; p. 842 (1), for æ? read æ; p. ‘843, last line, 
for 2% read 3%. 
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(E) ne — t= 0 (q): 
b 1 + 23(— 1)" = 3(— 1) 29"; 
Pı — 23 (— 1 ]m) mg”? — 3 (— 1a) age; 
By = IIG — Igt} 
Ds = 1 + 23g” = Ig”. A 
(4.3) QQQ = 1, Di ds; ‘ 
. . . Oy = QoQ, l F = 29°/4Q,3, 
d2 = 2940001", da = QoQ”. 
The sum of a odd squares is of the form 8s -+ a; the sum of b even squares 
is of the form 4s. Thus, from the definition (§ 1) of M, 


(4. 4) Bas (gt) Bs? (g) = > qM (4s + a, a + D, a), 
(a,b RS Æ 0). 
Hence, from (4.3), 


(4. 5): 200,202 = = gM (4s + a, a + Bb, a). 
Define the opération A by 
(4.6) AF (q) = q(d/dg) log F(q). 


Then A[F(q)-~- @(q)] =AF(q) +: +> -+A4G(q). A short calculation 
gives (4. 7)—(4. 9) , in which ¥ refers to all To n > 0, (see the definitions 
In § 2). 


(47)  AQo—=—239"i(n), | AQ, = 2394": (n), 
AQ: =— 3 (—1)¥ (n), AQ = — 2g"C's(n) ; 


hence, by- (4. 6), (4. 3), 


(4.8) . A(Qo%*?Q174Q2) = 3q"Ba,0(m) 5 
(4.9) -- Ado——?RSg'o(n), - 440%, = Sis. RASE (n), 
4A9, = 1 + 82q'"y(n), Ad; = = — 23g"(— 1) "w(n). 


_ The next are equivalent to the classical theorems on numbers of repre- 
sentations as sums of 2, 4, 6, 8 squares.* By (4.4) the two statements in each 
of (4.10)-(4. 23) express the same theorem. The summations refer to all 
integers n > 0 or to all odd integers m > 0, and s is an integer = 0. 


è All are collected in my paper, American Journal of Mathematics, vol. 42 (1920), 
pp: 168-188. They.follow at once from theorems of Jacobi in the Fundamenta Nova. 
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(4.10) D = 43g (m), M(8s + 2,2,2) = 4é(4s +1). : 

(4.11) Dt = 163g" (m), M(8s + 4, 4, 4) = 164 (2s + 1).. 

(4.12) D = —43q"/"é"(m), M(8s + 6,6, 6) = — 46” (4s + 8). 
(4.13) 0.8 == 2563q?"a5(n), M (8s + 8,8,8) — 256a (4s + 4). 
(4.14) D = 1 + 4Sg'é(n), M (4n, 2,0) = 4é(n). 

(4.15), Dst = 1 + 83%g”(— 1)" (n), M (4n; 4,0) = 8(— 1)" (n). 
(4.16) D= 1 + 439"B.(n), M (4n, 6,0) = 4B2(n). DUR 
(4.17) 3,8 = 1—163q"(—1)"p,(n), M(4n,8,0) =—16(—1)"ps(n). 
(4.18) By, = 2Eq™/*E(m), M(4s + 1, 2,1) = Ré(4s + 1). 

(4.19) 020,2 — 430/2 (m), M(4s + 2,4,2) = 44, (2s +1). 

(4.20) DD = — 43q"4E,”(m), M(4s + 8, 6,3) = — Zé” (4s +3). 
(4.21) DDt = 163qras(n), M(4s + 4, 8,4) = 16a(s + 1). 

(4.22) DDt = 43E (m), M(4s + 2, 6,2) —46,(2s +1). 

(4.23) 40,2 —163g"é,(n), M(4s + 4, 6,4) = 16€ ,(s +1). - 


5. Recurrence for M(n,f,g) with f, g constant throughout. Operating 
with A on both sides of (4.5), using (4.8), and comparing coefficients of like 
powers of g in the result, we get. 


(5.1) nan + a, a+ b, a) = $ dan(s) M (4n + a — 4s, a + b, a): 


With the initial value M (a, a + b,a) = 2%, (5.1) suffices to calculate all 
M(n,f,g) with f, g constant throughout; necessarily n = g mod 4: 


(8.2) nM (4n + gf, g) = X Ontol) M (Am + g— 455, 9). 
From (2.14), (2.17) we have 
(5.3) bor-a (n) = [29 + f +(—1)"(49 — f) Kin f[1 +(— 1) "Jo(n), 
bo, t-o (2) == 69 1(n)—Afo(n), 6¢,t-9(m) = 2(f —g)&(m). 
Recurrences for the associated functions £’, (by means of A) and w are 
given in §§ 7,8. This type is continued in § 10. 


6. Arguments n in N(n,f,g) decreasing by squares. Multiply the left 
of (4.4) ‘by the second form of #.(q*) in (4.2), and the right by the first 
form; do the like with #,(g*). Then, for n= 0, 


(6.1) M(4n+a+1,a+0+1,a+1) | 
= REM (4n + a + 1— m°, a + b, a), 


(6.2) M(dn+a,a+.b+1,a). 
. =M (4n + a,a + b,a) 4 23M (an + a 4e, a+ b,a), 
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where the summations refer to m = 1, 8, 5,- -.-, and s = 1,2, 8,- + - respec- 
tively, continuing so long as the arguments are = 0. Hence 


(6.3) Man + 9,f,9)—23M (4n + 9 —m?,f—1,g—1), 
(6.4) M(4n+- 9,f, 9) =M (4n + g,f—1,g)+ 23M (4n + g — 4s”, f —1, g); 


The sum of u odd squarès is of the form 8t -+ u GE = 0); the*sum of 
v even squarés is of the form 4t. Hence 


2 : 
(6.41) (qt) = 5 qM (8t + u,u,u), Vs = 2 qM (4t, v, 0). 
t=0 : t=0 á 
Operating on these with A and proceeding as in § 5 we get 
(6.5) 3[8n— (u + 1) (m? —1)]M (8n +u + 1— mê, u, u) = 0, 
(6.6) nM (4n, v, 0) + 23[n— (v + 1)s?]M (4n — 48, v, 0) = we(n)n, 


the summations with respect to m, s being as in (6.3), (6.4), with.s? < n in 
(6.6). We shall generalize (6.5), (6.6) in § 10. 


? \ 
7. Recurrences for the functions in §2. ` Applying (4.10)—(4.18) to 
(6.5) we find the following, in which n > 0, and the summations refer to 
m= 1,3,5, >. f 


(7.1)  3[Bn—3(m—1)]é (4n-+1—4(m?—1)) —0, 
(7.2) S[8n— 5 (m? —1)]é& (Qn + 1—4(m? —1)) =0, 
(7.3) S[8n — (m? — 1) ]é” (4n + 3 — 4(m? —1)) =0, 
(7.4) | [8 —9(m?—1)]as (4n + 4—4$(m?—1)) —0. 


In the same way, from (4.14)-(4.17) and (6.6) we get the following 
recurrences with n > 0, and & referring to t = 1,2, 3, +--+, with ? <n. 
(7.5)  né(n) + 23(n— 38)é(n— t) —e(n)n, | 
(1.6) n(n) + 23(—1)*(n—5A)A(n—#) = (—1)re(n)n, 

(7.7)  npa(n) + 23(n— Vt?) Bin — t) = 3e(n)n, 
(7.8) mpa(n) + 23(—1)*(m— 90?) pn (n— t) — (— 1) *4e(n) 

8. ‘Continuation of § 7. Operating with A on the first forms of the 
thetas in (4.2) and comparing with (4.9) we find | 
(8.1) e(n) +23(—1)'o(n— t) —e(n)(—1)"2n; 
(8.2) (n) + 3(—1)*(2¢ + 1)&(n— zt + 1)) 


= 0 if ns4ħh(h+1) (h>0), 3 
CLR HU) (2+1) if n—Fh(h+1); 
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E [O nhh +1), 
(8.3) y(n) + Xy(n—3t(i +1)) = n, n=}h(h +1). 
The summations refer to t= 1,2, 3,: - : ; and n>0., This is continued 
in § 11. | 


9. Recurrences with arguments n of M (n, f, g) in arithmetic progression. 
Applyifg (4.4), (6.41) to Daru? = I." X Fm,” we get 


Man + g+u,f+u, g + 4) — SM (8s + 0, 0, x) Man + g 88,10), 


with n= 0 and X referring to s—0,1,: : -, [n/2]. 
Hence, by (4: 10)—(4. 13), for the same n, s, 


(9.1) M(4n+9+2,f+2,g9+2)— 43E (48+1)M(4n+ 9—8s,f, 9); 
(92) M(4n+9+4,f+4,g+4)— 1634, (25 +1) M(4n + 9 —8s,f,9); 
(9.3) M(4n-+ 9 + 6,f + 6,9 + 6)—— 436," (4s + 3) M(4n + 9 — 85, f, 9) 3 
(9.4) M(4n-+g+8,f +8, 9+ 8)— 256305 (4s + 4) (4n + 9 — 83, f, g). 


Similarly, t, — DID? x DAS 3 
M(4n + 9, f +2, 9) =M (4n +g, f, g9) + 428(8)M(4n + 9 —48,f, 9), 


for n 20, s=1,---,n, with the convention that. a sum in which the lower 
limit exceeds the upper is vacuous. Hence, from (4.14)-(4.17), for the 
same ^, 8, ; l | 


(9.5) M(4n+9,f+2,9) | 
— M(4n + 9,f,9) + 434()M(4n + 9 — 4, Bg); 
(9.6) M(4n+g9,f+4,9) i 
=M (4n + 9,f,9) + 83(—1)°A (s)M (4n + g — 4s, f, g); 
(9.7) M(4n-+ 9, f + 8, 9).. 
= M(4n-+ 9,f,9) + 43B2(s)M(4n-+ g —4s, f, 9) 
(9.8) M(4n+ 9,f+8,9) 
= M(4n + g, f, g) —16%(— 1) One aero fg). 


From Dte ore + B28 30 x PDS, 


M(An + 9 + ¢,f + 2e, g +c) = ZM (4s + 6, 20, c)M (4n +g —4s, fs 9), ` 
for n È 0, s—0,:--,n. Hence for the same n, s, (4. 18)-—(4. 21) give 


' (99) M(n+g+Lf+2g+1)= 25€ (48-+1)M(4n+9—4s,f,9); 
(9.10) M(4n+-g+2,f+4g+2)— 42: (2s +1)M(4n+g— 4s f g); 
(9.11) 2M (4n +g +3, f+ 6, g +3)=— 36 (4s + 8) M(4n-+ g —4s, fg); 
(9.12) M(4n4+-9+4,f+8,¢9+4)— 16303 (s-+1)M (4n + g — 4s, f, g). 
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Finally, Pvp, — Dot? XK Darbar; ; 
Min gut eutog ee ren LE af, 9); 
for n = 0, and s == 0,- -,n. For the same n, s, we get from (4. 22), (4. 23), 


(9.13) M(4n4+-94+2,f+6,g4+2) = 436 (28 +1) M(An + g—4s,f,9)! 
(9.14) Man +g +4,f-+6,9 + 4) = 16383(8 + 1)M(4n + g— 4s; f9). 


10. Connie of 85. By (4.4), 


= gM (4s + gr, fr, sr) =, = germ (4t-+ of, ho) Y 
is equivalent to the identity 
| Darp- = (9,99,1-0 ‘rs 
hencé, operating throughout the first with A, we find 
(10.1) 3[a— (r+ 1)e]M (48 + g, f, 9) Man + gr— äs, fr, gr) —0, 


valid for n Æ 0, the sum referring to s=0,--+,”. This contains as special 
cases (6.5), (6.6). To obtain (6.5) from (10.1) take r =u, f=g—1, 
and note that:s, n must then be even; to obtain (6.6) take r = v, f = 1, g =0, 
and apply (1.2). In (10.1) take f = g, and apply (1.3), 


(10.2) 3[n— (r+ 1)s] (8s + g, g, g)M (8n + gr— 8s, gr, gr) — 0. 
For g = 0, (10.1) becomes, by (1. 5), 


(10. 3) nM (4n, fr, 0) + 43[n— (r+ 1)s]M (As, f, 0) M(4ni— 4s, fr, 0) 
= rnM (án, f, 0), . 


in which n Æ 0 and X refers to s =1,---,n—1. | 
From (10.2) and (4. 10)-(4. 18) we have the following, n and X being 
as in (10.1), 


(10.4) 3[n—(r+1)s]é (4s + 1)M (8n + 2r — Bs, 2r, 2r) = 0, 

(10.5) S[n—(r+1i)s]é (2s + 1)M (8n + 4r— 8s, 4r, 4r) = 0, | 

(10.6) S[n— (r+ 1)s]&” (4s +3) M(8n + 6r — Bs, 6r, 6r) = 0, -- 
od 7). S[n— (r+ 1)s]as (4s + 4) M(8n + 8r.— 8s, 8r, 8r) = 0. 


.. - Taking f = 2, 4, 6,8 in (10. 3) and referring to (4, 14)~ (4.17), we nue 
i (10. Se (10. 11), i in which 1 "nọ, X. are as in Es: 8), 
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(10. 8): 


nM (4n, 2r, 0)+ 43[n— (r +.1)s]é(s) M (4n — 438, 2r, 0) = 4rné (n), 


(10.9) nM (4n, 4r, 0) + 83(—1)*[n —(r + 1)s]ai(s) MU (4n = 4s; 4r; 0) 


== 8(—1)"rnai(n), 


(10.10) nM (4n, 6r,0)+ 43 [n—(r 4-1)s]fs(s) M(4n—4s, 6r,0) ; 


(10. 11) 


== 4rnBi(n), 
nM (4n, 8r, 0) — 163 (—1)*[n— (+. 1)6]ps(e) Mn — 4 8r, 0) 
su nee 


From (10. 1) and (4. 18)-(4. 23), 


(10. 12) 
(10. 18) 
(10. 14) 
(10. 15) 
(10. 16) 
(10. 17) 


Sfn— (r+ 1)s]Jé (48+ 1)M(4n+r — 43, 29; A =0, ` 
X[n— (r + 1)s]f. (Rs + 1) M (4n + 2r — 4s, 4r, 2r) = 0, 
S[n— (r + 1)s]é” (4s + 3)M (4n + 8r — 4s, 6r, 8r) = 0, - 
[n — (r+ 1)s]æs (s + 1)M(4n + 4r — 4s, 8r, 4r) = 0, 
If[n — (r + 1)s]é2 (2s + 1) M (4n + 2r — 4s, 6r, 2r) = 0, 
Sfn— (r+ 1)s]&2 (s + 1)M (4n + 4r— 45, 6r, 4r) = 0, 


with 3, n as in (10.1). 


11. Continuation of $ 8. In (10.4) take r — 2, 3,4; in (10.5), r= 2; 
in (10.6), r=—1, and apply (4.10)-(4.13). Then; for n 2.0 and ihe 
summation referring to s=0,1,---,n, we have (11.1)-(11.5). The 
obvious omitted possibilities give relations which are trivially true, and likewise 
for subsequent omissions. 


(11.1) 
(11.2) 
(11.3) 
(11.4) 
(11.5) 


B(n—3s)é (4s + 1)ġ& (Qn+1— 2s) —=0, 
S(n—4s)£ (4s + 1) (4n + 8 — 4s) = 0. 
Z(n— Bs)é (48 +l)as (4n + 4— 4s) = 0, 
Z(n— 3s)é& (2s + 1), (4n + 4— 4s) = 0, 
I (n — Ts)é” (4s + 3)é (4n + 3 — 4s) = 0. 


In (10.8) take r= 2,3,4; in (10.9) take r= 2, and apply (4. 14)- 


(4.17). 


(11. 6) 
(11.7) 
(11.8) 
(11.9) 


Then, for n, % as in (10.3), we have 


nà (n) + 4S(—1)5(n— 8s) E(s)Ar(n— s) = (—1})'é(n), 
npa(n) + 43(n— 4s)E(s) Bo(m—s) = Bné(n), 

nps(n) +43 (—1)#(n— 5s)£(8)po(n—8) =— (—1) n(n), 
npa(n) + 83(n — 3s) (8)ps (n — s) = — nà (n). 


The formulas (10. 12)—(10. 17 ) furnish no new results of the above kind. 
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12. Polynomial forms of M. Taking n= 0,1,2,--- in (5.1) aud 
referring to (2.17) we find 


(12.1) M(a,a+ b, a) = 24, 
M(4 + a,a-+ b,a) = 26, So 
. M(8+a,a+ b,a) = 2¢(2b? — 2b + a), ° 
38M (12 +a, a + b, d) = 2070 (2b? — 6b + 3a +4),  . ° 


° 6M(16 + a, a +b, a) 
= 2[4b* + 24b? -+ 4(8a + 11)b? —12(a-+1)b + 3a(a—1)], . 


the general nature of M(4n + a, a + b, a) (proved by mathematical in- 
duction) being evident. Take a == 0 and refer to oC 6); then 


(12.2) The number of representations of n as a sum of b squares is ex- 
pressible as a polynomial of degree n in b with rational coeficients. 


Taking b = 0 we get 


(12.3) The number of representations of 8n + a as a sum of a odd squares 
is expressible as 2° times a polynomial of degree n in a with rational coefficients. 
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REPRESENTATION AS SUMS OF MULTIPLES OF GENERALIZED 
\ POLYGONAL NUMBERS. 


By L. W. GRIFFITHS. 


1. Introduction. The problem is a generalization of that: of representa- 
* tion as sums of multiples of squares, as sums of .polygonal numbers? of 
extended polygonal numbers,* or of generalized polygonal numbers.* 

In my first two papers® there are summaries of all of these facts on 
representation, and illustrations. 

The generalized polygonal numbers of order m +- 2 are the values of 


a) g(2) =£ + m(2*—2)/2 for s=0, + 1, £ 2, vs 


with m.a fixed positive integer. The following notations are used: # and 
dı, ° `, @n are positive integers, gi = g(a), and 


f= Gigi + ` F Gaga = (as: - +, än), 1£4<£"; O S 
(2) HR as, 
We =o Ha (LSS n), w= Wn. 


The positive integer N is represented by the function f when there are integers 
Bit © *,@_, Such that f—N. In section 4 of II, conditions were found 
that f represent the integers 0,1,-* -,84m—16. In section 5 of II, for 
certain functions f satisfying these necessary conditions, there was found 
a positive integer M, depending only on m and f, such that f represents every 
integer N = M. For other functions satisfying the necessary conditions the 
methods there employed gave no conclusion. For the remaining functions 
satisfying the necessary conditions there was no generalized Cauchy lemma on 
simultaneous representation, and hence the methods there employed were 
inapplicable. 

`` In this paper use is made of the new facts on soon representa- 
tion due to Dickson 5 and, for the case (1,1,2,4) with b divisible by four, 


1 Dickson, Bulletin of the American Mathematical Society, vol. 33 (1927 Js PP. 63-70. 

? Cauchy, Œuvres, ser. 2, vol. 6, pp. 320-353. 

? Dickson, American Journal of Mathematics, vol. 50 (1928), pp. 1-48. 

‘Dickson, Journal de Mathématiques, ser. 9, vol. T (1928), Theorems 11-15. 

5 Annals of Mathematics, ser. 2, vol. 31 (1930), pp. 1-12, and American Journal of 
Mathematics, vol. 55 (1933), pp. 102-110. Thesè papers ‘will be cited as I and II. 

° American Journal of Mathematics, vol. 56 (1934), pp. 512-528. 
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here first treated in section 7. There are five fundamental cases, and the 
details of proof are usually omitted i in the last four cases. Each case is sum- 
marized in a theorem: ff ‘satisfiés ‘the necessary conditions ‘mentioned,’ then - 
there is exhibited à positive integer’ M, dépending: only on m and f, such that 
f represents every integer N = M. i 


2. The functions (1, 1,2,3,- +). - By (1) and (2) the positive integer 
N is wepresented by f if „there exist positive integers, a,6,r such that 
N =r +b + m(a— b) VEN tit r is represented by fa and that the equations 
a = a? + y? + 227 + Bw, b — T ae y Fa 2x 4 3w have | ‘a solution in integers , 
= 0. ‘Sufficient conditions for the existence of these integers z, y, z, w are? 


ey. eas). Sa, (Nach + b=0, - 
(4) 6(Y¥a—b*) 5e 49 (tn + e), 0 —3,5,6. 


In this paper there is found an integer M, depending oniy on m and f, 
such that if N is an integer = M then there exist integers a, b, r satisfying 
(3) and (4), and such that N =r + b + m(a—b)/2 and f, represents: r. 
. Hence to prove the universality of the functions f, satisfying the necessary 
conditions mentioned in the introduction, it remains to prove that f represents 
integers 34m —16< N < M. 

Dickson proved that (4) is satisfied if either a or b is prime to t =7. 
The first step in my lew method is to obtain conditions which are equivalent 
to (4) when a=b=0 (mod 7). Write b= 7B. with B40 (mod 7), 
and a= "4 or 714 with As40 (mod Y). Then it is easily seen that 
6 (Ya — b?) = 499(% + e) with e = 3, 5,6 if and only if one of (5) is 
satisfied: 

(5) a= nA, 1ER< i, A==—e (mod?) o or, | 
` a= YA, 1Sh =i A= =p? — e (mòd 7). ` 








That i is, (4) is satisfied if and only if one of (6) or (7) is satisfied : 


E a= TA, 1Sh<i A=e (mod 7); or 
(6) .a@==VhtA, 1Sh=i, Ax B?—e(mod?); or 
f a= Y4, 1<i<h; l 
Ces a= YA. 


next me leading to the desired integers a, b, r is a consideration 


n z Dickson,. American: Journal of Mathematis, vol. 56, dog; cit. Berg, by a definition, 
E= as +o +a ta R 
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of the integers, ‘between 0.andim— 2— t, not Peet by Fe: «Ameng the 
necessary conditions which these functions f satisfy are w — m — 2. and 
Oy E Wer + 1 (55S k S n). Hence, defining Wi = As fet lja 
w= wa —t (Sjn 4) and aja Swati HI. Hence, by ap- 
plying Lemma 1 of my first paper I (valid, as proveta in TI; page W wé have 


LEyMA 1. I fn is an integer favn 0 and m — 2- — t then wis repre esents 
at least one of the integers y,y—1,---*,7—t | ; œ 


Next I shall prove that if N = 28 then there exist ee a, A r sais. 
fying all the conditions except perhaps (32) and (3:). 


Lemma 2. Let f satisfy the necessary conditions mentioned above. Let 
é be an integer not divisible by t, and 4tSé Let NE Then there are 
integers a, b, r, each = 0, such that N =r +b + m(a—b)/2, a=b (mod 2), 
(4) is satisfied, and fa =r S m — 2 — t. | 


For there are integers g and p such that N = mg ++p, 920, 
0SpSm—1. If fisép <m—2—+t, then by Lemma 1 we can write : 
N = mg +- -+i + (p—i) where à is one of 0,1,---,¢ and fa —p—i. 
If m—2—t<pSm—2, the same conclusion holds obviously, with 
p—t=m—-2—t. The case p = m— 1 is treated later. Hence if p £ m — 1, 
there exist integers and o such that N = mg + ¢ +o, 0 S o S&S m— R? — t, 
fa = c, and ¢ ïs one of £,---,é+ t. Define a = 2g + &, and b =¢. Then 
if b and a satisfy (4) the proof is finished. But if b and a satisfy one of (5), 
then there are exhibited integers 9’, {’, o” such that N = mg’ + (++ o’, and 
that 0’ = 4, d = 29 + & do satisfy (4). There are ue cases, ‘according as 
as is not, or is, divisible by t. : 

First, if a; == 3, 4,5,6, or 8, and if as appears explicitly” in o, then 
N = mg + £ + as + o — as; and & = € + a, and g’ = g yield a’, b” which do 
satisfy (4), because ¢ £= 0 (mod t). Again, if as = 3, 4, 5, 6, or 8, and 
if as does not appear explicitly in æ, then N == mg + £— as + o + 45; and 
E = į — as and g = g yield a’, b’ which do satisfy (4). In each case r =o’. 
There remains the case a; = 7, for which the proof is long and intricate. 
Therefore the, proof for p = m — 1 is next presented. Here 


N=mg+étm—1t—mg+l+(m—2—1), 6 


with ¿ = ¿4 t -+1 and o=m—2—t. Then if à, b satisfy (5), 
N=m(g+1)+f6—t—2 yields g =g +1, = — 1, d” —0; so that 
b= €—1 and a = 29’ + b” satisfy (4), since Y s&t = 0 (mod t). | 
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To complete the Aie of Lemma 2 for the case as = 7 the following 
Lemmas 3, 4, 5 and 6 were proved. 


Lemma 3. Let a,b satisfy (51). Then a+ 7, b A ? satisfy (6) or 
(7), and hence (4), if and only if h> 1. Also a— 17, b— 7 satisfy (6) or 
(7) if and only if h > 1, or h=1 and Az — 3 (mod). , 7 


Leyma 4. Let ‘a,b satisfy (51), with h—1 Then a+14,°b+ 14 
satisfy (6), or (7) if and ‘only if Azé—38 (mod 7). If A==—3 (mod?) 
then each of the pairs. .a— 14, b— 14, eats b+ 21, a— 21, b—21 - 
satisfies (6) or (7). 


Lumma 5. Let a,b satisfy (52). Then a +7, b+ 7 satisfy (6) or (7) 
except in the following six cases, when they satisfy (5); then the pairs in- 
volving b + 14, b—14, b + 21, b + 28 satisfy (6), (7) or (5) as indicated: 


h—1, B=1, <As=B*—38, b+ 14 satisfy (6) or (7), 

h=1, B=—1, A=B?—5, b—7,b— 14, b +28 satisfy (6) or (7); 
“b+ 14, b+ 21 satisfy (5), 

hk=1, B=2, As=B?—6, b+ 14 satisfy (6) or (7), 

h=1, B=—2, A=B*—3, 6+ 14 satisfy (6) or (7), 

h=1, B=3, ` A4=B?— 6, b421,b— 14 satisfy (6) or (7);04+14 
satisfy (5), 

h=1, B=— 3, A=B?—5, b-+14 satisfy (6) or (7). 


Lemma 6.° Let a,b satisfy (52). Then a— Y, b— "7 satisfy (6) or (7) 
except in the following eight cases, when they satisfy (5); then the pairs 
involving b + 14, b— 14, b + 21, b— 21, b + 7, b — 28 satisfy (6), (7) or 
(5) as indicated: ; 


h=1, B=1, A= B? —3, b+ 14, b21 satisfy (6) or (7); 
s b — 14, (5), 

h=1, B=1, A= B? — 5, b—14, (6) or (7), 

he=1, B=i, Ac=B?—6, b—14, (6) or (7), 

h=1, B=—1, A=B—6, b—14, (6) or (7), 

h=1, B=2?, As=B*—B5, b—28, (6) or (7) ;b—14,b—2I1, (5), 


h=1, B=—2, Ac=B?—6, .b—21, (6) or (7); b—14, (5), 
h=1, B=3,  A=B?—3, b—14, (6) or (7), | 
h=1, B=—3, A=B?—5, b—14,-b+14, (6) or (?). 


The proofs of Lemmas 3, 4, 5, 6 are omitted since they are simple but 
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“intricate. Next note that if as = 7 and ag £ 0 (mod 7) or if as = a, = 7 and 
&: #20 (mod 7), then the proof applied when a; 3&0 (mod) is valid, with as 
replaced by ay (= dg or a; respectively). There remain three cases with a; == 7: 
case I, (1,1,2, 3,7,14,- -) with n= 7 and (1,1,2,3,7,7,21,: --) with 
n= and (1,1, 2,3,7,7,14,---) with n= 7; case II, (1,1, 2,3,7,7,7); 

“case IIT, (1,1, 2,3,7,7). Note that (1,1,2,3,7) and (1,1, 2,38,%7,14) do 
not safisfy the necessary conditions (stated later). 

Proof for case I. First, if a,b satisfy (51). ‘and if ds is explicitly in o: 
if h > 1, use V = b+ 7, d =o — 7; but if h =—.1 and A= — 3 (mod 7), 
by Lemmas 3 and 4, use b’ == b + 14 if also a is explicitly in e, but use 
b = b— 7 if as is not explicitly in o; if h=1 and 4 = — 3 (mod 7), 
similarly one of b + 21, b + 14, b— 7 will be satisfactory. Second, if a,b 
satisfy (5,) and if as is not explicitly in ø: by Lemmas 3 and 4, similarly 
one of b— 7, b + 7, b— 14, b + 21, will be satisfactory. Next, if a, b satisfy 
(52), by Lemmas 5 and 6 and a lengthy tabulation it was found that it was 
necessary and sufficient to permit b’ to have the values b + 7, b + 14, b + 21, 
b + 28; here g’ = g; also, if b’ = b + 8, where $ is one of these multiples of 7, 
then a’ = 29’ + V. | 

Proof for cases IT and IIT, and for (1,1,2,3). The details for case I. 
were applicable except in certain vital places, where they failed. An in- 
dependent direct proof, using frequently the device noted in the treatment of 
p = m — 1 preceding the statement of Lemma 3, yielded the results tabulated 
below for b’; always a’ = 29’ + V. 





(1,1,2,3,7,%,7) b; b+ 7,b—9, b—16,b + 16;5—7, b+ 16,0 +9,b—16, 
(1,1,2,3,7,7) b; b+%7,b—9,b—16; b—7,b +9, i 
(1,1,8,3) b and b — 9. 


This completes the proof of Lemma 2. Clearly the values of b cluster 
around é. In fact, if a; = 8, 4, 5, 6, or 8, the maximum b is é + (t— 1) + a, 
and the minimum b is ¢-} 1 — as. For, the values of b for p == m — 1 are 
within this range; also when ¢ == é or £ + ¢ then 6—{540 (mod7). The 
consecutive integers £ + (t — 1) + @,° > +, + 1— as are in number 
Ra; -+t—1. But in Lemma 2 é was an arbitrary integer not divisible by ¢ 
and &=4t==28. Therefore any set of consecutive integers, 2a,-+¢ in 
number, whose smallest integer is greater than 20, can serve as values of b in 
Lemma 2. Define d as the number of consecutive integers in such a set. 
Therefore, if a; = 8, 4, 5, 6, or 8, we have d = 2a, + t. Similarly for case I 
of as == 7 the maximum and minimum values of b are £ + (¢ — 1) + 28 and 
é+ 1— 28, so that d = 9t — (t + 2)t; for case IT, they are £+ (t—1) +16 

8 . 
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and é+ 1—16, and'd = 6t—3; for (1, 1, 2, 3, 7,7) they are £+ (1—1) +9. 
and é -+ 1—16, and d = 4t + 4; for (1,1,2,3) they are £ + 8 and é— 8, 
‘and d= 18. 


‘Lemma % In Lemma 2, any set of d consecutive integers, each = 21, 
can serve as values of b, if d= Ras + t when as = 8, 4, 5, 6, or 8; d—(t+2)t, 
if as= 7, case I; d= 6t— 3, case II; d= 4t + 4, case IIL; d= 18 if 
(1,1,2,3); d= 2a; +t, when as =T, as = asz£0 (mod?) and when 
ds = Og = Y, Gy = t: S=0 (mod 7). 


The final step leading to the desired integers a, b, r mentioned preceding g | 
(3) is to choose £ in Lemma 2 so that (3) is satisfied. This determines the 
integer M mentioned following (4). The method is essentially that given 
by Dickson ê in his improved proof of the Fermat theorem on polygonal 
numbers, and used in my papers I and II. Since the proof is long and 
intricate, it is omitted here, except the statement that by the equation 
N =r +b + m(a—b)/2 of Lemma 2 the inequalities (3) are transformed 
to involve N and m instead of a. The result is that if 


N = (18d? — 65d + 87) m + 2(13d — 83), - 


and if d is defined as in Lemma 7, and if N =r + b -+ m(a—b)/2, then 
there are d positive integers within the limits on b which involve N and m 
instead of a. Since these limits on b imply the limits (3) on b, if £ is chosen 
appropriately within these limits then Lemma 2 holds and (3) hold. 

The value for d of case I, a; = can be lowered if the function is such 
that there is a coefficient ay s£0 (mod 7) and ay < 28. For then the argument 
applied to a;5£0 (mod 7) in the proof of Lemma 2 holds for a Hence’ 
2a; + t can be used as d. Here 2a; -+ t< (t+ 2)t since a; < 4t = 28. 

In section 4 of II necessary and sufficient conditions were found that the 
functions (1,1, 2,3,- - -) represent the integers 0,1, 2,- : -, 84m — 16. They 
are that w = m — 2, that a, Swi H1 (5 Sks En),e aiid thee the function 
be one of the following: 

(1, 1, 2, 3) > 

(1, 1, 2, 3, - ` D) as = 3, 4, 5, 6, n= 5; 

(1,1, 2, 8,%,- > -), with ag =8,- - -,13, n= 6; also with a, = 7, and 
(8) -* n= 6 or a; = 7, © > +, 14; also with as = 7, a, = 15,- - -, 22 sub- 

É ject to the following conditions (i) or (iii); also with as = 14, 

| ar = 14," + -,28, n=; | 

(1, 1, 2, 3, 8,- - -), with n = 5, subject to the following conditions (i) 

or (ii); . : 


® Bulletin of the American Mathematical Society, vol. 33 (1927), p. 715. 
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(i) Ox 54 Wk for every k = 6; 
(ii) dy == Wk for at least one k = 6, and for every such k there is a coeff- 
i cient ag satisfying a < ax = ax +7; 


(iii) ay = thr- for at least one k = 6, and for every such k there is a coeffi- 
` cient ax satisfying dy < ar So, +14 but ar s&p + 7. 


Tarorem 1. Let f satisfy the necessary, conditions above. ` Define 
M = (18d? — 65d + 87)m + 2(13d — 83). Then f is universal except 
perhaps for integers N such that 34m —16 < N < M. 


8. The functions (1,1,1,2,-.- +). The fundamental structure of the . 
argument is precisely that of paragraph 2. Hence only new or difficult details 
are given. Sufficient conditions that integers z, y, z, w, each.= 0, satisfying 
a= 2? + yY? + 2? + 2w? and b =g + y + 2 + 2u, exist are ($) and ` 


(9) 4(5a— b?) s4 25° (5n + e) ` (e =2,8). 


These are the conditions of Dickson, since 3 =— 2 (mod 5). Here t= 5. 

The conditions which are equivalent to (9) when a = b = 0 (mod 5) are 
those obtained from (6) and (7) by replacing Y by 5 and using & = 2, 8, and 
AB 540 (mod 5). A lemma analogous to Lemma 1 holds when t= 5, and 
also one analogous to Lemma 2. If as = 2, 8, 4, 6, that is, if as 3€ 0 (mad 5), 
the details are precisely similar to those for t = 7 and as 3£0 (mod 7). The 
same is true if as = § 54a, (mod 5). If as = 5e=a, (mod 5), lemmas con- 
cerning the pairs involving b + 5, b + 10, b + 15 were proved. These lemmas 
were distinctly different in statement and proof for the cases t = 7 and t = 5. 

_ The proof was completed as for t — 7, and there emerged the following values | 

for d. af 


Lemma 8. Let f satisfy conditions (12) of II (necessary conditions). 
Let d= Ras +t if as—2, 8, 4, 6; d= Ras + t if ds = 5 xa, (mod 5) ;. 
d ==(t +- 2)i if as = 5 = as (mod 5) and n > 5 except d = 27 if (1, 1, 1, 2, 5,5); 
d= 14 if n=4. Let N2ZEZ3t. Then there are integers a, b, r, each = 0, 
such that N =r + b + m(a—b)/2, a=b (mod 2), (9) is satisfied, and 
fı =r S m—2—t. Any set of d consecutive integers, each = 8t, can serve 
as values of b. | | ° 


The value (+ 2)t for d'can be lowered if there is a coefficient 
a; #0 (mod#) and aj < 3t. For the argument applied to a; 540 (mod ty 
holds for ar. Hence Zay -+ t can be used as d, and 2a; + t< (+ 2)t. 
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In section 4 of II necessary and sufficient conditions were found that the 
functions (1, 1, 1, 2,: : -) represent the integers 0, 1,> : :, 384m — 16. They 
are (12) of II. 


THEOREM 2. Let f satisfy (12) of Il. Define 
M = (9d? — 45d + 61)m + 2 (94 — 49). . 
Then f represents every positive integer N except perhaps 384m — 16 < N < M. 


The results for (1, 1,1,2,- - -) of Theorem 3 of IT are improved upon 
in this theorem. 


4. The functions (1, 1,2, 4,: : -). The fundamental structure of the 
argument is that of paragraph 2. Dickson proved that if b is odd or double 
an odd integer, and if (3) hold, then 


(10) a = €? + y? + 22? + dur, b =x + y + e-+ 4w 


have a solution in integers = 0. The new case in which b is divisible by 4 is 
included in the following theorem proved in section 7: 


THEOREM 8. Let b = 2*B, a = ZPA or 27*A, where à and h are integers 
= 1, while A and B are odd integers. Then (10) have solutions in integers 
= 0 if and only if 8a = b? and one of the following conditions hold: 


| a=2'4, 1£<iS<h+l 15h; 
(11) a=2*4, 8<h+2—1 ASA (mod 8); 
(a= 2A, 45h+8351, AA (mod 8); 


a = 214, 2<t—A+1, B=+1(mod8), 43615 (mod 16); 
a= 214, 2 <i=h+1, B=+8(mod8), Az ?(mod16); 
a= 214, 2 =i =h +1, A= + 3 (mod 8); 

a=? A, 1StÆh+1, 1<h. 


(12) 


Lemma 1 holds with ¿= 8. In paragraph 4 of II necessary and sufficient 
condifions were found that the functions (1, 1, 2, 4, : > +) represent the 
integers 0,1,- + +, 84m — 16, namely merely that w == m — 2 and that n = 4 
or that a S wx1 + 1 (5S kS n). A lemma analogous to Lemma 2 holds: 
if a; 40 (mod 4), that is, if a; = 5, 6, 7, 9 the details are similar to those 
for t = 5, 7 and a;5£0 (mod t) ; but if a; = 4, 8 the supplementary lemmas 
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‘concerning the pairs involving b + 4, b + 8, b + 12, b + 16 were extremely 
intricate. The proof was then completed as for {== 5, 7 and the values of d 
determined. 


Lemma 9. Let f satisfy w = m— 2, and aS Wer +1 (5S k&n) or 
m4 Let d= 2a; + tif as = 5, 7,9; d = 2ag + t if a, = 0 £ ts (mod 4); 
d == 5teif as —8 and another coefficient is 8° or 16; d = 4t if as —8 and 
another coefficient is 12; d= 28 if (1,1,2,4,8); d= 5t/2 if as = 4 and 
another coefficient is 4 or 8; d= (t —1)t/2 if as = 4 and another coefficient 
is 12; d—3t if f is (1,1,2,4, 4); d= 20 if (1,1,2,4). Let NZES 22. 
Then there are integers a, b, r, each = 0, such that N =r + b + m(a—b)/2, 
a==b= 1 (mod?) or (11) or (12) is satisfied, and fp==rSm—2—t. 
Any set of d consecutive integers, each = 2t, can serve as values of b. 


The value for d can be lowered. if as==0 (mod 4) but there exists a 
coefficient ay 340 (mod 4) such that 2a,;-+¢ is less than the value stated in 
Lemma 9. 


THEOREM 4. Let f satisfy w = m — 2, and ax = wri t+1 ('SkSn) 
or have n= 4. Define M = (15d? — 754 + 100)m + 2(15d— 103). Then 
f represents every positive integer except perhaps 34m — 16 < N'< M. 


5. The functions (1,1,1,1,---). Again the fundamental structure of 
the argument is that of paragraph 2. Sufficient conditions that integers 
£, Y, 2, w, each = 0, satisfying a = £? + y? + 22 + at, b=aetytez+u, 
exist are (3) and | : 
(13) 4a — b? s4 48 (8n + 7). 


When a==0==6 (mod 2) the conditions, equivalent to (13), suitable to de- 
riving supplementary lemmas for pairs involving b + 4, b + 8, are (14) and 
(15), using a = 274 or 27-14, b = 2iB, with AB 5£0 (mod 2): 


a=RBA, 1=i—h or h +1; or 
(14) a= 274, 38ShA+2=—1, A33 (mod 8); or 
a =2*A, 4524351, Axe? (mod 8); 


(15) a= 2A, 1ShSi. 


Lemma 1 holds with t= 4. In paragraph 4 of IE the necessary and 
sufficient conditions that the functions (1, 1, 1, 1,: : -) represent the integers 
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0, 1, - -, 84m — 16 were merely that w = m —} and that n= 4 or that 
dy = wr $1 (bSkSn). A lemma analogous to Lemma 2 holds. The 
previous treatment of p = m — 1 is invalid here, because, if a is odd or double 
an odd, then a, b satisfy (15), but if a= 0 (mod 4), then when i 


b=fmEtt+l, amg o‘ ‘e 


fail to satisfy (14) or (15) so also do ¥ ={—t—2, d =3(g +1) +v. 
If as = 1, 2,.8, 5 then one of £ or # = ¢ + as is satisfactory; similarly if 
as = 45 as (mod 4) ; but if as = 4= a; (mod 4) then one of &, + 4, or 
¢ + 8 is satisfactory (in fact { or ¢ + ay, if there exists ay 540 (mod 4) such 
that ay < 8), if n > 5, while one of &, ¢ + 4, € + 10 is satisfactory if n = 5. 
The details for p < m— 1 are similar to those for t = 5, 7, 8, if as = 1, 2, 3,5; 
if as = 4 supplementary lemmas involving b + 4, b +8 were used. The 
proof was completed then, and the values of d determined. 
If n = 4 the function is known to be universal.’ 


Lemma 10. Let f satisfy ax Swir+1(5SkSn). Let d= Ra; +6 
if as = 1; 2,8, 5; d = Las + 6 if.a5 = 456 ds (mod 4) ; d = 22 if as = 4 and 
another coefficient is t or 2t; d'= 5t for (1,1,1,1,4). Let NZSEHt Then 
there are integers a, b, r, each = 0, such that N =r +b + m(a—b)/2, 
a=b (mod2), (13) holds, and f4—r=m—R8—t, Any set of d con- 
secutive integers, éach = t, can serve as values of b. i i 


The yalue d= Bi 42, wlien as =t, çan be lowered if there exists a 
coefficient ags £0 (mod 4) such that ay < 2t, for then the argument applied 
to G 0 (mod 4) is valid, and d = 2a; + 6. 


THEOREM 5. Let f have w —m—2, and & = Wri +1 (8SkSn), 
Define .M = (7d? — 35d + 48)m + 2(Td— 35). Then f represents every 
positive integer N except perhaps 34m—16'< N < M. - 


6. The functions (1,1,2,2,: : -). The fundamental structure of the 
argument is that of paragraph 2. The method is also that which yielded 
Lemma 7 of II. The results of Lemma? of II (in which the upper value 
B +5 + as, if as = 8, 5, 7 should be 8+ 7 + as) are not as good as the new 
results here obtained, because my limits on b in Lemma 6 of II are not as 
good as (3) which Dickson obtained, and because of improved values for d. 
If as = 3, 4, 5, Y then for p = m — 1 satisfactory values of b are £ or £ + as ; 


* Dickson, Journal de Mathématiques, ser. 9, vol. 7 (1928), Theorems’ 11-15. 


; 
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‘if ds = 2, 6 then 4, + as or £—t—2 are satisfactory. For p < m— 1 and 
as = 3, 4, 5, 7 the. details are similar to those for t= 7 and a;340 (mod 7); 
for as = 2, 6 supplementary lemmas involving b + 2, b = 4, b +6, b + 8, 
b + 10, b + 12 were used. The details were different for as = 2 and a5 = 6, 
but a striking uniformity of values for d emerged. 

The necessary conditions (18) of II should have been stated so that 
(1, 1, 2,2, 6) is excluded. i 


Lemma 11. Let f satisfy (13) of IL escluding (1,1,2,2,6). Let 
d= Ras +t+2 if a5—8, 4, 5, 7; if as —R or 6 and Ae > a5 + 1, lei 
d= Ras + t; tf as =È or 6 and aj = @s +1, let d = 2as + t -+ 1; if a =? 
or 6 and as == üs, let d = 4as +- t; for (1,1,2,2,2) and (1,1,2,2,6) let 

d= 2(t+ 2) + as; for (1, 1 2, 2) let d=?5. Let NZEZ at. Then there 
are. integers a, b, f, each = 0, such that N =r +b + m(a—b)/2, the 
equations a = a? + y? + 227 + 2w*, b= x + y + 22 + 2w have solutions in 
integers each = 0, and fı =r S m—2—t. Any set of d consecutive in- 
, tegers, each = 2t, can serve as values of b. 


The values of d can be lowered, if as = 2 or 6 and ag = as, to 2a; + t+1 
if az = as + 1 and to 2az + t if as +1 L'ar < Ras. 


Taeorem 6. Let f satisfy (13) of II excluding (1,1, 2, 2,6). Define 
M — (11d? — 55d + 74)m + 2(11d — 65). Then f repr esents every positive 
integer N except perhaps 34m—16<N<M. ` 


7. Solvability of (10). Dickson showed that necessary conditions: are 
(16) a=b (mod 2), | 
(17) 8a — b? = F? + Qu? + AW? 

(18) F=4w—2z—y—z, Moine W=y— x. 

The solution of (18) with (10:) give | 


(19) 8w—=b+F, 8¢—b—F+22%, 8y—b—F.9v+4W, 
a oe © 8e = b —F—2v—4W:' 
. Let a and b be even, expressed as in Theorem 3. By examining the 
conditions for equality, we find the inequality 8a — b? g qm A 16n.—+- 14) holds 
only in the following cases: 
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a=214, hii, Bæ+3(mod8), AX 7% (mod 16); 
a= 214, h+ii; 
a=24, hR+1Zi; 


(21) a=, h+8—ti, A31 (mod 8); . 
a=2'4, h+B8<i A37 (mod 8). . 


a= 23A, h+1=i, Bs=+1(mod8), A15 (mod 16); 
(20) { 


Use is made of the known 


Lemma 12. If an even integer is represented by x? + y? + 227, there 
exists a representation with x and y both even. 


Let a and b satisfy (20) or (21) with i = 2. Then 8a—b?=0 (mod 4), 
and in 8a — b? == F? + 2v? +. 4W? we have F and v both even. Hence there 
are integers F, and v, such that F —2F, and v == 2v, and (22) or (28) 
holds, according as a = 2214 or 27": 


(22) 2A — 22B? — P, + Qn? + W?, 
(23) grit A — RiR? = P? + Que + We, 


Since i = 2, the left member of (22) and that of (23) are divisible by 4. 
Hence by Lemma 12 we can take F, and W both even; that is, there exist 
integers F, W, and v2 such that F, —2F,, W = 2W, and v, = 2v, and that 
(22) and (23) become respectively 


(24) | Qmh-24 — 22B? — P? + Que + Wa, 
(25) RAA — B? — F? + w + Wa, 


By these values F == 4F,, v = 4v, and W = 2W>, (19) become 


26 20 = 2B + PF, 2z = 2° B— F, + Qu, 
(26) ay = 2B — FP, — Ru + 2We, Re = 2B — Fy — 202 — RW. 


If += 8 conditions (26) are equivalent to F, even, but if t = 2 they are 
equivalent to F, odd, since B is odd. Now, ifi = 3 by Lemma 12 we can take 
F, even in (25); also in (24), if i23 and k>1. Ifi= 38 and h—1 in 
(24), then one of F, and W, is odd and the other is even, since À is odd, and 
hence by the symmetry we can take F, even. If 1==2 in (25), then 
B + F, + W, is even and hence F, +4 W, (mod 2), and we can take F, odd 
by the symmetry. Ifi—2 and h > 1 in (24) the same argument holds. 
There remains therefore the case t = 2, h =1 in (24); but in (24), as in 
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"(22), h and i satisfy (20), and hence in fact (20,) or (202). Here (24) 
becomes A — B? = F? + w? HWP. ` | 

_ Lemma 13 states necessary and sufficient conditions on a and b, satisfying 
(20:1) or (20,) with h = 1, that there exist a representation of 


. . A — B? = Fè + w + W,? 
with Fẹ odd. kS 


Lemma 13. If A and B satisfy B = + 1 (mod 8) and A 3£15 (mod16). 
or B== + 3 (mod 8) and AS#7 (mod 16), if A is odd, and if A— BP? is 
represented by the form x -+ y? + 22, then there exists a representation with 
z odd if and only if A == + 3 (mod 8). 

First, let B== + 1 (mod8). If As=%(mod16) then A—B?==6 
(mod 16). By the proof of Lemma 12, we have (A — B?)/2=—s? ++ 2, 
and therefore s= i =z = 1 (mod 2), c==y==0(mod2). Similarly, if 
Al or 9 (mod 16), we have s = t = z = 0 (mod 2), z = y = 0 (mod 2). 
Next let A == 3, 5, 11, or 18 (mod 16). Then if in A — B? = g? + y + 22? 
in fact @ and y are even, we have s == t (mod 2). If zs#s (mod 2), we have 


(A—B*)/2=8+4+P+42, A—B [= (s +z) + (s—z)? HRe 


with s +z odd. But if z= s (mod?) then in fact each of z, s, t is even or 
each is odd. If each is even, then (A — B*)/2 is divisible by 4 and therefore 
A — P? is divisible by 8; but by the hypotheses B = + 1 (mod 8) and A == 3, 
5, 11, 13 (mod 16), A—B*s40 (mod 8). Similarly a contradiction is 
obtained if z == s = t = 1 (mod 2). This completes the proof when 
Bs= + 1 (mod 8). ` 

Next, if B == + 3 (mod 8), itis shown similarly that A = 1, 9, 15 (mod 16) 
imply s= y==0 (mod 2). But if A=3, 5, 11, 13 (mod 16), then 
z=y==0 (mod 2) imply z =s (mod 2) and 


A— B? = (s +2) + (s — z)? + 2? 


with s -+z odd. This completes the proof of Lemma 13. | 
Therefore if @ and 6 satisfy (20) with i — 2 and h = 1, there exists a 
representation (17) such that (19) yield integers if and only if A= +38 
{mod 8). 
This proves Theorem 8. 
Since (11) and (12) are merely (20) and (21) with the case i= 2, 
h==1 of (20) modified to include only A = + 8 (mod 8), an alternative 
statement to Theorem 8 is 
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-THEOREM 7. If a and b are even integers such that 
8a — b? ~ 4"(16n + 14) 


and that 8a = b? then there exist integers x, y, z, w satisfying (10) if and only 
if b 3&4 (mod 8), or a==0 (mod 4), or a + 6 (mod 16). : 


Dickson proved that if X ‘js an integer = 0 and if (17) holds, then the 
values x; y, z, w from: (19) are each > — k if Ya < b? + 2bk + 8%”. , The 
proof de not depend apon whether b is divisible by four or not. 


Tumorem 8. Let k be an integer = 0, and let a and b be integers such 
that a=b (mod 2), 8a = b?, b= 8(1— k) and Ya < b? + 2bk + 82. 
Then there exist integers x, y, z, w, each > —k, satisfying (10) if and 
only if b 3&4 (mod 8), or a = 0 (mod 4) or a = + 6 (mod 16), and 
8a — b? 2 4m(16n + 14). 


NORTHWESTERN UNIVERSITY, 
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A CUBIC ANALOGUE OF THE CAUCHY-FERMAT THEOREM.: 


By ALVIN SUGAR. 


Intr oduction. In this paper we shall obtain an ideal universgl Waring 
theorem for the polynomial ee 


(1) P(x) = m(a—2)/6 + x, z integral and = 0, 


where m is an integer = 16, i.e. we shall prove g(P) =m + 8 for m = 16. 

In Part IT of this paper we evaluate a.constant O, —10%?m", which 
maximizes the constants of papers of Dickson,’ Baker and Webber *; this 
gives us the following theorem. | 


THEOREM 1. Form = 7, every integer = O, = 102m” is a sum of nine 
or ten values of (1) according as the congruence m = 6 (mod 9) does not or 
does hold. 


In Part I we develop a powerful ascension theorem and ascension methods, 
and by ascending -beyond the -constant C,,’ prove that every positive integer 
SC, is a sum of m — 3 values of P(x) for m = 16. 


Part I. Ascénsion METHODS. 


1. Ascension theorems.. We shall ascend beyond the constant C, == 10*#m*° 
first for a fixed range and then for an arbitrary- range of values si m ` 
We write > = D 
F(a) =P(a ae 1) — P(a) 


and apply a ‘theorem of Dickson’s ë to our pomama P (e) 


THEOREM 2. Let every integer n e< nS < £ 9, té a sum of k—1 ‘dines 
of P(x), and let a be an integer = 0 for which F(a)'< g—c. Then every 
integer N,c << NSg+P(a+1), is a sum of k values of P(x). 


1 Presented to the Society, November 30, 1935. a 78 

2 Transactions of the American Mathematical Society, vol. 36 {1934}, pp. 1- an 

5 Doctoral dissertation, Chicago, 1934. 

4 Transactions of the American Mathematical Society, vol. 36 (1934), pp. ' 493- 510. 

5 Theorem 9 in the Bulletin. of the American- Matlemätical Society, vol. 39 (1933), 
p. 708. 
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Before going on to our next theorem, we note that in ‘this series of. 
theorems, g and c need not be integers. 


THEOREM 3. Let every integer n, c<n< g, be a sum of k—1 values 
of P(x), and let y be a real number 20 which satisfies the inequality 
F(y+1) <g—c. Then every integer N, 


(2) 6 , cS NSg+P(y+)), | 
is a sum of k values of P (£Y. 


By way of proof we observe that F([y] + 1) = F(y + 1) and 
P(y +1) < P([y] +2), since F(x) and P(x) are properly monotone in- 
creasing functions for «= 1. 

We are now in a position to introduce an important ascension theorem, 
which will enable us to breach a huge interval in one step. The inequality 


(3) F(3t°/° 4.1) < P(8i +1) 


holds for ¢ 221. Let ¢ be a real number Æ 1 which satisfies the inequality 
F(3t+ 1) < pm + q, and let every integer No, c < No S c + pm + q, bea 
sum of k values of P(x). Then from (2) we have that every integer N’, 
c < N°'Æ c + pm + q+ P(8t + 1), and hence every integer M, 
c <N, = c + P(3t + 1), is a sum of k + 1 values. Similarly, since 
F(34%2 + 1) < P(3t + 1), by (3) with e—1, then every integer Na, 
ce < N: S c -+ P(81%? +1), is a sum of +2. And finally, every integer No, 


e < NS ep P(e 4 1), 


is a sum of k+ s. The proof of this last statement is made by an induction 
ons. Since 
(9/2) B"'m < c + P(3t°/" +1), 


we may state the following theorem. 


THEOREM 4 Let every integer n, c <n = c + pm + q, be a sum of k 
values of P(x), and let t be a real number = 1 which satisfies the inequality 
F(3t +1) <pm+q. Then every integer N, 


: e < N S (9/2) P06)! m 
is a sum of k + s values of P(x). 


2. The first ascension; 16S m & 1950. There follows a list of values 
of P (z). 
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0,1,a =m +2; b=4m +3, c—10m+4 d—20m +5, e= 35m + 6, 
f= 56m +, g= 84m -4+ 8, h= 120m +9, t= 165m + 10. 


We are also going to list a set of intervals such that an integer lying in 

anyone of these intervals will be a sum of m— 8 values of P(x). These 

-interyals will. overlap for m = 16. Therefore m— 8 values will suffice over 
the interval defined by the overlapping intervals. 

We shall reconstruct a portion of the following list. We begin with 
120m +9. By adding m — 8 to this we obtain 21m +1. It is ‘evident that 
every integer from 120m + 9 to and not including 121m + 1 is a sum of 
m — 8 values. Now consider the integer 120m + 16 =a + e +g. By adding 
m—10 to this we obtain 121m +6. It is evident that every integer from 
120m -+ 16 to 121m + 6 is a sum of m—8 values, and continuing thus we 
come to the interval (120m + 24, 121m + 11) over which m— 8 values will 
suffice. Since 121m + 11 = h + a, we can begin all over again as we did with 
120m + 9 by adding m — 9 to 121m + 11 and repeating the above procedure. 
By inspection it may be verified that the following set of intervals overlap for 
m = 16. 


(h = 120m + 9, 121m + 1), (a+ e + g = 120m + 16, 12im + 6), 
(2b + 2f == 120m + 20, 121m + 9), (2a +b + € + d + g = 120m + 24, 
1lm+11), (a+h—121m+ 11, 122m+2), (2a—+ 6 + g —121m + 18, 
122m + 7), (c + d + et f — 121m + 22, 122m + 11), (8 +e+f 
= 121m + 25, 122m + 13), (Za + h = 122m + 13, 123m + 3), 
` (c + 3f = 122m + 18, 128m + 8), (a +c + d + 6e + f — 122m + 24, 
123m +12), (a+ 8c+ 6 + f—122m + 27, 123m + 14), (a+ c+ 2d + Re 
== 122m + 30, 123m + 16), (L + 3a + h = 123m + 16, 124m + 4), 
(a+ ¢ + 2f = 123m + 20, 124m + 9), (a + 20 + + d+ g= 128m + 25, 
124m + 12), (b + h = 124m + 12, 125m + 3), (a +b + e + g. 
== 124m + 19, 125m + 8), (4e + g = 124m + 24, 125m + 12), 
(2a + 2b + c + d+ g= 124m + 27, 125m + 13), (b + © + 2d + 2e 
= 124m + 29, 125m +16), (2 + à + b +h = 125m + 16, 126m + 4), 
(a + 2d + g = 125m + 20, 126m + 9), (b+ c++ d+e+f—125m + 25, 
126m + 13). 


Hence if m 216, then every integer n, 120m + 8 < n = 126m + 12, 
is a sum of m—8 values of P(x). Applying Theorem 2 we see that 
F(3) =6m+1<6m+4; then m—v? values suffice from 120m +8 to 
120m + 8 + 16m + 8. Two more applications of this theorem give the result 
that m—5 values will suffice from 120m + 8 to 120m + 8 + 216m. 
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The next ascent will be made in one step by employing Theorem 4. 
Since ¢ — 19/3 satisfies the inequality F (8t + 1) < 216m, then every integer N, 


120m + 8 < N S cm = (9/2) (19/8)?°/?*m 


is a sum of m + 8 values. It is evident that the inequality 10m” = cam , 
holds for 16 m=1950. Hence we have by employing Theorem,1 the 
followingetheerem. 


Tuzorem 5. Lét m-have the range 16 = mS 1950; then every positive 
integer > 120m + 8 is a sum of m + 8 values of P(x). 


8. -The second ascension. Again we construct a set of overlapping intervals. 
This time we begin with an arbitrary value P(A) = Rm + A, and we take 
m— r as the number of values which will suffice over each interval. By 
adding m—vr (where r is a positive integer) to P(A),-we obtain the first 
interval 


(Bm +4, (R+1)m+4A—r), 


We take r = R — A — 10. The rest of the intervals can be written at once, 
as follows: 


((R—1+t)m+2R—24 2, (R+t)m+R4+t—1), 
(Him +R tir, CR AR RE D 
(t=1, + +,10). 


We observe that (R— 1+ t)m +2R— 2 + 2t = (R—1+t)a and that 

for this range of ¢ the integer ° (R + t)m + R +t—r= P(A) + ta + 10—t 

is a sum of 11 values of P(x). By inspection it is evident that these intervals 

will overlap for m= Q(A) = 8R — 2A — 1 = (A? — 54) /2 — 1. We also 
.see that r = (A* — 7A )/6 — 10. 


Lemma 1. For mZ Q(4), À = 5, every integer n, 
Em+A=n<(R+10)m + À + 20, 
is a sum of m —r values of P(x). 


In the following discussion we shall prove statements (S:) and (82). 
We begin with P(A) and show (81) that for Q(A) Sm = Q(A +1) every 


° As a matter of fact the value assigned to r was obtained by requiring that r be 
the ae integer for which the inequality (R +t)m + R+t—rZP(A) + ta, 
(¢=1,. » 10) holds. 
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“integer > P(A) is a sum of m+ 8 values, provided A210. We also show 
(S2) that for m = Q(A), m + 3 values will suffice from P(A) to P(A +1) 
inclusive, when AZ 10. Since Q(A) is an increasing function, then, by (82) 
and an induction on A, we conclude (S) that for m = Q(A), every integer n, 
P(10) SnSP(A+1), will be a sum of m + 3 values. . Hence from (8,) 
and (8s) we have the following theorem. 


THEOREM 6. Every integer = P (10) is is a sum bof m + 8 values. of P (7) 
_ for mZ Q(10) = 474. : 


This and Theorem 5 give us the next theorem. 


. THEOREM Y. Hvery integer = P(10) is a sum of m + 8 values of P(x) 
for m È 16. | 


There remains yet to be proved, the Statements (Sı) and (82). In 
establishing these statements we make use of a pair of inequalities which are 
derived from the expansion of k”, into the power series 


3 3 : 
emit alogh +2 ba 2e NES ase 








Since this series converges for all z, we have the following inequalities holding 
for a positive a. 


2 loo? h 
(4) 1 > PE k. 


a wa k 
e. 
To the results of Lemma 1 we apply Theorems 2 and 4, and we find that 
every integer N, 


(5) 'P(4) SN S cm = (9/2) (10)24/"m, 





k > — ee 


is a sum of m + 8 values of P(x) for m ÆQ(4). We know that 
10m = Com, when Q(4)S Sms M = (10e). 
Let y= = A*®/10; it is then evident that í 


. M > (10) (2/9) (8/2)¥-12/9 , 
for, | | | 


From (41), we have 


y? 2 
> (5) -2 ste 10449, 


7 ae ee the remainder of this discussion we shall take A = 10. 
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Write z—10-*A®; then M > 107. Employing (4), we obtain 
107 > 10° A's > A? > (AS + 384? — 24 — 6)/2 = Q(A+1). 


Therefore M > Q(A +1), and we have proved (81). 
It is evident that 


: com > Mm >m Q(A) > P(A +1). ° 
This result and (5) prove (S82). 
4, The positive integers < P(10). We shall prove another lemma. 


Lema 2. Every positive integer S c= 10m + 4 is a sum of m+ 8 
values of P(x) for m Z 4. 


It is evident that every integer < 3m + 6 = 3a is a sum of m + 8 values. 
Adding m + 1 to 3m + 6, we see that every integer < 4m +7—4+b is a 
sum of m-+3 values. Adding m—1 to this, we see that every integer 
<5m+6=:1+a+5 is a sum of m + 3 values. Repetition of this argu- 
ment gives the following list: 


6m +%—=2a+b, Im+8—ba+m—4, Im+10—1-+ 30+, 
8m +9=38+42b, Om +8— 0 + 2b, 10m +4 =c. 


This completes the proof of the lemma. 
The following set of intervals, which overlap for m = 16, give rise to the 
conclusion that every integer n, 


(6). 10m +3 < nZ i3m +9, 
is a sum of m — 1 values of P (7). 


(c = 10m + 4, Lim + 3), (6a + b = 10m + 15, iim + 8), 
(2 -+ a+ c= lim + 8, 12m + 4), (Ta + b = Lim + 17, 12m + 9), 
(1 + 2a + c= 12m + 9, 13m + 5), (8a +b — 12m + 19, 18m + 10). 


Applying Theorem 2 to (6) four times, we obtain the following result. 


Pemma 3. For m = 16, every integer n, 10m + 8 < nS 217m + 82, is 
a sum of m + 3 values of P(x). 


This result along with Lemma 2 and Theorem 7 completes the proof of the 
Principal Theorem. 
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PRINCIPAL THEOREM. very positive integer is a sum of m + 3 values 
‘of mx —x)/6 + x for non-negative integers x, where m = 16. 


Parr II. EVALUATION OF THE CONSTANT. | 


The proof of Theorem 2 of Dickson’s and of similar theorems of Baker’s 
and Webber’s® depends upon the existence of an integer C lying in each 
interval of a triple of intervals of the form rA 


4 


, (7%) fm, bs) 53°C SF (mdi) ++ (41, 2,3) 


where the b; are suitably chosen positive odd integers. For m £6 (mod 9), 
(7) takes on the form (8). For m==6 (mod 9), (7) becomes (9). 


(8) &m + y+ (9/8) mb, S 310 S (3/2) mb + m/3 (i= 1,2,8), 
=e ae ((m, 3) =1) 
(mt + 81)/6 ((m,3) 1); 


(9) DE mbit + 2 Em ty S80 SP mbit +E ee ane 


where y has some value similar in form to those of (8).° 


An inspection will verify that for m = 7, 


(10) bi < Im (i= 1, 2, 3) 
for all the *° b; of papers A. Replacing b; by 7m in the right hand side of (8), 
we get 

(11) 310 < 520m* (i= 1, 2, 8). 


Whence O < 60m*. We also seek a value for 3°" which satisfies 2 


gO eG 
b; (34:)# T 
and hence which satisfies 


384b 


384b; (3iC ae) m) Zs 4320 | 82n + A (m — 6 — 3b;) + 192b;?. 


(12) 3 > [= 


° Op. cit. These papers shall henceforth be referred to as papers A. 

*f and F originally contained terms of the form f; divided by a power p p(n) 
of 3, but for n == v these terms become negligible. 

1° In his paper, Webber did not list the b, corresponding to the case m = 18e + 12, 
i.e. m==8a, a even and =1(mod3). They are here supplied by the author: 
b, = 20e + 11, b, = 28e + 17, b, = 40e + 23. 

#1 Dickson, op. cit., p. 7, (28). 
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For convenience we state the following lemma. 


LEMMA 4. For a positive a, the Re y a? > ax + B is satisfied by y 
s > M = max(a, B) +1. 


For each ‘of three cases, 8 negative, 8 > «, and 8 < a, the proof may be 
made by substituting M for v. 

If we write (12) in the form 2? > ar + 8 —8, where £ is the sum of all 
the positive ‘terms free of 3°", we know that this inequality is satisfied for 
x > max(@, 8) +1, by Lemma 4. But by (10) and (11) we have 


5,000,000 m* > 384b:8'C/m > max(a, B) +1. 
Hence we have for m = 7, 
c3v < 10% m2 — O. 
A similar argument for (9) produces a smaller constant than. C;. 


` Tue Universiry OF CALIFORNIA. 
BERKELEY, CALIFORNIA. 


ON A PROBLEM OF POLYA. 


By Norman LEVINSON. 


1°, Pólya * has set the following problem: 


If f(z) is an entire function uniformly bounded at z = 0, = 1, £2, >, 
and if ve i 
i0 
(1. 0) lim og fr) < 0. 
T0 


then f(z) is a constant. ' 


Here we shall prove the following theorem which will yield immediately 
a generalization of Pélya’s results. 


THEOREM I. Let g(z) =g(x+ ty) be an entire function such that 


(1.1) | iim Js | grey a 

and ga 

(1.2) . g (iy) = O (elul) 

as |y|—> œ. If | À 
(1.8) g(en) = 0(1) 


as | n |— ©, where {2,} is a sequence of complex quantities such that 


(1. 4) jan—n| Sa  —o<n<o a 
for some positive integer a, and 

(1.5) | | 2n — 2m | = 8 

for n&m and for some fixed § > 0, then 

(1.6) g(x) =O(le|4)- 


where A depends only on a. 


1 National Research Fellow. € 

? Jahresbericht der Deutschen Mathematischen Ver cinigung, Bd. 40 (1931), 2te 
Abteilung, p. 80, problem 105. Solutions have been given by Tschakaloff, by Szegô, and 
by Pélya. Paley and Wiener in “ Fourier transforms in the complex domain,” American 
Mathematical Society Colloquium Publications, vol. 19, pp. 81-83, have also given a 
solution. 


791 


792 NORMAN LEVINSON. 


Asa corollary of this theorem we have the extension of Pblya’s result. 
Tarore» II. Let f(z) satisfy condition (1.0) and let 
(1.7) | ee. fer) = 0(1) 
as |n|— co, where {a} is a set of complex quantities such that 
(1.8) [%—na|Sp, —co <n< 0 
for someepositive a and B. Then f(z) is a constant. 


2. We require several lemmas in proving Theorem I. 


Lemma 1. Let {2n} satisfy conditions (1.4) and (1.5). We also assume 
| 4. | 221. If 








(2. 0) ro-et- 
then 
(2.1) | F(2)| < A2] +1) 2%, 
e» 0 nes 
| Agel 
and wit 
(2. 4) | F’(2n)| > ag — © <n< 0, 


where Ax, As, As, and À, depend only on a. 


Since F(— 2) satisfies all the requirements we assume with no loss of 
generality that s = 0. We begin by proving (2.1) for |z| = 4a. Clearly 
if |n| > 2a 





taz 
2n | 2(2n — n) 
£ 1 < 
1—2 + 2n(m— z) 








a|2| 


< I -4 ec 
+ Taal aa 
Or if N is defined by N—4 S |z| << N + 4, then 


Sexp(2a|z|/|n| |n—z]). 























| exp[2a| 2] 3"(1/|n] |n—z1)] 
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where 3” indicates the sum from — co to œ with the terms n = 0 and n = N 
omitted. Clearly 






































17 1 X 1 1 =i: s f 
3 EN] 1 3 N-1 1 
e lal ont Tel, gN N—n—4 
1 2N 1 D | le 
tTa = a Ce 
<10log|21 ‘ 
fal 
Therefore 
i] z — z| |sinrz| 24 g? |-2 
p= Ja <= 9 204 ZN _# 
ne Zn Z-n [z] z—N TZ T l 3 
(0) 
r |z— z | aa a 4 
un 





| P(2)| 52 |z |3 





nil |v —s| Ë | 





Recalling that |z | = 4a and | z, | = 1, we have 
3 (| 2 | + 3a)“#1(2a) 4a+107|y| 
<= 20a ESEE aE E a Aaa ai 
| F(z)|S10[z| (J2| — 2a) 
< A |z |2% erll 


where A depends only on a. This holds for |2| = 4a. If |2| < 4a we can 
extend this result by observing ‘that F(z) being analytic takes its Rens 
value on the boundary. Thus we get (2.1). 

As regards F'(z)/(z— zn) we observe that for | z—z,| =1, (2.2) isa 
consequence of (2.1). For | z—2n| < 1 we use the fact that F'(2)/(2— zn) 
takes its extreme value on | 2—z,|—1. This proves (2.2). 

The proof of (2.3) is similar to that of (2. 1): Here we consider 





2 
i eee Ce 
12 T n(n — 2) 


If — oo <n<|2|—2a or if [z| + 2a<n< ©, then ° 


Z 
aa ajz] 


z—n|— a) 





ST <exp(2a|4|/|n| |"). 
Zn 
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If we now proceed in a manner similar to that used above and remember that 
| y | > Ra we get 
1 


RU Een à 
~ 44, | sin we | 











which gives (2.3) immediately. 
` In proving (2.4) we one that 


where the prime on the eae indicates that the term zero is omitted. If 
n > 8a, 


5 = Mr 20 Mur ( — k — =) (= +k— =) 
PNR ES IT k + a kta 


Do hk — n — 2a\ (ke + n— 2e è sari 
Cr NA F+a Gra) 


=4( 8 ye a e(n + 2a + k)? 
Un F 8a A e 


on i (te) | À CS), 


k? n+2a+1 

















1 


Tf we observe that | sin (æ + k)|/| x | approaches r as x — 0 we get, recalling 
_ that a is an integer, 











n-2q-1 Le | À ore) n+2q (n— 2a)? | ° 
a ER lod ey a sa asad 
1 wl, k? g H, kz 
Thus. 


8a+1 n+2a 


; (n — 2a)? j7 Sati. 
KOLE E se) Ce ee aa eiG) | 


This proves (2.4) for n > 3a. Clearly the same method can be used for 
OS nE 8a and since F(—z) is of-the same form as F(z) it holds for all 
values of n. 








LEMMA 2. If y(z) is an entire function satisfying (1.0) and if p(w) is 
uniformly bounded for real x, then (2) is a constant. 


That ¥(z) is bounded in each half-plane (upper and lower) follows from 
a well known result of Pragmén and Lindelof.* Thus y(z) is a constant. 


3. In proving Theorem I we make use of the Pragmén-Lindelôf function, 


3 Pélya-Szegd, Aufgaben und Lehrsätre, vol. 1 (1925), p. 147, problem 135. 
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h (8). Since we are dealing exclusively with entire functions of order 1, the 
following definition will suffice for use here, 


we te : «pib 
(3. 0) oy Sn eT. 
r00 T 
The behaviour of this function is characterized by 
3 : 


THEOREM * A. If 0, <'6: < ba and 0: — 6, <m then ae 
(3.1) A() sin (85 — 62) + (03) sin (82 —8,) = (62) sin (65 — 6). 


Proof of Theorem I. We can assume that | 2, | = 1 for if this is not the 
case then it becomes true on discarding a finite number of zn. The new set 
which can again be called {2,} clearly satisfies (1.4) for some new a, Thus 


on ñ (GE) 


satisfies the requirements of Lemma 1. 

We assume that g(z) has am infinite sume of zeros (otherwise the 
theorem is trivial by an application of the Hadamard factorization theorem). 
If we divide out 8a + 3 of these zeros it is obvious that we obtain a function 
gi(z) such that 

Ga (an) = O (| za 5), jaj> 00. 
Thus by (2. 4) 
Gaa) E (z) 
co F” (zn) (2 — Zn) 


is absolutely convergent. Moreover 


© 
2 
S 91 (2n) F (2) 
H(z) = g:(2) — FG, )(z—2n) 
vanishes at all points z == 2, and by (1.1) and (2.2) we have 


a pid 
(3.2) Tim BLEED =, 


1-20 


Thus by the Hadamard factorization theorem 


(3.3) | H(z) = F(2)y(2) ° 


where y(z) is an entire function of at most order 1. 


1 Titehmarsh, Theory of Functions, Oxford Press (1932), p. 184. 
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By (1.2) and (2.2) it follows that 
H (iy) = 0 (| y |er''). 
By (3.3) and (2. 3 ) it follows therefore that | 


(3. 4) #(y) = 0(] y |**). 
We ehall now investigate separately the various possible forms of a 


base 1. Let us suppose #(z) is a polynomial. By (3.4) it is of at most . 
degree 40a. We recall that 
ga (2n) F (2) 
n) =F) +E 

By (2.1) and (2.2) with y(z) a polynomial of degree at most 40a it is 
clear that 

g.(2) = O(| æ |). 
Therefore 

g(z) = O (| æ |33) 


and the theorem is proved for this case. 


Case 2. Let us suppose that (z) is not a A polynomual but that 


lim log | y(2)] | | H(2)| =0. 
3 [z|200 z| 

Clearly (3.4) gives us 

(8.5) Tm bel yy) pa <0, 


lyl-200 y 


Thus applying (8.1) to each quadrant we get 


40 
(3.6) h(6) = Tam rg LHC) 0 
r0 
for all values of 6. 
We can now conclude that y(z) cannot have a finite number of zeros 
because if it did then the Hadamard factorization theorem would give 
w(2) = Plz)er 
where P(z) is a polynomial. By (3.6), c= 0 and therefore ÿ(z) is a poly- 
nomial contrary to hypothesis. 
Thus y(z) has an infinite number of zeros ne if we divide out 40a of 
these we obtain a function y,(z) such that by (8.4), yı(iy) —0(1) as 
= 
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e so 

|y|— 0. Since y,(z) satisfies (3.6), it follows from Lemma 2 that y (iz) 
is a constant, But this means y(z) is a polynomial which is contrary to our 
assumption. Thus Case 2 is impossible. 


Case 3. Finally we suppose that 


(3.7) ° : Tm Blao. 
llo || e 
With no loss of generality we can assume that {3. 7) holds for x > 0 (for 
otherwise we could deal with y(—)). Thus h(0) =a > 0. Using (3. 5) 
and applying (3.1) to 0 < 8 < 4x and — 4r < 6 < 0, we have 


(3. 8) h(6) = a cos 6, —dtr<6< tn 
If we set 6; = — 0, 6; = 0, and 8, = 0 in (3.1) we have 
h(— 6) sin 8 + h(0) sin 8 = asin 26, —dr < 0 < 4a 
Or 


h(— 0) + h(8) = 2a cos 8. 
Combining this with (3.8) we have 


h(0) = a cos 6, —tr<6< Lr. 
That is 
i0 
(3.9) Tm eee acosé, —tr<6< à. 
r>% r 
By (2. 3) and (3.2) it follows that « cannot be infinite. Let us take 
ba = tan r/a. Then using (2.1), (2.3), and (3.3) we have j 


g ibo -oilo ibo 
Tim eee = lim roel Pere | lim log | Hire )| 


7200 roo r>% 


= v Sin 9 + & cos fo = (n? + a? 3. 


But by (8.2), æ must be zero, contrary to hypothesis. Thus Case 3 is im- 
possible. 

These three cases exhaust all possibilities. Only Case 1 is possible and 
this leads immediately to the completion of the theorem.® 

We can now readily prove Theorem II. We observe that there is no 
restriction in assuming that a > 38 in (1.8), for if this-is not the case then 
let W be an integer so large that No > 38. We can then use the sequence 


\ 
5 Clearly, condition (1.1) need only hold for @ close to m and —47, and g(z) 


be known to be of order 1, in order that the above proof of Theorem I go through. 
: w. 
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{nx} in place of {zn} and æ, = aN in place of « in (1.8) and now we have 


% > 3B. 
Thus assuming g > 88, we have, if n s£ m, 


(3. 10) | 2n— zm | = | na — ma | — | zn — na | — | zm—ma | 


= a—2B >B. 
We observe that f(z/a) is uniformly bounded at the points {z,/a}. By (1. 8) 








t EL 
(3.11) A 
And by (3. 10) x 

mn _ m| >Ê 

a a} a’ 








Thus f(z/a) satisfies the requirements of Theorem I and therefore 


t(Z)—oe4), ll, 
for some A. Or i 


f(e) = 0(| 2 |4). 


By the Hadamrd factorization theorem, Theorem IT is trivial if f(z) has only 

a finite number of zeros. If we assume it has an infinite number we divide 
out A of these zeros and apply Lemma 2, which shows at once that f(z) is an 
algebraic polynomial and therefore cannot have an infinite number of zeros. : 
This completes the proof of Theorem II. 
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GEOMETRIE DES SYSTEMES DE CHOSES NORMEES. 


Par V. GLIVENKO. 


I. Introduction.. : 


1. On sait que, dans plusieurs questions d'Analyse, il.est permis de ne 
prendre pas en considération les ensembles de mesure nulle, de sorte qu’il y 
est permis d'identifier les deux ensembles mesurables À et B chaque fois où 
les points de 4 n’appartenant pas à B et ceux de B n’appartenant pas à A 
forment un ensemble de mesure nulle. Autrement dit, on peut y remplacer 
les ensembles mesurables par leurs types métriques. 

Les types métriques eux-mêmes n’étant pas des ensembles, il est toutefois 
naturel d'établir entre eux des relations propres aux ensembles. Ainsi, on peut 
dire qu’un type a fait partie d’un type b, en signes a C b, si tout ensemble À 
du type a est contenu, à un sous-ensemble de mesure nulle près, dans tout 
ensemble B du type b. Pareillement, on peut introduire la ‘notion de la partie 
commune ab de deux types a et b, celle de la somme a+ b de ces types etc. 

Nous exprimons tout cela en disant que les types métriques, de même que 
les ensembles eux-mêmes, forment un système de choses, dont nous allons 
"préciser la définition: 


8. Nous appelons s de de choses un en S déléments “, b, CR 
lorsque les conditions suivantes sont remplies: 

1°. L’ensemble S contient des couples Poe a, b liés entre eux par 
une relation a C b telle que: 


ab et bCa entraîne a=b et inversement ; 
ab et bCe entraîne aCe. 


2°, A tout couple d’éléments a,b de PAIE 8 correspond u un élément 
ab de § tel que . 


ab Ca, | 
ab C b, | wh 


et que, x étant un élément de S, 


«Ca et «Cb entraîne «Cab. pens 
799 
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3°, A tout couple d’éléments a, b de l’ensemble § correspond un élément 
a -+b de S tel que 


aC a+ b, 
bCa+b, 


et que, y étant un élément de S, 
° -aCy et oe entraîne a+ bC y. 


49, E A 5 enkai un élément 0 tel que, quel que soit Pélément ` 
z de 8, 
0C 2. 


Il est aisé de voir que les propriétés ci-dessus définissent les éléments ab, 
a + b et 0 d’une manière univoque. 


8. A tout ensemble mesurable correspond un nombre bien défini, sa 
mesure. De même, à tout type métrique a on peut attacher un nombre bien 
défini | a |, mesure d’un quelconque ensemble de ce type. 

Il y a cependant une différence essentielle entre ces deux cas. Il existe 
plusieurs ensembles ayant la mesure nulle, mais il n’y a qu’un seul type «a = 0 
tel que | a | = 0; c’est porquoi tout ensemble peut être augmenté sans changer 
sa mesure, ce qui est impossible pour les types. 

Nous exprimons tout cela en disant que les types métriques forment le* 
système de choses normées. 


4. Nous disons que S est le système de choses normées lorsqu’à toute 
chose a de § correspond un nombre non négatif | a |, norme de cette chose, 
possédant les propriétés suivantes : 


aCb et asb entraîne [al < |b]; 
[a+6|+|abl[—[a|+ [b]; 
[0[—0. 


5. Outre le système des types métriques, on connaît plusieurs systèmes 
de choses normées. En voici quelques exemples. 

1%. Dans la théorie des probabilités, il est quelquefois favorable d'identifier 
les deux événements chaque fois où la probabilité que l’un d’eux se produit 
tandis que l’autre ne se produit pas, est nulle. Autrement dit, il y est favorable 
de remplacer les événements par leurs types stocastiques. 

Les types stocastiques forment un système de choses normées si l’on con- 
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í vient d'écrire a Œb chaque fois où, A étant un événement arbitraite du type 
a et B un événement arbitraire du typé b, la probabilité que A se produit 
tandis que B ne se produit pas, est nulle. Ici, |a| est la probabilité d’un 
quelconque événement du type a. 


2°. Dans la logique mathématique, il est quelquefois favorable d'identifier 
les propositions équivalentes. Autrement dit, il y est favorable de remplacer 
les propositions par leurs types logiques. : . °¢ 

Les types logiques forment un système de choses normées si Pon convient 
décrire a C b chaque fois où, A étant une proposition arbitraire du type a et B 
une proposition arbitraire du type b, la proposition À implique la proposition B. 
Ici, |a| est la valeur logique d’une quelconque proposition du type a, égale 
à un pour les proposition vraies et égale à zéro pour les propositions fausses. 


3°. Prenons les domaines bornés aux frontières quarrables, et considérons 
ces domaines conjointement avec leurs frontières. Les ensembles fermés ainsi 
obtenus et l’ensemble vide forment un système de choses normées où a C b, 
ab, a + b et 0 ont le sens usuel sauf le cas où la partie commune de a et de b 
ne contient aucun domaine: alors, on prend pour ab l’ensemble vide. Ici, 
| a | est l’éténdue de a. 


4. Prenons un anneau d’ensembles finis. Ceux-ci et l’ensemble vide 
forment un système de choses normées où a C b, ab, a+b et 0 ont le sens 
usuel. Ici, |a| est le nombre d’éléments de a. 

. 


5°. Les nombres entiers positifs forment un système de choses normées 
où aC b signifie que a est un diviseur de b, de sorte que ab est le plus grand 
diviseur commun de a et de b, a + b est le plus petit multiple commun de ces 
nombres, 0 est le nombre 1. Ici, on a |a |= log a. 


6°. Les nombres non négatifs forment un système de choses normées où 
aC b signifie que a ne dépasse pas b, de sorte que ab est le plus petit des 
nombres a et b, & + b est le plus grand de ces nombres, 0 est le nombre 0. 
Ici, on a simplement | a | = a. 


6. Abordons maintenant la question principale dont nous nous occupons. 
On verra que tout systéme de choses normées est un espace métrique. Cela 
résulte du fait qu’on peut y former une expression, à savoir | a+ b | — | ab |, 
qui possède tous les propriétés de la distance de a et de b. . 

C’est précisement l’étude de la structure de cet espace qui est le but du 
présent article. Nous définirons un espéce d’espaces métriques que nous ap- 
pelerons espaces presque ordonnés, et nous démontrerons les deux théorémes 
suivants : a 
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THEOREME DIRECT. Tout système de choses normées estun espace métrique 
presque ordonné où la distance de a et de b est égale à 


on RÉ + 


THÉORÈME INVERSE. Tout espace métrique presque ordonné est un. SYS- 
ième de choses normées où l'expression à 
e 


us | © Ja+b|— |a] 


est égale à la dislance dé point a et de point b. 


, 7. Il nous paraît que telles considérations, où les types métriques, par 
exemple, se présentent comme des points d’un espace, sont dignes d’intérêt 
puisque les types métriques peuvent être définis effectivement comme des 
éléments indépèndants, en laissant de côté toute la théorie des ensembles 
mesurables, l | 

Convenons de désigner, en effet, par À, B,- - - les sommes finies et bornées 
d’intervalles, et par | A |, | B |,- : : les sommes de ses longueurs; ces sommes 
d’intervalles forment un espace métrique où la distance de A et de B est 
égale à 

|A+B|—| ABI. 


L’espace en question n’est pas complet, mais nous -pouvons le faire complet 
en y ajoutant des nouveaux éléments à l’aide des suites convergentes, en sé 
servant @un procédé bien connu, de la méme maniére qu’on obtient tous les 
nombres réels à partir des nombres rationnels.1 Les éléments de l’espace 
ainsi complété seront précisement les types métriques. 


- 8. Il est à remarquer, entre autres, que tous les exemples cités plus haut, 
des systèmes de choses normées, possèdent une propriété importante. 
On sait que les propriétés 1°-4° du n°2, caractéristiques pour les systèmes 
de choses, ont pour conséquence la relation suivante: 


(1) ac + bcC (a+ b}c. 
Quant à là relation inverse, 
(2) (a+b)eC ac + be, 


elle est, au contraire, indépendante des propriétés en question. ‘Il existe, en 
effet, des systèmes de choses dans lesquels la relation (2) n’est pas nécessaire- 


3 Cf. F. Hausdorff, Mengenlehre, 1927, p. 106. 
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‘ment remplie." L’exemple bien connu d’un tel système est celui du système 


des corps convexes. Si, a et b étant deux corps convexes quelconques, on 
attribue à a Œ b, à ab et à 0 le sens usuel et si Pon prend pour a + b le plus 
petit corps convexe contenant & et b, on voit sans peine que les conditions 
19-40 du n°2 y seront remplies tandis a il n’en sera pas, en général, pour la 


relation (2). 4 
Ef d’autres termes, convenons de dire qu’un système de choses est dis- 
tributif si, quels que soient a, b,c, on a nécessairement : 


ac + be=(a+b)e. 


Ce-ci est équivalent à la couple des relations (1) et (2). 

La propriété importante, mentionnée ci-dessus, des exemples cités plus 
haut, consiste en ce que c’étaient toujours des exemples des systèmes dis- 
tributifs. On pourrait croire que c’est inévitable pour les systémes de choses 
normées. Mais on verra dans la suite qu’il existe aussi des systèmes des choses 
normées qui ne sont pas distributifs. Cependant, les systèmes distributifs de 
choses normées méritent, sans doute, une attention particulière et nous leur 
consacrérons, dans ce qui suit, une étude détaillée. 


II. Espaces métriques presque ordonnés. 


9, Rappolons qu’un ensemble D est dit espace métrique,” et que ses élé- 
ments a, b, c,' > : se nomment points, lorsqu’à tout couple d'éléments a, b de 
l’ensemble D correspond un nembre non négatif (a,b), distance de point a'et 
de point b, possédant les propriétés suivantes : 


(a,b) —0 entraîne a—b et inversement ; 
(a,b) = (b,a); 
(ab) = (a, c) + (c,b). 


Quand on a (a,b) — (a,c) + (c, b), on dit que le point c se trouve 
entre les points a et b. Il est aisé de voir qu’entre les points a et b se trouvent, 
en particulier, a et b eux-mêmes. 

Nous disons qu’un espace métrique D est presque ordonné sil contient 
un point que nous appelerons origine et qui possède les propriétés suivantes. 
Convenons de dire qu’un point a est plus prochain qu’un point b, ou que b est 
plus ae que a, si a se trouve entre l’origine et b., Alors: : 

Quels que soient les deux points a et b, de D, et quel que soit le point ¢ 
se ee entre a et b, chaque point plus prochain que a et b est aussi plus 


271 s’agit des espaces découverts par M. M. Fréchet et qu’il a nommé espaces (2). 
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prochain que c; et, de même, chaque point plus lointain que a et b est aussi 
plus lointain que c. f 

2°. Quels que soient les deux points a et b, de D, parmi ‘les points se 
trouvant entre a et b il existe un qui est le plus prochain et il existe un autre 
qui est le plus lointain. 

* Pour avoir un exemple d’espace métrique presque ordonné, prenens un 
ensemble arbitraire de nombies réels, où (a,b) =|a—b |. Il est aisé*de voir 
que le réle de Vorigine peut étre joué par un nombre quelconque appartenant 
à cet ensemble. h 

Pour avoir un exemple d’espace métrique qui west pas presque ordonné, 
prenons un ensemble de nombres complexes, contenant au moins les trois 
nombres qui ne se trouvent pas sur une droite du plan complexe, (ailleurs 
arbitraire, et où, comme auparavant, (a,b) = | a—b |. Essayons de prendre 
un certain nombre c de cet ensemble pour l’origine, et considérons deux nombres 
a et b tels que c, a et b ne se trouvent pas tous les trois sur une droite. D’après 
la propriété 2° de l’origine, il y doit exister un nombre d se trouvant entre 
a et b et tel que, pour tout autre nombre x se trouvant entre a et b, on ait 


|c—d|+|d—az|=|c—cz|. 


En particulier, comme entre les nombres a. et b se trouvent a et b eux-mémes, 
on doit y avoir 
Je—d|+]d—al—=|e—a 
et | . 
|e—a|+|d—b|—|o—d|. 


Or, il est manifeste que la première de ces égalités n’est possible que si c, d 
ét a se trouvent sur une droite, de même, la seconde n’est possible que si c, d 
et b, se trouvent sur une droite. Ce-ci contredit à notre supposition que c, a 
et b ne se trouvent pas sur une droite. On voit ainsi qu’il n’y a aucun nombre. 
possédant les propriétés de l’origine. L’espace n’est pas presque ordonné. 


III. Systèmes de choses. 


10. Nous commencons par établir une série de propositions auxiliéres 
concernant les systèmes de choses et qui nous seront utiles dans notre théorie. 
La plupart de ces propositions est bien connue dans la Logique mathématique. 
Les autres, méme quand elles ne se rencontrent jamais dans les travaux an- 
térieures, peuvent être reproduites sans peine. Ainsi, ce chapitre peut être 
omis par le lecteur familier avec les méthodes de la Logique mathématique, 

Soit donné donc un système de choses a, b,c,- > -. Alors, on a 


t3) Wa ab = ba, 

(4) Ct: ; a+b =b +a. 

Ceci est immédiat. 

(5) aa = a, 

(6) x a+a—=a +. i 


š e 
En effet, d’une part, on a aa Ca. D’autre part, a C aa, ce qui est une 
` conséquence de aCa. En comparant, on obtient: (5). Pareïllement, on 
établit (6). 


Lemme I. Sil'on a / 
aCe et cCd 
on à AUSSI y 
abCed et a+bCc+d. 


| DÉMONSTRATION. On a ab Ca et ab C b, donc, lorsque les conditions 
du lemme, aC c et b Cd, sont remplies, on a aussi ab C c et ab C d d’où 
ab C cd. Pareillement, on établit que a +b Cc+ d. 


Lemme IT. Si lona ; 
aCb 


> 
+ On & aussi, quel que soit c, 


acc be et a+cCb+e 


Démonstration. Lorsque la condition du lemme, aC b, est remplie, 
ac C be est, en vertu du Lemme I, une conséquence de cC e. Il en est de 
même pour a -+ cC b + c. 

On a f 


(7) (ac) (bc) = (ab)c, 
(8) (ate) + (+0) = (a+b) +o. 


En effet, on a, d’une part, (ac) (bc) C ab, ce qui, en vertu du Lemme I, 
est une conséquence de ac C a et be Cb. De la même manière, on démontre 
que (ac) (bc) Cc. Par suite, 


(ac) (bc) C (ab)c. 


D'autre part, on a (ab)c C ac, ce qui est, en vertu du Lemme IT, und con- 
10 
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séquence de ab C a. “De la même manière, on démontre que (ab) be! 
Par suite 


(ab)c C (ac) (be). ` 


En comparant, on obtient (7). Pareillement, on établit (8). 


(9) ac + be CO C, : 
(10) è . Pete (b + ec). i 
En effet, on a ac C c'et be C c, d’où (9). Pareillement, on établit (10). 
(11) ge dete Ea AT, 
(12) aC (a+c)(b+c). 


En effet, on a acC a et be C b, d’où, en vertu du Lemme I, on obtient 
(11). Pareillement on établit (12). | 


(13) ac +bcC (a+ bc, 
(14) ab + eC (a+c)(b +e). 


En effet, (13) est une conséquence de (9) et (11). Pareillement, (14) 
est une conséquence de (10) et (12). 


(15) ac + bcC ab + c, 
(16) (a+b)eC (a+e)(b+c). 


En effet, (15) est une conséquence de (9) et decC ab +-c. Pareillement, 
(16) est une conséquence de (a + b)c C c et de (10). | 


Lemme III. La relation 
azob 


est équivalente à chacune des relations 
| ab—=a et a -+ b =b. 
Diémonstration. On a, d’une part, 
s ab Ca, 
D’autre part, lorsque a C b, on a, en vertu du Lemme II, 


aC ab. 
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‘En comparant, 'on voit que; lorsque a C b, on a 
ab =a, 


Inversement, lorsque ab — a, on obtient aC b en vertu de ab Cb. Pareille- 
ment, on établit l’équivalence de aC b et de a + b =b. 

On a, quel que soit a, . 
(17) ° Oa=0,. °° 


(18) ee an où 


En effet, (17) est, en vertu du Lemme III, une conséquence de 0 C a. 
Il en est de même pour (18). 


(19) a(ab)—ab et a+ab—a, 
(20) : b(ab)—ab et b—+ ab —b, 
(21) a(a+b)—a et a+ (a+b) —a+b, 
(22) b(a+b)—b et D+ (a+b) —a+b. . 


Pour s’en convaincre, remarquons que la relation ab C a est une identité; 
par suite, les relations (19) qui sont, en vertu du Lemme II, équivalentes 
à ab C a, sont, eux-aussi, des identités. Pereillement, en partant de l’identité 
ab C b on obtient (20) ; en partant de Pidentité a C a + b, on obtient (21) ; 
en portant de Videntité b C q -+ b, on obtient (22). 


Lemme IV. Silona 


aCecCb et a=b, 
on a aussi 
a = ¢ =b. 


Demonstration. Si les conditions du lemme, cC b et a = b, sont 
remplies, on a 
cCa; 


si, en outre, la condition du lemme 
aCe 
est aussi remplie, on a, en comparant, 
a=c. 


Pareillement, on établit que c = b. 
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Lemme V. Silona 
ab =a +b, 
on & aussi 
a=b. 


DÉMONSTRATION. On a abCaCa<+b et ab Cb C a+ b, donc lorsque 
la condition du lemme, ab —.a-} b, est remplie, on a, en vertu du Lemane IV, 
ab = a =a + b et ab —b—a+b. Il en résulte immédiatement que a = b. 


Lemme VI. St ona 
eCeCy, 
aCzCpb, 
aCyCb, 
on a aussi 
aCceC. 


Démonstrration. Si les conditions du lemme, vC c et aC v, sont 
remplies, on a æC ¢. Pareillement, on établit que c C b. 
On a l 


(23) (ab)c = a (bc), 
(24) (a+b) +c—a+ (b+0). 


En effet, on a, d’une part, 
(ab)eCa 


ce qui est une conséquence de (ab)c C ab et ab Ca. D’autre part, on a 
| (ab)cC be 

ce qui est, en vertu du Lemme IT, une conséquence de ab C a. Par suite, 
(ab)c C a(bc). 

De la même manière, on démontre la réciproque, 
a(bc) C (ab)c. 

En comparant, on obtient (23). Pareillement, on établit (24). 

(25) ` ab Ca+b. 


En effet, (25) est une conséquence soit de ab Ca et aC a + b, soit de 
abC bec bCat bd. 
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Lemme VII. Sile système est distributif, on a 


ab 4- c = (a + c) (b + 0). 


DÉMONSTRATION. La condition de distributivité étant 


(a + b)c = ac + be, | . 


on en déduit successivement : z 


(a+ 0) (B + E + 6) == (ad + 00) + (0b +0). 
Il en résulte, en tenant compte de ce que, d’après (19), cb + c =c: 
(a+ 6) (Ð + 6) == (0b + ac) +e. 
De là, en vertu de (24), 
(a + 0) (b + c) = ab + (ac + 0). 
Il en résulte, en tenant compte de ce que, d’après (19), ac +c =c: 
(a+ c) (b+ 0) = ab + c: 


C’est ce qu’il fallait démontrer. 
On appelle parfois première loi distributive la relation 


ac + be = (a + b)c 
et seconde loi distributive la relation 
ab +- c = (a + ce) (b + c). 


Nous venons de démontrer que la première loi distributive a pour conséquence 
la seconde; de la même manière, on pourrait aussi démontrer la réciproque. 


IV. Systèmes de choses normées. 


11. Soit donné maintenant un système de choses normées a, b,c,: - : 
Etablissons un principe général concernant ces systèmes, à savoir: 


PRINCIPE GÉNÉRAL. Si Von sait que |a| = ]| b] et que aC b, on peut 
affirmer que a = b. 


En effet, de a C b et ab il résulterait |a | < |b |. | 
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12. Ce-ci posé, nous pouvons aborder la démonstration des théorèmes 

fondamentaux mentionnés dans Introduction. Dans la suite,-ce seront les 
Théorèmes I et IV., 


Tutortme I. Tout. système de choses normées est un espace métrique 


presque ordonné où la distance de a et de b est égale à 
e 


+ MS er 


PREMIÈRE PARTIE DE DÉMONSTRATION. Commençons par démontrer que 
tout système de choses normées est un espace métrique où la distance de a 
et de b est égale à | a + b | — | ab |, ça veut dire que la distance définie par 
Pégalité 

(a,b) =|a+b|—|ab | 


possède effectivement toutes les propriétés de la distance de deux points d’un 
espace métrique. 

Etablissons d’abord que (a,b) = 0 entraîne a — b et inversement. 

Soit (a,b)—0. Ce-ci n’est autre chose que |ab|—|a+b{. Or, 
d’après (25), on aabC a+b. En vertu du principe général, on en conclut 
que ab =a +b. Donc, d’après le Lemme V, on a a=b. Inversement, soit 
a—b. Autrement dit, considérons la distance (a,a). Elle est égale à 
ja-+a|—|aa|. Or, d’après (5) et (6), onaaa—aeta+a—a. Donc, 
on a (a, a) =0. 

Etablissons maintenant que 


. ` 


(a, b) = (b, a). 


(a,b) est égale à |a +b |— |ab| et (b,a) est égale à |b+a|—| ba]. 
Or, d’après (3) et (4), on a ab =ba et a+b—b+a Done, on a 
(a,b) = (b,a). 


Il nous reste à établir que 
(a,b) < (a0) + (6,2). 

D’après (8), on a (a+b) + c= (a+c) (b+c) et, daprés (16), 
(a+ b)eC (a+c)(b+c¢). Donc, en tenant compte des propriétés de la 
norme, . 

(26) a+b] + [el|—|(@+b)+e]+|(a+d)ec| 

S|(a+e) + (b+e¢)|4+|[(a@+e)(b+e)|—=late|+]b+el. 


Puis, d’après (7), on a (ab)c == (ac) (bc) et, d'après (15), ac + be C ab + c. 
Done, en tenant compte des mêmes propriétés de la norme, 
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(27) a t iela lael aae] 

| E © (any (0e)| = [ae |) te 

En comperant les inégalités (26) et (27), on obtient 
eee ee El 

Or, ce West autre chose que (a,b) S (a, c) + (8 b). : 


13. Avant de terminer la démonstration au Théorème I, nous démon- 
trerons les deux autres théorèmes. 


THÉORÈME II. Dans l’espace métrique formé par un système de choses 
normées, un point c se trouve entre deux points a et b si et seulement si l’on a 


ac+be—c— (a+c)(b+c). 


DÉMONSTRATION. Supposons d’abord que c se trouve entre a et b et 
proposons-nous d’établir la relation 


ac + bc =c. 
A cet effet, remarquons qu’on a, d’après notre supposition, 


(a, b) = (a, c) + (c, b), | 


ou bien que 
(28) |a+b|—|ab|—|e+c¢|—|ac|+]b+c|—[bcl. 


En vertu de la propriété fondamentale de la norme, on peut remplacer, dans 
(28), |a Fb | par [a] + |b|—| ad], puis |a+c] par |a|+|[c|—|ac| 


et enfin |b +c] par |b|+|c|—]|bc|, de sorte que (28) s’ecrira comme 
il suit: 
(29) — |æ | = | e |[— ] ac |— | bc]. 


Or, d’après (7), on a (ac) (bc) = (ab)c. Donc, en vertu de la même propriété 
de' la norme, 


(30) — | (ab)c | = | ac + be | — | ac |— | be |. ` 

Puis, on a (ab)c C ab, d’où | (ab)c | S| ab |. Il en résulte d’après les égalités 
(29) et (30), que e 

(31) |e|S]ac+ be]. 


D’autre part, d’après (9), on a ac + bcC c, d’où 


(32) | lac+bc|=<|c|. 
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En comparant les inégalités (31) et (32), on obtient Pégalité 
|ac+be|—=|cl. 


Cette dernière égalité et la relation ac + beC c fournissent, en vertu du 

principe général, la relation à démontrer ac + bc = c. $ 
Pareillement, on établit, la relation c = (a + c) (b + c). e 
Inversement, supposons qu’on a 


PR PURE (a+ c)(b +c) 


et proposons-nous d'établir que c se trouve entre a et b, c'est-à dire que 
(a,b) = (a,c) + (c,b). A cet effet, démontrons d’abord que notre supposi- 
tion entraine les deux relations suivantes: 


(33) | ab — (ac) (bc), 
(34) a+b= (a+ e) + (+o). 
Quant à la première, on a, d’après (7), 

(ac) (be) = (ab)e. 


Puis, d’après (12), on a ab C (a + c) (b +c), d’où, en tenant compte de 
notre supposition, ab C c. En vertu du Lemme III, ce-ci équivant à 


(ab)e— ab. * 


En comparant, on obtient (33). Pareillement, on établit (34). 
Cela posé, on a 


[a+b|—|ab|={(a+ ce) + (b+ c)|— | (ac) (bc)|. 
On en déduit, en se servant encore une fois de notre supposition: 


|a+b|—|ab|—=|(a+e) + (+e) 
+ |(a-+¢) (b+ c) | — | ac + be | — | (ac) (bc)|. 


Ce-ci fournit, en vertu de la propriété fondamentale de la norme: 
ja+b|—|ab|=|[a+e|+]b+c¢|—|ac|—| bel, 
ou, ce qui revient au méme, 


|a+b|—|abd{=—|a+e|—|ac|+[b+¢|—| be}. 
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Or, c’est précisemment Végalité (a,b) — (a,c) + (c, b), ce qui termine la 
démonstration de notre théorème. 


THÉORÈME ITI. Lorsque, dans l’espace métrique formé par un système 
de choses normées, on prend 0 pour l’origine, un point a est plus prochain qu'un 
point b si et seulement si Von a | . 

a aCb. . °° 


i e 
Démonstration. “a est plus prochain que.b” n’est autre chose que 
“a se trouve entre l’origine et b.” En vertu du Théorème II, ce-ci équivant 
à la couple des relation que voici: 


(35) 0a + ba = à, 
(36). . a= (0 + a)(b + a). 


Or, d’après (17), on a 0a = 0 et, d’après (18), 0 + ba = ba, de sorte que (35) 
peut s'écrire ba =a. En vertu du Lemme III, ceci équivaut à aC b. Quant 
à (36), elle ne fournit aucune restriction, car ce n’est qu’une identité. Pour 
s’en convaincre, remarquons que, d’après (18), on a 0 -+ a =a de sorte que 
(36) peut s'écrire a — a(b + a). Or, en vertu du Lemme ITI, ce-ci équivant 
à aC b + a, ce qui est une identité. Ainsi, la couple des relations (35) st 
(36) équivaut, elle-aussi, à aC b. 


14. Nous pouvons maintenant terminer la démonstration du Théorème I 
en établissant que tout système de choses normées est un espace métrique 
presque ordonné. 


SECONDE PARTIE DE LA DEMONSTRATION DU THÉORÈME I. Dans l’espace 
métrique formé par un système de choses normées, prenons 0 pour l'origine et 
démontrons que les deux axiomes caractérisant l’espace métrique presque 
ordonné seront vrais pour cet espace. 

1°. Quels que soient les deux points a et b et quel que soit le point c 
se trouvant entre a et b, chaque point plus prochain que a et b est aussi plus 
prochain que c et chaque point plus lointain que a et b est aussi plus lointain 
que c. 

En effet, soit v un point plus prochain que a et b, c’est-à dire, d’après le 
Théorème III, que Caeth. Alors, cC a+c eteh -+ ce, Vou 


sC (a+c) (b +6). 
Lorsque ¢ se trouve entre a et 6 et, par suite, . 


(a+c) (b +e) =o, 
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2 + 
on en conclut que æ C c, c’est-à-dire que v est plus prochain que c. De même, 
soit y un point plus lointain que a et b, c’est-à-dire, d’après le Théorème III, 
que a C y et b C y. Alors, ac C y et be Cy, d’où : 


ac + be C y. 
Lorsque c se trouve entre a et b-et, par suite, ° 
e % x 
CEE c = ac + bc, 


ee 


on en conclut que ce C y, c’est-à-dire que y est plus lointain que c. 

20, Quels que soient les deux points a et b, il existe parmi les points que 
se trouvent entre a et b un point qui est.le plus prochain et il en existe un 
autre qui est le plus lointain. 

En effet, ces.points sont ab (le plus prochain) et æ + b (le plus lointain). 

Premièrement, ils se trouvent effectivement entre a et b. Pour s’en con- 
vaincre, remarquons que, d’une part, d’après (19) et (20), on a 


a(ab) = ab, 
b(ab) = ab, 
a= à + ab, 
b =b + ab, 


d’où lon déduit tout de suite, en se servant de la formule (6) a + a = a, que 
a(ab) + b(ab) = ab — (a + ab) (b + ab). 


Ceci. nous montre que ab se trouve entre & et b. D'autre part, d’après (21) 
et (22), on a 
a(a+b) =a, 
b(a +b) =b, | 
a+b—a+ (a+b), 
a+b=b+ (a+b), - 


doù Pon déduit tout de suite, en se servant de la formule (5) a = aa, que 


afa +b) + (a+b) =a +b = (a+ (a+b))(b + (a+b)). 


Ceci noys montre que a + b se trouve, lui-aussi, entre a et b. 
Deuxièmement, si un point ¢ se trouve entre a et b, ab est plus prochain 
` que c et &æ + b est plus lointain que c. Autrement dit, en tenant compte du 
Théorème III, . 
abCcCa<+pb, 


z f 
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Pour s’en convaincre, remarquons que, d’après (13) et (14), on a 


(37) ac + beC (a+ b)eCeCab+cC (a c) (b +e). 
Or, lorsque c se trouve entre a et b, on a | 

ac + be = c = (a + 0) (b + 0). | . 
Il en résulte, en vertu du Lemme IV, que les relations (37) oc forme: 
(88) debe (at) es (ay Ee), 


Mais la trosiéme et à la deuxième des relations (38) : 


c=ab+e, 
(a+ b)c=—c 


sont en vertu du Lemme TII équivalentes à ce que nous avons à démontrer: 
ab CeoCa+d. 
Le Théoréme I est ainsi complétement établi. 
15. Abordons la démonstration du théoréme inverse. 


Taéorème IV. Tout espace métrique presque ordonné est un système 
de choses normées où V expression 


la+o|—|æ | 


est égale à la distance du point a et du point b. 


PREMIÈRE PARTIE DE LA DEMONSTRATION. Ecrivons, par définition, a C l 
si le point a est plus prochain que le point b, prenons pour ab le plus prochain 
des points se trouvant entre a et b, pour a -+ b le plus lointain de ces points et 
pour 0 l’origine de l’espace, et posons, enfin, | a | = (0, a). 

Démontrons que tous les axiomes caractérisant les systèmes de choses y 
seront remplis. 

1°. La relation a C b possède les propriétés suivantes : 

aCb et bCa entraîne a =b et inversement: 
aC b et bC ce entraîne aCe. . 

Démontrons la première de ces propriétés. ‘Les relations aC b et b C a 
ne sont autres choses que ; 
(0,a) + (a, b) = (0,6), g 
(0,6) + (b,a) = (0, a). 
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En additionnant ces égalités et en remarquant qu’on a (a,b) = (b,a), on 
obtient (a,b) = 0, c’est-à-dire que a=}. Inversement, si-a—b, on a 
(a,b) = (b,a) et (0,a) = (0,0), de sorte que 
(0, a) + (a, b) = (0, b), 
° (0, b) + (8, a) ES (0, a), 


c'est-à dize que aC b et bC a. ` 
Démontrons la deuxième propriété. Les relations aC b, bC ce etaCe 
sont équivalentes respectivement aux inégalités : i 


(0,a) + (a,b) = (0, b), 
(0, b) + (b,c) = (0, 0), 
(0, a) + (a,c) & (0,0). 


Admettant les deux premières inégalités, on en déduit la dernière, car 
(0, a) + (a, c) = (0, a) + (a, b) + (b, c) = (0, b) + (b, c) = (0, e), 


2°, Le point ab possède les propriétés suivantes : 


ab Ca, 
ab € b, 
z@a et «Cb entraîne zC ab. 


La dernière de ces propriétés est évidente, puisque le point ab est, par * 
définition, un des points se trouvant entre a et*b. Or, dans l’espace métrique 
presque ordonné, chaque point æ qui est plus prochain que a et b est aussi plus 
prochain que tout point se trouvant entre a et b. En particulier, œ est plus 
prochain que ab. 

Pour démontrer les deux premières propriétés, rappelons que a se trouve 
toujours entre a et b et que b se trouve aussi entre a et b. Or, ab est, par 
définition, le point qui est plus prochain que tout autre point se trouvant entre 
aetb. En particulier, ab est plus prochain que les points a et b eux-mêmes. 
| 3°. Le point a + b possède les propriétés suivantes: 


aC a + b, 
bC a+, 
aC y et bC y entraîne a +bC y. 
La démonstration est tout-à-fait analogue à la précédente. 
4. Le point 0 possède la propriété que, quel que soit le point z, on a 


0C 2. 
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En effet, cette propriété n’est autre chose que Pégalité évidente: 


(0, 0) + (0, z) = (0, z). 


16. Il nous reste à démontrer qu’avec nos conventions tous les axiomes 
caractérisant la norme sont remplis et qu’on a, de plus, 


: (4,0) = |a+b| {ab . 


SECONDE PARTIE DE LA DEMONSTRATION DU Tuforime IV.. Le fait que 
- aCbetaAbd entraîne | a | < | b |, est la conséquence immédiate du fait que 


(0, a) + (a,b) = (0, b) 

et (a,b) > 0 entraîne 
(0, a) < (0,b). 
Démontrons maintenant que 
[a+6|+ |ab|—|a]+ od]. 

A cet effet, exprimons | ab | à Paide de | a |, de | b | et de (a,b). OnaabCa 
et ab C b, c’est-à-dire que 

(0, ab) at (ab, a) = (0, a), 

(0, ab) + (ab, b) = (0,6). 


En additionnant, on obtient 
2(0, ab) + (ab, a) + (ab, b) = (0,4) + (0, b). 
Or, ab se trouve entre a et b, donc 


(ab, a) + (ab, b) = (a,b). 
Par suite, 


2 (0, ab) JE (a, b) — (0, a) + (0,b), 


ou, ce qui revient au même, : 
_lejl+lbl— (eb) 
(39) | ab | = > : 


Pareillement, on établit que 


(40) la+] 








|a| +|b]|+ (a,b) 
à 


Remarquons en passant que ce sont les généralisations des expressions 
connues pour le plus petit des nombres a et b, 


[ol +]b|—|a—b| ; 
2 2 
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et pour le plus grand de ces nombres, 


lal +b] +la—b] 
2 





En additionnant les égalités (39) et (40), on obtient ce que nous avions 
à, démontrer, à savoir |a+b|+|ab|—|a|+ [0]. 
Enfin, le fait que | Od ==0 est la conséquence immédiate ine *ce que 
(0, 0) =%. . 
Quant'à Pégalité + - | 
(ab) =|a+b|—| ab], 


elle est, elle-aussi, une conséquence de (39) et de (40). 
Le Théorème IV est ainsi complétement établi. 


V. Espaces transitifs. 


17. Ayant en vue l’étude particulière des systèmes distributifs de choses 
normées, nous allons introduire une définition nouvelle. Il existe un espèce 
d’espaces métriques presque ordonnés qui jouent dans la théorie des systèmes 
distributifs le méme rôle que les espaces métriques presque ordonnés quel- 
conques jouent dans la théorie des systèmes arbitraires de choses normées. 
Ce sont les espaces métriques presque ordonnés D que nous appelerons transi- 
tifs et qui possèdent, par définition, la propriété suivante: 


T. Si un point c, de D, se trouve entre x gt y et si tous les deux points 
x el y se trouvent entre a et b, le point c se trouve, lut-aussi, entre a et b. 


Pour avoir un exemple d’espace métrique presque ordonné transitif, il 
suffit de rappeler l’exemple déjà cité d’un ensemble arbitraire de nombres réels, 
où (a, y) us | s—y |. 

Pour avoir un exemple d’espace métrique presque ordonné qui west pas 
transitif, prenons l’espace formé de cing points abstraits 0, a, b, c et d, où la 
distance (z, y) est définie par le Tableau I. 


I. (2, 9) 

| 0 a b c d 

è 010 1 1 1 2 
aji 0 2 2 1 

-bjii 2 0 2 i 

° cii 2 2 0 1 

dir 1 1 1 0 
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(0, c) + (6, d) = (0, d), 
(4, 0) + (0, b) us (a, b), 
(a, d) + (d, b) E (a, b), 


de sorte que c se trouve entre 0.et d, que 0 se trouve entre a et b et que d se 
trouve entre a et b. Cependant, on a . 


* o £ 


(a, c) + (0, b) + (ab), : st 


* Tei,ona - 


de sorte que ¢ ne se trouve pas entre a et b. 

Le fait que cet espace est métrique peut étre prouvé par une simple com- 
paraison des distances du Tableau I. Le fait que cet espace est, de plus, 
presque ordonné s’éclaircira de lui-même dans le Chapitre VII. 


VI. Systèmes distributifs. 


18. Dans ce qui suit, chaque fois que l’on considérera un espace métrique 
presque ordonné, les notations du Chapitre IV seront employées, c’est à dire 
que nous écrirons aC b pour exprimer que le point a est plus prochain que 
le point b, et nous désignerons par ab le plus prochain des points se trouvant 
entre a et b par a + ble plus lointain de ces points, par 0 l’origine de l’espace 
et par | a | la distance (0, a). Cette convention faite, nous aurons un théorème 
qui nous sera utile dans tout ce qui suit. 


THEOREME V. La condition nécessaire et suffisante pour qu'un espace 
métrique presque ordonné D soit transitif est qu’il possède la propriété suivante: 
T bis. Un point c, de D, se trouve entre deux points a et b si et seulement 
si l'on a | 

ad CcCa+b. 


DÉMONSTRATION. Remarquons d’abord que la condition T bis peut 
s’exprimer plus simplement en y omettant les mots “et seulement si.” En 
effet, nous savons déjà que, lorsque c se trouve entre a et b, on a nécessairement 
ab CeCatb. 

Supposons maintenant que l’espace en question est transitif, c’est-à-dire 
que la condition T est remplie, et soit ab C cl a+b. Nous allons voir que c 
se trouve alors entre ab et a+b. En effet, on a 


(ab, a +b) = | (a +6) + ab | — | (a + b) (ad)|, 


(ab, c) = | c + ab |—|c(ab)|, 
(ca +b) =| (a+b) +¢|—|(a+d)e|. 
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Mais on a, d’après (25), abC a + b, et, d’après notre supposition, abC ¢ et’ 
eCa+b. En vertu du Lemme IFI, on en conclut que 


(a+b) +ab—a+b et (a+5) (ab) = ab, 
c+ ab =c et c(ab) = ab, 
(a+b) te~atd et (a +b) =c. 
Par suite, on a . 
e. (abpa +b) =|a+b|—|ab|, 
. _ (ab, ¢) = |¢|—| ab |, 
(c,a+b)=|a+b6|—|el, 


d’où l’on tire ce qu’il fallait déduire: 
(ab, a + b) = (ab, c) + (ca +b). 


Mais ab et a + b se trouvent entre a et b. Par suite, d’après T, le point ¢ se 
trouve, lui-aussi, entre a et b. On voit ainsi que, si Pon a ab CcCa--b, 
le point c se trouve entre a et b, ça veut dire que, d’après la remarque ci-dessus, 
la condition T bis est remplie. 

Inversement, supposons que la condition T bis soit remplie, que ¢ se 
trouve entre x et y et que x et y se trouvent entre a et b. Alors, nous savons 
qu’on a 


. 


wyCeCa+y, 
abCxCa+pb, 
ab CyCa+b.s 


Ceci peut s’écrire aussi, en vertu du Lemme I et d’après les formules (5) 
aa = a et (6) a -+ a = a, 

yo ce Ca+ty, 

abC ay Ca+b, 

dCr+yCa+b. 


” On en déduit, en vertu du Lemme VI, 
ab CcCa+b. 


Par suite, d’après T bis, c se trouve entre a et b. On voit ainsi que, si le point 
c se trouve entre x et y, et que x et y se trouvent entre a et b, le point c se 
trouve, lui-aussi, entre a et b. C’est la condition T, ça veut dire que Vespace 


- est transitif. 


Cela posé, on peut donner une propriété caractéristique des systémes 
distributifs. 
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Txéorème VI. La condition nécessaire et suffisante pour qu'un système 
de choses normées soit distributif est que l’espace métrique presque ordonné 
formé par ce système soit transitif. 


DÉMONSTRATION. Supposons d’abord que le système en question soit dis- 
tributif. Soit, dans l’espace formé par ce système, 


X aCeCat+b. * 
_ Alors, en vertu du Lemme III, on'a 4 . 
(a + b)e = c = ab + c. 


Or, le système étant supposé distributif et en tenant compte du Lemme VII, 
on a | 
(a+ b)e = ac + be, 
ab + c= (a+ c) (b +o). 
Donc, on a 


ac + be = c= (a +- c) (b + 0). 


Ceci nous montre que c se trouve entre a et b. 
Ainsi, on voit que, si l’on a abC cC a- b, le point c se trouve entre 
a etb. La réciproque étant toujours vraie, le théorème V nous apprend que 
Vespace en question est transitif. . 
$ Inversement, supposons que, dans un espace métrique presque ordonné, 


la condition de distributivité, ° 
ac + be = (a + b)e, . : 


n’est pas remplie pour au moins trois points a, b, c et démontrons qu’il existe 
alors un point æ tel que abC eC a + b et qui cependant ne se trouve pas : 
entre a et b. En vertu du Théorème V, cela suffira pour affirmer que l’espace 
n’est pas transitif. | 

Ainsi, soit 


ac + be s4 (a + b)c. 
On sait toutefois, d’après (18), que 
ac + bcC (a + bc. 


Tout espace métrique presque ordonné étant un système de choses normées, 
il en résulte que 

jac+be|<|(a+b)c|. > 
il 
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Or; en vertu de la propriété fondamentale de la norme et d’après la formule’ 
(7) (ac) (bc) = (ab)c, Vexpression |ac+be| peut être remplacée par 
| ac | + | be |—|(ab)e|, dou 


Jac | + [be] < {a+ bye] + |(abye |. 


Gomme on a acCa et aCa+bd, puis bCb et bCa+d, et, enfin, 
(ab)c Cab et ab C a + b,* (la dernière des ces relations étant la formule 
(25)), an a dussi ac Ca + b,beCat+bdet (ab)cCa<+b. Autrement dit, 
en tenant compte du -Lente III, on a ac = (a + b) (ac), be = (a + b) (be) 
et (ab)c = (a+ b) (ab)c. Done, ona 


| (a+b) (ae)| + | (e +b) (be)| < (a+ del + | (e +0) (ae. 
D’après les formules (3) ab = ba et (23) (ab)c—a(bc), ceci peut s’écrire 
encore comme il'suit: | 
[((a+ b)e)a| + |((a+ b)c)b | < (a+ d)o| +|((@+)e) (ab)]. 


En vertu de la propriété fondamentale de la norme, les expressions 
[((a-+ b)c)a|, [((a+b)c)b | et |((a+ b)c) (ab)| peuvent être remplacées 
respectivement par 


[(a+ b)e|+|a}|—|(a+d)c+al, 
|(a+b)e|+]b|—|(a+ b)e +d], 
(a+ b)e| + | ab|—|(a+ b)c + ab]. 
Done, on a 
[a| |(a+b)e+a|+[b|—|(@+b)e+b| <]ab|—|(a+b)e+ab |. 
Comme on a, d’une part, ab CaetaC (a+ b)c +a et, d’autre part, ab C b 
“et bC (a + b)e + b, on a aussi 
ab È (a + Db)c + a, 
abC (a+ b)c +b. 


Autrement dit, en tenant compte du Lemme III, 


(a+ b)e+a ((a+ 0e + a) + ab, 
í (ab)c b= ((a +0)e +0) + ab. 


Donc, on a 


[a|—|((a+b)e+a) +ab| +16] 
— |( CON PR Lark 
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° D’après ies formules (4) a +; b =b + a et (24) (a +b) +c=a+ (b+ 0), 


ceci peut s’écrire encore comme il suit: 


|a|—|((a+b)c-+- ab) +a] +] | i 
- —|((a+b)ce+ ab) +b| <|ab|—|(a+d)c+ abl, 


ou, c@ qui revient au même, “+ 


laj +]b]—2lab]| <2|((a+b)e-+ab) +a]—|(a+8)0-kab|—|e| 
+2!((a+b)e+ab) +b|—|(a+b)c+ab|—|[b|. 


En s’appuyant encore une fois sur la propriété fondamentale de la norme, 
on en obtient: 


|o+b|—|ab| < [((a+B)e+ ab) +a|—|((a+b)e+ abJa| 
+ |((a+ b)e + ab) +5|—[((a+b)e + ab) |. 


Ceci n’est autre chose que 


(a,b) < (a, (a+ b)e+ ab) + ((a + b)e + ab, b). 


On voit donc que, si l’on pose 


x= (a+ b)c + ab, 


on aura 


(a,b) < (ax) + (2,5), 


c’est-à-dire que v ne se trouve pas entre a et D. 
Cependant, en s’appuyant sur la relation (25) ab C a +- b, on verra tout 
de suite que 
abCaCa+t ob. 


VI. Exemple de systéme non distributif de choses normées. 


19. Pour avoir un exemple de système non distributif de choses normées, 
prenons le système des choses abstraites 0, a, b, c, d, où, par définition, toutes 
ces cinq choses sont différentes et où l’on a 


Ca 0Cb, 0Cc, Cd, 
aCd, bCd, cCd. 


Définissons ensuite vy et v + y par les Tableaux IT et IIT. 
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I ay III 0 @+y £ 
Pa 0 a b ce d y | 0 a b ce d 
x v 
010 0 0 0 0 010 a b c d 
&æ [0 a 0 0 ala a d d d 
. bjo 0 b 0 b ' bjb d b d d: 
cio 0 0 e . cic d adc @ 
dal ð «a b ¢ d áld d d d d 
Posons aussi a ý ~ 


loļ=0, jaj—1, [b]=1 |e|—1, |d|=2. 


Il est aisé de prouver que ce système-ci est effectivement un système de 
choses. Si sC y et ey, on a nécessairement |e | < ]y |, car on a 


[op<lal, |o]<]b} lof<ļel [0]<|đ], 
laj<|d|, 1bf<]af, jel|<]a|. 


La propriété fondamentale de la norme 
Je+y|+ley|=le|+1y| 


se démontre par un simple calcul dont les résultats sont exposés dans le 
Tableau IV.. 


IV je+y|+loyl—lef+ly| 


so X| 0 a b> c d > 
0 | 0 1 1 1 2 
a}i1 2 2 2 3 
bil 2 2 2 3 
cl 2 2 2 3 
d| 2 3 3 3 4 
Enfin, nous avons déjà vu que, par la définition même, | 0 | = 0. Le système 


en question est donc un système de choses normées. 
Ce système west pas distributif, car on a 
LI 


: (a+ b)ec—de—c, 
tandis que 
act+be=0+0=—0, 


id ea 
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En considérant ce système comme espace métrique, on obtient l’espace que 
nous avons.défini, par le Tableau I, dans le Chapitre V. (En vertu du 
Théorème I, celui-ci est presque ordonné.) 

On peut indiquer une interprétation élégante du système en question. 
A cet effet, prenons pour 0 l’ensemble vide, pour a, b et c trois points d’une 
droite, et pour d la droite même. Attribuons à à rC y età cy le sens usüel, 
et prenons pour æ -+ y la plus petite des cing ‘choses nommées ergbrassant à 
‘la fois x et y. Pour |s |, nous prenons le nombre de dimensions de v aug- 
menté de 1. Le 

Un exemple analogue nous fournirait le système de tous les sous-espaces 
linéaires d’un espace projectif donné. 


VIII. Espaces métriques presque ordonnés qui sont simplement ordonnés. 


20. En introduisant le nom de l’espace métrique presque ordonné nous 
avions en vue, bien entendu, la notion d’ordre « = b dont l’expression précise 
se compose de deux affirmations, savoir «a C b et asb. Il n’est pas dépourvu 
d'intérêt de se demander quand l’espace métrique presque ordonné est un 
espace simplement ordonné avec la même notion d'ordre. Autrement dit, 
quand l’espace en question est tel que, quels que soient ses points a et b, il 
existe nécessairement entre eux l’une des trois relations a = b, bea ou a = b, 
ou bien, ce qui revient au même, l’une des deux relations aC bou bCa. La 
réponse nous est donné dans le théorème: 


Tutorime VII. La condition nécessaire et suffisante pour qu'un espace 
métrique presque ordonné D soit simplement ordonné est qu’il possède la pro- 
priété suivante: i 

O. Un point c, de D, se trouve entre deux points a et b si et seulement 
si l’on a, ou bien 

aCcCpD, 
ou bien 
bCeCa. 


DÉMONSTRATION. Rappelons que si, dans un espace métrique presque 
ordonné, on aa C b, on a aussi, en vertu du Lemme ITI, ab — a et a + b = b. 

Supposons maintenant que l’espace en question est ordonné et sit, pour 
fixer les idées, a b (ce qui correspond à la première des éventualités de la 
condition O). Soit ¢ un point se trouvant entre a et b. Alors 


abCcCa+d, 


LJ 
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ae 0 


et par suite, d’après la remarque précédente 


aCcC pb. 


\ 
Pareillement, on démontre que si Pon a bCa, on a aussi bC ceCa. 
. Inversement, soit, pour tout point c se trouvant entre a et b, í 
oe - e 

. Re 7 | 


Li 
Alors, les points 4 et b'se trouvant eux-mêmes entre a et b, on a, en particulier, 
aC D. 


Pareillement, on démontre que si Pon a b C c Ca, on a aussi bC a. On voit 
done que la condition O y est remplie, c’est-à-dire que l’espace est ordonné. 
Terminons par une remarque concernant les espaces transitifs. 


Taéorème VIII. Tout espace métrique presque ordonné qui est simple- 
ment ordonné, est nécessairement transilif. 


DEMONSTRATION. Supposons que, dans l’espace en question, un point c 
se trouve entre æ et y et que + et y se trouvent entre a et b. Alors, en vertu 
du Théorème VII, on aura, par exemple, 


eCeCy, | 
aCaCad, 
aCyC ob. 


° 


On en conclut, en vertu du Lemme VF, qu’on aura aussi 


aCcC pb. 


Par suite, en vertu du Théorème VII, c se trouvera, lui-aussi, entre a et b. 
Ainsi, on voit que si le point c se trouve entre æ et y et si & et y se trouvent 
entre a et b, le point c se trouve, lui-aussi, entre a et b. C’est la condition T, 
c’est-à-dire que l’espace est transitif. 
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APPENDICE. 


. 


Sur les diverses définitions des systèmes de choses. 


Plusieurs travaux ont déjà été consacrés à l’étude des systèmes de choses. 
Outre ùn Mémoire de R. Dedekind,’ on peut éifèr les recherches récentes de 
MM. K. Menger, Fritz Klein,® Garrett Birkhoff ° et O. Ore.” C’ést M. Menger 
qui a proposé le nom System von Dingen. M. Klein Vappelle Verband, M. 
Birkhoff préfère le nom Lattice, M. Ore le nom Structure. 

Au fond, il s’agit toujours de la même chose à quelques détails près. 
Il est à noter seulement que la forme de la définition du système de choses 
que j’ai adoptée dans le présent article diffère de celle qui a été adoptée par 
tous les auteurs cités sauf M. Ore.S Tandis que, pour moi-et pour M. Ore, 
le point de départ est la relation a C b, les autres commencent par les opéra- 
tions ab et a+b. Dans ce dernier cas, on construit le système d’axiomes pour 
le système de choses comme il suit: 

1*.. A tout couple de choses a, b correspond une chose déterminée ab 
telle que 

(ab)c =a(bc), ab = ba, aa =a. 


2*. A tout couple de choses a, b correspond une chose déterminée a + b 
telle que ‘ 


(a+b) +e—at (b -+ c), a+b =b 4a, a+ a=. 


3*. ab = « entraîne « + b = b, et inversement. 


3“ Über die von drei Moduln erzeugte Dualgruppe,” Mathematische Annalen, vol. 
53 (1900), pp. 371-403. 

+“ Axiomatik der endlichen Mengen und der elementargeometrischen Verkniipfungs- 
beziehungen,” Jahr. d. Deutsch. Math.-Ver., vol. 37 (1928), pp. 309-325. 

s“ Zur Theorie der abstrakten Verknüpfungen,” Mathematische Annalen, yol. 105 
(1931), pp. 308-323. ; 

€“ On the combination of subalgebras ” et “ Applications of lattice algebra,” Pro- 
ceedings of the Cambridge Philosophical Society, vol. 23 (1933), pp. 441-464, resp. vol. 
30 (1934), pp. 115-122. i 

7“ On the foundation of abstract algebra,” I, Annals of Mathematics, vol. 36 (1935), 
pp. 406-437. : 

£ Dans un article récent, “New foundations of projective and affine geometry,” 
Annals of Mathematics, vol. 37 (1936), pp. 456-482, qui a parti aprés la rédaction de 
mon mémoire, K. Menger est parti du méme point de vue que moi. Ses méthodes 
diffèrent et certains de ses résultats se dirigent dans une direction différente des miens. 
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Puis, on introduit la relation a C b en la définissant comme équivalente 
à celle qui figure dans le dernier de ces axiomes, c’est-à-dire à ab —a ou à 
a+b =b. i ; 

On y ajoute parfois Paxiome: | 

4%, Il existe une chose 0 telle qu’on a toujours 


tt, 0C3z; . 
et parfois aussi l’axiome: - 
5*, Tl existe une chése 1 telle qu’on a toujours 


2C 1. 


Il n’y a aucune difficulté à établir Péquivalence des axiomes 1*, 2*, 3%, 
et des axiomes 1°, 2°, 3° du n°2 du présent article. 

Les systèmes satisfaisant aux axiomes 1*, 2*,3* méritent le nom des 
systèmes de choses dans le sens le plus large. En y ajoutant l’axiome 4*, on 
obtient précisemment les systèmes de choses dont nous nous avons occupé. 
Enfin, en y ajoutant l’axiome 5*, on obtient les systèmes de choses dans le 
sens le plus étroit. . 

Je veux noter encore que certains raisonnements que nous avons employés, 
ont été utilisés déjà par les auteurs cités. Ainsi, on trouve chez M. Menger 
Pensemble des sous-espaces linéaires d’un espace projectif comme un système 
de choses normées ; et l’on trouve chez M. Birkhoff l’emploi de l'expression 
(a+ b)c+ab dans Pétude des propriétés caractéristiques des systèmes 
distributifs. 


KLTAZMA, près de 
Moscou, U.S. S. R. 


A SYMMETRIC REDUCTION OF THE PLANAR THREE-BODY 
' PROBLEM. 


By F. D. MurxAGHAN. 


Since the center of mass of a dynamical systèm, consisting of a collection 
of particles, in which the only forces are the mutual attractions of the various 
particles, remains at rest in an inertial reference frame, we shall suppose the 
center of mass of the three particles, of masses m:, Me, Ma, respectively, to be 
the origin of our inertial frame. The codrdinates of the point Py occupied by 
my being denoted by (an, Yr), k = 1, 2, 8, this implies the equations 


(1) I nutg = 0; X myx, = 0 


and the system is accordingly one with four degrees of freedom—there being 
six cobrdinates (2x, yx) connected by the two relations (1). The kinetic 
energy of the system is T = X mpv? where vz? = (41°? + Yk?) is the squared 
velocity of the k-th particle and the relations (1) enable us to readily express 
T in terms of the relative velocities of the three particles.t In fact, on squaring 
the relation 3 mad; — 0 and replacing each product term %ptq by its equivalent 
Slt + ta — (%p— &q)*], we find 


(3 ma) (3 mata?) = & mpg (To — bq)’. 
This implies | 
(2) IT = (S mymqvpg’)/X me 


where Up? = (4p — ta)? + (Jp — Yq)” is the squared relative velocity of the 
particles mp and m We now denote by (a, az, &s) and (Ax, Az, Az) the sides 
and angles of the triangle formed by the three particles and by (61, 62, 63) the 
inclinations of the sides, whose lengths are (a:, @, a) respectively, to the 
x-axis of our inertial frame (the sides having the sense found by traversing 
the triangle in the order 1— 2 —> 3 —> 1). Itis clear that 6. — 6, == A, (mod r) 
and hence 6.— s — Ai; ` ‘similarly D, — Gun = Ay. 6, — by = = As These equa- 
tions enable us.to express each of the angular velocities 6; in terms of $ and 
the A; where 36 = 6, + 0: + 0. For instance 
3$ = 6, + 02 + 6, = 803 + Ai — Ay 


1E. J. Routh, Stability of Motion (1877), p. 67. 
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so that Os = $ + (Ap Á) /8. Now the polar coördinates of P, relative to’ - 
P, being (as, 0a) we have | 
tay? = ais? + d?b? = à? + as {h + (A — À,)/3}°. 
Similarly 
Vas = &° + as2{¢ + (As — A,)/3}° . 
Vis? = a2" F tdh + (Ay = As) /3}?. . 
? + 


On substituting these values in the expression (2) for 27 we readily find 


"QT = Rog? + 2Big + Ro 
where the coefficients (Rs, £i, Ro) are furnished by the formulae 


pR =X Mamat? 
(3) ` pE = 43% m, (Malo? — Melty”) Ax , , 
pRe = X MMi? + LS Mmt? (As — As)? 


where u = m, + m: + m and the summation sign implies the sum of the 
term written and the two others obtained from it by cyclic permutation of the 
labels 1,2,3. The coefficients (22, Ri, Ro) are easily expressible in terms of 
the sides (a@:,@,43) and their time derivatives. In fact the relation 
Rasas cos Ay = dy” + 43? — (h? furnishes (on differentiation with respect to # 
and making use of the relations a, = ta cos A; + a, cos Ag, etc.) the relations 
RAA; = di (a, — dz cos Ay — åa cos Az) etc., where A is the area of the tri- 
angle P:P,P3. ° 

Regarding, now, the three sides (4, de, 43) and the angle $ as the four 
coérdinates of the dynamical system it is clear that ¢ is an ignorable codrdinate 
with the momentum integral 


“(4) c = 00/06 = Rob + Ry = (1/p) X Mons On. 


It follows, by a reasoning similar to that already given for the kinetic energy T, 
that c is the angular momentum of the system about its center of mass. Thus 
if we multiply X mya, == 0 by 3 my, = 0 we find 

I mx taje + I mpm (Lpq + tato) = 0 
and on replacing tpyq + tayp by the equivalent expression 

* Eoo + Taha — (Ep — Ta) (Go — Ya) 
we find 


BŽ Mataÿr = Š MpMa(Tp — La) (n — Ya). 
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On interchanging the variables x and y and ess we see that the angular 
momentum of the system about the center of mass is the quotient, by the total 
mass p, of the expression X mpiighkpg where 


King = (Tp = Tq) (Yp — Ya) — (Yp — Ya) (tp — La) 
is the angular momentum (per unit mass) of the particle mp relative to the 
particle ma In terms of the relative polar coërdinates- (a, 6), kes, for example, 
is 26, and hence the angular momentum of the system about its center of 
‘mass is the constant c of formula (4). ; 

We now make use of the angular momentum ri to reduce the problem 
to one of three degrees of freedom in which the coôrdinates are ‘the lengths 
(ax, Ga, a3) of the sides of the triangle formed by the three particles. The 
potential energy being 

v= (== he eet i aa) 


ay la üs 


(where y is the gravitational constant) the Lagrangian function of the original 
problem is L = T — V and the modified Lagrangian (in the sense of Routh) 
is L* = L—cq¢. The modified Hamiltonian function is 


He = (30,57 _L* 
Our 
eand since 
aL* aL , aL ap | ag _ L (e ôL ôT ) 
eS ee e= since — = — = ¢ 
Ody Oa ðh Ad A = a6 ô$ 


we have 


. OL . . OL 
— (2057) +6 —D— (suo) ti L= H. 


Hence, in order to find the modified Hamiltonian function, we have merely 
to express the original energy function H = T + V in terms of the modified 
momenta (w, wz, w) = (8L*/dt,, 0L*/0ù,, OL*/ðås). This is readily done if 
we observe that 2T is the sum of the squared magnitudes of the linear 
momentum vectors of the three masses each divided by the corresponding mass. 
The z-component of the linear momentum of the particle m, is 


ôL (dL tix\ ôL bf, ti 
An S (z Ji Ta) ' 5b Bay (Ga; +e E. 


But 04/02: — 0ax/8x, and so is zero`if k = 1, whilst if A =? or 3 it is the 
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z-direction cosine of the corresponding side of the triangle (with the sense 
towards the vertex P,). Furthermore the relation 


aab = (23 — 21) (Ja — tr) — (Ys — y) (ts — à) 
yields 





; 06 0B. . 
” As ra ns ra Gg S= (t3—%)/de, 


t 


so that the vector whose components are (062/0%,, 062/94 Y) has magnitude 1/az 

and is 90° ahead of the side P;P,. Similarly for (065/02.,- 06/04.) whilst’ 
(06, /da,, 06; /04;) is the zero vector. Hence the vector (c 0D/0%, c d/d) is 

the sum of two vectors of magnitudes c/8a, and ¢/3a3 and 90° ahead of the sides 

P,P, and P,P, respectively. Hence the linear momentum of the particle m, 

may-be analysed into the sum of four vectors: (1) a vector, of magnitude ws, 

along P,P,; (2) a vector, of magnitude ws, along P:P,; (3) a vector, of 

magnitude c/3a», 90° ahead of PsP,; and (4) a vector, of magnitude ¢/3ds, 

90° ahead of P.P;. Hence the squared magnitude of the linear momentum 

of the particle m, is 


wo? + w3? + wows cos Ay + 1e s+ + 
R W w 
PA nas °° A, + %esin Ay (2 — 2) 
lle ae 


and it follows that the Hamiltonian function of the reduced problem is . 


H* = H = 35— 





2 : Cu 
wj” + wg” + 2 (asus + =) cos A; 


al Game bei E in dy (2 — %)] 

+ 9 (+ 5) + % csin Ai; (2 æ) +V 
where (i, j, k) is a cyclic arrangement of the labels (1, 2,3) (i. e. = (1, 2,8) 
or (2,3,1) or (3,1, 2)).? 


= 


: THE JOHNS HOPKINS UNIVERSITY. 


2 References to previous reductions of the plane three body problem may be found 
in Whittaker, Hnzykj. d. Math, Wiss., Bd. 6, 21 (Art. 12). In addition the reader is 
referred to the article by Grammel, Handbuch der Physik, Bd. 5, pp. 346-349. The 
present reduction is a result of a discussion with our colleague, Professor Wintner, 
who has applied it effectively to the “regularisation ” of Levi-Civita. 


ON:A GENERALIZED TANGENT VECTOR. II. 


By H. V. CRAIG. 


1. Introduction. In this paper we proceed with certain of the ideas and 
results given in a previous paper.’ In particular, we define by means of the 
tangent vector T, two metric tensors and develop from each of them a con- 
nection. These connections give rise to a scheme of parallel displacement 
enjoying the following properties: (a) the auto-parallel curves are the ex- 
tremals associated with F'; (b) the scalar product of any two vectors under- 
going parallel displacement is constant. 


. 2. Notation. In addition to the notation employed in I, we shall intro- 
duce the operator *O, defined by ® 


(2.1) OF Š (—1)* so Pie 

u= 
F being any sufficiently differentiable function of the coördinates and their 
derivatives with respect to a parameter ¢ up to and including order m. The 
quantities T,, defined by 
(2. 2) T, = — 10, F, 


were adopted in I as the components of the tangent vector. Furthermore, 
wherever it is necessary to stress the fact that the highest order of derivative 
occurring in F is m, we shall write F(m), and for the associated tangent 
vector T, (m). 


3. Some properties of T, and related vectors. It is well known that the 
invariance of fF (1)dt under a parameter change implies the identity 


(3.1) "T, (1) = F(1), 


1 Presented to the American Mathematical Society, October 27, 1934. 

* American Journal of Mathematics, vol. 57 (1935), p. 457. This paper will be 
referred to as I. 

3 The quantities vO, were first found by J. L. Synge who established their vector 
character. See J. L. Synge, “ Some intrinsic and derived vectors in a Kawaguchi space,” 
American Journal of Mathematics, vol. 57 (1935), p. 679. Soon after the writer 
encountered them he received from Professor Synge a copy of the abstract of his paper. 
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since-T,(1) = Fa (1). Also, it was shown in I that if: fF(m)dt is it- 
variant under a transformation of parameter, then the following is an identity: 


(3.2) . 2" T,(m) =F(m), (m = 1,2,° ++). 
In addition, by performing the indicated operations, one may verify that 
(3.3) ve Or F°(1) = — 2 F° (1), e 

and that ee 

(3.4)° > . +0,[F(1)]——°0,F(1). 


And thus we are led to investigate the more general expressions 
aT10,F?(m) and °0;[F(m)’]. 
As a first step, we shall demonstrate the formula 


m-l 
(3.5) 10, F? =2 X (w+ 1) PF %0; F. 


1070 


Now, by virtue of the rule for differentiating a product, 


ul 
(3. 6) (F Fin) CI) eee > ilu Poo RES 
w=0 wr 
also, from (2.1), 
(3.7) 10, Pe = X (—1)" ul (FE) i]. 
uzt à 


Hence, we may write 


nr [ES 8 2 ' 
(3.8) 10, P = 2 X (— 1)" Sule FOO P.o, 

ual w=0 (wr 
If, in this, we first change the order of summation and then replace w+ 10m 
with (w +- 1) -a@wi, we obtain the equalities 


m-1 m 
(3. 9) 10, F? =2 Z po > (— 1)" u u-10w fa. 
w=0 u=zw+l wee 


Ju-1 m 
RE (w H1) PO S (— 1)" wa Fee? 
w=0 1 


a=w+1 Qor 


m-i 
= 9 > (w + 1) RO wid, F, 
w=0 
and (3.5) is established. 


Remark. Examining (8.5), we observe that, if ar -°O, F(m)=—8,°F (m), 
the first of the expressions to be investigated s10, F°(m) reduces to 
— 2 F(m). As a matter of fact, if fF(m)dt, (m > 1) is invariant g” is 
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“normal * to each of "0, F and °O, F while 210, F, as we know, reduces to 
— F. Thus we are led to consider the following theorem: 


THEOREM 3.1. If (F(m)dt is invariant under an admissible parameter 


transformation, then g" °O, F = —38,°F, (c—0,1,: :-,m). 
Proof. Since n’ 
[2 . >% 
m . g 
(3.10) Lo = X Oa COUT Fear = Sgt P, 6 T 
U=a . 
m-e Li g y , 4 
it follows at once that for c > 1, Lase and D (— 100 arcCc. Lave vanish. 
a=0 A 


Therefore, since the special cases of the theorem c= 0, c—1 have been 
demonstrated, it will suffice to establish that for c larger than one 


m-e 


(3. 11) > (— 1) FRE DIR Lare ® =m ar cO, E 
a=0 
is an identity. 


Dropping the index r from x and F, and employing first the definition 
of La and then the rule for differentiating a product, we obtain the set of 
equalities 


nt 


(3. 12) Lose? => aCare[ 2 (48-5#0) Fou] (a) 
U=a+C 
m å 
= 5 uae 5 aCyatra-erutl) p. (a= 
u=ate v=0 Cu 


and, replacing the umbral index u with u + a + c, the relationship 


m-(are} a : . 
(3. 13) Lure ® = > Ce Sayer) F. u, 
à 4u=0 yao (utate) 


Substituting (3.13) in (3.11), we find that the coefficient of the free a’ in” 
the left member of (3.11) is 


in-e 


x > (— 1)#e apo elf casey", 
a=0 


t See H. V. Craig, On the solution of the Euler equations for their highest deriva- 
tives,” Bulletin of the American Mathematical Society, vol. 14 (1930), p. 559. 

5 See I, p. 461. i 

‘For a more general discussion of the invariance of integrals under a pdrameter 
transformation, reference may be made to Théophile de Donder, Théorie invariantive 
du calcul des variations, Paris (1935), pp. 53-57. De Donder’s exposition is based on 
the work of R. Deladriére and J. Géhéniau and treats of multiple integrals of funetions 
containing higher order derivatives. My attention was called to it by a referee. 
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which, upon replacing a with a — c, becomes gss ° 


> (— 1) OF ça) (a-c) 

a=e 
the coefficient of 2’ in the right member. Likewise, if we put v = 0, u = 1 
and then u == 0, v = 1, we obtain the coefficient of 2”, l . ' 


. ad 


m-et : i m-e 
5 (— 15 ate helo" r0seCasd ao çascs1) ‘a + 5 (— 1)se acO c axeCare aC FP casey foe}? 
i . o* azi 


or 
' ] 
1 m~c—1+t0 


5 > (— 1)se tla * a+e-w+ are * aC wl (axes) (eu 
w=0 a=w 


In general, the coefficient of æte#1) is 


e m-c-c+w i 

(— aes arco ` arcre-wCase . «CP (a+0+e-w) Se 
4020 a=w 

or, replacing a with a + w, 
€ = m-c-e 
> > (— dy enero aswicC'c : ascreCastese ` aw wk (asere) say. 


w=0 qa=0 


But, for e > 0 the foregoing expression vanishes, since 


S (Karte (a+ w+c)!(a+c+e)!l(a+w)! $ 
120 (a+w)!c!(e—w)!(a+w-+c)!altw! 
_ fa+tet+e)! 


€ 
— [)ate 1) C. 
| ea DU den 


` 


and the theorem is established. We now turn to the generalization of (3.3). 


THEOREM 3.2. If {fF (m) dt is invariant under an admissible parameter 
transformation, then 
vt 10, F (m) = — 3E (m). 


This theorem is an immediate consequence of (2.2), (3.2), (3.5), and 
Theorem 8. 1. 
A generalization of Theorem 3. 2 is as follows: 


THEOREM 3.3. If fF (m)dt is invariant under an admissible parameter 
transformation, then 


a" -°O,.6(F) => [8:¢(de/dF)’ + 8,°d/dF\F  (c=0,1,---,m). 
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` 


Proof. By employing the definition of °O, and the rule for differentiating 
a product and then changing the order of summation, we derive the set of 
equalities à 


(3.14)  x”"cO, ), 4(F) — aft È (—1)" «Ce [dġ/4F Fr]? 


u-C 


=g" = = 1)“ ule 2A N (db/dF) D ee c-w)* 
=S Ci Š E 1)* aa Cw F Pate w 


But uOe’ u-cCw = erwlc* uCwe, hence the last denha of (8.14) may be 
expressed in the form 


a? S owle(dd/dF) © - "#0, F, 
w=0 


and our proposition follows by way of Theorem 3.1. We now turn to the 
generalization of the identity (3.4). 


THEOREM 3.4. If F(m) is any function such that 0, FP exists, and if 
0, F represents zero, then 0r, F =—**0, F, (v = 0,1, >> m). ` 


Proof. If we define the symbol F(-1)r to be zero then we may write 


(3. 15) =f UOTE aye 5 F yr = Four + Faeyr 


u=0 
e 


and, dropping the index r, 

: mel : m+1 a ° 
(3.16) OF = F (— 1)" u0 PUD =E (—1) Oo Feu + Fay]. 
Evidently, we may replace m + 1 with m in the first term of the last member 
of (3.16), and the index u with u + 1 in the second. The result is 


(3. 17) 0 F = — à (— 1)” [— uly + Ci lFen Go) __ Es 15 1F ow-n; 


and this, since u+10v — wl» = «Cvi, reduces to —v10 F. 

Another property of the Finsler tangent vector —?0,F(1) or Far due 
to Cartan,” may be stated as follows: if æ —«(s, t) is a parametric representa- 
tion of a tube, such that, for each fixed s, z — z (s, t) is an extremal while 


TSee E. Cartan, Leçons sur les invariants intégraux, Paris, Hermann (1922), 
chapters: 1 and 18. 
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for each fixed ¢, v = x(s, t) is a closed curve and if (varying our notation) ° 
Fayr(e) is the covariant tangent vector to the extremal through the point in 
question, then the integral f F'(1),(e) (42"/ds) ds, taken around an s-curve, i.e. 
a curve on which ¢ is-constant, is independent of £. Unfortunately, this property 
does not carry over in full strength to F(m). 

, As a first step in the investigation of this matter we shall demonstrate 
that, if V” is any vector and Vr denotes d“V"/di", then ° 


‘my m m-v 
(3.18) X (—1)*(Vr- 20, F)" =F (—1)9 Z VOOR. (a 
w=1 pal u=0 udr 


is an identity. This may be accomplished by comparing the corresponding 
coefficients of the derivatives of V”. Thus, suppressing the index r, the coeff- 


cient of V in the right member of (3.18), which we shall represent by CR, 
is given by 


(3.19) CR—=S (— 1) Fe) 
v=i 


(a+v) 


Whereas, since the left member of (3.18) may be written in the form 
” w-1 
5 (— 1)” > Pree Ora yu) (“OF) (wit) 
wal u=0 


the corresponding coefficient, CL, is 


> (= 1)” w-1Ca(VOF) (w=1-a) 


w=atl 
. 


Upon expanding “OF in OL and changing the order of summation, we obtain 
successively 


(3. 20) CL= © (— 1)” wile X (— 1)? lw Fer 
weatl V=0 


m v 
= > > (— 1) 2 wails? Ci F; SH 


vza+1 w=atl 


and, replacing v with v + æ and w with w + a +1, 


. i m-a v-1 
(3, 21) CL= F J (— 1) wala via wan Fe. 


v=1 w=0 (av) 
e v=1 w= 


Evidently, CL = CE 


6 
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-1 


(3. 22) | = (— 1) W oala" va war = 1 


w=0 


or, expressed otherwise, if 


(8.28) S (—1)%04100/(w+a+1)=al(o—1)1/(0+a)l ow 


à f 2 
If in the left member of (3.22) we set a — 0; replace w with w~—1 and 


subtract unity there results the expression — > (— 1)” »Cw which, as we 
w=0 


know, vanishes. Therefore, (3.23) is valid for each integer v if a = 0, and 
we proceed by induction. Specifically, we show that if for some a, (3.28) is 
an identity in V, then (3.23) is an identity in V for a+1. Thus, sub- 
stituting a + 1 for a in the left member of (3. 23), we obtain 


x (- 1)” vsCw/(w + a +R). 


But, upon replacing w with.w— 1 and performing certain simple operations, 
this expression may be transformed as follows: 


(3.24) S (— 1)" a0o/(w +042) =È (9 saua (w Ha H1) 


—— 1/0 À (— 1) Cw w/(w+a+1) 


_ (a+1) alv! 
© yg (v+a+1)!l? 


and the theorem (3.23) is established. 
We shall now apply (3.18) to transform the first variation of fFdt. 
Thus, let x = z (s, t) be a surface such that for each fixed s, v —x(s,t) is an 





ta 
extremal and let J(s) represent f Fdi; then the first variation is given 
p : 
by (3.25) | 
via m e 
(8.25) -dJ/ds =Í > (rr /ðs)F wrdt, where g®r = ÿvyr/ôtr. 
tı v=0 s 


Now, by the usual integration by parts, (3.25) can be expressed, since 
°O0, F(e) vanishes, in the form ` 
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(8.26) dJ /ds = 5 [(— 1)" $ Fomr (e) Prr 4s | eg 
v=1 y uzr ae 

And finally, by virtue of (3.18) with V” = ôx"/ôs and u — v substituted for u, 

(3.25) takes the form 

(8.27) dJ/ds = LAE e] k + LE (— 1)” (@2"/0s-”O, F(e)) eee is. 


F . 
This accomplished, we are’ ready to consider the generalization of Cartan’s 
theorem. “ah wee 


THEOREM 3.5. If s= a(s, t) is an extremal tube then 


2 (— 1)” [S ("Or F (e) } (d2"/8s) ds] 
wal . 
taken around an s-curve is independent of t. 
Proof. The integral of dJ/ds‘around an s-curve vanishes and the theorem 
follows. 
Corottary. If > (— 1)” (d2" ds) -00,F)%-1 vanishes over an ex- 
1072 
tremal tube then fT,(dx"/ds) ds taken around an s-curve is independent of t. 
Now let us consider an extremal surface —«(s,¢), not necessarily a « 
tube, and let u represent s on an s-curve ande¢ on an extremal or ¢-curve. 


If, in addition, Pdt is invariant under the transformation t= t(T), the 
integral around a parameter mesh: sı, t13 82, t2 of the quantity Sdu, 


+ (3.28) s=5 [(8x"/ðu) (— 1)” %0, F(e)]@™, 
w=1 
te 
vanishes. For, if J(s) denotes the integral Í, F(s, t) dt, then, since § reduces 
ty 


te te - te 
to F when u becomes t, the difference S(s1, t) dt — Í S (sa, t)dt is 
ti 


ti 
J (sı) —J (s2), which may be written -f *(dJ/ds) ds. But dJ/ds is 
S(s, t2) —S(s, t1) with u replaced by s. A 
This result may be extended to other closed curves: s = s(u), t = t(u) 
if we replace thee notation for the tangent vector de"/du with da'/du, 


8 See J. L. Synge, loc. cit., p. 682, equation 2.7. 
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‘dar/du = (da7/as)ds/du + a’tdt/du and interpret’ (dz"/dw) to be 
[dar /As|ds/du + 2° dt /du. 

To summarize, we have ‘seen that the vector T,(m). is in some respects 
analogous to the covariant tangent vector T,(1). We shall now turn to the 
development of a scheme of parallel displacement. a 

4.° Parallel displacement. We assume throughout this section that Fdt is 
invariant under the parameter transformation: -t = (T), T= T(t), and 
observe that this change of variable induces the féltowing transformation: 


a(t(T))= X(T) ; dx/dt = (dX/dT) dT /dt; 
drx/dir = (d™X/dT™) (dT /dt)™ +--+ ; 

F(a: ++, 2) = F(X,- ++, d"™X/dT™) dT /dt or F (x)= F(X) aT /dt; 
AT'/dt Femr(X)= Fomyr(@) : (4T/dt)”; 


(4. 1) 


and, therefore, 7?" Fumyrcmys is invariant. Furthermore, if t — aT + b, then 
(4. 2) Fwyr(X) = Powe (@).: (A/a)? 


and consequently F; 2 transforms by invariance and likewise T,. Hence, - 


we shall suppose in via follows that the parameter is linearly related to the 
are length and adopt the quantites frs, 


(4. 3) | fra = SE F'emyremys + TT's; 


as the components of our metric tensor. 

Following the procedure outlined in I, we cie an auxiliarÿ con- 
nection and then modify it by means of the vectors Ty and Sr. As a first 
step we differentiate the equation of transformation of the fondamental tensor,. 
thus 


(4. 4) fis’ = fé XX + tek "Aj s+ freX: FX; 8 
Then recalling the relationships ° 


(4. 5) X (m-1)s — X5°; | X (nds = mX’; l gen, ma 


(m-1) j (m-1)j 
and the tensor character of Fim and Tr, we derive the transformations + 


= 4 
(4. 6) Femin- = Fomremys XiX; + Fomyrems Ai mA; 5 


° See I, p. 457. 
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(4.7) © Df = TSK + TX; ew ° 


(4.8) FP" Pomimo + miT ; | 
Fast CEE mye cmap + mT Ts’) XX; + mp ryX 7X, 


If we permute the indices à and j in (4. 8), subtract the result from (4. 8) 
and indicate this operation of permutation and subtraction in the welll ‘known 
way by means s of brackets, Wi inay write 


(4. 9) ` pema B, m) riem- 7) 7 MT Lj 
== (F Pony trom-ajey + MT Te) XX; + mfr ugs. 


Multiplying this last equation by 1/m and subtracting the result from (4.4), 
we obtain our auxiliary connection. 


(4. 10) {t, J} = {r,s} XAG + fre Xi X58, 
RTS} = fre’ — [1/MF™F im tremaysy + TirTsy]. 

Assuming that F is positive, the determinant | Femrims | of rank n— 1 
and that the “ F one” function of the calculus of variations is non-vanishing, 
the determinant *° | frs | is likewise non-vanishing and the normalized cofactors 
frs of | frs | exist. Consequently, we may raise the second index j in (4. 10) 
by multiplying by Fifi" = fi" Xn" thus, 


(4.11) XB) = (KEEL; E) = fn t) 


This accomplished, the formula for @7’r--- and the theorems concerning 
the derivatives of sums, products, the Kioheckar delta, and scalars expressed 
by contraction of tensors may be obtained as in Finsler geometry. 

Furthermore, from the definitions of {r,s} and {7}, wè observe at once 
that {r,s} + {s,7} — frs’, fus{“} = {r, s} and consequently, by expanding Ofre, 
we have the relationship 


(4. 12) Ofre = frs — fust) — fra} = 0. 


Obviously, if we alter {r,s} by adding a skew symmetric tensor, the above 
equality will hold as before. With this in mind, we introduce our second 
connection {r, s}*, {}* defined as follows: 


1° See H. V. Craig, “On the solution of the Euler equations for their highest 
derivatives,” Bulletin of the American Mathematical Society, vol. 36 (1930), p. 562. 
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ne EE T E 
(4. 13) ("= fHn, s}" St) PT TEE, 


(8; = For +3 (ue 1) (1) Fuyr ® = Ps{f}). 


Let us next examine the vector 6*7’,, which is to be computed, as the 
presenge of the asterisk suggests, by means of „the new connection. Thus, 


(4. 14) OT, = Tr — Lys} — fer TS, + T,Ti8t. 


By virtue of the invariance of Fdt we have the equalities: 277, = F, 
TE onyromys == 0 and, therefore, "fre — FT. Consequently, we may write 

=o fysft! = FT fst and, multiplying by Ta, F= FfT,T:. That is, 
anticipating a definition, T's is a unit vector regardless of the parameter. Hence, 
since Er is 6T,—S,, 6*T, reduces to E, + T,Six't/F. But, again by virtue 
of the invariance of Fdt, tE: vanishes * and zt; becomes 2’'6T;. Further- 
more, due to the vanishing of 6f,-. and 68s", we conclude that 6f"* is likewise 
zero and the following holds: 


(4.15) 2 (OT, )aT/F =2(6T,) fel, = 0(fr°T Ts) = 0; 
hence 
(4. 16) DT, = Ey. 


Also, if the parameter is the generalized arc, then 2’’f;, is T's and, there- 
fore, if we write Et for f*'H,2it follows that 6*2’t is Et. 

Finally, if we define the generalized magnitude of a vector, angle, and 
parallel displacement in the usual way, which may be indicated by tHe fol- 
lowing identities and conditional equality 


(4.17) |F |2 = fr Vye, | U| |V|cos(U,V) =frsU'V*, 6*V" = 0, 


we have a theory of displacement possessing the cardinal properties of the 
Synge-Taylor parallelism."* Briefly these characteristics are: (a) the magni- 
tudes of and angles between vectors undergoing parallel displacement are 
constant, and (b) the autoparallel curves are the extremals associated with F. 


1 See H. V. Craig, “On the solution of the Euler equations for theip highest 
derivatives,” loc. cit., p. 560. 

12 Developed independently by J. L. Synge and J. H. Taylor. See J. L. Synge, 
“A generalization of the Riemannian line element,” Transactions of the American 
Mathematical Society, vol. 27 (1925), pp: 61-67, and J. H. Taylor, “ À generalization 
of Levi-Civita’s parallelism and the Frenet formulas,” ibid., pp. 246-264. 
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. . s 
Furthermore, relative to the foregoing connections, we may define deriva- 
tives # (covariant in character) of tensors whose components are ‘functions of 
x, x’,- - +, by means of the identities 


(4. 18) Sir a Som-1r Mems {E} 3 Tr st ka T's (mit ae MI 5 mate}. 


A second metric tensor (from which we will develop a theory of parallelism) 
may be obtained quite naturally from considerations based on the interpreta- 
tion of metric space given dn I. Briefly, this view is as follows: We suppose 
that there is given a Euclidean n + 1 space (z",z) together with the set of 
all arcs, z” == 2" (t) of class C” lying in the subspace (27) and associate with 
each of these base arcs the warped arc, 


t naan Te des | 
at = a(t), z= f VAE dt 4 k. 


The quantities #,, are merely the components of the Euclidean metric tensor 
and & is a constant. The codrdinate systems to be admitted are-either rect- 
angular Cartesian or those obtainable from such by transformation of the 2’s 
only. Hence, the element of arc is given by the equality 


(ds/dt)? = Ereg" gs + g? a 


By way of illustration let us puppose that we have given the surface 
z = z(a, x). Then 
(ya) == Bata’? + ZP (a7)? + 2772 + Zè (r°)? 
= (Ers + ZrZa) UUs = Fe, (4, = me Za = 02/0x°). 


Tt is of course well known that we can study the warped or r surface arcs through 
their corresponding base curves a" (t), x?(¢) if we replace the Euclidean metric 
#,s with the Riemannian metric Ers + Z,Zs. The functions F dealt with in 
this paper are not necessarily Riemannian and, hence, the warped curves need 
not lie on a surface. 

Returning to the general case, we shall select as parameter the arc length 
3 of the warped curve in question, consequently 4”, z’ is the unit tangent vector 
and F maintains the value unity along this curve. Evidently, if the arc is 
such that the quantities : i 

18 See H. V. Craig, “On a covariant differentiation process,” Bulletin of the Ameri- 


can Mathematical Socie¢y, vol. 37 (1931), PP. ‘731-734; also Paper II, ibid., vol. 39 
(1933), pp. 919-922. 


ON A GENERALIZED TANGENT VÉCTOR. II. 845 
(4.19) Ly = (FT, — Erat) (F° — Bases 

exist, we may write 

(4. 20) ara (Bn + ZZ) = Breg + g” =, 


and are thus led to define frs, the metric tensor, to be Ers + Z,7, We note 
in passeng, distinguishing the warped curves from the base curves by. means 
of a wave, that a . 


GRR) (F*— Baa’ta’)§ — [1 — Eader yds dav/ds (ds/d3)*]* — sin (0, 6). 


Furthermore, gs (Ers + 2,7) —FT,=—=T,; that is, our generalized tangent 
vector is the covariant description of the vector 27. Similarly, we may raise 
indices by means of the normalized cofactors f"* whose existence depends upon 
the non-vanishing of the determinant | frs |, a fact which may be established 
readily. For, by employing a rectangular Cartesian codrdinate system and 
certain well known rules for evaluating determinants, we have at once 


(4. 22) | Erg + Zr£s | =1 + 3 (Zr)? 0. 


Now, if C, and C, are any two intersecting base arcs, we can select the k’s 
so that the associated warped arcs will intersect. And if, further, these are 
restricted as above the angles of intersection will be given by 


(4. 23) cos 6 = [Ers + Zr(1)Ze(2) Ja’ (1)2 (2), 


the symbols (1), (2) indicating the arcs from which the quantities involved 
are computed. Thus, in computing angles, the value of the metric tensor is 
determined by two curves. . 

To form a connection, we start, as before, by differentiating the equation 
of transformation of the fundamental tensor, thus: 7 


(4. 24) fir = frs XX 58 + freir Xs + freX 7X5", 


Designating «'H,; by E, and differentiating the relationship #; = E,X;" with 
respect to yf, we obtain the equation, | 


(4. 25) Bioy = Eros X Xy + Eyre XX t BX Gj. 
To this we add the equality obtained by multiplying 


(4. 26) Z’ =Z% +Z; and Z= Zi. 


-The result is 
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(4. 27) Dio + 22, = (Bros + 228) XIX + freX Xj” ie EX" ij, 
from which we derive | 

(4.28) Buon E Zuli = (Eroa + ZrZr) XX; + freXruX*sy. 


Finally, by subtracting (4.28) from (4.24) and dividing by two, we obtain 
a connection oe ° 


: ; 
(4.29) ° {i jj={r, Xr KGS + fräi Xas, Rr, 8} = fra’ — Erosi — Zur, 


which is such that, in the case of the Riemannian geometry discussed, {r, s} 
is {ré, s}a’*. 

By means of the procedure applied to equation (4.10), we could develop 
a second theory of parallelism having the properties asserted of the first. 


TEXAS UNIVERSITY. 


THE FUNDAMENTAL THEOREM FOR RIEMANN INTEGRALS, 


By E. R. van KAMPEN. . 


1.” The fundamental theorem for Riemann initegrals states that a function 
defined on a closed bounded interval has an integral if and only if the. function 
is bounded and its discontinuity points form a 6-set-’ The proofs of this 
theorem, as given in the literature,’ still follow almost exactly the historical 
development. The upper and lower Darboux sums are defined and the con- 
dition that the upper and lower integrals of the function, defined by means 
of these sums, are equal is transformed into the condition that the discon- 
tinuity points of the function form a 0-set. In this note a shorter treatment 
will be given. This treatment is closely related to the usual treatment in case 
of a continuous function and is independent of the Darboux sums. The 
desirability of an investigation of the Riemann integral along these lines 
was pointed out to me by Wintner. The same method may be applied te 
n-dimensional Riemann integrals and to Riemann-Stieltjes integrals. 


2. A partition A of the interval a £ x Æ b'of the real variable x is a finite 
number of values & == @,%,° > -,% = b such that tir < ai, (i—1,:--,n). 
The segments of the partition A are the intervals 2, = x S x: of the variable 
s. The degree of fineness of A is the maximum of the lengths of the segments 
of A and will be denoted by d(A). An intermediate partition T of A is a set 
of n values y; of the variable + such that £i S yi Su. 


3. Let {In} be a sequence of open intervals Z, of the variable x. The- 
length of 7, being denoted by | In|, the length HIn} (in which the In need 
not be disjoint) will be considered to be the sum of the series 3 | In |, provided 
this series is convergent. The sequence {In} is said to cover a set D of real 
numbers if any number in D is contained in at least one of the intervals In. 
A set D is said to be a 0-set if there exists, for any given e > 0, a sequence 
{In} covering D such that H{In} < e For the easier part of the fundamental 
theorem use is made of the following well known 


+ Of. H. Lebesgue, Legons sur Pintégration, (2nd ed., 1928), chap. II; E. Kamke, 
Das Lebesguesche Integral (1925), §5; E. W. Hobson, The Theory of Functions gi a 
Real Variable, (2nd ed., 1921), chap. VI. 
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` Lumma. If D:,'D:,: : > is a sequence of 0-sets and D is the set of those” 
numbers contained in at least one Dy, then D is a 0-set. 


In fact, if e >.0 is given, {Zi} is a sequence of open intervals covering 
Dm, and HIn”} < e/2™, then the enumerable collection of open intervals in 
all {In} covers D and its length is less than e. 


4. Let f(x) bea real-valued function defined on the interval a < TE b, 
which will be denoted by J J, If f(x) is bounded on J, the oscillation of f(x) 
on an interval K, which has at least one point in common with J, is defined 
as the difference between the least upper bound and the greatest lower bound 
of f(x) on K, while the fluctuation of f(x) at a given point x of J is the 
greatest lower bound of the oscillations of f(x) on all intervals having @ as 
interior point. Thus f(z) is continuous at x if and only if its fluctuation 
at x is zero. 


5. Let A (defined by a, 1—0,---,2) be a partition of J and let T 
(defined by yi, i= 1,::-,n) be an intermediate partition of A. The 
Riemann sum S(A,T) of f(x) is defined as the sum 


S(A,T) -5 (ui — 4-1) fu), 


and the function f(x) is said to have a Riemann integral if there exists a . 
number § such that one can choose’ for every s > a a §>0 which has the 
property that 

A | S—8(4,T)| <8, whenever d(A) 2 €. 


FUNDAMENTAL THEOREM. A function f(x) defined on J has there a 
` Riemann integral if and only if f(x) is bounded on J and the set D of all 
discontinuity points of f(x) is a 0-set. 


The necessity of these conditions will be proved in 6, their sufficiency 
in 7, 8, 9. 


6. If f(x) is not bounded, it is not bounded on at least one segment of 
any partition of J. Hence S(A,T) is, for any fixed A, an unbounded function 
of T, atid so f(z) cannot have a Riemann integral. 

Now let f(x) be bounded. Let the set of points at which the fluctuation 
of f(z) is more than 1/n be denoted by Dn. -Then the set D of all discontinuity 
points of f(x) is the’set of points contained in at least one Da. If D is not a 
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É 0-set, it follows from the lemma in 3 that there exists an integer X such that 
Dy, is not a O-set. Hence there exists a y > 0 such that any sequence of open 
intervals covering Ds has a length larger than y. But then, if A is any 
partition of J, the total length of those segments of A which contain points 
of Dx is more than y. Since the oscillation of f(x) in these intervals is more 
than T/k, the oscillation of S(A, T) as a function of T is more than y/k for 


any fixed A. Hence f(x) cannot have a Riemahrf integral. 
® 


7. Let f(x) be bounded on J, say | f(x)| <<, and let the set D of its 
discontinuity points be a 0-set. Let « > 0 be given, let {In} be a sequence of 
open intervals covering D and such that l{I,} <e, and let {Kn} be ‘the 
collection of those open intervals with rational end points on which the 
oscillation of f(a) is less than e. Since Un) + {Kn} obviously covers J, 
a finite set covering J can be selected from {In} + {Kn} in view of the Borel 
covering theorem. This finite set I, > > -, Ip; Kas’ + -,Kq has then the fol- 
lowing properties: The set covers J, the oscillation of f(x) on each of the 
intervals Ky, > +, Ką is less than e, finally |J,|]++---+ || <e« Let 
à be a positive number less than half the distance of any two distinct endpoints 
of the intervals In’ -, Ip; Ki", Ko 


8. Let A, A’ be two partitions of J such that d(A) < 8, aa) < è and 
let T, I” be arbitrary intermediate partitions of A, A’. Let the distinct points 
occurring in A and A’ together be arranged in increasing order and denoted by 
To = Q, %1,° © u, En = b. Then 


O O S(T) 8, T) = È (es — sia) F) — H), 


where yi, y'i are those points of T, I” contained in the segments s,s’ of A, A’ 
respectively, and s and s’ both contain the set t1 S S ri Since the 
total length of s and s’ together is less than 28, it follows from the definition 
of ô that s and s’ both are contained either in one of the intervals Z,,: - -,Ip 
or in one of the intervals K,,- - :,K4 Let 3, and 3, denote the sums of 
those terms on the right side of (*) for which the first and the second of these 
possibilities occur. The total length of the segments in 3, is less than e, since 
these segments do not overlap and are all ‘contained in one of the intervals 
It + +,Ip. Since | f(#)| <c, hence | f(y:) —f(y’s)| < Re it follows that 
| 3. | < 2ce. The total length of the segments in X is not larger than the , 
length b — a of J. Since for each of the latter segments TF) —fiyi)|<e* 
in view of the fact that the oscillation of f(æ) on any interval Jm is less than e, 
it follows that | 3, | < (b—a)e Thus 
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(**) | 8(4,T) ) — sia, m) 
[3] +] 32] << (b—a+ c)s if d(A) <8, 5 din’) <6. 


9. Since | S(A, T)| < c(b—a), it is possible to select a sequence of 
partitions An, T» in such a way that d(A,) —0 and that the sequence 
§(An, Tr) has a limit. On denoting this limit by S and substituting into 
(**) for 4, I” successively she partitions Ay, Tn, it follows by passing to the 
limit that? 

| S — S(A, r) bs (b—a- 2c)e, whenever d(A) < ô. 


This completes the proof of the fundamental theorem. 


10. The method in 8 can be used to prove in a simple manner the fol- 
lowing fact: If f(x) is defined on J, and {Zn} is a sequence of mutually 
disjoint intervals covering the set D of discontinuity points of f(x), finally 


` On is the oscillation of f(z) on I» if f(x) is bounded on In, then On is defined 


for sufficiently large n and lim O» = 0. 


n->00 


ADDENDUM: After correcting the proofs I noticed that a paper of Professor A. B. 
Brown, appearing in the last issue of the American Mathematical Monthly (vol. 43, 
1936, pp. 396-398), contains a treatment of the same subject along lines very similar 
to those of the present note. 
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ee 


1. Comparison of the method of the present paper with the usual treat- 


ment. The object of this paper is to present an approach to the theory of 


canonical transformations. This approach is, in contrast to the usual treat- 
ment, one based directly on point transformations of a phase-space into 
another phase-space and is, therefore, symmetric in the coôrdinates and im- 
pulses. By this approach one can proceed in a manner which is quite straight- 
forward and, in the main, algebraical in nature. In fact, the method in . 
question is the extension to the case of a general canonical transformation of 
the algebraic treatment previously given by one of the authors for the case 
of linear conservative canonical transformations. The difference between this 
particular case and the general case is the same as that between tensor algebra 
and tensor analysis. Correspondingly, it would be desirable to adapt the local 
theory of displacements in differential geometry to the group of canonical 
transformations, conservative or not. There also arises the question whether 
or not it is possible to imbed Birkhoff’s theory of successive normalizations ? 
into the tensor-analytical treatment. This question is connected with the 
problem whether or not it is possible to obtain Birkhoff’s two invariants of 
a non-degenerate fixed-point of an area-preserving surface transformation by 
an adaptation to canonical transformations of the treatment by means of 
which the partly topological invariant of the total curvature is obtained in the 
theory of surfaces by tensor-analytical methods, thus eliminating the use of 
formal series. | 

It’ turns out that the Jacobian matrices of canonical transformations 
define linear substitutions under which the invariant bilinear form of the 
complex group is relative invariant,* and that the multiplier, which will be 
denoted by s, is independent both of the position in the 2n-dimensional phase- 
space and of the time ¢. In the usual theory, based on Pfaffians, the. Jacobian 


+ A. Wintner, “On the linear conservative dynamical systems,” Annali di Mate- 
matica, ser. 4, vol. 13 (1934), pp. 105-112. 

2G. D. Birkhoff, Dynamical Systems, New York (1927), Chap II. 4 

8G. D. Birkhoff, loc. cit, Chap. VIII. f : 

* A. Wintner, loc. cit., p. 107. 
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matrices turn out to’ define linear substitutions under which the bilinear form | 
of the complex group is an absolute invariant. Actually, the invariance is not 
absolute but relative. In fact, an analysis of the usual treatment 5 reveals a 
mistake in the latter, since from the fact that two Pfaffians vanish simul- 
taneously one is not justified to conclude that the two Pfaffians are identical, 
but merely that they are proportional. Correspondingly, the cendition 
s == const., which in the theory to be presented is proved as the inteBrability 
conditio® of a system of partial differential equations, is in the traditional 
treatment implied by the tacit hypothesis s==1. As a matter of fact, s may - 
be any non-vanishing real constant. However, since s turns out to be a non- 
vanishing constant, one ean reduce the case of an arbitrary s to the case 
s==1 by means of a linear conservative transformation which alters the 
Hamiltonian functions. 

The situation with regard to the relative invariance is illustrated by the 
following point: It is shown in the usual theory by means of Lagrangian 
brackets that if a canonical transformation is “completely canonical,” then 
the transformation is volume-preserving, the square of the Jacobian being 
1. Actually, it will be seen without any calculation that if s is assumed to be 1, 
then, whether the canonical transformation is completely canonical or not, 
the transformation is always volume-preserving. Furthermore, it follows from 
a theorem of Frobenius’ on relative invariants that ‘if s==1, then the 
Jacobian also is 1, so that the transformation not only is volume-preserving 
but-orientation-preserving as well. This generalizes the fact, well-known from 
the theory of surface transformations in the particular case n = 1, that the 
area-preserving transformations considered there are all orientation-preserving.® 


2. Hamiltonian matrices. For a fixed n, let G denote the 2n-rowed 
square matrix f A 


a a—(“ ~*), 
i f € [0] 
where w denotes the n-rowed zero matrix and e the n-rowed unit matrix. Thus 


Cf, eg, G. Prange, “Die allgemeinen Integrationsmethoden der analytischen 
Mechanik,” Encyklopädie der Mathematischen Wissenschaften, vol. IV, 1,, (1935), 
p. 157. 

° CE. G. Prange, loc. cit., pp. 768-769. 

1 G? Frobenius, “Ueber die schiefe Invariante einer bilinearen oder quadratischen 
Form,” Journal für reine und angewandte Mathematik, vol. 86 (1876), pp. 44-71, more 
particularly p. 48. : 

8G. D. Birkhoff, lec. cit., Chap. VIII. Cf. also T. Levi-Civita and U. Amaldi, 
‘Lezioni di Meccanica Razionale, vol. Th, Bologna (1927), p. 318. 


CANONICAL TRANSFORMATIONS OF HAMILTONIAN SYSTEMS. 853 


(2) Ps GSO ees, 


where the prime denotes the operation of transposition. Obviously, @ is the 
‘matrix of what is called in the theory of Pfaffians the bilinear covariant and 
in algebra the invariant of the usual representation of the complex group, 
i. e, @ is the normal form of an arbitrary non-singular skew-symmetric matrix. 

À 2n-rowed square matrix C will be said. to be a Hamiltonian matrix if 
it is real and satisfies the condition | = | nur 


(3) CGO = sG 


for some non-vanishing number s, which will be called the multiplier of C. 
Since det G 54 0, it is clear from (8) that 


(4) l | det C| = | s |”, 


so that, since s s4 0, the Hamiltonian matrices are non-singular. It is easily 
verified from (3) that the Hamiltonian matrices form a group and that the 
multiplier of the Hamiltonian matrix C®0® is s®s®, if s is the multiplier 
of the Hamiltonian matrix C, where i == 1,2. Since G is a Hamiltonian 
matrix in view of (2), and since (3) may be written in the form O’ = sGC“*G", 
it follows that if C is a Hamiltonian matrix, then so is C’, and that C and C” 
have the same multiplier. It is also seen that if s — 1, then C and O~ have 
the same characteristic numbers and the characteristic equation of C is a 
reciprocal equation. : 
For an arbitrary non-vanishing real number c, put 


© af} af 


It is easily verified that these two matrices are Hamiltonian matrices and 
that if sı, se denote their multipliers, then 


| (61) 81 == Cc, det C, = 5"; 
(62) S2 rs pie, C*, det Ca == 82”, 


These examples show that there exist for every n Hamiltonian matrices which 
have an arbitrary non-vanishing real number as multiplier. 
It-follows that (4) may be replaced by the more precise relation 


(7) det O == s”. 


In fact,.since the multiplier of CC® is the product of the multipliers of 
18 : 
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C® and @™, and since there exists for every n and for every s34 0 a Hamil- 
tonian matrix, it is clear that (7) holds for an arbitrary s if it holds in the 
case s—1. In other words, it is sufficient to know that if Q is a matrix for, 
which CGO = G, then det C—1. Now that 0’GO = G implies det C = 1 
is easily seen from (1) in view of a theorem of Frobenius on relative in- 
variants.’ 


e » hd 


3. A lemma on gradients. Let an m-rowed square matrix A = A (F) 
and a vector B = B(Y) with m components be defined in an m-dimensional 
domain of the space of the vector Y = (Y1,° © *;Ym). Suppose that the pair 
A(TY), B(Y) has the property that one can find for every scalar function 
f= f(¥) another scalar function g = g(¥) such that 


(8) : B+ A grad f = grad g 


holds in the whole F-domain under consideration. All functions and variables 
are supposed to be real. Let it be assumed for simplicity that A, B and f, g 
have continuous partial derivatives of the first and second order respectively. 
It is understood that A grad f in (8) denotes a matrix product, while a vector 
is a matrix with m rows and 1 column. 

Now there exists 1° for a given pair A, B a suitably chosen g for every f 
if and only if B is a gradient and A of the form s%, where s is a scalar 
independent of Y and # denotes the m-rowed unit matrix. The sufficiency 
of these conditions is obvious from (8). In order to prove their necessity, 
suppose that there exists a g for every f. On choosing f = f(Y) independent 
of Y, tt is clear from (8) that B is a gradient. Thus (8) implies that A grad f 
is a gradient for every f. Hence, on choosing f —f(y:,° © +, Ym) as an arbi- . 
frary polynomial p{y:) of the i-th component of Y = (y, -., y») and 
denoting by A; = A;(Y}) the vector the components of which are the elements 
of the i-th column of A = A(Y), it is seen that the vector ¢g(yi)Ai(V) is a 
gradient for every polynomial g(y:). It follows, therefore, from the integra- 
bility condition satisfied by a gradient that A(Y) is a diagonal matrix and 
that the i-th diagonal element of A (Y) is a function of y; alone. Since A grad f 
is a gradient for every f, on choosing i and 4 arbitrarily and placing 
F(Y) = yiy;, it follows that all diagonal elements of A(T’) are equal. This 
proves tltat A = si for some constant scalar s. 


es 
? As to § 2. cf. A. Wintner, loc. cit., p. 107. 
1° This fact is theeasalytical analogue to the algebraical fact used by A. Wintner, 
loc. ett., p. 106. 


or 
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4. Canonical transformations. The prime being the symbol for the 
transposition, let total differentiation with respect to the time ¢ be denoted 
by a dot. Partial differentiations with respect to ¢ or a codrdinate or an 
impulse will be denoted by subscripts, as illustrated by the relation 
a(q, t) =agy + a. Thus a canonical system with n degrees of freedom may 


be written in the form . 
(9) di = hy, Pi = — hors è | (i =], +» -,n), 
where the Hamiltonian function h =h(q:,° °°, qns Pas ‘+, Pa; t) may con- 


tain ¢ and will be supposed to have continuous partial derivatives of the second 
order in the (2n + 1)-dimensional domain under consideration. Put 


(10) Ti = Qi, Tim = Pir (t=—1,:--,), 


and let X denote the vector with the 2n components 2,°--,@,. Then (9) 
may be written in view of (1) in the form 


(11) GX = gradxh, where h=h(X;t). 


The subscript of grad refers to the space in which one carries out the partial 
differentiations. f 

Now transforth the phase-space X for every fixed ¢ under consideration 
into a phase-space Y by means of a transformation 


(12) Y—Y(X;t), where F= (Yo 75 Yan), X = (di, + +, Wen). 


Suppose that the 2x functions (of 2n + 1 variables) which occur in “these 
transformation formulae have continuous partial derivatives of the second 
order and that the transformation determines for every fixed ¢ a locally one-- 
to-one correspondence between the two phase-spaces, the 2n-rowed Jacobian 
being everywhere distinct from zero. A transformation (12) which satisfies 
these requirements is said to be a canonical transformation if it transforms 
every canonical system (11) into a system of differential equations which is 
again canonical, i. e., of the form 


(13) GY = gradyh*, where h* —h*(Y;1), 
it being: understood that the new Hamiltonian function h* need not be the 


same function as the Hamiltonian function h of (11). 
If a canonical transformation (12) is such that Aë always is the same 
function as h, i.e., if *(Y(X;t);t) —h(X;t) holds for every k, and if in 
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addition £ does not occur in (12), then (12) is said to be a completely canonical 

transformation.™ : 


5. Partial differential equations characterizing canonical transforma- 
tions. Let 
(14) xX =X(Y;1) 
ee ° 
be the inverse of the transformation (12). Let Œ denote the Jacobian matrix 


of the transformation (1%) for a fixed ¢, so that the j-th element in the k-th | 


column of the non-singular 2n-rowed square matrix C is the partial derivative 
of y; with respect to 2. The matrix O may be considered in view of (14) as 
a function C(Y;t) of Y and ¢ instead of as a function of X and t. It is 
easily verified by straightforward differentiations that 


(15) Y—OY+Y; 
and that, for an arbitrary f, 
(16) gradxf = C” gradyf, 


where C’ is the transposed matrix, finally that 
(17) gradyY+ = CC", 


where A; denotes the matrix or vector obtained by partial differentiation of 

every element of A, and the gradient of a vector denotes, of course, a matrix. 

Needless to say, Y+ is understood in the sense that one first differentiates (12) 

partially with respect to ¢ and expresses then XY by means of (14) as a func- 

tion of Y and ¢. It is not assumed that (12) is a canonical transformation. 
It is clear from (15) and (16) that (12) transforms (11) into 


GC-(Y — ¥:) = C gradyh, 
a relation which may be written in view of (1) in the form 
GY = GY, — GOGO’ gradyh. 


On comparing this with (13), it is seen that (12) is a canonical transforma- 
tion if and only if there exists for every À an h* == h* (F ; t) such that 


(18) e GY: — GCGC’ gradyh = gradyh*, 


where the Hamilténian function h —h(X;7) of (11) is thought of as ex- 
pressed by means of (14) as a function of Y and ¢. On keeping ¢ fixed and 


11 Cf. T. Levi-Civita and U. Amaldi, loc. cit, p. 314. 
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“comparing then (18) with (8), it follows from the lemma of § 3 that (12) is 
a canonical transformation if and only if the vector B= GY; is, for every _ 
fixed t, the gradient of a scalar function with respect to Y and the matrix 

re GOGO’ is, for every fixed t, of the form s#, where s is a scalar in- 
dependent of Y and E denotes. the 2n-rowed unit matrix. This means in 
view of (1) that the transformation (12) is canonical if and only if there 


exist tWo scalars RÉ 

A) ` r=r(¥;t); (1%) +. ‘s—s(t). 
such that : LU 
(20,) GY, = grady’; (202) C'GC = sG. 


If this condition is satisfied, the Hamiltonian function of the system (18) into 
which (11) is transformed by (12) is 


(21) i RE =sh +r 
in view of (18). 


| 6. The integrability conditions of (20,). Condition (20,) cannot be 
applied directly to a given transformation (12), since the function r is un- 
known. It is, however, easy to see that there exists, for a given transforma- 
tion (12), a function (19,) satisfying (20,) if and only if the matrix C’GC, 
_considered as a function of Y and #, is independent of t. 

In fact, there exists, for a given transformation (12), an r satisfying 
(20,) if and only if gradyG¥; is a symmetric matrix at every point of the 
(2n + 1)-dimensional region under consideration. Now it is easily verified 
that gradyGY, = G gradyY 1, so that grady GY; — GC:C" in view of the identity 
(17). Hence there exists an r if and only if GC;C is a symmetric matrix, 
i.e. equal to the matrix (@C:C*)’. Now this condition means in view of. 
(2) that 

CGO + CGC; = (GC): 


is the zero matrix for every Y and é, i. e., that O’GC is a function of Y alone. 


7. Characterization of the canonical transformation by means of Hamil- 
tonian matrices. According to (192), the scalar s occurring in the necessary 
and sufficient conditions (20,), (202) is, for every fixed ¢, independent of the 
position-Y in the phase-space. This was a consequence of the lemma of § 3. 
Now it is easy to see that the pair of conditions (20,), (202) implies that the 
scalar s must be independent not only of Y but of ¢ as well. In fact, it will 
be shown that a transformation (12) is a canonical transformation if and only 
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if there exists an s 5 0 which is independent both of t and Y ‘and is such that ° 
the Jacobian matrix C= C(¥;1) of (12) is, for every Y and.t, a Hamil- 
tonian matric which has, in the sense of § 2, the constant s as ` multiplier. a 

In fact, (12) is canonical if and only if (20,) and (20: ) can be satisfied 
by suitably chosen functions (19,) and (192). Now (20,) is, according to 
§ 6, satisfied by some function (19,) if and only if C’GC is independent of t, 
which means in view of (20%)*and (19.) that s is a constant. This tlearly 
proves the statement,. since; the Jacobian being non-singular, s=4 0 in view 
of (202). ` ne 

The criterion thus pr oved may be formulated as follows: A transforima- 
tion (12) is a canonical transformation if and only if its Jacobian matrix 
C—C(TY;t) determines a linear substitution under which the bilinear form 
in cogradiant variables which belongs to the skew-symmetric matrix (1) is 
relative invariant-with a multiplier s 0 which is independent both of Y and t. 


8. The distortion of a canonical transformation. If one calls the de- 
terminant of C==C(Y;t) the distortion of (12), it is seen from (7) and 
from the integrability condition s = const. found in $ 6 that the distortion 
of a canonical transformation is independent both of Y and t. 

It is also seen that if s — 1, then the distortion is 1, so that a canonical 
transformation with the multiplier s— 1 not only is volume-preserving, as 
shown by (4), but orientation-preserving as well, as shown by (7). 

These results do not assume that ¢ does not occur in (12) and are, 
therefore, more general than when formulated® for the particular case of 
completely canonical transformations. In fact, s—1 for every completely 
canonical transformation, while s = 1 does not imply that the transformation 
is completely canonical. This is clear from the relation (21) which shows 
-that a canonical transformation is completely canonical if and- only if the 
multipher s is 1 and the function (19,) is independent of Y. 

Incidentally, the result det C = 1 is new in the completely canonical sub- 
case of the case s—1 also, since the usual treatment of the completely 
canonical case gives'* detC—+1. The proof of this weaker result is 
usually based on an application of the Lagrangian brackets or, what is the 
same thing, on the reciprocal matrix of the brackets of Poisson. 


12 Siace the invariant matrix @ is real and skew-symmetric, the matrix iG is 
Hermitian. Thus one might attempt to treat the question of relative hivariance 
with respect to G by starting with the group under which the fundamental surface of 
an Hermitian space | is, invariant. This approach would necessitate discussions of 
reality which are analogous to those treated in the calculus of spinors, 

13 Cf. G. Prange, loc. cit., p. 769. 
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The usual characterization # of the completely canonical transformation 
by means of the brackets of Lagrange or Poisson follows from (20) and (1) 
without any calculation, since s — 1 in the completely canonical case. Further- 
more, it is not necessary to assume that the transformation. is completely 
canonical but merely that it is canonical and has the multiplier s = 1. 

As pointed out in $1, the usual treatment starts with the implicit Us- 
sumption that s = 1, an assumption which implies, by (7), that det C = 1. 


9. The composition rule of canonical transformations. It is clear from 
the definition of a canonical transformation that the set of canonical trans- 
formations defined in a common (2n + 1)-dimensional region forms a group. 
The composition rule of the Jacobian matrices and of the multipliers of 
canonical transformations is clear from (202) and §2. As far as the com- 
position rule of the function (19,) is concerned, it is easily verified that if 
1, = 7,(Y; t) belongs to a canonical transformation which is substituted into 
another canonical transformation, and if rs =71:(Y ;t) and s, belong to the 
latter transformation, then the function r belonging to the composite trans- 
formation is = 8,7, +12 In particular, if C, 1, s belong to a canonical 
transformation, then C~, — r/s, 1/s belong to the inverse transformation. 

Needless to say, the multiplier s is, according to (202), uniquely de- 
termined by the canonical transformation, while the function (19,) remains, 
according to (20,), undetermined up to an additive term which is a function 
of ¢ alone. 

On uniting a canonical transformation of a 2n,-dimensional phase-space 
with a canonical transformation of a 2n.-dimensional phase-space, it is often 
stated that.one obtains a canonical transformation of a (21, + 22) -dimensional 
phase-space. Actually, while this is true under the traditional hypothesis 
s = 1, it is'false in the general case. In fact, it is clear from the above rules 
that the united transformation is canonical if and only if sı = sə, where s, 
and s denote the multipliers of the two partial transformations. 


10. Another form of the criterion of $ 7. Let it here be mentioned for 
later application that if (12) satisfies (20,) for every Y and ¢ and (202) for 
a fixed ¢ and every Y, then (12) is a canonical transformation. In fact, if 
(20,) is satisfied for every F and t, then C’GC is, according to § 6, in- 
dependent of é, so that (20.) holds for every Y and t, if it holds fot every Y 
and for a single t. ` 


In order to formulate a converse of the fact thus proved, let a trans- 


4 Cf. G. Prange, loe. cit, pp. 768-769. 
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formation (12) be termed a conservative transformation if it does not contain t.’ : 
Now if (12) is a canonical transformation and #, denotes any fixed value of t, 
then the conservative transformation defined by Y = Y (X ; tọ) is a canonical, 
transformation. In ‘fact, any conservative transformation satisfies (20,) by 
choosing r = 0, and it satisfies (202) either for every ¢ or for no t.. 

+ It may be mentioned that (12) need not be a canonical transformation 
even if the conservative tran8férmation Y — Y (X; to) is a canonical trans- 
formation. for every fixed t = to. This is clear from the criterion of § 7. 


11. An existence and uniqueness theorem for the initial value problem 
of canonical transformations. So far it has been assumed that there is given 
a transformation (12) and the question was whether or not there exist a 
function r =7(Y;¢) and a constant s 540 such that (12) satisfies (20,) and 
(20.2). In what follows, the converse problem will be discussed. It will be 
shown that if there are-given a fixed value to of ¢t, a conservative canonical 
transformation Y == Yo(X), finally a function r==1r(Y;¢) which has con- 
tinuous partial derivatives of the third order, then there exists exactly one 


` canonical transformation (12) which reduces for ¢ — % to the given trans- 


. 


formation Y — Y,(X) and belongs to the given scalar function r —r(Y;t). 
According to § 7, the multiplier of the solution Y = Y (X; t) of this problem 
is the multiplier of the given initial transformation. It is.understood that ¢ 
is to be restricted to a sufficiently small vicinity of to. 

The proof proceeds as follows. First, one can write (20,) with the use 
of (2) in the form 3 i 
(22) Y: m — G grady (Y; t), 


where r—r(Y;t) is the given function and Y = Y(X; t) the unknown. 
Now consider (22) as a system (13) of ordinary differential equations with 
the independent variable ¢ and assign for these ordinary differential equations 
the initial values F(X; to) == Y(X), where the point X of the phase-space 
is fixed. Let Y = Y (X ; t) be the corresponding solution of (22). According 
to the existence theorem of ordinary differential equations depending on 
parameters, the solution Y = Y (X; t) exists in a portion of the space of the 
initial values X and in a sufficiently small interval t)-—6 < t < to + b, where 
b can be chosen independent of X. Furthermore, the conditions of regularity 
made with regard to the given functions 7, Yo imply that the solution 


_ Y= Y(X; t) has coptinuous partial derivatives of the second order. Since 


the Jacobian of Y (X ; t) with respect to X is at t = t, the Jacobian of Y, (X), 
hence distinct from zéré, it is clear from reasons of continuity that the J acobian 
of FY(X;t) does not vanish, if ¢ is near enough to to Thus (12) defines a 
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e i ous n : ri a k $ E P ` 
transformation.’ Now this transformation is, in view of § 10, a canonical 


transformation. ` 


12. Canonical integration constants. Let Y — Y (X. t) be the general 
solution of the canonical system (13), the 2n components of X being the 
2n integration constants. Let it be assumed that these integration constants 
are combinations of initial values in such a way that the general solution 
Y = Y(X; t) has continuous partial derivatives of the second orderand that 


. the Jacobian is nowhere zero. The integration constants represented by XY 


are said to be canonical integration constants if the transformation (12) 
defined by means of the general solution of (18) is a canonical transformation. 

Now the integration constants X are canonical integration constants if 
and only if the conservative transformation Y = Y (X; to), where to is one 
particular value of t, is a canonical transformation. This is clear without 
any calculation from the criterion of § 10, since (20,) may be written in the 
form (22), while (22) is the same thing as (13), the vector X being a vector 
of integration constants. 

It follows, in particular, that if Y = Y (X; t) ‘is the general solution of 
(13) and the integration constants represented by X are chosen to be the 
initial values of Y which belong to t= to then (12) is a canonical trans- 
formation with the multiplier s = 1, In fact, (12) reduces then for t= ta 
to the identical transformation, hence to a canonical transformation with the 
multiplier s = 1. 

If Y =Y(X;1t) is the general solution of 


(23) GY = gradyh | . 


with nes integration constants X, then (12) transforms every canonical 
system (11) into a canonical system (18), where 


(24) h* = sh +h, 


s being the multiplier of (12). This is clear from (21), since r — à in view 
of (23) and (201). The rule (24) only means (cf. §9) that the inverse 
transformation (14) transforms the Hamiltonian function 4 into the Hamil- 
tonian function which is identically zero. 


Remark. It may be mentioned that every canonical transformatión (12) 
may be considered as one defined by means of some canonical integration con- 
stants X of a suitably chosen canonical system (13). This is clear from § 10, 
if one writes (20,) in the form (13). i a 
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13. Verification of the standard Pfaffian criterion. . Corresponding to” 
(10), let in (12) os 
(25) Yi =t Yin = Uy (i=1,---,n)., 


Then the usual criterion for.a canonical transformation, when adjusted to 
the fact that the constant s 74 0 need not be 1 (cf. §1), may be expressed by 
saying that (12) is a canopiçal transformation if and only if there exists a 
function + for which the Pfaffian | 


(26) os S pidqı — $ uidv; + rdt 
i=l izl 


becomes a complete differential in virtue of (12). This Pfaffian condition 
contains differentials of some of the 2n old variables and of some of the 2n 
new variables and is therefore, in contrast with the criterion of § 7, an un- 
symmetric criterion. On the other hand, it is easy to deduce this criterion 
from the theory developed above. In the verification use will be made of the 
fact that the alternating derivative (Stokesian) of a covariant vector is a 
tensor. 

For a given transformation (12) which need not be canonical, consider 
the Pfaffian 
(27) asX’GdX — 4¥’GdY + rdt, 


where Z’AW denotes the bilinear form belonging to the square matrix A and 

to the vectors Z, W, so that Z’AW is considered in the usual manner as a 

product of three matrices. It is easily verified from (1) that, whether the 

transformation (12) is canonical or not, the difference of the two Pfaffians 
(26), (27) is, in virtue of (1), (10) and (25), a complete differential, namely 
that of the function 


S © pigi — D uivi. 
i=1 4=1 
Now (27) is a complete differential in virtue of (12) if and only if (12) isa 
canonical transformation. In fact, (27) becomes in virtue of (12) the Pfaffian 
(28) $(sX’G — Y’GC) dX + (1 —4Y’GY1) di, 


where Y and F; are considered as functions of X and ¢. It is clear that the 
Pfaffian (28) is a complete differential of a function of 2n + 1 variables 
represented by X and ¢ if and only if (i) the partial derivative of the covariant 
vector . 


15 G, Prange, loc. eit., p. 758. 
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* (29) aa 4(sX’G— ¥’GC) 


with respect fo Le is the (covariant) gradient of the scalar 
- (80) | 1 —17GY: 


with respect to the vector X and (ii) the alternating derivative of the covariant 

vector (29) with respect to the vector Y.is ideytically zero. Now the con- 

ditions (i), (ii) are equivalent to the conditions (20,), (202 ) a 
In fact, condition (i) is satisfied if and only +f. 


— 4 (PGC). = (gradsr)’ — 4[gradx (¥'GY:) T’, 
a relation which, when transposed, may be written as 
— (CGT): = gradxr — + gradx(¥’GY1), 
or, on using (1), (16) and the definition of C, also as 


407GY + 40°GY, = C’ gradyr — 40 GY: + CGT, 
i.e, as , 


C'GY:— C’ gradyr. 


Since this may be written in the form (20,), it follows that condition (i) 
is equivalent to (20.). 

On the other hand, since an alternating derivative is transformed by any 
transformation (12) as a tensor, and'since the alternating derivative of X’G 
with respect to X is G in view of (1), it follows that the alternating deriva- 
tive of Y’GC with respect to X is C’GC and that condition (ii) is satisfied 
if and only if the matrix ; 

4 (sG— C’GC) 


is identically zero. Hence condition (ii) is equivalent to (202). 


Remark. While the above considerations were based on the transforma- 
tions of a 2n-dimensional phase-space which depend on ¢, it is possible te 
develop the above theory in a (2n + 2)-dimensional space which is obtained 
by adjoining to the 2n-dimensional phase-space the function (19,) and the 
time ¢ as a pair of canonically conjugate variables. This approach is particu- 
larly convenient when the method is applied to the reduction of tht degree 
of freedom by means of canonical transformations based on known first in- 
tegrals in involution. 


Tue JOHNS HOPKINS UNIVERSITY. 


NOTE ON A CERTAIN BILINEAR FORM THAT OCCURS IN 
STATISTICS. 


By Arren T. Crate. 


It is the: purpose of this note to present some of the properties of the 


distribution'of a real symmtfrie bilinear form of 2x normally but independently 
distributed variables. | 


Let x any y be independently distributed in accord with 
f(e) = (/VRr) exp[—(a*/2)] and gly) = (1/V 2x) exp[— (y*/2)]. 


Let a, °° *, 2, and Yt) Yo’ * `> Yn be n random pairs of values of w and y 
and let A = | Guy | (u,v—1,2,: < -,2), be a real symmetric matrix of rank r. 


If B denote the bilinear form x GuvCuYv, the characteristic function p(t) of 


Uy V=1 


the distribution of B is given by 
60) = (EY SZ ++ SEa Gite —40.—20.)dinden - aides 


n n 
where Q; = X, ta? and Q = Yy. Since A is a real symmetric matrix, there 
1 1 s 


exists a real orthogonal matrix L = | lw || such that 
Ài 0 7 . . 0 
0 de 0 
LAL=|}0 0 À 0 
0 0 0 - 0 
0 0 0 
. where Àn’ " *,A, are the r real, non-zero roots of the characteristic equation 


* : Presented to the American Mathematical Society on September 12, 1935. 
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a 


of A, and L’ is the conjugate of L. If we subject the 2’s and y’s to the same 


k 
linear homogeneous transformation with matrix L, then B becomes D At'ag'a 
1 


while Q, and Qs remain unchanged. Thus, upon dropping the primes, ¢(t) 
becomes 


f(t) = ~ (2 x) f i exp (it > Au®uYu = bQ: — ZQ: ) dynden - : - - dnde, 
= | (1 + Mt) (1 + 2,22) - “(1 + Arte) J. : 
If ws represents the s-th semi- -invariant of the distribution of B, it follows from 


ds log ¢(t) | 
dts Le t=0 


Eas = 


that 
Wagy == 0 and Dog == (2s — 1)! ! D Aus. i 


In terms of the semi-invariants, the distribution function F(B) of B is then 
given formally by 


exp È ake ve] = f exp(itB)F(B)aB. 








(s)! 
Thus, 
F(B) = = exp(—itB +3 [ (it)*/(s) ! Jos} de 
=y(B) + Aw? (B) + Ay (B) +>, 
where - 
y(B) = igs ne (B?/20*)], = > M2, y®(B)= ES 


and the A's are the well known functions of the semi-invariants.? 

Of particular interest is the case in which A, == à =- - = àr = 1 and 
the rank 7 is even, say r = 2k. For example, B may be n times the sample 
covariance, 





B=% (x; = 2) (y; —f) = È url v 


where nọ == 32y, nY = Iyv and Quy = (n—1)/n or —1/n according as 
u = v or usé v respectively. The n roots of the characteristic equation of the 
matrix || du» || are 0,1,1,- + +, 1 and, if n is odd, the rank of the matrix is 
r= n —1= 2k. Under these conditions we have * s 


. 
2 Of. T. N. Thiele, Theory of Observations (1903), pp. 33-35. 
3 Cf. J. Wishart and M. S. Bartlett, “The distributions of second order moment 
statisties in a normal system,”- Proceedings of the Cambridge Philosophical Society, 
vol. 28 (1931-32), p. 458. : 
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$) = (1+) 
1 fCexp(—itB) 
FES OFP % 
By a suitably chosen contour for integration in the complex plane, it may be 
shown that 


and 








F(B) Eepe | B D fa +a v B | + nB? + as | Be) +--+ arma | B1 |] 


where 
(2k —s—2)! 


Bre (k—s—1) Ts! (K-11? Sa ae a 





As = 


It is interesting to observe * that this distribution function is identical with 
that of the sum of k independent values of x drawn at random from a popu- 
lation characterized by f(x) = łexp(— | x |). 


THE UNIVERSITY OF IOWA. 


, “Cf. K. Mayr, “ Wahrscheinlichkeitsfunktionen und ihre Anwendungen,” Monats- 
hefte fiir Mathematik und Physik, Bd. 30 (1920), p. 25. 


THE APPLICATION OF THE THEORY OF ADMISSIBLE NUMBERS 

© ‘TO TIME SERIES WITH VARIABLE PROBABILITY. 
By Franots* REGAN. | 
I. Introduction. This paper is concerned with the consisteræy of the 
. statistical theory of probability as applied to time series. ` In testing this con- 
sistency, we shall employ the theory of admissible ntmbers. A time series is 
a sequence of occurrences distributed independently in such à manner that 
there is a definite probability of an occurrence in any given interval of time. 
A time series may be represented by a sequence of points on the positive time 
axis. If Æ is any (Lebesgue measurable) set of points on this axis, then there 
is a definite probability f(a, Æ) that there will be a points of the time series 
in the set F. We shall assume that this function possesses a certain periodicity 
which is defined in terms of the following transformation. Let Ty (x)= <£ + y, 
‘ie. the transformation T,(x) translates a point x into a point a = x + y. 
This operation also transforms a set of points Æ into a set Æ’ and this trans- 
formation will be denoted by the equation E” —T,(). The function f(a, F) 
is said to possess a period A provided 


fla, Ts(#)] = f(a, E) 


where A is independent of « If all numbers A are periods of this function, 
the time series is said to possess a constant probability. Otherwise the proba- 
bility will be ‘said to be variable. 
The mathematical idealization of a time series is an increasing sequence 
of positive numbers sı, 82,- + © whose properties are defined in terms of the 
expression 2(«, Æ, A) where 


x(a, E, A) = 0, r, g®),- x -g a 


r 1 if there are exactly æ points of the series in T#1,4(E) 
~~ | 0 otherwise. 


The set F is contained in the interval 0 < y SA and A is a period of f («, F). 
Thus x(a, Æ, A) represents an event which succeeds on its k-th trial if and 
only if there are exactly « points of the time series Velonging to the set 


1This paper was presented to the Society June 22, 1933. 
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T a1ya(E). The success ratio for the first n trials of the evént x(a, B, A) is 


denoted by pa[z(«, #,A)] and is given by the equation © 
s "ne B, A)] =X 2®/n 


The probability p[æ(«, E, A) ] of this event is the limit of the success ratio, i. e., 
n (4B; 4) ] = lim pi[a(a, E, 4)]. 


Thus N time series must satisfy the condition slala E, A)] =f(¢, E). 
: We shall make the further demand that «(x E, A) is an element of the set 
' A[f(a #)], where A[f(«, E)] is the set of all admissible numbers associated 
with the probability f(a, Æ). We shall however restrict ourselves in Art. IT 
to the consideration of sets # consisting of finite sums of intervals and to the 
function of variable probability while in § 4 of Art. ITI, we shall consider for 
constant probability sets W which are not of the form already discussed by the 
author.? 
It is now clear that the assumption of periodicity of f(a, B) is necessary 
' in order that the probability can have a meaning in terms of the statistical 
theory. It can be proved that 


f(a, E) = [K(B)]%ek®/a! 


where K(E) is a non-negative absolutely additive, absolutely continuous func- 
tion of point sets. . 


Jil. ‘At least one point or exactly a points lying in an interval. 


1. In this section we shall concern ourselves with the restricted case in 
which # is the interval of length n, beginning at time s. The function f(a, F) 
shall be designated by f(a, n, s) and K(2) shall be denoted by K(y,s). The 
function f(a, 9,8) is periodic in s, where the period depends upon the nature 
of the physical event; for example, let us assume that the probability of an 


* See Regan, “ The application of the theory of admissible numbers to time series 
with constant probability,” Transactions of the American Mathematical, Society, vol. 36 
(July, 1934), pp. 511-529. 
° Fry, Probability and Its Engineering Uses, pp. 216-227 and pp. 232-235, shows.” 
that under suitable restrictions the function fla, E ) must be expressible in the above” 
. form where K (B) is a Riemann integral of a continuous function. In a paper written 
in conjunction with A. H. Copeland, entitled “ A postutational treatment of the Poisson 
law,” Annals of Mathematics, vol. 37, no. 2, April, 1936, pp. 357-362, the above equation 
‘under a more general set of hypotheses has been derived by the authors. 
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event happening ‘at 9.00 a.m. Monday is the same as that at 9.00 a.m. 
Tuesday, ete... Here the primitive period is the day. Hence f(«, n, s) is periodic | 
in s for a certain y. Let this period be m, then f(a, n, s) —f(a,m,s + mn), 
(n=1,2,:--). If this period is not one it may be made so by a linear 
transformation. Therefore there will be no loss in generality, if we confine 
our work to the case where the period is one. . 
We shall first consider the case of at least’ ohe point lying in an interval 
of length y, beginning at time s. A time series representing this phenomenon 
may be ‘represented by a set of points sı < $3 < °S <° c+: dis- 
tributed along the positive s-axis. The probability of at least one point lying 
in any interval 9 of the time axis, beginning at time s, is [1 — f(0, y, $s)]. 
The set of points s; may be obtained by a certain transformation applied 
-to a time series Ti, T2, ra,‘ © * Which has a constant probability, and which is 
such that if i 
f | ~ %0(0, 7, t, A) = 2, ToP, +, ay, + * : 
where 
Z% = 1 if there is at least one point r; in 


Is: t+ (k—VWA<ASt+rt+ (k—1)A 
otherwise 
ay — 0, 


where A==8-p: 2-1, t= r Z, r= m: Zl; p, o r and m being 
integers such that r-+ m Sp, and 8 = K (1,0), then ~ zo(0, 7, t, A) is an 
element of A [1 — e].* 

For our purpose here we will only consider those values of p: 2-¢*t which 
are integers. Hence A = 5: M, where M is an integer. 

It is now our problem to show how this series may be transformed into 
one which has a variable probability and which is consistent with the frequency” 
theory. 

Let Iys be the intervals < ÉS s +y. Let K(y,0) =T(y) =à. It is 
assumed that T (y + 1)=T(n)+ 8. From the nature of the function K (n, s), 
we know that the inverse n = T> (A) exists.” Then T7*(A + 8)=T7(A)+ 1. 


‘A time series of this type has been constructed by the author in a paper entitled 
“The application of the theory of admissible numbers to time series with constant 
probability,” Transactions of the American Mathematical Society, vol. 36 (July, 1934), 
no. 3, pp. 511-529. It should be noted that the constant factor 6 that has been used here 
is nothing more than the & (page 512) which we chose as one, but for our purpose 
here k is chosen to be 6 = K (1,0). ace 

5In the paper mentioned above written by Copeland and Regan, they show that . 
if I, is the interval 0 < y Sg and é—K(I,) =T (æ), then this transformation has a., 
unique inverse «= T-1(t). 
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We shall now construct a time series sı < 82 <L> < sj < eer er 
== T (ri). Let . 
~g(0, y 8, M) =a, 2,- - -, ey 
where 


a = 1 if there is at least one point in 


© fist (4—1)M ChSs+y4 (k—1)U 


otherwise 


gd) = 0, 


1 where s = T(t), s+q4q= T(t +7), t andr peg, equal to 8-7 - R1 ang 
ò: m- 2-9 respectively. Since 


T(t + (k—1)A] = T(t) + (k—1)M =s + (k—1)M 
and ‘ | 


TE 4r + (k—1)A] = Te) + (k—1)M =s +94 (6 —1)M 


it follows that + —2,™ and hence ~ x(0,»,s, M) is an element of 
A[1 — e°], but t=T (s) and é+r=T(s +) or 


r= T (s +1) —T(s) = K (7,8). 


Therefore ~ 2(0,7, 8, IM) is an element of A[1— e899] and 


S SSeS 
is a time series with the desired properties. 


, 2. We shall investigate the case when within the interval 74 of length 
T(r = + m: 277), sub-intervals of the form T-1(3:2-7*t) are omitted from 
consideration. 

In the case of constant probability we have shown that if 


2 E Le er) 
~ &(0, T3 t, A) = 4, 26 5 sa, 


where 4% is one if there is at least one point in the n intervals of I», where 
the sub-intervals of 7; are: 


. tit ($—-DA<hSt+h pHa e + (b—IA, 
a (i= 1,2,:°-,0), 


4 then ~2«(0,7’,t, A) is an element of A[1 — e7], where 
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beginning et time ti. The numbers A, t 7’ and r are 8-M, 8er R, 
+5 - 1-2 and $- m: 2° respectively where p, a, r, M, m and n are pees 


with n S m and the sub-intervals = at ti = 8+ pi 2, (i= 1,2, n), 
where p: is an integer, satisfying, r = pi S r + m—1. 
Now we may use the saine transformation as given in § 1. Let i 
. Ea s x ` e ` 
-~ g(0 g, s M) =e, gD o g 8 


. 
e 


where 2% is one if there is at least one point in the n intervals of Je, where 
the sub-intervals are: 


s+tit (b—1)M <h<s de Ci 4 Taage) 4 Ga, 
es 2, -,n). 


and zero ds where s = T> (t), (t = 8: r: 2"), Yi- == T (8. p, 2-7), 
s +y = T(t +r), where s S Yi S s ay — T (8. 2). Since 


Taift + ti + (k—1)A] 
= T(t) + T(t) + (k—1)M=s + t: + (k—1)M 


and 


TALE + t+ 8-24 + (w —1)A] 
= TA (t) + T(t) + TA(8: 21) + (k—1)M 
=s ta + T (8: 2) + (k—1)Y, 


. it follows that « —2, and hence —x(0,7,s, M) is an element of 
A[1—e-™], where 7 = ri + ro +: +, with each of the r; = 8+ 2-0*t 
beginning at time ti. Therefore, since tı = T (¥:) and 


ti + DR T1 — TI: + T1 (827+) J], 
we have 


8 R = T(E, + TAS: 2t) — T (0) ] = KTA (88), di]. 


Therefore, ~ (0, 4, s, M) is an element of 
ALI — exp(— $ K [T (82), #:]}]. 
ist 


3. When we consider a points in an interval of dength y, or the case, 


The symbol 7’ represents the sum of the n sub-intervgls T-1(6.2-s+1) under ° 
consideration. i 
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where there are æ points in an interval where sub-interyäls of the form 
T*(8-2-°*) have been omitted from consideration, we need only apply $$ 1 
and 2 to the corresponding time series of constant provi 


III. Intervals not of the form (r + m): zo, 


. 4. We shall discuss for constant probability the case in which the interval 
becomes irrational or rational and not of the form (r+ m) 2e, Tt may 
be such that t and + are both irrational, both rational and not of the forms 
re 2-1, m “2-1, or one nfay be rational and the other irrational. 

Let us choose 1%, 72, mi, Ma, and A so that ry R< $ < Tr QOH, 
(re + Mo) Z ttre < (rs + nu) +: 2°, and A = p: 2%, where 
Ti + Mu Sp and rz + m Sop Let ry = my: 2, ry = ma’ BO, 
ty = Bo, Lo = 19° -oti 


Given any positive number, e, we can select 71, T2, pi, pa, o such that 


(a) {1 —f(0, Ta 41) — 6/2 S {1 — f (0, 7, #)}* 
= {1 — f(0, T2; ta) }* + €/2, 

It follows from Theorem 27 that the numbers Ws can be chosen so that 
for every m, Tr, o and A such that m -+r 5 A20- that the number 
~ ©(0,71, t A) is a member of the set A[1—f(0,71,4:)]. For the same : 
numbers Ns, then the number ~ g(0, Tə ta A) is a member of the set 
A[1— f(0, T2 t2)]. Hence we can select a number Ne such that 


Œ) {Lf (0,75 t) 0/2 € pul TL (r/n) ~ 20,70 by A), 
and « 


(c) px I (ri/n) ~ @(0, ra, t, A) + ] S {1 —f (0, 71, t) }* +2 


whenever N > No. 

Now let us define a number ~x(0,7,t,A) such that its k-th digit is 
one if there exists at least one point of the time series in the interval 
Ky: t+ (k—-1A<ASt+7+ (k—1)A, where ¢ and 7 have been re- 
stricted as above and A = p-2~**, Then we have 


(da) pt Il (ri/n) — 2(0, 72, ta, A) ` 1<mtil (ri/n) ~ 2(0,r, t, Į 
=at (ri/n) — (0, ra ls À) |. 


. 
1 See author’s memoir, loc. cit., p. 522. 
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Subtracting e from the second inequality of (a), we have. 
| {1 —f (0,1, t) Pe S {1 — f(0, Tos te) > — 6/2. ` 
Combining with (b) we get | 


(e) : : | {1—f(0,7, D} — e S pl LL (r/n) ~2(0, ta ta A) afe e 


Adding « to the first inequality of (a), we have ; 
(1—f(0, ry tr) + e/2 S (1 —f (057, + 
Combining with (c) we get 


D pel I (ry/n) ~2(0,74 tA) 1S Use 
Using (e) and (£) with (d), we get 


UEO n t) 6 < pol TL (a/n) 20,0548) ] 
<{(1—f(0,7,t)}® +e 


whenever N > No. Therefore, we have 


af I T ~ a (de 8 A): Tes (1 E PE 


. Hence, we see that for the same numbers Ns as found from Theorem 2, that 
~ «(0,7, t A) is a member of the set A[1 — f (0,7, t) ], where ¢ and r are not 
* of the forms r: 27%: and p- 2-%+ respectively but ¢-+7'< A. . 
From the principles of admissible numbers, it follows that æ(0, r, t, A) is 
an element of the set A[f(0, r, é) ] for every ¢ and 7, such that t +r < A. 


We have now proved the following theorem: à 


THEOREM. If the hypothesis (H,) of Theorem 2 is satisfied, then for the 
same numbers Ns which may be obtained for this case of. Theorem 2, it is true 
for every t.and +, such that t-++< A, that the corresponding number 
æ(0,7,t, A) is an element of A[f(0, 7, t)]. 


By the transformation of § 1, we can show that the series for variable 
probability is consistent for intervals not of the form (r+ m), 
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CERTAIN RATIONAL r-DIMENSIONAL VARIETIES’ OF ORDER N 
IN HYPERSPACE WITH A RATIONAL PENCIL OF‘(r—1)- 
DIMENSIONAL VARIETIES OF LOWER ORDER. 


By B. C. Wone. 


I. Inir oduction. - Let” Mm denote the (r-—-%)-dimensional manifold, 
of order më, of complete intersection of & given general hypersurfaces of order 
m in an r-space, Sr. The hypersurfaces of order n passing through M a form a 
linear system, | V |, of dimension + 


(1) p(t, m, k) =—1 + (#) (mmr) — (8) (mmr) 
-+ Gy (EE) LD Met eee - à (—)#1 25) ee) 
pre (— 1)*@) Gee 
where the second factor in any term is to be taken equal to -zero ‘if its 
upper number is less than r. Jt is implied that n=m. If n—m, then 
p(t, m, Mm, k) == k — 1 and we have the co**-system determined by the & given 
hypersurfaces intersecting in M". We shall exclude this case from our con- 
sideration and shall, in what follows, assume n > m. 

_In this paper we are concerned with the rational r-dimensional variety, 
denoted by Nnm or just &,, of order W(r,n,m,k) in a p(r, n, m, k)- 
space, Xpcrnym,t, Which is representable upon S» by the hypersurfaces of | V |. 
The results obtained will be, in some measure, generalizations of those already 
obtained by D. W. Babbage,? B. C. Wong, and W. L. Edge‘ We shall, in 
§§ 2, 8, 4, describe, in general terms, the properties of the representation and 
then, in §§ 5-8, describe, in some detail, the case k — 2, and, in particular, 
‘the case n = m +, 1238. In conclusion, we shall mention, in § 9, some other 
special cases of interest. 


2. The determination of N(r,n,m,k). To determine the order 
N(r,n,m,k) of the variety ®,, we determine the number of points of free 


1 For the derivation of this formula see Bertini, ne Geometrie Mehrdimen- 
sionaler Rüume, 1924, Kapitel XII. 

2“ A Series of rational loci with one apparent double point,” Pr oceedings of the 
Cambridge Philosophical Society, vol. 27 (1931), pp. 399-403. 
c 3“ On a certain rational V,2n+1 in Sn American Journal of Mathematics, vol. 
. 56 (1934), pp. 219-224. 
ic #“The number of apparent double points of certain loci,” Proceedings of the Cam- 
‘ bridge Philosophical Society, vol. 28 (1932), pp. 285-299. 
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intersection of r variable hypersurfaces of | V |. We may consider, without loss 
of generality for our purpose, r composite hypersurfaces of | V | each com- 
„posed of a hypersurface U of order m containing Me and à general hyper- 
surface W of order n— m which is in no way related to Y m. The N (r, n, m, k) 
points of intersection of these r composite V’s can now be calculated without 
difficalty. First, we have the (n — m)” points common to all the r W’s. Then, 
we see that the U belonging to any one -of tkeer V?s and the W’s belonging 
to the remaining r— 1 V’s intersect in m(n my" points. There are in 
all (i 7)m(n—m)’* such points. Again, the Us of any two of the r Vs 
and the W’s of the other r—2 V’s intersect in m? (n — my" points. The 
total number of such points is ( gm? (n — m), If we continue in this 
manner, we shall soon arrive at the final step where we find that the U’s of any 
k— 1 of the r V’s and the W’s of the remaining r—k-+1 V’s meet in 
m** (n — m)" = points. We have in all ( “4 ,)m*(n— m)” such points. 
Since there are no other points common to-the r composite V’s outside of the 
basic variety, we have, adding, 


(2) Vea —3 (:)mi(n— m) 


r-k s 
— 2 (i) mrt (n — m) 4 
for the order of the variety &.. 

In a similar ‘manner, we find that the order of the (r— gq) caen 
variety V;_, of intersection of q variable hypersurfaces of | V | is N (q, n, m, k) 
whose value is obtainable from (2) by replacing r by g. If q is increased by 
unity, we have a V;¢1 of intersection of q + 1 hypersurfaces of | V |, of 
order N (q + 1, n, m, k). We now find the intersection of Vr and the base 
manifold M. For this purpose, we notice that Vr- and another hypersurface 
of | V | intersect completely in a composite (r —q— 1) -dimensional variety of 
order n: N (q, n,m, k). One of the components is the V, -g-1 just mentioned 
and the other, of order n°: N (q, n, m, k) — N (q + 1, n, m, k), lies on 5 and 
is therefore the intersection of V>.¢ and Mm. 


8. Varieties corresponding to sub-spaces of S;. A general (k — t)-space, 
where 1 =i k, in S, has no point in common with Me and therefore meets 
| V | in a system of (k —¢—1)-dimensional varieties of order n having no 


base manifold. The dimenison of this system is, then, 


p(k—t, n, m, k) = A Ly 


Therefore, the transform of 8x4 is a ow ‘of order nt on &,, contained in a: 
space of Co) — 1 dimensions. Thus, for t = k, a point in S; is the image’ 
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of a point on ®,; ‘for ue == k — 1, a line of 8; is the image of a curve of order n 
contained in an n-space; and so on. 


If we consider a general (k<+ h)-space Shin, where. 0< = << sSr—hk, 


in Sn, we see that it meets M”? in a manifold Mw” and meets | V | in a 
p(k + h, n, m, k)-dimensional system of (k + h — 1)-dimensional varieties of 
order n having My"% for base manifold. The transform of Swn is 4. pan of 
order N(k Ri h, n,m, k) on &., contained in a p(k + h, n, m, k)-space. Thus, 
for h = 0, ‘an .S; has for transform a &, of order N (k, n, m, k) = n” — më; 
for h = i, an Sri has for ponot a Dy, of order 


N(k+1,n, me — het gt (k + 1)m*(n—m); ete. 


From the fact that a general Sp meets M™ in points we see that a 
point of Mm, is the image of a (k— 1)-space on ®,. Then, the W a” common 
to Sis, and Mm is the image of a (k + h—1)-dimensional manifold prsia 
of order v(k + h, nm, k), a locus of oo! (k—1)-spaces. We now calculate 
v(k +h, n,m,k). Consider an Sur of Sun. Its transform on &, is a r-i 
of order N(k+h—1,n,m,k). Therefore, a V2 of order n in Sr,» will 
have for transform a variety of order n: N(k+h— i, n,m, k). Now let 
Va pass through Ma”, and the transform is now of order 


n: N(k + h—1, n, m, k) —v(k +h, n, m, k). 


But this order is equal to N (k +- h, n, m, k) which is that of the section of 
O Örn DY a Spcnnmx-1 OË Épœinme. Then, we have 


v(k + h, n, m, k) =n: N (k + h— 1, n, m, k) —N (k + h, n, m,'k) 
: = (E m*(n — m)" 


Thus, for kh = r— k, the transform of Mm is a ar of order 

i v(r, n, Mm, k) = (z) Cn —m)r*, 

If h = 1, we see that the curve M,” in which an Sz,, meets M is the image 

of a px of order km#*(n— m); and, if h = 0, each of the m* points common 
to an Ss and M is the image of a (k—1)-space. 


4. Rational systems of loci on &,. A hyperplane, S,-1, of S+, as was seen 
above, goes into a variety of order N(r—1,n,m,k), and hence an m’-ic 
hypersurface, where m SS n’ <n, goes into one of order w N(r—1,n,m, k). 
* Consider a V7, passing through Mm, and there are co atrin'imk) such hyper- 
' surfaces, Now “the transform of this Ve, is a @Y’ of order 


N =w Naam, k) — (i ‘ih 
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++ For the various values of n from m to n, there are, “then, various rational 


corir m systems of (r—1)-dimensional varieties of order N’. If, in 
particular, we put n’ = m, k = 2, we see that ®, contains a rational pencil of 
varieties of dimehsion r — 1 and order ; 





N: =m: N (r — 1, n, m, k) — (r — 1) m (n — m)" = m(n — m)" >, 


æ The case k =2, n=m +153. In,this interesting case we have a 
system | V |, of dimension * p = 2r + 1, of hypeysurfaces of ordet n passing 
through the complete intersection M a of two general ‘hypersurfaces of order 
n— 1, in S, The equation of a general member of the system is of the form 


(3) | eS Ais + Pa Ê Bin —0, 


i=0 


where Fo = 0, F, = 0 are the equations, of degree n—1 in Zo Zi,’ * *,2r, 
representing the two hypersurfaces intersecting in M-P” and the A’s and B’s 
are arbitrary constants. Setting 


(4) Xoo : Xo te Nye Ru oe Re 
= Folo : Fo: Fa: Ft: : Fitr, 


where Xi; [t= 0,1; j=0,1,: > +,r] are the codrdinates of a point in a 
(2r -+ 1)-space Ser, we have the equations of the variety ,¥, where 
N = rn —r -+ 1, represented upon S, by the hypersurfaces of | V |. 

A b Pypetplane.s in Sr, say Tr = 0, is transformed by (4) into a Ey of order 
N =in—n—r-+ 2, which is of the same nature as ®,¥ for r disniaiahed 
by unity. Then, the transform of a hypersurface of order n — 1 is a variety 
of order W’(n—1). If the hypersurface is one, say Vi, of the pencil 
determined by Fo = 0, F, = 0, the corresponding variety degenerates into the 
transform pir. of MA, of order (r —1) (n — 1)’, and a © of order n— 1; 
which is the proper transform of Vt. Thus, ®,- contains a rational pencil 
of (r — 1)-dimensional varieties of order n— 1 corresponding to the pencil 
Fo + AP, = 0 in Sr. 


6. Different varieties on 8. Each of the cot ©"-V’s on © is contained 
in an r-space.and the oo* containing r-spaces form a rational locus, Ort, of 
order r -+ 1 whose equations are 


4 Ld 
5 For k == 2, n = 2, m = 1, the system of quadric hypersurfaces in r-space having 
a fixed (r— 2)-space in common is of dimension 2r and not 2 + 1. This system can : 


best be regarded as a special case of the linear system of hypersurfaces of order » , 


passing through a given (*-—2)-space n — ] times. 
D. W. Babbage, in the paper cited in footnote ?, has already studied the case n = 3. 


> 
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Ix: Xa zo o 
A general (r + 2) -space of Ser. meets ®-V in a curve IY and art in a ruled 
surface of order r + 1 whose rulings are all (n — 1)-secant lines "ot the curve. 

Now ©, contains coD- $s of order tn — t + 1 each contained in 
as (2t + 1)-space. They correspond to the coD -0 ¢-spaces of Sr'apd are 
of the samg nature as &,Y for r=}. The (2#+ 1)-space of a ®; meets ore 
in an Qi. This or is the locus of co* ¢-spaces and each of these spaces 
meets a or ina aes Therefore, ©; contains co! Os. 

Consider an (r es t + 1)-space Srt passing through the (2t + 1)- apa 
Setu of a Ps. It meets ort in a (t + 1)-dimensional variety of order r + 1. 
Since %2:,, already meets Ort) in an Qf, the variety just mentioned is com- 
posed of Qf# andr—t (t+ 1) pacs, Note that each of these (¢ + 1)-spaces 
contains g Gt $ 

Now a general (r + t + 1)-space meets 6, in a t-dimensional variety of 
the same order. If the (r + é + 1)-space passes through 34,1, it contains ®; 
which is of order tn — t+ 1. Then, its intersection with 6,‘ is composed of 
B; and r— t Ors. | 

We may make use of the preceding result to find the genus of the curve 
TY in which an (r + 2)-space meets &,N. Putting i — 1, we have a composite 
curve whose components are a ©," which is a rational curve of order n and 
r— 1 @,"-"s which are plane curves of order n—1. Hach ©," has n— 1 
points in common with ®,” and therefore has (n -— 1)? apparent intersections 
with it. There are (r—1)(n — 1)? apparent intersections between ®,” and 
the r— 1 ©,"-"s; there are also $(r— 1)(r—2)(n— 1)” apparent inter- 
sections of the r— 1 @,” Ys two by two. ©,” itself has 4(m~—1)(n—2) 








TA 


apparent double points. Therefore, we say that the total curve TY has 


(r—1) (n—1) + $(r—1) (r —2) (n —1)? + $(n —1) (n—2) 
—4(n—1)[(? —1 + 1)n— (er + 2)] 
apparent double points. Denote this number by 0,1. We note that b.. is also 


the order of the double variety, A®r3, on the projection of &,N upon an (r + 1)- 
space. The genus of TV is, then, 


E(N — 1) (N — 2) — bri = g(r — 1) (n — 1) (n —2). 


On &,N we have*oo?"? curves of order n and they are rational curves and 
correspond to the og’r-° lines of S,. Each of them is contained in a 3-space 


+ and this 3-space meets ont in a quadratic regulus Q”. Of the co? such 


> . 


- 


= 


ia 


i L(n— 1) (n— 2) improper double points. - ee 
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3-spaces one and only one passes through a general given point P of the 
(2r + 1)-sp4ce 324 containing 6,4. Therefore, through P we can construct 
&(n— 1) (n— 2) lines meeting in two points the rational curve of order n 
of 6,4 contained in the 3-space through it, and these are the only lines through 
P bisecant to Y. Hence, we say that ®,N has £(n—1)(n7—2) apparent 
double .points and that its projection upon a (èr)-space of Sera has 


e 

Y. Projections and sections of BN. Let us project æ,N from an‘ (* —1)- 
space, denoted by Z,1, of Sər upon an (7 + 1)-space Sra. Denote the pro- 
jection by »1&. We have already remarked, in § 6, that the double variety 
Ara on r-1®N is of order bra = 4 (n — 1) [0 —r +1) n— (P —r+2)]. 
Now we verify this fact. Suppose the center of projection, 2,1, is contained 
in the Sər; containing a DORE [see § 6]. This Sor, meets or in an Q,7 
which is in turn met by Z,a in r points. Designate these points by 
AM,A®,--+,A@. Through A“: passes an r-space 3,“ containing a @"t, 
Now the projection r1®,7 in Xr contains an (rn —n—r + 2)-fold (r—1)- 
space which is the projection of aren- in Zarı and r (n —1)-fold (r —1)- 
spaces which are the projections of the @"-?s in the 3,’s through A™,---, A“. 
The (rm—n—r- 2)-fold (r—1)-space is equivalent to a double variety 
of order $(rm — n —r + r) (rm —n—r + 1) and each of the r (n —1)-fold 
(r — 1)-späces is equivalent to a double variety of order $ (n — 1) (n — 2). 
Therefore, the total double variety is of order 


bya = 4 (rn — n —r 4 2) (rn —n—r +1) + 4r(n— 1) Siar à 
which is reduced to the value already given. 
We now find the pinch variety, J°r+, on the projection ,.-".. We remark 


that the #2" in the Xr, containing Z,-ı has an apparent’ double variety 


of order be = L(n— 1) [ (7? — 3r + 8)n — — 3r + 4)] and is therefore 
of rank 





a = (rn— n —r + 2) (rn —n— r +1) — br = (n — 1) (rn — 2n +2). 


Then, on the (rn —n— r + 2)-fold (r—1)-space, the projection of bre, 
is a pinch varigty of order a. Now each of ther @% sis of rank (n— 1) (n—2) 
and, therefore, in each of the r (n—1)-fold (r—1)-spaces, thé projections 
of the @*’s, is a pinch variety of order (n — 1) (n— 2). Then, the gotal locus 
of pinch points is of order Cr- = a + r(n—1) (n— 2) = 2(r—1) (n—1)’. 

Consider a general projection of $, upon a Brit, that is, one from a ` 
general center of projection upon a general (7 + 1)-spelee. Denote it also by ` 
ri’, There are cot r-spaces in Sr, each meeting »,@-" in a composite ` 
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z re + 
section composed of a variety of order rn — n — r + 2 and one of order n— 1. £ 


These co r-spaces envelop a curve of order r +1. Let a 3-spacd meet aN _ 
in a surface FY. The co? planes containing composite sections envelop a curve & 
of order 3(r—1), rank 2r, class r + 1, with 4(r— 2) cusps. 


_ 8. Other projections of ®N. Suppose we now project ,¥ “from an 
(# — 2)-space, Z-z, upon an (7 + 2)-space žr» The projection, ,..6,¥, has 
a locus, Are, of double points, of order brz, and a locus, J ors, of pinch points, 
of order trs A 4-space segtion of the projection is a surface with 6,.. im- 
proper nodes. By making use of a relation, which is known concerning sur- 
faces in 4-space,* namely, 2h; — 2b;-2 = Cr-2, we find that | 


br = Dr — $r-2 e 
== $(n—1)[ (7? —r4+ 1)n— (r? —r+2)] — (r—1) (n— 1)? 
== $(n-—1)[ (7? — 8r + 8)n— (7? — 8r + 4)]. 


This value is identical with tha} found in § 7 for the double variety A?rs on 
the projection of @™"r upon an r-space. To -verify this fact, put Zr. in A 
the 3: containing ®####, Then, the Atre on the projection 28," is the 
same as that on the projection of @r7""’. From this last fact we derive the 
+ result that the order of Jers is cra = 2(r — 2) (n— 1)”. 

Reasoning in the same manner, we see that the projection +," from a 
Zrt Of Bors. upon an (r—+t)-space has a double locus Abrit of order 
bra = $(n — 1) [ (1 — 2rt + P +r —t+1)(n—1) —1] and a pinch ° 
locus Jerta of order Crs = 2(r—t)(n—1)*.* For t =r, the projection 
oN upon Ser has bp == 4$(%—1)(m—2) improper double points, as was 
foundsin § 6. 


9. Various special cases. It is of interest to mention that, if r= n, 
awe have a ®,"-"*1 in a Sonu. It is ruled, being the locus of œ% lines, which 
correspond to the (n —1)-secant lines of Min" in Sa. The number of lines 
passing through each point of the variety is (n— 1)! What has just been said 
holds true for n == 2, except that the ruled cubic surface ©,° is in a 4-space 
and not in a 5-space. Ifr = n, then &, contains oo?" lines of which «7 
pass through each point. If rn, $, may be regarded as a locus of «7 

_ curves of order n—r-+ 1. Through a general point pass (r—'1) ! Cay of 
‘ them. 
« 
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